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1 Introduction
In this paper, we consider the initial boundary value problem of the evolutionary p;-

Laplacian equation of the form

a 2
Z a— x)'”x |pl i)’ (xx t) € QT’ (11)
i=1

where  C RY is a bounded domain with a smooth boundary 3$2, Qr = 2 x (0, T), p; > 1
is a constant, 0 < a;(x) € C(Q), i = 1,2,...,N. Moreover, we say a;(x) is with 0 measure
degeneracy if the measure of {x € Q : a;(x) = 0} is zero, i.e., a;(x) is positive almost every-

where on Q. The initial value condition

u(x,0) = up(x), x€9, (1.2)

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-023-01703-8
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-023-01703-8&domain=pdf
mailto:huashuizhan@163.com
http://creativecommons.org/licenses/by/4.0/

Zhan and Si Boundary Value Problems (2023) 2023:17 Page 2 of 14

isimposed as usual. But, since a;(x) may be degenerate on the boundary 92, how to impose

the boundary value condition
ulx,t) =0, (x,t)€dQx(0,T) (1.3)

becomes a new problem.

Equation (1.1) arises in fluid mechanics [1, 2] and biology [3, 4], whether it is suggested
as a model to describe the spread of an epidemic disease in heterogeneous environments
or it is used as the mathematical description for the dynamics of fluids with different con-
ductivities in different directions. Naturally, the earliest work can be traced to the paper [7]
by Ladyzenskaja, Solonikov, and Ural'ceva, in which the solvability of the non-Newtonian

fluid equation
U, = div(IVulp‘ZVu) +f(u,x,8), (x¢)€Qr (1.4)

was studied. Since then, there have been many papers about the existence and nonexis-
tence of weak solution to equation (1.4), one can refer to [5, 8, 10, 18] and the references

therein. In [11], the non-Newtonian fluid equation of the form
u N
Frie div(a(x)Wul"_ZVu) - Z bi(x)Diju + clx, t)u =f(x,£), (x,t) € Qr, (1.5)
i=1

was considered, where p > 1, D; = aixi’ 0 < a(x) € C(Q), bi(x) € CH(RQ), c(x, 1), and f(x,t)
are continuous functions on Q. The authors of [11] defined B as the closure of the set

C5°(Qr) with respect to the norm
llulls = //Q a@)(|u@, o))" + |Vulx,t)") dredt, ueB.
T
For u € B, they found that the boundary value condition
ulx,t)=0, (x,t)€dQx(0,T) (1.6)

can be imposed in the sense that

T N
lim supf / u? Z bi(x)n;(x) do dt = 0, (1.7)
0 Jxedu: YN, bi(x)n;(x)<0)

A—0 i=1

where A > 0, limsup, _,,f(A) = infs.o{esssup{f (1) : x| < 8}} is the super limit. In other

words, for u € B, one can define its trace of # on the boundary 92 in the way of (1.7).

Obviously, the trace defined in this way is a generalization of the classical trace. Recently,

we have made a progress on the well-posedness problem of equation (1.5) [13].
However, for a weak solution of equation (1.1), u(x, £) is generally only with

/ a;(x)|uy, [P dx < 00, (1.8)
Q



Zhan and Si Boundary Value Problems (2023) 2023:17 Page 3 of 14

and the boundary value condition (1.3) cannot be imposed in the way as that of [5, 8, 10,
18]. Moreover, since there is not a convective term Zf\:{l bi(x)D;u in equation (1.1), we also
cannot impose the boundary value condition as (1.7) in [11].

One of the duties of this paper is to explain how to impose the boundary value condition
(1.3) provided that u(x, ) is only with (1.8). For every i, 1 <i < N, we denote that

Y= {x €0 a;(x) > O},

Yo = {x € 02 : a;(x) = 0, there exists r > 0, such that /
QNBy(x)

ai(y)_ﬁ dy < +oo},

1
33 = {x € 082 : a,(x) = 0 for any small r > O,f a;(y) 7 ldy= +oo}.
Q

NBy(x)
Clearly, for every i, we have

02 =3%5; U Xy U Xg;.
In what follows, we denote that
BV,(Q7) = {u(x, t) € L™(Qr): ‘/Q |Vu|dx < oo}.
According to [11], we know
ulx,t)=0, (xt)eX; x(0,T) (1.9)

can be imposed as in BV,(Qr), where £; = {(ﬂﬁ\i1 YU (ﬂf\il o).
1

But there may be fQ ai(x) 7i®T dx = +o0 for some i € {1,2,...,N}, the space

Pt ()| vy, (0, O dedit < 00

N
B= L> : ,
ive @) ;]fQT(Mx )

even is not a Banach space generally, how to define
ulx,t) =0, (x6)e{d\ X1} x(0,7) (1.10)

becomes a new problem.
Now, we give a generalization of the classical trace of u € BV,(Qr) to u € BN L¥(RQ).
Let x be a nonnegative function of €2 satisfying

xx) >0, x€Q and xx)=0, x€dQ\ (1.11)

and yx,, (%) be a continuous function when x is near 9.
Then, for any u(x,£) € B, we find that when u € B, besides (1.9), if there is a function
X (x) satisfying (1.11) such that

1
limsup[n sup a,-(x)!’f<">|xxi||u|]=0, i=12,...,N, (1.12)

n—00 x€Dy\D n
2
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then the partial boundary value condition (1.10) can be defined in the sense of (1.12). Here
D,={xeQ:xx)> %} and sup represents the essential supremum.

1
The existence of such x (x) is possible. For example, if a;(x) = d¥%, then fQ a;(x) Pildx=
+00, and the trace cannot be defined in the classical sense. But, if we choose x (x) = d(x)?,
then, when x € D, \ Dz, we have

()7 || = x(x)d(x)% < 25 (@)ldy,| < 2 (%) (113)

X

and
1<nyx)<2.

Thus, from (1.12), the generalization of trace of u € BN L>*(2), u =0 on dQ2 \ £; can be

defined as
limsup[n sup dzldxi||u|] =0, i=1,2,...,N. (1.14)
n—00 xeDn\D%

A sufficient condition for (1.14) is

limsup sup |u|=0. (1.15)

n—>o0 xeDy\Dn
2

When u(x, t) is a continuous function, (1.15) is clearly true.
The above generalization of the trace may be applied to the double phase problems

U, = div(|Vu|p’2Vu + |Vu|q’2Vu) +flx,t,u), qg>p>1,
and its stationary case
diV(|VM|P_2VM + |Vu|q_2Vu) =fxtu), g>p>1.

Remark 1 After I had completed this paper, my friends kindly reminded me that the con-
centration and multiplications of ground states for the perturbed double phase problem
with competing potentials

—ef diV(|Vu|”_2Vu) —¢ef diV(|Vu|q_2Vu) =fxtu), gq>p>1,
has been revealed in [14], where u € W (RN) N WL4(RN), u > 0, and
S t,0) = =V () (|ul”u + |u]Tu) + K(x)g(u),

V, K are the potentials, ¢ is a small positive parameter, the nonlinear function g(s) is a
continuous function. It is well known that the concentration phenomena occur in the
weak convergence of a bounded sequence of the functions in Banach spaces. Actually, the
double phase problem with local nonlinear reaction has been considered recently by sev-
eral authors, and the existence and multiplicity results, the concentration and multiplicity
properties of semi-classical states have been studied in [15-17].
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2 The definitions of weak solutions and the main results
Let

1 <l90 = mm{plrpZ:-n,pN—lrpN}
xeQ
and
po = mal‘{pl;er»-npN—lrpN}'
xeQ

Definition 2 A function u(x,?) is said to be a weak solution of equation (1.1) with the
initial value condition (1.2) if

0
uel®Qr), a—jeH(QT), (%) |y, 1 € LY(Qr), 2.1)

and for any function ¢; € C}(Qr), 92 € L*(Qr), and ¢y, € L*(0, T; \Vli’f"(Q)) such that

N
/ /Q ) [%“"1‘”’ ' ;ai(x)|uxi |f’f‘2uxi(w1¢2>xi} dxdt =0. 22)

The initial value condition (1.2) is satisfied in the sense of
lim/ |u(ex, £) — uo(x) | dx = 0. (2.3)
t—0 Q

Moreover, if the boundary value condition (1.3) is satisfied as, when x € £1, (1.9) is true in
the sense of BV,(Qr), while x € 92 \ ¥, u(x, £) = 0 is true in the sense of (1.14), then we
say u(x, t) is a weak solution of the initial boundary value problem (1.1)—(1.3).

By this definition, we can prove the following existence theorem in the next section.

Theorem 3 Suppose that for every i, 1 <i < N, a;(x) is with 0 measure degeneracy. If
po>1, upx) € Wl'pO(Q) N L*>°(K2), then there is a weak solution of the initial boundary
value problem (1.1)—(1.3).

The main aim of this paper is to study the stability of weak solutions. We denote that
d(x) = dist(x, 9Q2) is the distance function from the boundary 92 and define

Q,,:{xeﬂ:d(x)>l}.
n

Theorem 4 Let a;(x) € C(Q), u(x, t) and v(x, t) be two solutions of equation (1.1), uo(x) and
vo(x) be the corresponding initial values. If for the sufficiently large n, a;(x) > 0 satisfies

1
pi
n(/ zz,«(x)dx) <¢ i=12,...,N, (2.4)
ey

then there is

/ ‘u(x, t) —v(x, t)’ dx < c/ ‘uo(x) - vo(x)‘ dx. (2.5)
Q Q
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One can see that condition (2.4) implies that a;(x)|,csq = 0, a;(x) is infinitesimal and

1

ai(x) ~d i
asx — 092. Moreover, in Theorem 4, there is nothing to do with the boundary value condi-
tion. We can understand the fact that condition (2.4) can replace the usual boundary value
condition to ensure the stability of weak solutions. In fact, if a;(x)|ccsq = O is not always
true, then the boundary value condition can still be replaced by the other conditions.
We denote by U (i) all solutions to equation (1.1) with the initial value u(x), then it is
clear that

U(M()) CB.

We denote by U (1) the set of u,

n—00

u € Ul(up), lim n/ a;(x)|ufide=0, i=1,2,...,N. (2.6)
Qu\Q2n
2

Theorem 5 Let a;(x) € C(Q2) be nonnegative, u(x, t) and v(x, t) be two solutions of equation
(1.1) satisfying (2.6), and uy(x) and vo(x) be the corresponding initial values, i.e.,

u(x, t) € Uy (uo), v(x, t) € Uy (vo).
Then the stability (2.5) is true.

Theorem 5 shows that the boundary value condition is replaced by condition (2.6). The
inadequacy of the argument of Theorem 5 is how to verify condition (2.6)? So, the follow-

ing stability theorem seems more important.

Theorem 6 Let a;(x) = dPi, u(x,t) and v(x, t) be two solutions of equation (1.1), and uy(x)
and vo(x) be the corresponding initial values. The same homogeneous boundary value con-
dition

u(x,t) =vix,t)=0, (x1t)edQx(0,T) (2.7)
is clarified as follows:

ulx,t)=vix,t)=0, (xt)eX; x(0,7T) (2.8)
is true in the sense of BV,(Qr), while

u(x,t) =vix,£) =0, (x,t)€{0Q\ 21} x(0,7T) (2.9)

is true in sense of (1.15), then

/‘u(x,s)—v(x,s)!zde/’uo(x)—vo(x)yzdx. (2.10)
Q Q
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Actually, for 0 < a;(x) € C}(R2), we have a similar result.

Theorem 7 Let a;(x) € C(Q) be nonnegative, u(x,t) and v(x,t) be two solutions of equa-
tion (1.1), and uy(x) and vy(x) be the corresponding initial values. The same homogeneous
boundary value condition (2.7) is clarified in two parts. One part is the same as (2.8), while
for the other part (2.9) is true in sense of (1.12), in which x is a nonnegative function satis-
fying (1.11). Then the stability (2.10) is also true.

3 The proof of Theorem 3
In this section, we prove Theorem 3. We first introduce an embedding theorem related to

an anisotropic exponent space.

Lemma 8 Let 1 < m < NN—Z.] and % = %Zf;% Then Wol”;(Q) — L"™(Q) and ||u|,, <

M(]_[f,\z[1 ll2tx, ”Pi)% forallu e Wol'ﬁ(SZ), where M is a constant independent of u.
This lemma is found in [9].

Proof of Theorem 3 Consider the regularized parabolic equation

N

U = Z(ﬂi(x””m Ip"_Zuxl.)xi +eAu, (xt)eQr (3.1)
i-1

with the usual initial boundary value conditions

u(x,0) = uge(x), x€Q, (3.2)

ulx,t)=0, (x,t)edQx(0,T), (3.3)

where u,(x) € C3°(R2) is strongly convergent to u(x) in Wol'p 0(Q) and g, (x) — up(x)
weakly star in L*(Qr).

According to the theory of classical parabolic partial differential equation [6, 7], we know
there is a classical solution u, of the initial boundary value problem (3.1)—(3.3). Moreover,
since up(x) € L*°(Qr), similar to the theory of evolutionary p-Laplacian equation [6, 10],

by the maximal value theory, we have

lze oo (@) < c. (3.4)
Also, || uell1¢(qr) < ¢ can be proved by De Giorgi method, one can refer to [18] for the case

of the evolutionary p-Laplacian equation.
Multiplying (3.1) by u, yields

8// |Vue?dx <c (3.5)
Qr

and

N
ai(%) | tex, [P dx dt < c. (3.6)
> [, ates
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Since for every i, a;(x) € C(Q) is positive almost everywhere in , if we denote that
Qoi = {reQ:ai(x)>0}, i=12,...,N,

then
|Q0;| =mes Qp; =mes 2=, i=12,...,N,

which implies

N
mes ﬂ Qoi = 1] (3.7)
i=1

Thus, for every point x € ﬂﬁl Qo;, there is a neighbourhood U, € ﬂﬁl Qo;, when x € U,
ai(x) > 0 for every i. From (3.6), we have

T
/ / |thew, [P dxdt <c, i=1,2,...,N.
o Ju,
Combining with (3.5), by Lemma 8, we know there is a function u € L" (U, x (0, T)) and
ue —u, inL" (U, x(0,7)),
and so
ue — u, ae. (xt)e (U x(0,7)).
By (3.7), we know
u, — u, a.e.(xt)e€Qr. (3.8)
%
Hence, there exist a function # and an N-dimensional vector ¢ = (¢1,...,¢y) such that

Wel¥Qn, e elXQn,  Gel'(0TLATE),

and

u. — u, weakly star in L*(Qr),
o, N u
at at
eVu, =0, inL*Qr),

in L*(Qr),

_Pi
“i(x)msxi |pi_2usxi —¢ in L (0; T;Lpi! (Q))

Similar to the proof of Theorem in [12], we can show that

N N
S [ atus e, dae=Y [ awe (39)
i=1 Qr i=1 Qr
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for any function ¢ € C}(Qr). By denoting that
Q,={xeQ:9#0},

we have

N T N T
Z/ / a;(x)| iy, |p"’2uxi<pxl. dxdt = Z/ / Li(xX) ey, dx dt. (3.10)
i=1 70 Y i=1 Y0 <%

For any function ¢; € C3(Qr), ¢2 € L(Qr), and ¢z, € L*(0, T; Wlp’(Q)), let J, be the

loc
usual mollifier. Since the mollified function J, * ¢, satisfies

Je x93 — @2, inL*(0,T; WIPL(QW)), (3.11)

loc

and by (3.10), we have
N T
Z f / () |t P 1, (91 ] 02) 5, Ax At
i=1 /0 Qg
(3.12)

Q‘ﬂl

N T
=2 / Ci(x)(@1)e * @2), dx dt.
i=1 V0

Let ¢ — 01in (3.12). Then, from (3.11), we have

Z/ / ()t 1P 2 11, (1 902); A At = Z/ x)(Q12)x; dx dt,
2,

9«11

and so

N T N T
S [ [ a3 [ [ awoedsde 613
=1 V0 J€ =1 Y0 JQ

Now, similar to the general evolutionary p-Laplacian equation, we are able to prove that
(the details are omitted here)

lim/ |u(ex, £) — uo(x) | dx = 0.
t—0 Jo
Then u satisfies equation (1.1) with the initial value (1.2) in the sense of Definition 2. [

4 Proofs of Theorem 4 and Theorem 5
For n >0, let

h,(s) = 2n(1 - n|s|)+, gu(s) = / h,(t)dr.
0
Obviously,

lim g,(s) = sgns, lim sg/,(s) = 0. (4.1)
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Proof of Theorem 4 Let u(x,t) and v(x, t) be two weak solutions of equation (1.1) with the
initial values ug(x) and vo(x) respectively. We define

1, ifx e Q%,
Pu(x) = {n(d(x) - 1), ifxeQ,\Qu, (4.2)
0, ifxeQ\Q,,

where Q,, = {x € Q:d(x) > %}. Let

$1 = X[r,s]¢n and (%) :gn(u - V)'

Here, x| is the characteristic function of [z,s] C (0, T). From Definition 2, we have

$ ou—-v)
/I/Q%g,,(u—v) I dxdt

N S
e B L L
-1 YT YR

(4.3)

; Z / | o 1) (b P21k, P20 (b, — )84 — gl
=0.
In the first place, we have
0 P = ), = v ) = ) =0, (4.4
and since u; € L*(Qr), we have

hm/ /(p,,(x)g,,(u—v) (e = )dxdt

:/ Iu—vl(x,s)dx—/ lu —v|(x, T) dx.
Q Q

(4.5)

In the second place, since ¢,,,, = nd,, whenx € Q, \ Qg and |dy,| < |Vd| =1, by (2.4), we
have

/ i) (|1, 1P th; = Vg P72V, ) Dy @n (1 — v)
Q

[ a;(x) (|Mxl |pi72uxi - |Vx,- |pi72Vx,')¢nx,~gn (u—v)dx
N\

<n f 1) (I, P+ (v P g = v)|
Q\Q2 1

1

1 1
<cn (/ ai(x) (|, 1P + v 7)) dx) § (/ a;(x)|dy, [P dx) " (4.6)
2\2y 2\

Page 10 of 14
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1
< C[(/ ai(x) |ty |7 dx) "y (/ ai(x) vy, [P dx) ql]
Qu\Q2n Q2 \Q2n
2 2
1
bi
n(/ a;(x) dx)
Q\Qn
3
1 1
a 4
< c(/ a;(x) |y, |7 dx) + c(/ a;(x)|vy, P dx) ,
A A

bi
pi-1°

here and in what follows, ¢g; =
Then we have

N
lim / / ﬂi(x)(mx,' |pi_zuxi - |Vx,' |pi_2in)¢nxign(u - V) dx dt‘
n—0o0 T Q
1 1 4
4 4
<c lim [(/ a;(%) |y, P! dx) + (/ a;(%)| vy, [P dx) :| (47)
n=00 Q\Qy Q\Qy
=0.

Let n — oo in (4.3). By the above discussion (4.4)—(4.7), we deduce that
/ |u(x,s) - v(x,s)| dx < / \u(x,r) —v(x, 7,')| dx.
Q Q
Let T — 0. We have

f|u(x,s)—v(x,s)|dx§c/|u0(x)—vo(x)|dx.
Q Q

The proof is complete. O

Proof of Theorem 5 1f u € Ui (up) by (2.6), then we have

. ) )
nlingo"/g ﬂi(x)(mxi [P Uy, — |V [ in)¢nxign(u -v)dx

= lim

n— 00

/ ﬂi(x)(mxi |pi_2ux,' - |in |pi—2in)¢nxign(M - V) dx
Qn\Q%

< lim nai(x)(|uxi it 4 vy, |Pi_1)|dxl.gn(u - v)| dx
n—00 Qn\Q%
1
qi
<c lim (n / ai (%) (v, P + v, 1P7) dx) (4.8)
n—0oQ0 Qn\Qg

N\
. (/ na;(x)|dy,gu(u —v)|” dx)
2\@y

<c¢ lim / nai(x)|g,,(u—v)| "dx
n—00 Qn\Q%
=0.

The remainder is the same as that of Theorem 4. O

Page 11 of 14
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5 Proof of Theorem 6
Proof of Theorem 6 Let u(x,t) and v(x, t) be two weak solutions of equation (1.1) with the
initial values u(x) and vy(x) respectively. Let

1, ifxEDg,
¢u®) = {n(d* - 1), ifxeD,\Dsy, (5.1)
0, ifxe Q\D,,

where D, = {x € Q:d” > 1}. Take

Q= X[r,s](u - V)(pn(x)r

where x| q is the characteristic function on [7,s]. Then we have

N
du v
s as i Xx; pi=2 x; — | Vx; pi=2 x; ) Px; dxdt =0. 52
/-/QT|:(8t at)‘“;“("m”z' oy — [V V,)wl x (5.2)

For the next term of the left-hand side of (5.2), we have

/ / ai(0) (lot 1"t — v, P20, ) [(w = V)], dxdlt
T Q
= / / ﬂi(x)(|ux/ Ipi_zuxi - |in |Pi—2vxi)(u - V)xi(/)n dx dt (53)
T Q

S
+ n/ / i) (|, P2 10, = [, P20, ) (w0 = v)2ddl,, dx dt
v Joany

and
J[| a2 = bl v = e = o, (5.4)
Qs
For the second term on the right-hand side of (5.3), by (1.12), i.e.,

1
limsup[n sup a,»(x)l’_i|2ddxi||u—v|]:0, i=1,2,...,N,

n—00 xeDy\D %
we have

lim sup

n—00

J[| =) 2, = 20

s
<limsupn / / |t = via; (%) |tz 1P + i, IP71) |12ddly, | dc it
T Dn\D%

n—00
n—00

S
< limsupn/ / ai(x)(luxi Pi + vy, |”")|u—v||2ddxl.|dxdt
v JoaDy

n—00

+climsupn/ / a;(x)|u — v||2dd,,| dx dt (5.5)
v JDu\Dy

Page 12 of 14
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1
<climsupn sup [ai(x)l’i |2dd,,||u - V|]
n—00 xeD,,\D%

S
x// oz,-(x)(|uxl.|1"'+|vx,|p")dxdt
v JDy\Dy

1
+climsupn  sup [ui(x)l’i |2dd,;||u — v|].
n—00 xeDn\D%

Inequality (5.5) yields

lim sup

n— 00

J[| =) 21, = 20 ] =0, 56)

Meanwhile, we have

Ny —
lim / (= v)pu(x) % dxdt
Qs (5'7)
= / [u(x,s) - v(x, s)]2 dx — / [u(x, ) —v(x, r)]2 dx.
Q Q
From (5.3)—(5.7), letting n — oo in (5.2), we have
/ |u(x,s) - v(x,s)|2 dx < / |u(x, 7) — v(x, r)|2dx.
Q Q
Due to the arbitrariness of 7, we obtain
/ |u(x,s) - v(x,s)|2 dx < f |u0(x) - Vo(x)|2dx.
Q Q
Thus we have the stability (2.10). O

If we choose a general function x (x), which satisfies (2.5), instead of the function d(x)?

in the proof of Theorem 6, then we can prove Theorem 7, we omit the details here.
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