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Abstract
The initial boundary value problem of the evolutionary pi-Laplacian equation

ut =
N∑

i=1

∂

∂xi
(ai(x)|uxi |pi–2uxi)

is considered, where ai(x) is nonnegative but is with 0 measure degeneracy. The weak
solutions do not belong to BVx(QT ), how to define the trace in a reasonable way? This
is the main topic of this paper. A suitable new boundary value condition is quoted
and the stability of weak solutions follows naturally.
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1 Introduction
In this paper, we consider the initial boundary value problem of the evolutionary pi-
Laplacian equation of the form

ut =
N∑

i=1

∂

∂xi

(
ai(x)|uxi |pi–2uxi

)
, (x, t) ∈ QT , (1.1)

where � ⊂ R
N is a bounded domain with a smooth boundary ∂�, QT = � × (0, T), pi > 1

is a constant, 0 ≤ ai(x) ∈ C(�), i = 1, 2, . . . , N . Moreover, we say ai(x) is with 0 measure
degeneracy if the measure of {x ∈ � : ai(x) = 0} is zero, i.e., ai(x) is positive almost every-
where on �. The initial value condition

u(x, 0) = u0(x), x ∈ �, (1.2)
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is imposed as usual. But, since ai(x) may be degenerate on the boundary ∂�, how to impose
the boundary value condition

u(x, t) = 0, (x, t) ∈ ∂� × (0, T) (1.3)

becomes a new problem.
Equation (1.1) arises in fluid mechanics [1, 2] and biology [3, 4], whether it is suggested

as a model to describe the spread of an epidemic disease in heterogeneous environments
or it is used as the mathematical description for the dynamics of fluids with different con-
ductivities in different directions. Naturally, the earliest work can be traced to the paper [7]
by Ladyženskaja, Solonikov, and Ural’ceva, in which the solvability of the non-Newtonian
fluid equation

ut = div
(|∇u|p–2∇u

)
+ f (u, x, t), (x, t) ∈ QT (1.4)

was studied. Since then, there have been many papers about the existence and nonexis-
tence of weak solution to equation (1.4), one can refer to [5, 8, 10, 18] and the references
therein. In [11], the non-Newtonian fluid equation of the form

∂u
∂t

– div
(
a(x)|∇u|p–2∇u

)
–

N∑

i=1

bi(x)Diu + c(x, t)u = f (x, t), (x, t) ∈ QT , (1.5)

was considered, where p > 1, Di = ∂
∂xi

, 0 ≤ a(x) ∈ C(�), bi(x) ∈ C1(�), c(x, t), and f (x, t)
are continuous functions on QT . The authors of [11] defined B as the closure of the set
C∞

0 (QT ) with respect to the norm

‖u‖B =
∫∫

QT

a(x)
(∣∣u(x, t)

∣∣p +
∣∣∇u(x, t)

∣∣p)dx dt, u ∈ B.

For u ∈ B, they found that the boundary value condition

u(x, t) = 0, (x, t) ∈ ∂� × (0, T) (1.6)

can be imposed in the sense that

lim sup
λ→0

∫ T

0

∫

{x∈∂�λ :
∑N

i=1 bi(x)ni(x)<0}
u2

N∑

i=1

bi(x)ni(x) dσ dt = 0, (1.7)

where λ > 0, lim supλ→0 f (λ) = infδ>0{ess sup{f (λ) : |λ| < δ}} is the super limit. In other
words, for u ∈ B, one can define its trace of u on the boundary ∂� in the way of (1.7).
Obviously, the trace defined in this way is a generalization of the classical trace. Recently,
we have made a progress on the well-posedness problem of equation (1.5) [13].

However, for a weak solution of equation (1.1), u(x, t) is generally only with

∫

�

ai(x)|uxi |pi dx < ∞, (1.8)
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and the boundary value condition (1.3) cannot be imposed in the way as that of [5, 8, 10,
18]. Moreover, since there is not a convective term

∑N
i=1 bi(x)Diu in equation (1.1), we also

cannot impose the boundary value condition as (1.7) in [11].
One of the duties of this paper is to explain how to impose the boundary value condition

(1.3) provided that u(x, t) is only with (1.8). For every i, 1 ≤ i ≤ N , we denote that

�1i =
{

x ∈ ∂� : ai(x) > 0
}

,

�2i =
{

x ∈ ∂� : ai(x) = 0, there exists r > 0, such that
∫

�∩Br (x)
ai(y)– 1

pi–1 dy < +∞
}

,

�3i =
{

x ∈ ∂� : ai(x) = 0 for any small r > 0,
∫

�∩Br (x)
ai(y)– 1

pi–1 dy = +∞
}

.

Clearly, for every i, we have

∂� = �1i ∪ �2i ∪ �3i.

In what follows, we denote that

BVx(QT ) =
{

u(x, t) ∈ L∞(QT ) :
∫

�

|∇u|dx < ∞
}

.

According to [11], we know

u(x, t) = 0, (x, t) ∈ �1 × (0, T) (1.9)

can be imposed as in BVx(QT ), where �1 = {(⋂N
i=1 �1i) ∪ (

⋂N
i=1 �2i)}.

But there may be
∫
�

ai(x)– 1
pi(x)–1 dx = +∞ for some i ∈ {1, 2, . . . , N}, the space

B =

{
v ∈ L∞(QT ) :

N∑

i=1

∫∫

QT

(∣∣v(x, t)
∣∣pi + ai(x)

∣∣vxi (x, t)
∣∣pi)dx dt < ∞

}

even is not a Banach space generally, how to define

u(x, t) = 0, (x, t) ∈ {∂� \ �1} × (0, T) (1.10)

becomes a new problem.
Now, we give a generalization of the classical trace of u ∈ BVx(QT ) to u ∈ B∩ L∞(�).
Let χ be a nonnegative function of � satisfying

χ (x) > 0, x ∈ � and χ (x) = 0, x ∈ ∂� \ �1 (1.11)

and χxi (x) be a continuous function when x is near ∂�.
Then, for any u(x, t) ∈ B, we find that when u ∈ B, besides (1.9), if there is a function

χ (x) satisfying (1.11) such that

lim sup
n→∞

[
n sup

x∈Dn\D n
2

ai(x)
1

pi(x) |χxi ||u|
]

= 0, i = 1, 2, . . . , N , (1.12)
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then the partial boundary value condition (1.10) can be defined in the sense of (1.12). Here
Dn = {x ∈ � : χ (x) > 1

n } and sup represents the essential supremum.

The existence of such χ (x) is possible. For example, if ai(x) = dpi , then
∫
�

ai(x)– 1
pi–1 dx =

+∞, and the trace cannot be defined in the classical sense. But, if we choose χ (x) = d(x)2,
then, when x ∈ Dn \ D n

2
, we have

ai(x)
1
pi |χxi | = χ (x)d(x)

|χxi |
χ (x)

≤ 2χ (x)|dxi | ≤ 2χ (x) (1.13)

and

1 ≤ nχ (x) ≤ 2.

Thus, from (1.12), the generalization of trace of u ∈ B ∩ L∞(�), u = 0 on ∂� \ �1 can be
defined as

lim sup
n→∞

[
n sup

x∈Dn\D n
2

d2|dxi ||u|
]

= 0, i = 1, 2, . . . , N . (1.14)

A sufficient condition for (1.14) is

lim sup
n→∞

sup
x∈Dn\D n

2

|u| = 0. (1.15)

When u(x, t) is a continuous function, (1.15) is clearly true.
The above generalization of the trace may be applied to the double phase problems

ut = div
(|∇u|p–2∇u + |∇u|q–2∇u

)
+ f (x, t, u), q > p > 1,

and its stationary case

div
(|∇u|p–2∇u + |∇u|q–2∇u

)
= f (x, t, u), q > p > 1.

Remark 1 After I had completed this paper, my friends kindly reminded me that the con-
centration and multiplications of ground states for the perturbed double phase problem
with competing potentials

–εp div
(|∇u|p–2∇u

)
– εp div

(|∇u|q–2∇u
)

= f (x, t, u), q > p > 1,

has been revealed in [14], where u ∈ W 1,p(RN ) ∩ W 1,q(RN ), u > 0, and

f (x, t, u) = –V (x)
(|u|p–2u + |u|q–2u

)
+ K(x)g(u),

V , K are the potentials, ε is a small positive parameter, the nonlinear function g(s) is a
continuous function. It is well known that the concentration phenomena occur in the
weak convergence of a bounded sequence of the functions in Banach spaces. Actually, the
double phase problem with local nonlinear reaction has been considered recently by sev-
eral authors, and the existence and multiplicity results, the concentration and multiplicity
properties of semi-classical states have been studied in [15–17].
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2 The definitions of weak solutions and the main results
Let

1 < p0 = min
x∈�

{p1, p2, . . . , pN–1, pN }

and

p0 = max
x∈�

{p1, p2, . . . , pN–1, pN }.

Definition 2 A function u(x, t) is said to be a weak solution of equation (1.1) with the
initial value condition (1.2) if

u ∈ L∞(QT ),
∂u
∂t

∈ L2(QT ), ai(x)|uxi |pi ∈ L1(QT ), (2.1)

and for any function ϕ1 ∈ C1
0(QT ), ϕ2 ∈ L∞(QT ), and ϕ2xi ∈ L2(0, T ; W 1,pi

loc (�)) such that

∫∫

QT

[
∂u
∂t

(ϕ1ϕ2) +
N∑

i=1

ai(x)|uxi |pi–2uxi (ϕ1ϕ2)xi

]
dx dt = 0. (2.2)

The initial value condition (1.2) is satisfied in the sense of

lim
t→0

∫

�

∣∣u(x, t) – u0(x)
∣∣dx = 0. (2.3)

Moreover, if the boundary value condition (1.3) is satisfied as, when x ∈ �1, (1.9) is true in
the sense of BVx(QT ), while x ∈ ∂� \ �1, u(x, t) = 0 is true in the sense of (1.14), then we
say u(x, t) is a weak solution of the initial boundary value problem (1.1)–(1.3).

By this definition, we can prove the following existence theorem in the next section.

Theorem 3 Suppose that for every i, 1 ≤ i ≤ N , ai(x) is with 0 measure degeneracy. If
p0 > 1, u0(x) ∈ W 1,p0 (�) ∩ L∞(�), then there is a weak solution of the initial boundary
value problem (1.1)–(1.3).

The main aim of this paper is to study the stability of weak solutions. We denote that
d(x) = dist(x, ∂�) is the distance function from the boundary ∂� and define

�n =
{

x ∈ � : d(x) >
1
n

}
.

Theorem 4 Let ai(x) ∈ C(�), u(x, t) and v(x, t) be two solutions of equation (1.1), u0(x) and
v0(x) be the corresponding initial values. If for the sufficiently large n, ai(x) ≥ 0 satisfies

n
(∫

�n\� n
2

ai(x) dx
) 1

pi ≤ c, i = 1, 2, . . . , N , (2.4)

then there is
∫

�

∣∣u(x, t) – v(x, t)
∣∣dx ≤ c

∫

�

∣∣u0(x) – v0(x)
∣∣dx. (2.5)
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One can see that condition (2.4) implies that ai(x)|x∈∂� = 0, ai(x) is infinitesimal and

ai(x) ∼ d1– 1
pi

as x → ∂�. Moreover, in Theorem 4, there is nothing to do with the boundary value condi-
tion. We can understand the fact that condition (2.4) can replace the usual boundary value
condition to ensure the stability of weak solutions. In fact, if ai(x)|x∈∂� = 0 is not always
true, then the boundary value condition can still be replaced by the other conditions.

We denote by U(u0) all solutions to equation (1.1) with the initial value u0(x), then it is
clear that

U(u0) ⊂ B.

We denote by U1(u0) the set of u,

u ∈ U(u0), lim
n→∞ n

∫

�n\� n
2

ai(x)|u|pi dx = 0, i = 1, 2, . . . , N . (2.6)

Theorem 5 Let ai(x) ∈ C(�) be nonnegative, u(x, t) and v(x, t) be two solutions of equation
(1.1) satisfying (2.6), and u0(x) and v0(x) be the corresponding initial values, i.e.,

u(x, t) ∈ U1(u0), v(x, t) ∈ U1(v0).

Then the stability (2.5) is true.

Theorem 5 shows that the boundary value condition is replaced by condition (2.6). The
inadequacy of the argument of Theorem 5 is how to verify condition (2.6)? So, the follow-
ing stability theorem seems more important.

Theorem 6 Let ai(x) = dpi , u(x, t) and v(x, t) be two solutions of equation (1.1), and u0(x)
and v0(x) be the corresponding initial values. The same homogeneous boundary value con-
dition

u(x, t) = v(x, t) = 0, (x, t) ∈ ∂� × (0, T) (2.7)

is clarified as follows:

u(x, t) = v(x, t) = 0, (x, t) ∈ �1 × (0, T) (2.8)

is true in the sense of BVx(QT ), while

u(x, t) = v(x, t) = 0, (x, t) ∈ {∂� \ �1} × (0, T) (2.9)

is true in sense of (1.15), then

∫

�

∣∣u(x, s) – v(x, s)
∣∣2 dx ≤

∫

�

∣∣u0(x) – v0(x)
∣∣2 dx. (2.10)
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Actually, for 0 ≤ ai(x) ∈ C1(�), we have a similar result.

Theorem 7 Let ai(x) ∈ C(�) be nonnegative, u(x, t) and v(x, t) be two solutions of equa-
tion (1.1), and u0(x) and v0(x) be the corresponding initial values. The same homogeneous
boundary value condition (2.7) is clarified in two parts. One part is the same as (2.8), while
for the other part (2.9) is true in sense of (1.12), in which χ is a nonnegative function satis-
fying (1.11). Then the stability (2.10) is also true.

3 The proof of Theorem 3
In this section, we prove Theorem 3. We first introduce an embedding theorem related to
an anisotropic exponent space.

Lemma 8 Let 1 ≤ m < Nq̄
N–q̄ and 1

q̄ = 1
N

∑N
i=1

1
pi

. Then W 1,p
0 (�) ↪→ Lm(�) and ‖u‖m ≤

M(
∏N

i=1 ‖uxi‖pi )
1
N for all u ∈ W 1,p

0 (�), where M is a constant independent of u.

This lemma is found in [9].

Proof of Theorem 3 Consider the regularized parabolic equation

ut =
N∑

i=1

(
ai(x)|uxi |pi–2uxi

)
xi

+ ε�u, (x, t) ∈ QT (3.1)

with the usual initial boundary value conditions

u(x, 0) = u0ε(x), x ∈ �, (3.2)

u(x, t) = 0, (x, t) ∈ ∂� × (0, T), (3.3)

where u0ε(x) ∈ C∞
0 (�) is strongly convergent to u0(x) in W 1,p0

0 (�) and u0ε(x) ⇀ u0(x)
weakly star in L∞(QT ).

According to the theory of classical parabolic partial differential equation [6, 7], we know
there is a classical solution uε of the initial boundary value problem (3.1)–(3.3). Moreover,
since u0(x) ∈ L∞(QT ), similar to the theory of evolutionary p-Laplacian equation [6, 10],
by the maximal value theory, we have

‖uε‖L∞(QT ) ≤ c. (3.4)

Also, ‖uε‖L∞(QT ) ≤ c can be proved by De Giorgi method, one can refer to [18] for the case
of the evolutionary p-Laplacian equation.

Multiplying (3.1) by uε yields

ε

∫∫

QT

|∇uε|2 dx ≤ c (3.5)

and

N∑

i=1

∫∫

QT

ai(x)|uεxi |pi dx dt ≤ c. (3.6)



Zhan and Si Boundary Value Problems         (2023) 2023:17 Page 8 of 14

Since for every i, ai(x) ∈ C1(�) is positive almost everywhere in �, if we denote that

�0i =
{

x ∈ � : ai(x) > 0
}

, i = 1, 2, . . . , N ,

then

|�0i| = mes�0i = mes� = |�|, i = 1, 2, . . . , N ,

which implies

mes
N⋂

i=1

�0i = |�|. (3.7)

Thus, for every point x ∈ ⋂N
i=1 �0i, there is a neighbourhood Ux ∈ ⋂N

i=1 �0i, when x ∈ Ux,
ai(x) > 0 for every i. From (3.6), we have

∫ T

0

∫

Ux

|uεxi |pi dx dt ≤ c, i = 1, 2, . . . , N .

Combining with (3.5), by Lemma 8, we know there is a function u ∈ Lm(Ux × (0, T)) and

uε → u, in Lm(
Ux × (0, T)

)
,

and so

uε → u, a.e. (x, t) ∈ (
Ux × (0, T)

)
.

By (3.7), we know

uε → u, a.e. (x, t) ∈ QT . (3.8)

Hence, there exist a function u and an N-dimensional vector
−→
ζ = (ζ1, . . . , ζN ) such that

u ∈ L∞(QT ),
∂u
∂t

∈ L2(QT ), ζi ∈ L1(0, T ; L
pi

pi–1 (�)
)
,

and

uε ⇀ u, weakly star in L∞(QT ),

∂uε

∂t
⇀

∂u
∂t

in L2(QT ),

ε∇uε ⇀ 0, in L2(QT ),

ai(x)|uεxi |pi–2uεxi ⇀ ζi in L1(0, T ; L
pi

pi–1 (�)
)
.

Similar to the proof of Theorem in [12], we can show that

N∑

i=1

∫∫

QT

ai(x)|uxi |pi–2uxiϕxi dx dt =
N∑

i=1

∫∫

QT

ζi(x)ϕxi dx dt (3.9)
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for any function ϕ ∈ C1
0(QT ). By denoting that

�ϕ = {x ∈ � : ϕ �= 0},

we have

N∑

i=1

∫ T

0

∫

�ϕ

ai(x)|uxi |pi–2uxiϕxi dx dt =
N∑

i=1

∫ T

0

∫

�ϕ

ζi(x)ϕxi dx dt. (3.10)

For any function ϕ1 ∈ C1
0(QT ), ϕ2 ∈ L∞(QT ), and ϕ2xi ∈ L2(0, T ; W 1,pi

loc (�)), let Jε be the
usual mollifier. Since the mollified function Jε ∗ ϕ2 satisfies

Jε ∗ ϕ2 → ϕ2, in L2(0, T ; W 1,pi
loc (�ϕ1 )

)
, (3.11)

and by (3.10), we have

N∑

i=1

∫ T

0

∫

�ϕ1

ai(x)|uxi |pi–2uxi (ϕ1Jεϕ2)xi dx dt

=
N∑

i=1

∫ T

0

∫

�ϕ1

ζi(x)(ϕ1Jε ∗ ϕ2)xi dx dt.

(3.12)

Let ε → 0 in (3.12). Then, from (3.11), we have

N∑

i=1

∫ T

0

∫

�ϕ1

ai(x)|uxi |pi–2uxi (ϕ1ϕ2)xi dx dt =
N∑

i=1

∫ T

0

∫

�ϕ1

ζi(x)(ϕ1ϕ2)xi dx dt,

and so

N∑

i=1

∫ T

0

∫

�

ai(x)|uxi |pi–2uxi (ϕ1ϕ2)xi dx dt =
N∑

i=1

∫ T

0

∫

�

ζi(x)(ϕ1ϕ2)xi dx dt. (3.13)

Now, similar to the general evolutionary p-Laplacian equation, we are able to prove that
(the details are omitted here)

lim
t→0

∫

�

∣∣u(x, t) – u0(x)
∣∣dx = 0.

Then u satisfies equation (1.1) with the initial value (1.2) in the sense of Definition 2. �

4 Proofs of Theorem 4 and Theorem 5
For n > 0, let

hn(s) = 2n
(
1 – n|s|)+, gn(s) =

∫ s

0
hn(τ ) dτ .

Obviously,

lim
n→∞ gn(s) = sgn s, lim

n→∞ sg ′
n(s) = 0. (4.1)
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Proof of Theorem 4 Let u(x, t) and v(x, t) be two weak solutions of equation (1.1) with the
initial values u0(x) and v0(x) respectively. We define

φn(x) =

⎧
⎪⎪⎨

⎪⎪⎩

1, if x ∈ � n
2

,

n(d(x) – 1
n ), if x ∈ �n \ � n

2
,

0, if x ∈ � \ �n,

(4.2)

where �n = {x ∈ � : d(x) > 1
n }. Let

ϕ1 = χ[τ ,s]φn and ϕ2 = gn(u – v).

Here, χ[τ ,s] is the characteristic function of [τ , s] ⊂ (0, T). From Definition 2, we have

∫ s

τ

∫

�

φngn(u – v)
∂(u – v)

∂t
dx dt

+
N∑

i=1

∫ s

τ

∫

�

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
(uxi – vxi )g

′
n(u – v)φn(x) dx dt

+
N∑

i=1

∫ s

τ

∫

�n\� n
2

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
(uxi – vxi )gn(u – v)φnxi dx dt

= 0.

(4.3)

In the first place, we have

∫

�

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
(uxi – vxi )g

′
n(u – v)φn(x) dx ≥ 0, (4.4)

and since ut ∈ L2(QT ), we have

lim
n→∞

∫ s

τ

∫

�

φn(x)gn(u – v)
∂(u – v)

∂t
dx dt

=
∫

�

|u – v|(x, s) dx –
∫

�

|u – v|(x, τ ) dx.
(4.5)

In the second place, since φnxi = ndxi when x ∈ �n \� n
2

and |dxi | ≤ |∇d| = 1, by (2.4), we
have

∣∣∣∣
∫

�

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
φnxi gn(u – v) dx

∣∣∣∣

=
∣∣∣∣
∫

�n\� n
2

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
φnxi gn(u – v) dx

∣∣∣∣

≤ n
∫

�n\� n
2

ai(x)
(|uxi |pi–1 + |vxi |pi–1)∣∣dxi gn(u – v)

∣∣dx

≤ cn
(∫

�n\� n
2

ai(x)
(|uxi |pi + |vxi |pi

)
dx

) 1
qi

(∫

�n\� n
2

ai(x)|dxi |pi dx
) 1

pi
(4.6)
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≤ c
[(∫

�n\� n
2

ai(x)|uxi |pi dx
) 1

qi
+

(∫

�n\� n
2

ai(x)|vxi |pi dx
) 1

qi
]

· n
(∫

�n\� n
2

ai(x) dx
) 1

pi

≤ c
(∫

�n\� n
2

ai(x)|uxi |pi dx
) 1

qi
+ c

(∫

�n\� n
2

ai(x)|vxi |pi dx
) 1

qi
,

here and in what follows, qi = pi
pi–1 .

Then we have

lim
n→∞

∣∣∣∣
∫ s

τ

∫

�

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
φnxi gn(u – v) dx dt

∣∣∣∣

≤ c lim
n→∞

[(∫

�\�n

ai(x)|uxi |pi dx
) 1

qi
+

(∫

�\�n

ai(x)|vxi |pi dx
) 1

qi
]

= 0.

(4.7)

Let n → ∞ in (4.3). By the above discussion (4.4)–(4.7), we deduce that
∫

�

∣∣u(x, s) – v(x, s)
∣∣dx ≤

∫

�

∣∣u(x, τ ) – v(x, τ )
∣∣dx.

Let τ → 0. We have
∫

�

∣∣u(x, s) – v(x, s)
∣∣dx ≤ c

∫

�

∣∣u0(x) – v0(x)
∣∣dx.

The proof is complete. �

Proof of Theorem 5 If u ∈ U1(u0) by (2.6), then we have

lim
n→∞

∣∣∣∣
∫

�

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
φnxi gn(u – v) dx

∣∣∣∣

= lim
n→∞

∣∣∣∣
∫

�n\� n
2

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
φnxi gn(u – v) dx

∣∣∣∣

≤ lim
n→∞

∫

�n\� n
2

nai(x)
(|uxi |pi–1 + |vxi |pi–1)∣∣dxi gn(u – v)

∣∣dx

≤ c lim
n→∞

(
n

∫

�n\� n
2

ai(x)
(|uxi |pi + |vxi |pi

)
dx

) 1
qi

·
(∫

�n\� n
2

nai(x)
∣∣dxi gn(u – v)

∣∣pi dx
) 1

pi

≤ c lim
n→∞

(∫

�n\� n
2

nai(x)
∣∣gn(u – v)

∣∣pi dx
) 1

pi

= 0.

(4.8)

The remainder is the same as that of Theorem 4. �
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5 Proof of Theorem 6
Proof of Theorem 6 Let u(x, t) and v(x, t) be two weak solutions of equation (1.1) with the
initial values u0(x) and v0(x) respectively. Let

ϕn(x) =

⎧
⎪⎪⎨

⎪⎪⎩

1, if x ∈ D n
2

,

n(d2 – 1
n ), if x ∈ Dn \ D n

2
,

0, if x ∈ � \ Dn,

(5.1)

where Dn = {x ∈ � : d2 > 1
n }. Take

ϕ = χ[τ ,s](u – v)ϕn(x),

where χ[τ ,s] is the characteristic function on [τ , s]. Then we have

∫∫

QT

[(
∂u
∂t

–
∂v
∂t

)
ϕ +

N∑

i=1

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
ϕxi

]
dx dt = 0. (5.2)

For the next term of the left-hand side of (5.2), we have

∫ s

τ

∫

�

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)[
(u – v)ϕn

]
xi

dx dt

=
∫ s

τ

∫

�

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
(u – v)xiϕn dx dt

+ n
∫ s

τ

∫

Dn\D n
2

ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
(u – v)2ddxi dx dt

(5.3)

and
∫∫

Qτ s

ai(x)ϕn(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
(u – v)xi dx dt ≥ 0. (5.4)

For the second term on the right-hand side of (5.3), by (1.12), i.e.,

lim sup
n→∞

[
n sup

x∈Dn\D n
2

ai(x)
1
pi |2ddxi ||u – v|

]
= 0, i = 1, 2, . . . , N ,

we have

lim sup
n→∞

∣∣∣∣
∫∫

Qτ s

(u – v)ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
ϕnxi dx dt

∣∣∣∣

≤ lim sup
n→∞

n
∫ s

τ

∫

Dn\D n
2

|u – v|ai(x)
(|uxi |pi–1 + |vxi |pi–1)|2ddxi |dx dt

≤ lim sup
n→∞

n
∫ s

τ

∫

Dn\D n
2

ai(x)
(|uxi |pi + |vxi |pi

)|u – v||2ddxi |dx dt

+ c lim sup
n→∞

n
∫ s

τ

∫

Dn\D n
2

ai(x)|u – v||2ddxi |dx dt (5.5)
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≤ c lim sup
n→∞

n sup
x∈Dn\D n

2

[
ai(x)

1
pi |2ddxi ||u – v|]

×
∫ s

τ

∫

Dn\D n
2

ai(x)
(|uxi |pi + |vxi |pi

)
dx dt

+ c lim sup
n→∞

n sup
x∈Dn\D n

2

[
ai(x)

1
pi |2ddxi ||u – v|].

Inequality (5.5) yields

lim sup
n→∞

∣∣∣∣
∫∫

Qτ s

(u – v)ai(x)
(|uxi |pi–2uxi – |vxi |pi–2vxi

)
ϕnxi dx dt

∣∣∣∣ = 0. (5.6)

Meanwhile, we have

lim
n→∞

∫∫

Qτ s

(u – v)ϕn(x)
∂(u – v)

∂t
dx dt

=
∫

�

[
u(x, s) – v(x, s)

]2 dx –
∫

�

[
u(x, τ ) – v(x, τ )

]2 dx.
(5.7)

From (5.3)–(5.7), letting n → ∞ in (5.2), we have

∫

�

∣∣u(x, s) – v(x, s)
∣∣2 dx ≤

∫

�

∣∣u(x, τ ) – v(x, τ )
∣∣2 dx.

Due to the arbitrariness of τ , we obtain

∫

�

∣∣u(x, s) – v(x, s)
∣∣2 dx ≤

∫

�

∣∣u0(x) – v0(x)
∣∣2 dx.

Thus we have the stability (2.10). �

If we choose a general function χ (x), which satisfies (2.5), instead of the function d(x)2

in the proof of Theorem 6, then we can prove Theorem 7, we omit the details here.

Acknowledgements
The authors would like to thank everyone for their kind help!

Funding
Dr. Zhan is supported by the Natural Science Foundation of Fujian Province (No. 2022J011242) and (No. 2021J011193);
Dr. Si is supported by the National Natural Science Foundation of China (Grant No. 12061037) and the High-level
Personnel of Special Support Program of Xiamen University of Technology (No. 4010520009).

Availability of data and materials
Not applicable.

Declarations

Competing interests
The authors declare no competing interests.

Author contributions
Zhan wrote the main manuscript text, Si gave some modifications. All authors reviewed the manuscript.



Zhan and Si Boundary Value Problems         (2023) 2023:17 Page 14 of 14

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 18 November 2022 Accepted: 14 February 2023

References
1. Antontsev, S., Diaz, J.I., Shmarev, S.: Energy Methods for Free Boundary Problems: Applications to Nonlinear PDEs and

Fluid Mechanics. Progress in Nonlinear Differential Equations and Their Applications, vol. 48. Birkäuser, Boston (2002)
2. Bear, J.: Dynamics of Fluids in Porous Media. Elsevier, New York (1972)
3. Bendahmane, M., Karlsen, K.H.: Renormalized solutions of an anisotropic reaction–diffusion–adverction system with

L1 data. Commun. Pure Appl. Anal. 5(4), 733–762 (2006)
4. Bendahmane, M., Langlais, M., Saad, M.: On some anisotropic reaction–diffusion system with L1 data modeling the

propagation of an epidemic disease. Nonlinear Anal. 54(4), 617–636 (2003)
5. DiBenedetto, E.: Degenerate Parabolic Equations. Springer, New York (1993)
6. Gu, L.: Second Order Parabolic Partial Differential Equations. Xiamen University Press, Xiamen (2002)
7. Ladyženskaja, O.A., Solonikov, V.A., Ural’ceva, N.N.: Linear and Quasilinear Equations of Parabolic Type. Transl. Math.

Monogr., vol. 23. Am. Math. Soc., Providence (1968)
8. Lee, K., Petrosyan, A., Vazquez, J.L.: Large time geometric properties of solutions of the evolution p-Laplacian

equation. J. Differ. Equ. 229, 389–411 (2006)
9. Troisi, M.: Teoremi di inclusione per spazi di Sobolev non isotropi. Ric. Mat. 18, 3–24 (1969)
10. Wu, Z., Zhao, J., Yin, J., Li, H.: Nonlinear Diffusion Equations. Word Scientific, Singapore (2001)
11. Yin, J., Wang, W.: Evolutionary weighted p-Laplacian with boundary degeneracy. J. Differ. Equ. 237, 421–445 (2007)
12. Zhan, H.: The well-posedness of an anisotropic parabolic equation based on the partial boundary value condition.

Bound. Value Probl. 2017, 166 (2017)
13. Zhan, H., Feng, Z.: Optimal partial boundary condition for degenerate parabolic equations. J. Differ. Equ. 284, 156–182

(2021)
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