Chems Eddine and Repovs Boundary Value Problems (2023) 2023:19 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-023-01705-6 a SpringerOpen Journal

RESEARCH Open Access
®

Check for
updates

The Neumann problem for a class of
generalized Kirchhoff-type potential systems

Nabil Chems Eddine' and Dusan D. Repovs>***

“Correspondence:

dusan.repovs@guest.arnes.si Abstract

“Faculty of Education, University of . . -

Ljubu-aza Ljubljana, Slovenia Y In this paper, we are concerned with the Neumann problem for a class of quasilinear

*Faculty of Mathematics and stationary Kirchhoff-type potential systems, which involves general variable

EWbSl'FS' U”S'lvefs'fy of Ljubljana, exponents elliptic operators with critical growth and real positive parameter. We
ubljana, slovenia . . .

P e mation s show that the problem has at least one solution, which converges to zero in the norm

available at the end of the article of the space as the real positive parameter tends to infinity, via combining the

truncation technique, variational method, and the concentration—compactness
principle for variable exponent under suitable assumptions on the nonlinearities.

MSC: 35833;35D30; 35J50; 35J60; 46E35

Keywords: Kirchhoff-type problems; Neumann boundary conditions; p(x)-Laplacian
operator; Generalized capillary operator; Sobolev spaces with variable exponent;
Critical Sobolev exponents; Concentration—compactness principle; Critical point
theory; Truncation technique

1 Introduction
In this article, we are concerned with the existence and asymptotic behavior of nontrivial
solutions for the following class of nonlocal quasilinear elliptic systems:

M;(.A,(M;)) (— diV(Bli(Vui)) + 82,'(”1‘)) - |Mi|si(x)_2bti +AF, () in €,
(1.1)
Mi(Ai(ui))Bli(vui) N = |ui|li(x)_2ui on 0%2,

fori=1,2,...,n (n € N*), where @ c RN (N > 2) is a bounded domain with smooth
boundary 92, 91; is the outward normal vector field on 92, A is a positive parameter,
VF = (F,,,...,F,,) is the gradient of a C'-function F: RN x R" — R, p;,q;,w;,s; € C(RQ),
and £; € C(02) are such that

1<p; <pilx) <p; <q; <qi(x) <q; <N, (1.2)

hy <hix) <hf <w; <wilx) <w] <s; <s;(x) <sf <h}(x)<oo, (1.3)
and

By < hix) < B <w; <wilx) <wf <€ < ix) <€ <h(x) < oo, (1.4)
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for all x € Q, where functions w; are given by condition (F,) below, p; =inf, g pi(x), pf :=
sup,.g pi(x), and analogously to w;, w}, q7, qf, 7, hf, s7, s7, £7 and ¢}, with h;(x) = (1 -

K(k3)pi(x) + K(k3)gi(x), where k? is given by condition (A;) below, and

L N-1)l; ()
W) = | N for h;(x) < N, and K= NG for h;(x) < N,
roo forh(@ =N, too  forkx) = N,

for all x € ©, and the function K : R{ — {0,1} is defined by

1 ifkl'>0,
0 ifk <0.

K(ki) =

In addition, we consider both Cii and Cf” as nonempty disjoint sets, which are respectively
defined by

Chll, = {x €0, 4;(x) = h?(x)} and Cﬁi = {x € Q,si(x) = h}“(x)}.

The operators A;, : X; — R”, for j = 1 or 2, and the operators B3; : X; — R are respectively
defined by

B, (w;) = aj, (1wl ™) s u;  and

Aiw) = / (A, (V1) + A () i, o
q i)

for all 1 <i < n, where X; := WHi®)(Q) N W?i¥)(Q) is a Banach space, and functions A,
are defined by A;,(¢) = fot aj, (k) dk, where functions a;, are described in condition (A,).

In what follows, we shall consider the functions a;, satisfying the following assumptions
forallie{1,2,...,n}andj € {1,2}:

(A1) aj,: R* — R" are of class C.

(A;) There exist positive constants kg, kzlz’ k12, and k& forall i € {1,2,...,n}, j € {1,2} such

that

q;(x)-p;(x) q;(x)-p;(x)

k,? + IC(/(?)/(/%_E Pl < g (&) < k,ll + k?é 7@ forall€ >0anda.e xe Q.

(A3) There exists ¢; >0 for all 1 < i < n such that

d(aj, (7 @) gpitn-2)
3

min{aji (épi(x)) grit)-2, a;, (sp,-(x)) gri)2 4 & } > P2,

fora.e.x e Qandall € > 0.

(A4) There exist positive constants g;, and y; for all i € {1,2,...,n}, j € {1,2} such that

Ai(8) a;,(§)5  with if <y;<s; and q—i <B< Li, forall € > 0.

1
> —
ﬂ/’i b; b;

(M) M, :R* — R are continuous and increasing functions such that M;(t) > M;(0) =
M?>0,forallt>0,ie{1,2,...,n}.
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As it is well known, there are many examples of functions M; that satisfy assumption (M),

for example,
My (€)=MY +B1£%,  with M, B, > 0,9 + B, >0and 6; > 1.

In particular, when 9019 = 0 and B, > 0, the Kirchhoff equation associated with M; is said
to be degenerate. On the other hand, when 9t > 0 and 9B; > 0, the Kirchhoff equation
associated with M; is said to be nondegenerate. In this case, when 8B, = 0, the Kirchhoff
equation associated with M; (is a constant) reduces to a local quasilinear elliptic problem.

The study of differential equations and variational problems driven by nonhomogeneous
differential operators has received extensive attention and has been extensively investi-
gated, see, e.g., Papageorgiou et al. [42]. This is due to their ability to model many physical
phenomena. It should be noted that the p(x)-Laplacian operator is a special case of the di-
vergence form operator div(B;,(V;)). The natural functional framework for this operator
is described by the Sobolev space with a variable exponent W1»®),

In recent decades, there has been a particular focus on variable exponent Lebesgue
and Sobolev spaces, 7% and W@ where p is a real function, e.g., Radulescu and Re-
povs [45]. Traditional Lebesgue spaces L” and Sobolev spaces W'? with constant expo-
nents have proven insufficient to tackle the complexities of nonlinear problems in the ap-
plied sciences and engineering. To address these limitations, the use of variable exponent
Lebesgue and Sobolev spaces has been on the rise in recent years.

This area of research reflects a new type of physical phenomena, such as electrorheolog-
ical fluids, or “smart fluids,” which can exhibit dramatic changes in mechanical properties
in response to an electromagnetic field. These and other nonhomogeneous materials re-
quire the use of variable exponent Lebesgue and Sobolev spaces, where the exponent p is
allowed to vary. Moreover, variable exponent Lebesgue and Sobolev spaces have found a
wide range of applications, from image restoration and processing to fields such as ther-
morheological fluids, mathematical biology, flow in porous media, polycrystal plasticity,
heterogeneous sand pile growth, and fluid dynamics. For a comprehensive overview of
these and other applications, see, e.g., Chen et al. [15], Diening et al. [20, 21], Halsey [28],
Radulescu [44], Ruzicka [46, 47], and the references therein.

Furthermore, every single equation of the system (1.1) is a generalization of the sta-
tionary problem of the first model introduced by Kirchhoff [33] in 1883 and having the
following form:

P2 — (ﬂ + E/L|8xu(x)|2dx)82u:0, (1.6)
h 2L J, *

where the parameters p, &, po, t, L, E are all constants which respectively have some phys-
ical meaning, which is an extension of the classical D’Alembert wave equation, by consid-
ering the effect of the change in the length of a vibrating string.

Nearly a century later, in 1978, Jacques-Louis Lions [35] returned to the equation and
proposed a general Kirchhoff equation in arbitrary dimension with an external force term
which was written as

8t2tu—(a+b/ |Vu|2dx)Au:f(x,u) in Q,
Q

u=0 ondQ.
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Later on, many interesting results have been obtained by Caristi et al. [9], Dai and Hao [19],
Ma [37]; see also the references therein. The main difficulty in studying these equations
appears to be due to the fact that they do not satisfy a pointwise identity any longer. It is
generated by having the term containing M; in the equations, and it makes (1.1) a nonlo-
cal problem. The nonlocal problem models arise in the description of biological systems
and also various physical phenomena, where u describes a process that depends on the
average of itself, such as population density. For more references on this subject, we refer
the interested reader to Ambrosio et al. [3], Arosio and Pannizi [5], Cavalcanti et al. [10],
Chipot and Lovat [17], He et al. [31], Corréa and Nascimento [18], Yang and Zhou [50],
Wang et al. [48], and the references therein. On the one hand, the differential equations
with constant or variable critical exponents in bounded or unbounded domains have at-
tracted increasing attention recently. They were first discussed in the seminal paper by
Brezis and Nirenberg [8] in 1983, which treated Laplacian equations. Since then, there
have been extensions of [8] in many directions.

One of the main features of elliptic equations involving critical growth is the lack of
compactness arising in connection with the variational approach. In order to overcome
the lack of compactness, Lions [36] established the method using the so-called concen-
tration compactness principle (CCP, for short) to show that a minimizing sequence or a
Palais—Smale ((PS), for short) sequence is precompact. Afterward, the variable exponent
version of the Lions concentration—compactness principle for a bounded domain was in-
dependently obtained in Bonder et al. [6, 7] and Fu [26], and for an unbounded domain in
Fu [27]. Since then, many authors have applied these results to study critical elliptic prob-
lems involving variable exponents, see, e.g., Alves et al. [1, 2], Chems Eddine et al. [12-14],
Fang and Zhang [24], Hurtado et al. [32], Minggqi et al. [39], Zhang and Fu [51].

When M; satisfies conditions a;, = 1 (with k! = 1, and k? > 0 and ? = 0), and a,, =0,
Chems Eddine [12] proved the existence of nontrivial weak solutions for the following
class of Kirchhoff-type potential systems with Dirichlet boundary conditions:

1
_Mi(/ @ IVui|pf(x))Api(x)ui = | %92y, + AF,(x,u) in<,
QPi

u;=0 onodg,

for 1 <i < n (n e N*), where p;,q; : @ — R are Lipschitz continuous functions such that
1 < gi(x) < p}(x) for all x in Q and the potential function F satisfies mixed and subcrit-
ical growth conditions. Following that, Chems Eddine [11] established the existence of
infinitely many solutions for the following system:

—M,»(.Ai(ui)) diV(Bi(Vui)) = o[ 2u; + AF, (x,u) in,

u=0 onodS,

fori=1,2,...,n (n € N), where {x € Q,s;(x) = pf(x)} is nonempty and F € C' (2 x R",R)
satisfies some mixed and subcritical growth conditions. Next, Chems Eddine and Ragusa
[14] dealt with cases when the above class of Kirchhoft-type potential systems is consid-
ered under Neumann boundary conditions with two critical exponents, and established
the existence and multiplicity of solutions.
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Our objective in this article is to show the existence of nontrivial solutions for the non-
local problem (1.1). As we shall see in this paper, there are some substantial difficulties
in our situation, which can be summed up in three main problems. First, the assump-
tion (M) provides only a positive lower bound for the Kirchhoff functions M; near zero,
creating serious mathematical technical difficulties, to overcome which we need to do a
truncation of the Kirchhoff functions M; to obtain a priori estimates of the boundedness
from above, and thus obtain a new auxiliary problem, thereafter, we do another trunca-
tion to control the energy functional corresponding to the auxiliary problem. The second
difficulty in solving problem (1.1) is the lack of compactness which can be illustrated by
the fact that the embeddings W"¥(Q) — L®(Q) and WHE(Q) ) @)(3Q2) are no
longer compact and, to overcome this difficulty, we use two versions of Lions’s princi-
ple for the variable exponent, extended by Bonder et al. [6, 7]. Then by combining the
variational method and Mountain Pass Theorem, we obtain the existence of at least one
nontrivial solution to the auxiliary problem, see Theorem 3.1, and by truncating func-
tions M;, we obtain the existence of at least one nontrivial solution to problem (1.1), see
Theorem 1.2.

Throughout this paper, we shall assume that F satisfies the following conditions:

(F1) Fe CHQ x R",R) and F(x,0gn) = 0.

(Fy) Forall (3,j) € {1,2,...,n}?% there exist positive functions b,«]. such that

|ng(x»§1, .. .,En)| < Zbij(x)|gj|rij(x)71,
j=1

where 1 <r;, () < infyeq h;(x) for all x € Q. The weight-functions b;; (resp. by ifi Zj)
belong to the generalized Lebesgue spaces L%i($2) (resp. L™ (£2)), with

a;i(x) = M a;(x) = hj‘(x)h;-“(x)
i T )k () — B () — I (%)

h,(x) — 1’

(F3) There exist K > 0 and y; € (h,inf{s;, £;}) such that for all (x,&,...,&,) € 2 x R”
where |u;|" > K,

n

O<F(x,$1,...,§n) < ZiFéi(x,slr-~~r€n)~

i=1 7t

(F4) There exists a positive constant ¢ such that

|F(x,&1,....60)| < C(Z |-§i|wi(x)), for all (x,&1,...,&,) € Q x R”,
i-1

where w; € C,.(Q) and gf <w; <w} <inf{s;,£;} <inf{s], €]}, forall 1 <i<m.

Example 1.1 There are many potential functions F satisfying assumptions (F;) and (F5).

For example, when # = 2, take F(x, 1y, u3) = b1a(x)|u1 1@ |uy)2®), where 1?1((?) + 222((’;)) <1,

and the positive weight-function by, € L*®(Q) with

_ @k ()
@ () — B (x) — ()’

forallx € Q.

a(x)
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By the standard calculus, we can verify that F satisfies the assumption (F;). Moreover, by
using Young inequality, we can check the assumption (Fs).

The main result of our paper is the following.

Theorem 1.2 Assume that conditions (A1)—(A4), (M), and (F1)—(F4) hold. Then there exists
A* > 0 such that for all » > A, problem (1.1) has at least one nontrivial solution in X.
Moreover, if u, is a weak solution of problem (1.1), then lim, _, . ||u; || = 0.

The paper is organized as follows: In Sect. 2 we give some preliminary results of the vari-
able exponent spaces. In Sect. 3 we introduce the auxiliary problem and obtain a nontrivial
solution for the auxiliary problem. Section 4 is dedicated to proving the main results. Fi-
nally, in Sect. 5, we illustrate the degree of generality of the kind of problems we studied
in this paper.

2 Preliminaries and basic notations

In this section, we introduce some definitions and results which will be used in the next
section. Throughout our work, let 2 be a bounded domain of RN (N > 2) with a Lipschitz
boundary 9€2, and let us denote by D either 2 or its boundary 9. Denote

M, (D):= {p : D — R measurable real-valued function: p(x) > 1 for a.a. x € D},
C.(D):= {p € C(D):p(x)>1foraa.xe D}.

For all p € M, (D), denote p* := sup,.p p(x) and p~ := infyep p(x). Also for all p € M, (D)
and for a measure 7 on D, we define the variable exponent Lebesgue space as

LP¥(D):= IPY(D,dn) := {u measurable real-valued function : p, p (1) < oo},

where the functional o, p : IP9 (D) — R is defined as
priola)= [ )] dn,
Q

The functional p,p is called the p(x)-modular of the L?®(D) space, it has played an im-
portant role in manipulating the generalized Lebesgue—Sobolev spaces. We endow the
space L”™ (D) with the Luxemburg norm

. u(x)
el ooy == mf{t > O:pp,p(7> < 1},

Then (L#W (D), || u|| 1#@)(p)) is a separable and reflexive Banach space (see, e.g., Kovacik and
Rékosnik [34, Theorem 2.5, Corollary 2.7]). In the subsequent sections, the W) -spaces
under consideration will be Z#®)(Q) := LFW(Q, dx), and LP®(dQ) := LF¥ (3, do) for an
appropriate measure o supported on 9. Let us now recall more basic properties con-
cerning the Lebesgue spaces.

Proposition 2.1 (Kovacik and Rékosnik [34, Theorem 2.8]) Let p and q be variable ex-
ponents in M, (D) such that p < q in D, where 0 < meas(D) < oo. Then the embedding
L19 (D) < [PX(D) is continuous.
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Furthermore, the following Holder-type inequality:

’ / u(x)v(x)dx| <

1
(—+(p, )||u||m)m)||v||L,M(D,s2||u||w<x>(p)||v||Lp/(x)(D) (2.1)

holds for all u € LF®(D) and v € LF @ (D) (see, e.g., Kovacik and Rdkosnik [34, Theo-
rem 2.1]), where we denoted by L# @ (D) the topological dual space (or the conjugate space)
of I”¥(D), obtained by conjugating the exponent pointwise, that is, 1/p(x) + 1/p/(x) = 1
(see, e.g., Kovacik and Rékosnik [34, Corollary 2.7]). Moreover, if k1, hy, k3 : D — (1,00)
are Lipschitz continuous functions such that

LRI SUNE S
@) ) k)

then for all u € L'"®(D), v € L"W(D), w e L"3®) (D), the following inequality holds:

1 1 1
/ |14 () w( x)’dx < (— + h—_ + = )||M||Lh1(x)(p)||V||Lh2(x)(p)||W||Lh3(x)(p)~
3

Ifu € [’ (D) and p < 0o, we have the following properties (see, for example, Fan and Zhao
[23, Theorems 1.3 and 1.4]):

lullpperpy <1 (=1;>1) ifandonlyif p,p(u)<1(=1;>1), (2.2)

if oty > 1 then ull ) < 0 () < 2 1 (2:3)

if el oy < 1 then [l ) < Pp0 () < 2l - (2.4)
As a consequence, we have the equivalence of modular and norm convergence

]l 1o py — O (— o0) ifand only if  ppp(#) — 0 (— 00). (2.5)

Proposition 2.2 (Edmunds and Rakosnik [22]) Let h and £ be variable exponents in
M, (D) with 1 < h(x),£(x) < 00 a.e. x in Q and p € L°(Q). Then if u € L'®(Q), u #0,

it follows that
h~ h
Il <1 = 16l feg) < 111"l 0@ < 14l e gy
p* h
Il =1 = 1l gy = 1"y < 14l e g

When h(x) = h is constant, we obtain || Iulhlle(x>(Q) = IIMIIﬁM(x)(Q).
Now, let us pass to the Sobolev space with variable exponent, that is,
WO(Q) = {u € 1PD(Q) : 0u € PP(Q) fori=1,...,N},

where 0y, u = 337” represent the partial derivatives of u with respect to x; in the weak sense.
This space has a corresponding modular given by

Py () = / P 4 |V d,
Q
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which yields the norm

. u(x)
el ,p) = el e ) = 1nf{r >0: pl’p<—r ) < 1},

Another possible choice of norm in W'?®(Q) is ]l o) + VL]l o) (- Both norms
turn out to be equivalent, but we use the first one for convenience. It is well known that
W1P®(Q) is a separable and reflexive Banach spaces (see, e.g., Kovacik and Rakosnik [34,
Theorem 3.1]). As usual, we define by p*(x) the critical Sobolev exponent and p?(x) the
critical Sobolev trace exponent, respectively, by

Np(x)

for p(x) < N, WN-Dp(x) g1 00) < N,
prx) = N-p(x) p(x) and pa(x) = | Np®) p(x)
+00 for p(x) > N, +00 for p(x) > N.

We recall the following crucial embeddings on W?®(Q).

Proposition 2.3 (Diening et al. [21], Edmunds and Rakosnik [22]) Let p be Lipschitz con-
tinuous and satisfying 1 < p~ < p(x) < p* <N, and let q € C(Q) satisfy 1 < q(x) < p*(x), for
all x € Q. Then there exists a continuous embedding W'*W(Q) — LIW(Q). If we assume

in addition that 1 < q(x) < p*(x) for all x € Q, then this embedding is compact.

Proposition 2.4 (Diening et al. [21], Edmunds and Rakosnik [22]) Let p € W"(Q) with
1<p_<p, <N <h Thenforall q € C(3Q) satisfying 1 < q(x) < p’(x) for x € 3K, there is
a continuous boundary trace embedding W™ (Q) — L1¥)(3Q). If we assume in addition
that 1 < q(x) < p*(x) for all x € Q, then this embedding is compact.

For detailed properties of the variable exponent Lebesgue—Sobolev spaces, we refer the
reader to Diening et al. [21], Kovacik and Rakosnik [34]. As is well known, the use of critical
point theory needs the well-known Palais—Smale condition ((PS),, for short), which plays
a central role.

Definition 2.5 Consider a function E : X — R of class C', where X is a real Banach space.

We say that a sequence {u,,} is a Palais—Smale sequence for the functional E if
E(u,) —c and E(u,)—0 inX. (2.6)

We say that {u,,} is a Palais—Smale sequence with energy level ¢ (or (,,) is (PS)., for short).
Moreover, if every (PS). sequence for E has a strongly convergent subsequence in X, then
we say that E satisfies the Palais—Smale condition at level ¢ (or E is (PS),, short).

Our main tool is the following classical Mountain Pass Theorem.

Theorem 2.6 (Rabinowitz [43]) Let X be a real infinite-dimensional Banach space and let
E: X — R be of class C' and satisfying the (PS), such that E(Ox) = 0. Assume that

(Hh) there exist positive constants p, R such that E(u) > R, for all u € 9B, N X;

(Ha) there exists z € X with ||z||x > p such that E(z) < 0.



Chems Eddine and Repovs Boundary Value Problems (2023) 2023:19

Then E has a critical value c > R, which can be characterized as

:= inf E(¢(8)),
¢:= Inf max E(¢(9))

where
= {¢> :[0,1] — X continuous : $(0) = OX,E(¢(1)) < 0}.

In the sequel, we shall use the product space X := [[L,(WMi#)(Q) n wiri®)(Q)),

equipped with the norm ||u|| := maxj<;<,{||u;|;}, for all u = (uy,uy,...,u,) € X, where
lotilli == Netillipiwy + KK u4:ll1,4,0 s the norm of WHi)(Q) N W#i)(Q), for all i €
{1,2,...,n}.

Definition 2.7 We say that u = (41, u», ...,u,) € X is a weak solution of the system (1.1) if

ZM /(B1 (Vi) Vv; + Bo (ui)vi) dc
Q
- |uai 19 v, dx — / il v, do
n
—Z/ AFy, (%, u)v;dx =0,
=1 V9

forall v = (v1,vs,...,v,) € X = [[L, (WH(Q) N Wirit)(Q)).

The energy functional E; : X — R associated with problem (1.1) is defined as E;(-) :=
() - W(-)-T(:) = Fi(-), where ®, ¥, and F;, : X — R are given by

_ - 1 15i%)
D(u) = ZM u(x ) \Il(u)-lzl:/QSi(x)mA dx,
e E

1“® do,, and F(u) = / AF(x, 1) dx,
Q

for all u = (uy,...,u,) in X, where Z/\Zi(r) = for M;(s) ds. By standard calculus, one can see
that, under the above assumptions, the energy functional E; : X — RN corresponding to
problem (1.1) is well defined and E; € C!(X,R) with

ZM /(81 (Vu)Vv; + By, (u;) v, dx Z/ 0|92, dx
- Z/ ;592w doy — Z/ AF,, (x, u)v; dx,
=1 709 -1 /9

for all v = (v, v,...,v,) € X. So the critical points of functional E; are weak solutions of
system (1.1).

To prove our existence result, since we have lost compactness in the inclusions
W@ (Q) s LM ®(Q) and WM (Q) <> A )(0Q), for all i in {1,2,...,n}, we can no

Page 9 of 33
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longer expect the Palais—Smale condition to hold. Nevertheless, we can prove a local
Palais—Smale condition that will hold for the energy functional E; below a certain value
of energy, by using the principle of concentration—compactness for the variable exponent
Sobolev space W'i¥(Q). For the reader’s convenience, we state this result in order to
prove Theorem 1.2, see Bonder et al. [6, 7] for its proof.

Now, let O be a different subset of €2, a closed set (possibly empty). Set

Wg’(x)(Q) = {v € C*(Q) : v vanishes on a neighborhood of (9},

where closure is taken with respect to ||v||1,u). This is the subspace of functions vanishing
on O. Evidently, W, ®(Q) = WH®(Q). In general, W(lg’h(x)(fz) = WH)(Q) if and only
if the h;(x )—capac1ty of O equals zero; for more details, we refer the interested readers to
Harjulehto et al. [29]. The best Sobolev trace constant T;(h;(x), £;(x), O) is defined by

12 .
0 < Ti(/u»), ti(x), 0) := M

ln .
EW ”V”Lé () ( Cl9)

Theorem 2.8 (Bonder et al. [6]) Let h; € C,(RQ), ¢; € C,(3Q) be such that £;(x) < h?(x),
for all x € 02, and {u,,}men be a sequence in WLRE(Q) such that u;,, — u; weakly in
WL (QQ). Then there exist a countable index set J}, positive numbers { Wij}je 1 and {vi}ie 7
and {x,}jE]’; C Cli = {x € 0Q: €;(x) = h? (x)} such that

|uti,, RN AT Z vi8x; weakly-* in the sense of measures, (2.7)
jelil

|V, N v L Zu,} x; weakly-* in the sense of measures, (2.8)

jel

T, ;/hd("’)_ D orallje T, (2.9)
where

Tiy 1= sup T (hi(x), i(x), Qe » Aey)» (2.10)

is the localized Sobolev trace constant with Q. = 2 N B.(x;) and Ac; = QN 3B (x;)).

Theorem 2.9 (Bonder and Silva [7]) Let h; and s; be variable exponents € C,(Q2) such that
si(x) < i} (x), for all x € Q, and (it} men be a sequence in WYHW(Q) such that Ui, — U
weakly in WY ®)(Q). Then there exist a countable set ]l.2, positive numbers {mi; }i€/~2 and
{vij}jelf’ and {x,»}ie]iz - Cﬁi ={x € Q: s;(x) = K} (%)} such that

|uti, 159 ;= a5 4 Z vi8x; weakly-* in the sense of measures, (2.11)
jel
|Vu, KN v L ZM,} y,  weakly-* in the sense of measures, (2.12)
jel

V) ki)

Si‘)ij P < Iy, forallj GL , (2.13)
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where

NI

in , (2.14)
$eC3e(Q) I V||L5i(x)(Q)

Sl‘ = Siqi(Q) =

is the best constant in the Gagliardo—Nirenberg—Sobolev inequality for variable exponents.

Notations. Weak (resp. strong) convergence will be denoted by — (resp., —), C;, Ci» ¢j»
and ¢;; will denote positive constants which may vary from line to line and can be deter-
mined in concrete conditions. Here, X* denotes the dual space of X, d,; is the Dirac mass

at xj, for all p > 0, x € Q, where B(x, p) denotes the ball of radius p centered at .

3 The auxiliary problem and variational framework

In order to prove Theorem 1.2, we shall introduce the auxiliary problem by defining the
auxiliary functional Ey; and showing that the energy functional Ey; has the geometry of
the Mountain Pass Theorem 2.6.

By assumption (M), we see that the functions M; are bounded only from below and do
not give us enough information about the behavior of M; at infinity, which makes it difficult
to prove that the functional E; has the geometry of the Mountain Pass Theorem and that
the sequence of Palais—Smale is bounded in X. Hence, we truncate functions M; and study
the associated truncated problem.

Take y; as in assumption (F3) and 6; € R, for all i € {1,...,N} such that M? < 6; <

yiny? . . 0 0y _
PTREE By assumption (M), there exists 7; > 0 such that M;(t;) = 6. Thus, by set-
ting
Mi(t;) for0<t; <10,
Mgi(l'i) _ i l) i i

0; for 7; > rio,
we can introduce the following auxiliary problem:

Mo, (Ai(u)) (= div(By, (Vi) + B, () = |wil®~2u; + AF, (x,u) in €, 31)

0N - Mo, (Ai(w:) By, (Vi) = |ui| 192w on 9€2; '
for 1 <i <wn, where A;, B;, F,;, and X are as in Sect. 1. By assumption (M), we also know
that

ymy?

——————, forall;>0,1<i<n (3.2)
p; max{p;, Ba;}

MY < Mo, (t:) <6, <
Now, the next step is to prove that the auxiliary problem (3.1) has a nontrivial weak solu-

tion. We obtain the following result.

Theorem 3.1 Suppose that conditions (A1)—(As), (M), and (F1)—(F4) hold. Then there ex-
ists a constant A, > 0, such that if A > \,, then problem (3.1) has at least one nontrivial

solution in X.
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For the proof of Theorem 3.1, we shall need some technical results. We observe that
the auxiliary problem (3.1) has a variational structure; indeed, it is the Euler—Lagrange
equation of the functional Ey ; : X — R defined as follows:

Ep)(u ZMG (A; (Ml Z/ |
- 1
_ Z |7 do, — AF (x, u) dx,
— Jag lix) Q

where A7[9i (r) = for My, (s) ds. Moreover, the functional Ey , is Fréchet differentiablein u € X
and, forall v = (vy,...,v,) € X,

(E(/M(u), V) = M@i (.A,(ul)) /Q(Bli(Vui)Vvi + le.(bti)l/i) dx

i=1

n
—Zf |ui|s"(")_2uiv,'dx (3.3)
i=1 /8
n n
_Z/ |ui|s;(x)—2uivid0x—2/ AFy, (%, u)v; dx.
i=1 709 =179

Now we prove that the functional £y, has the geometric features required by the Mountain
Pass Theorem 2.6.

Lemma 3.2 Suppose that conditions (A1)—(A4), (M) and (F1)—(F4) hold. Then there exist
positive constants R and p such that Eg; (u) > R > 0, for all u € X with ||u|| =

Proof For all u = (uy,...,u,) € X, we obtain, under the assumptions (A;) and (Ay),
n

ZMQI. (.A u

i=1
n mo

= 0 [ 07 ) o o i)

— Pi Ja
i=1 i

>Z

i=1

ar, (IVu; P VP 4y (Joag PP |0 P ] e
sz max{ﬁl)ﬂZ}/ ! ) ! ( : ) ¢ ]

? min{min{k?,, &9}, min{k? , k3 }}

Z pi max{pi;, Ba;}

0
2 / [—al (1707209 | Vg 1 +ﬁiazl(|ul|ﬂ )|u|w>]dx
2

(101’171‘(7‘) () + ’C(/‘?)pl,qi(x)(”i))'

Hence, by using assumption (F,), and relations (2.2)—(2.3), we have

Eg(u)

" MY min{min{k} , k3 }, min{k? , k3.}}

- +
> 22 C2 (min{ g o Nl
= pi max{pi,, Bz,} ( { 1pi(x) Lp,(x)}
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3 . q; qT 2 1 st
+ K(kl ) mll‘l{ ”uilllfqi(x)’ ||ui||1fqi(x)}) - ST maX{ ”ul”Ls (®)(@)’ ”uz”Ls ) )}
i=1 1
n n
1 0 ¢F wr
1 1 1
-3 = max | 12410 0y ||Mi||in(x)(BQ)} - amax| 421 14 l||Lw . }
i=1 ¢ i=1

By the Sobolev Embedding Theorem and taking 0 < |||l = max;<;<,{ll#;ll1,p;x) + K(k3) x

ll4ill1,4;0} = o < 1, there exist positive constants cy,, ¢y;, €3i, Cai, and c5; such that

Eop) =Y en,(luilld, o + KK Nl )

i=1
n S’,’ n e{ n WLT
=Y el = esillully! =Y cailluill;
i=1 i=1 i=1
n
ai 5 & Wi
>3 (esillwall{ —eolluilly = caillwall;” = caslluall;”).
i=1

Since q; < w; <inf{s;,£;}, there exists a positive constant R such that £y (u) > R > 0,
with ||z| = p. O

Lemma 3.3 Suppose that conditions (A1)—(As), (M), and (F4) hold. Then for every positive
function A, there exists a nonnegative function e € X, independent of X, such that ||z|| > R
and Eg;(2) <0

Proof By the assumptions (A;) and (A4), for all § > 0 and u € X, we have
i=1
" A;(Su;) "
= Z/ My i(s)ds < Z9iAi(5Mi)
i=1 70 i=1
< 20 / ——(Ay,(
27 ] pi)

kl,k1
sZ (P w6l ¢ )

pi(x)

V(6u) [ + Ay, (18ui17®)) dx

3

k(lx) (‘V((Sui)’qi(x) + |8u,-|qi(x))) dx

" max{k] , k3 } - - i3 - +
772 Pi Pi i i i
< Za( om0} + 25 maxf ] ||ui||1,q,.(x>}).

i-1 i i

By this inequality and assumption (F4), we have, for e = (ey,...,e,) € X \ {(0,...,0)} and
each§>1,

n n

Ey;(8e) = ZZ/VI\I'(Ai(Sei)) - Z/

|5e; 5™ dx
i=1 o Ja si)

Page 13 of 33
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- et x)dax—A/Fx,Se dx
Z/Qu)' | (x,5¢)

<

i=1 i

max{k] ,k; }
2 max (el o el o)

/(3 q; qaf 8% . ST st
2 ma (el g il ) ) = == min{lledl g e )

i i

8t . & e wo . wy wi
= S min{lexll s el ) =8 min el el } |

1

which tends to —oco as § — +00 since min{s;,€;} > w; > q/. So, the lemma is proven by

choosing z = §,.e with §, > 0 sufficiently large. 0

Now, by the Mountain Pass Theorem 2.6 without the Palais—Smale condition, we get
a sequence {u,}men C X such that Ey;(u,,) — con and Ej, (u,) — 0, where ¢y, :=

infger maxseo,1) £1(¢(8)), and
I'={¢:[0,1] — X continuous : $(0) = (0,...,0), Eg 1 (¢(1)) < 0}.
Lemma 3.4 Suppose that conditions (A;)—(Az), (M), and (Fy) hold. Then lim,_, , g5 = 0.

Proof Letz = (z3,...,2,) € X be the function given by Lemma 3.3. Then lims_, o Eg ;. (82) =
—o00, foreach X > 0, so it follows that there exists §; > 0 such that Ey , (8;2) = maxs>o Eg,»(82).
Hence, (Ej , (8,2),8,2) = 0, so it follows by relation (3.3) that

,)|Pi(x))|v(8)\zi)il’i(x) +a2i(|5}\Zl,|17i(x))|3)\Zl,|17i(x)) dx

XH:Mgi (Ai(akzi)) /Q (ﬂli (

i=1

=1 /¢
+Z/ |8xzi|4i(")d0x+2)\8x/Ful.(x,éi,\z)zidx.
i=1 09 i=1 $2

By construction, z; > 0 a.e. in , for all i € {1,2,..., n}. Therefore, by assumption (F3) and
relation (3.4), we get

ZM@ 6:29) [ (@
Q
=3 f 18,2 dxc+ Y / 18,211 do,.
i=1 Q i=1 Q2

On the other hand, by assumption (A;) and inequalities (2.2), (2.3), we get

')|pi(x)) !V(B)\zi)ipi(x) +az, (18,2178, z:71™)) dx
(3.5)

pilx )|V 8,2:) |19:(x +ay, (|5lelp’ )|8)in|p,'(x)) dx

ZMG (Ai(8:21)) f (a1,(|V(8:.2:)

i=1

<Ze</ a1, (|V(8:2)

P, x))’V 822; |Pz +ady, (|szl|p’ x))wkz Ip,(x)dx>

Page 14 of 33
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n

< 9i<max{k11i,ki,} / (V820 [ + 18,217 dx (3.6)
1 Q

+/<?f(’v(5xzi)’qi(x)+ |(szi|qi(x)) dx)
Q

<> 0 (max |k, k3 } max{ 18,21, o 182200 )

i=1

q; q;f
+ & max{ (18,2111, (o 18220170 })-

Therefore, from relations (3.5), (3.6), and inequalities (2.2), (2.3), we obtain

n _ +
> oi(max ki, k } max {18,217, o 1822017, 0}

i=1

q; qf
+ k7 max{[18:2illy', o 18217, })
n n
> 18,25 dx + / 18,2 do.

>me 1812100 N8z, o)

i=1

n

. & &
N Zmln{ ||8AZi||Llli(x)(aQ)’ ||8*Z"”Ll%i<x>(asz)}'
i=1

Next, we shall show that the sequence {3,} is bounded in R. Indeed, we suppose by con-
tradiction that {§,} is unbounded. Then there is a subsequence denoted by {,,,}, with

83,, = 00, as m — +00. Then by relation (3.7),

ormax(k, K1z 0
pr—— + k;6;|z; ||1,ql.(x)
— S i
= hom (3.8)

-q3, -4
>Za’ M2l +25, Mzl 0 ey

where g}, = max; <;<,{q;}. Therefore, when taking the limit as 7z — +00, we get a contra-
diction because p; < g, < inf{s;, £;}. Thus, we can conclude that {6, } is indeed bounded
in R.

Consider a sequence {A,,}sen such that A, — +oo and let §y > 0 be such that §;,, —
80, as m — +00. Then by continuity of My,, {My,(Ai(55,,2:))}men is bounded, for all i €
{1,2,...,n}. Therefore, there exists C > 0 such that

ZM@ i(81,,21)) / (a1,(1V8,2:7) V85,27 + a5, (185,217 V)18,,,2:7*)) dx
Q

<C, forallmeN,

Page 15 of 33
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so by inequality (3.5), we have

> [y [ 15,80 do
i=1 Y€ i=1 0%
(3.9)
+ Zf Ay, Fu;(%,0,,2)zidx < C, forallmeN.
— Ja

We shall prove that 8y = 0. Indeed, if §o > 0, then by assumption (F;), there exist positive

functions b,'i (1 <i,j <n), such that

|Pe (6,610,060 < )b (0)151 7", where 1<¢; < inf f(x), for allx € Q.

j=1

Thus, by the Lebesgue Dominated Convergence Theorem, we get
Z/ ASFu; (%, 8),,2)2i dx — Z/ ASoFy,;(x,802)z;dx, as m — +00.

By remembering that A,, — +00, we find

n n
> [y [ 15,81 do
=1 /% =1 %
n
+Z/ A8y, Fu, (%, 8),,2)zidx — +00,  as A, — +00.

This contradicts the fact (3.9), so we can deduce that 8y = 0.
Next, we consider the following path ¢.(5) = §z for § € [0,1] which belongs to I". By

using assumption (F3), we obtain

0<cos, < max Eu, (¢(8)) <E“(8Mz)<ZM9 (Ai(83,,21))- (3.10)
i=1

On the other hand, since My, are continuous for all 1 < i < n, and §, = 0, we get
limm%mo}T/I;i(Ai(éAmzi)) =0, for all i € {1,2,...,n}. Thus, from relation (3.10), we get
limy,— 400 €1, = 0. Moreover, by using also assumption (F3), we verify that the sequence

{co,1}5 is monotone. Therefore, we have completed the proof. 0

Lemma 3.5 If {u,, = (u1,,,u2,,,--.,Un,,)}men iS a Palais—Smale sequence for E,,, then
{t4;,} s is bounded in X.

Proof Let {uy, = (u1,,, U2, Un,,)}m be a (PS), for Ey,. Then we have

Z 1
Ey i (ity) = ZMQL (i (x )))—Z/st(—x)\uim(x)\z()dx
i=1 ¢
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—Z/ %|uim(x)|li(x)d0x_/ AF (x, ty) dox
= Jog lix) Q

=c+0,(1).

On the other hand, for all v = (v1,v4,...,v,) € X, we have

(Ep ), v) = Y Mo, (Ails,,)) f

i=1 Q2

n
si(x)-2
-> /Iuiml’” i, Vi dox
i=1 /82

(Bll.(Vu,-m)Vu,'m VV[ + Bzi(ul-m)u,»m Vi) dx

(3.11)
n n
- Zf |ui,, 192w, vido, - Z/ AFy, (%, U)Vv; dx
i=1 709 i=1 V%
= Om(l)'
Thus,
" Umn
Eo ) (thy) — <E9,A (%m), _>
Y
- 1
> Z(Mai (Ai(ui,)) - ;Mei (Aius,)) / (a1, (IV ki, [P | Vit |1
i=1 i Q
(11
+ a, (1, 177 L, 171 dx) + Z(— - —) / |uai,, 159 dx
o \Vi 5 Q
~(1 1 £(%) — U,
——— )| | doy e | | D TF (6 w) - Fx, ) | da,
o \Vi ¢4 80 ] g
where “2 = ";—I”, M;—Zm,..., “;;“ ). Therefore, by using assumptions (A4), (M), and (F3), we

can conclude that

Ee,k(um) - <Eé,)\ (um)r u_m>
4
n 9
= sz?(—: [ (19, 17) + 4 1, 1) i
i=1 bi Ja
- % f (s, (124, ) [V 13, 15 o g, (ot 1) 24, 1) dx)
i JQ

22”:< ;07 _im?)

i=1 p:r max{ﬁlp,BZi} Vi

X/(ﬂli“VMim |Pi(x))|vuim |19t(x) +a2i(|uim |pi(x))|ul,m |Pi(x)) dx.
Q
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By using assumption (A4), we can find positive constants C;; and Cj, such that
u
E@,k(um) - <E£),A(um): _m>
14
n
> Z [Cﬂ ( / (IVui,, 1P + |ug;,, [P dx) (3.12)
i=1 Q
+ CK (k) </ (IVu;,, 159 4 |ug;, |990) dx):|
Q

To prove the assertion, we assume by contradiction that ||u;,, ||; = l|4ill1px) + K(k3) x
l#4;ll1,4,) = +00. So, if k? = 0, then by using relation (2.2), we have Eg; (u,,) — (Eg , (),
”7’”) >3, Cillui, ||1;"_. Thus, we can find ¢ + 0,,(1) > >, Cilluy, ||f;. Since p; > 1, we ob-
tain a contradiction. Hence, we deduce that {,,} is bounded in X.

When k? > 0, we have three cases to analyze:

(@) lati,, ll1,p;) = +00 and |1, |14, = +00, as m — +00,

(i) Neti,, ll1,p;0 — +00 and |1z, [|1,4,x) is bounded,

(iii) |12, ll1,p;x) is bounded and [|u;,, [|1,4,0 = +00.
In the case (i), for m sufficiently large, we have | u;, ||[11;]’,(x) > |lu, ”117,_%(;:)' Hence, by inequal-
ity (3.12), we get

n

e+ 0m(1) 2 Y [Colluts, I, ) + Cork () 2t I ]

i=1

n _ _
>3 [Cullui, I1T i + Co (D) 12t 17 ]

i=1
n _
P.
>3 Caillw, I}
i=1

and this is a contradiction. In the case (ii), by using inequality (3.12), we conclude that

n
D
C+0Wl(1) = E C1i||uim||1;gi(x)’
i=1

Hence, we also get a contradiction when limit as m1 — +00 because p; > 1. In the last case
(iii), the proof is similar as in the case (ii), so we shall omit it. Finally, we can deduce that

{u,,} is a bounded sequence in X. O

Next, we shall prove that the auxiliary problem (3.1) possesses at least one nontrivial

weak solution.

Proof of Theorem 3.1 By Lemmas 3.2 and 3.3, the functional Ey, satisfies the geomet-
ric structure required by the Mountain Pass Theorem 2.6. Now, it remains to check
the validity of the Palais—Smale condition. Let {u,, = (u1,,, Yo, . .., Un,,)}men be a Palais—

Smale sequence at the level ¢y, in X. Then Lemma 3.4 implies that there exists A, such
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that

1 1 —
o, < min{ min { < - — ) inf{Ti:(Di)N/h,-(x,-)} },

l<i< R jeJ!
i<n Yi lC;,v jel;
1 1
g {(‘ s ) inf (S (D»N’hf“‘”}”’
= e

where Tix, and S; are respectively given by relations (2.10) and (2.14), and

Dy = 0 (min{k?, K2 H(1 — K (k) + K (k) min{ &2, K2 1))

So, there exists a strongly convergent in X subsequence. Indeed, applying Lemma 3.5,
{ttu}men is bounded in X, so, passing to a weakly convergent in X subsequence, still de-
noted by {u,,},, there exist positive bounded measures p;, v; € 2 and v; € IQ such that
|Vuim|hi(x) — Wi ui, |5 — y;, and |u,»m|“"(") — ;. Hence, by Theorems 2.8 and 2.9, if
UL, U} UJ?) = 0, then u;,, — u; in L%®)(Q) and u;,, — u; in L%*)(3Q), forall 1 < i < n. Let
us prove that if

1 1 _
Con < min{ min { (— - ) inf{T,-xNj(Di)N/hi("i)} },

l=izn | \ Vi Eiéii jel}
1 1
(2o
1<i<n Yi SiCﬁ ,‘e/l?

and {u,,}men is a Palais—Smale sequence with energy level ¢y, then ]i1 U ]i2 =@, for all

1 <i < n. In fact, suppose there is an i € {1,...,n} such that ]i1 U]i2 is nonempty, then
J} #dor J* #0.

First, we consider the case ]l,1 #0. Let x; € C;i be a singular point of the measures p;
and v;. Consider ¥ € CS°(RY) such that 0 < ¥(x) < 1, ¥(0) = 1, and supp v C B(0,1). We
consider, for each j € ]l.1 and any & > 0, the functions ¥, := 1//(’%), for all x € RN, Notice
that ¥, € C3°(RN, [0,1]), |Vl < 2, and

1, xeBxje),

Viel) = 0, xRN\ B(x,2e).

Since {u;,, },» is bounded in WLH® (Q) N WP (Q), the sequence {u4,, V) } is also bounded
in W@(Q) N Wri®)(Q). So, by relation (3.11), we obtain (Ejy W1y ey Wirgs s Uy, ),

0,...,4;,Vje,...,0)) = 0 as m — +00. Therefore, we have, as m — +oo,

(E(;,)L(Ltm)(o, vesy Mim wj,g, ooy 0))

=M9i(d4i(uim))/(“li(|vuim i) |V, P2V, V (s, )
Q

+ ay, (1w, |pi(x)) loas,, 1P, (s, Vje)) dx — / loas,, 172, (s, W) dx
Q
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- / 4, 19920, (s, ) sy — / AEs (ot )ity e
o Q

— 0,
and so
13

M, (Ai(us,,)) / a1, (| Vi, P |V, POV, Vseu;, dx
Q

= f Jot;,, |59 dx + f |24, |1 doy
Q IQ
- My (Ada,) [ (o, (190, ) 9, (3.13)
Q
+ a, (|t 1P1) |24z, 1P 0
+/ AF (%, )iy, e AX + 0, (1).
Q

Next, we shall prove that

lim{limsungi(.Ai(uim)) / ai(IVu;,, P [V, POV, Veu;, dx} =0. (3.14)
Q

E=0 m—+o00

Notice that, due to assumption (A,), it suffices to show that

lim{limsungl. (Ai(u,»m))/ |V, |pi(x)‘2VuimV1ﬂj,Euim dx} =0 (3.15)
=0 | m—+o00 Q
and
lim{lim sup Mo, (Ai(u;,,)) / Vit |92V 0y, Ve, dx} =0. (3.16)
E=0 m—+o00 Q

First, by applying Holder inequality, we obtain

<2V, PO i Vet | pico oy
" gy @)

/ |V, P2V u;, Vi eu;, dx
Q

x)—1 ”

where, since {u;,} is bounded, the real-valued sequence |||V, |7i 2i®) is also

LPi®-1 (@)
bounded, thus there exists a positive constant C; such that

<Gl ij,s U, ”Lpi(x)(g)«

/ |Vulm |1”'(x)_2Vu,-mV1//,;eu,-m dx
Q

Moreover, the sequence {u;,,} is bounded in Wl'pi(")(B(xj, 2¢)), so there is a subsequence,

again denoted by {u;,,}, converging weakly to u; in Lpi (B(xj, 2¢)). Therefore,

lim sup

m—>+00

/ |V, P2V, Vs eu;, dx
Q

= Ci ” Vw/,s Ui ”Lp[(x)(g)
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<2 limsup [ [V P9 i | (I

e=>0 L P (B(x;,26)) LPi®) (B(x;,26))
< 2C;limsup |||V, @ |~ 1o i ||

£—0 LPi® (B(x;,2¢)) D (B(x; 26))

Note that
N N 2\V 4N
/ (|Vw,g|pl ) P dx =/ V™ dx < (—) meas(B(x,», 28)) = —uwpn,
B(xj,2¢) B(xj,2¢) € N
where wy is the surface area of the N-dimensional unit sphere. Since

N
/ (|ui|pi(x))N—17i(") dx— 0, whene— 0,
B(x/ 2¢)

we obtain that || V.1 i@ > 0, which implies

lim { lim sup

=0 n—+o0

f |V, P2V u;, Vs eu;, dx } =0. (3.17)
Q

Since the sequence {u;,,} is bounded in Wh@(Q) N WPi)(Q), we may assume that
Ai(ui,,) = & > 0,as m — +00. Note that M;(§;) is is continuous, so we have M;(A;(u;,)) —

M;(&) > MY >0, as m — +oo. Therefore, by relation (3.17), we obtain

lim{lim sup M; (A;(us,,)) / |V, P2V, Vs eu;, dx} =0. (3.18)
Q

=0 m—+o0

Analogously, we can verify relation (3.16). Hence, we have completed the proof of relation

(3.14). Similarly, we can also obtain
lim | AF, (% ) Vjctsi,, dx =0, asm— +o0. (3.19)

&0 Jo

By applying Hélder inequality, assumption (F3), and the fact that 0 < v, < 1, we have
!Lng)/g AF (%, )W) o i, dX
<lim1 /Q (; by (x)|u,m|”’f‘l> e ki, dx
<limc / (Z b (%) | ) |V iy, |

,
<hmc1<Z|b,,|a, 7k L0160 o Vit a0 )

j=1
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This yields

lim [ AF,, (%, t)¥)etss, dx
e—0 Q

< hm C1 (Z ”bl] ” a, ” Ujm ”Lq} (B(xj,Ze))) ”ulm ”Lqi(x)(B(xj,Zs))’

and the last term on the right-hand side goes to zero, because

Z AR ,||Lq,<x> By
Therefore, we have completed the proof of relation (3.19). On the other hand, we have

tim [ ediy =00 andtim [y 5, =7,00),
Q

e—0

and since C; NCj, =, for € > 0 sufficiently small, we have

/ ity P, dx / Py d,
Q Q
f loti,, 11 dx — / ot |19 dx,
Q Q

/ 4y, 990 e — / w0y dx,
Q Q

hence, when € — 0,

/ 0Py dx— 0, / 4|5 dx— 0, / a9y, dx — 0.
Q Q Q

The function ;. has compact support, so letting m1 — +00 and & — 0 in relation (3.13),
we get from relations (3.14)—(3.19),

e=0] m—+00

0=-1lim |:lim sup (Mgl. (Ai(uim)) / (ﬂli (|Vuim |p,-(x)) |V, [P
Q

+ay, (|ulm |pl(x)) Iuim |pi(x))l/fj,g dx>:| + vil'

e=>0] m—+00

< - hm[hmsup</ (a1, (1V 144, [P [V, 1)
¢ (3.20)

+ azl_(|uim |Pi(x))|uim |1?71(ac))1/,/“g dx)i| iy
< - lim [lim sup(/ (min{k?i,kgi}(wuim P 4 oy, |pi(x))
Q

e=>0| m—+00

+ K(k2) min{k? , &3 }(1V 44, 199 + 1, 1990) ) dx>] + V.

Page 22 of 33
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Note that, when kl.3 =0, we have /;(x) = p;(x). Hence, by using relation (2.8), we have
0< —9)“(? min{k(l),,kg} lim / Ve din; +V;;
¢ e—0 o U
< -9 min{k , kS } 1, — MY min{k?, k3 } lim / Vi P i + 5
1 L 1 1 £— Q
By applying the Lebesgue Dominated Convergence Theorem, we get

lim / |V [Py dxe = 0.
Q

e—0

Therefore,

zm? min{k?i,kg }uij <. (3.21)

i

On the other hand, if &3 > 0, then /;(x) = g;(x) Therefore, it follows from relations (2.10)
and (3.20) that

0 < - lim |:lim sup( /Q K(k}) min{kS , k5 Vs, |99 dx)] +7;

>0 m—o0

<-MIC(K?) min{ki,k%i} ;%A Ve dsi +
<-MIK(K?) min{ki,k%i }/451, - MK (k?) min{ki,, k%i} ggl(l)/ﬂ |V, Py, dc + Vi
By applying the Lebesgue Dominated Convergence Theorem again, we get
lim ) |Vt 49y dx = 0.
Hence,

MK (k) min{k7 , k3 Jpwi, < i (3.22)

i

By combining relations (3.21) and (3.22), we have MY((1 - K(k?))min{k?i,kgi} + K(k?) x
min{k} , k3 })14; < V;;. By using relation (2.10), we obtain

- 1 - 1
\),}. i(%)

eD) il
TV, <u.' <
Vi - SHy = ({)ﬁ?((l - K(kf’))min{koi,kgi} + KC(k3) min{ki,,k%i}))

which implies that v;, = 0 or v, > foj(Sm?(min{kfi,kgi}(l - K() + K(k}) min{k?,,
ki})))N i) for all j € J}. On the other hand, by using assumptions (M) and (Fs), we have

, u
co,. = Eo(tm) - <Eg,,\(um); 7m>

" " 1
- E () — E — y 5
= L M@,’ (Az(uzm)) — /Q s,'(x) quml dx
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n
1
—Z/ ) dox—/ AF(x, u,,) dx
= Jog lix) Q
1 . . . .
— ZM9 i) f ;(“li“V”z‘m |P,(X))|Vul,m |pl(x) + 52i<|”im |p;(x)) |ui, |pl(X)) dx
QVi

n n
1 1
+ —|u,, 1) dx + / —u;, | do
;./Q Vi l ; aQ Vi l ¥
+Z/ g (% U ) Ui, AX + 0,y (1)

v

- 6,2m?
i~h i(x) pi(x) pi(%) pi(x)
>t | (ay, (1, 179 | Vit 79+ ar, (|14, 172) 14z, 1P
=P max{ﬁli,ﬂzi}/sz( (VP E)1Ves ()t P5)

n
DI AL
i1 Si /e

n
1
- E Z_’/ |uim|éi(x)d0x—/ AF(x, u,,) dx
4 Joa Q

n
m? _ . . .
_Z i /(ali(wuim|pl(x))|vul,m|pl(x) + a, (144,179 |y, 1)) dlx
o Vi Je
n n
1 / 1
+ 3 — [ w19 dx + —/ |ui, |5 dx
; vila ; Vilag

n
A
+ Z[ —F, (%, ) thi,, A% + 0,,(1)
o JeVi

imO(#_i)
, "\ pf max{Bi, o} Vi

i=1

v

x / (a1, (13, P79) V15, 1P + 1, (1, 1) L, 1) e
Q

+Z<—-—)f |ugg,, |51 dx+Z<———> /89|u,m|“x)dx

n

+A /;2 |:Z M#Fui (%, um) — F(x, l'im):| dx + 0,,(1).

i-1 Vi

Hence, we have ¢, > Y " 1( L )faQ |u;,, |4 i® do, + 0,,(1). Setting

Vi

Ch=|J Bx)nQ) = {xeQ:dist(x,C} ) <«},

1
xechi

as m — +00, we obtain

B (o)

jel}
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n

1 1 e

> (_ - ) </ |ui|s,'(x) dx + ing{Tii\;(Di)N/hi(xj)} Card]l-1>,
-1 Vi Zicilk ¢ <

where D; = S)ﬁ? (min{k(fi, kgl_}(l - K(k?) + K(k?) min{ki_, k%,-}))' Since k > 0 is arbitrary and ¢;

are continuous functions for all i € {1,2,..., n}, we get

n
1 1
Co = Z(— -
i=1

= )( / |0 |5 dx + inf{ff(Di)N/hi(x/)}Card]}).
Vi Eicb Q jertt

Suppose that [ JI_, J} # 9, then

1 1 —
Cp > min {(— - ) inf{Ti:(Di)N/hi("i)} }

T 1<i<n Yi Zlgl}, /‘e]l,l
i

Therefore, if ¢y, < minlsifn{(% - %)infie]} {TixNj(Di)N/hi(xj)}}, the set U?:lfil is empty,
h;

which means that for all 1 <i <, [lu;, | 6w pq) = 14ill e aq)- Since w, — u in X, we
have for all i € {1,2,...,n} that u;, — u; strongly in L%®(3<2). Next, consider > # @, by

the same approach for the case J!. We have

1 1
Cp,. > min {(— - > inf {SN (DN} },

Tl=izn | \Vi  Sino /) je?
Chi i

where D; = MM (min{k? , k9 }(1 — K(k?) + K(k}) min{k}, k3 })). Hence, we deduce that
U™, J? = , which means that forall 1 <i <#, ||lu;, lsi0 @y = Ntill s ) Since sy — u
in X, we have u;, — u; strongly in L®(Q), for all i € {1,2,...,n}. On the other hand, we
have

Ey (1, tiny,) = (Ep (1 s tiy), (11, — 1,,0,....,0))
= <<1>f9(u1m,...,u,,m) = Dy Uy ), (U, — ulk,O,...,O))
(W (U1 thny) =V (1o thy), (a1, — 11,50, 0))
(Y Wrpre s thy) = YWy r thy), (11, — 11,50, 0))

_(‘F}/‘(ulmr'-nunm) _‘F}((ulk;u-)unk): (Mlm - M1k,0,...,0)>,

thus £, (u1,,, ..., Un,) — 0, ie., E;,(u1,,,...,u,,) is a Cauchy sequence in X*. Further-

more, by using Holder inequality again, we find

(\y/(ulm) ey unm) - “I",(ulk; .. .,I/lnk), (ulm - ulk’oy .. ')O)>

= / (l21,, 172 001,,, — o, |19 20y, ) (s, — wn,) e
Q

|81 (x)-2

-2
= || |M1m |Sl(x) ulm - |I’t1/< ulk Ls/l(x)(Q) ”ulm - ulk ”le(’()(ﬂ)'

Page 25 of 33
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Similarly, we also have

(Y W1yys s thny) = X Wty thy), (1, — 111, 0,....,0))

£1(x)-2 £1(x)-2
= /m(|u1m| 102y g, |10 w1, ) (us,, — u1,) doy

x)—2

< [y, 1 (10

2
ui,, — lu1 uy, ||Ll’l(x)(39)”ulm —uyllpaw o)

Since {u1,,} is a Cauchy sequence in L51W(Q) and L11™W(3€), it follows that WU, ... Un,)
and Y'(u3,,,...,Uy,) are Cauchy sequences in X*. Moreover, by compactness of F;, we
have

(Mlm,...,btnm)—\(M1,...,I/tn) = .ﬂ(ulm,,,.,u,,m)%fi(ul,..,,un),

which means that F (#1,,,...,4,,) is a Cauchy sequence also in X*. Therefore, invoking
some elementary inequalities (see, e.g., Hurtado et al. [32, Auxiliary Results]), we conclude
that for all g,z € RV,

lo = ¢ 1P < ¢, (Bj(0) = B;,(¢)) - (e = ) if pi(x) = 2,

(3.23)
lo = ¢I” < cllol + 1E)* (B () - Biy(£)) - (e = §)  if L<pi(x) <2,

where - denotes the standard inner product in R¥. Define the subsets of 2 dependent
on p; by Uy, :={x € Q:p(x) > 2} and V), := {x € 2: 1 < p(x) < 2}. For i = 1, respectively
replacing ¢ and ¢ by Vuy,, and Vi, whenj =1, and by u;,, and u;, when j = 2, in the first

line of relation (3.23), and integrating over 2, we obtain

Cl_/ (IVu,, = Vour, P9 + g, — g |71 dx
u

i

S (qDé(Mlm; ceey Mnm) - CD/Q(ulkr ) unk)! (Mlm - ulkvoy ~¢O))

On the other hand, by the second line of relation (3.23), we have

Cz/ (o1 P 2V, — Vg | + o) 2w, — g, *) dx
v,

b

=< (q)/a(ulm)"')unm) - CD/Q(ulk!“-vunk)r (Mlm - Mlkvoyn-ro))r

where o1(x) = (|Vuy,,| + |Vuy,|) and o2(x) = (Ju1,,| + |u1,]). Hence, by Holder’s inequality
and Lemma 2.2,

f (IVur,, = Vg, P19 + |uy,, -y, |P*™)) dxc
Voi

P1®)(p1 (¥)-2) p1®)(p1 (x)-2) »
2 2 X
= / o, (o4 |V, — Vi, [P*Y) dx
Vpi

2

P1W)(p1 (¥)-2) Pp1®)(p1 (x)-2) »
2 X
+/ 0 (‘71 |u1,, — g, |1 )dx
V,

Pi
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p1@)( 22p1 =) p1(x)(p21(x)
< Gl | 2 o Vi, = Vuy, [P
12 71®) (V) Lm )(VPi)
p1()( Zpl(x)) m(x)(pzl(x)fZ) )
+ C4H‘72 | 2 o, lur,,, — uy '] 2
L2-p1) (V) Ll’l( *®) (Vp,)
p1<" (pl(" -2) )" (}71(")(171 (x)-2) )
< Csmax{loallyg, o191, ) )

Nl.},

xmax{(/ pl(x |Vu1 Vulklzdx> ,
V[’z
(f,

+

1
5
p1(®)- |Vu1m—Vu1k| dx) }

bi
P1®)(p1(%)-2) - 1)1 (%)-2) 14
s Comax{lloal 2 loall 0 )
@) TR,

2 r
P1(x)-2 2 : Pl(x :
X max o} lur,, —uy"dx ) |u1m - u1k| dx .
Vi Vpi

Since {u;,,} is a bounded sequence in W@ (Q) N W1®, we have

S

(<I>g(u1m,...,u,,m) = @y (U1, ... Uy ), (U1, — ulk,O,...,O)> — 0, asm,k— +00o,
hence {u;,,} is a Cauchy sequence in Writ) n Wwin@(Q). We argue similarly for {u;,},

<<I>’6(u1m,...,u,'m,...,u,,m) = @y (Urys s Ui s tny), (0,00, Uz, —uik,O,...,O)),

forallie{2,...,n}.

Thus, we can conclude that u,, = (u3,,,...,U,,) = 4 = (41,...,u,) strongly in X as m —
+00. Therefore, we have that Ey (1) = ¢y, >0 and Ej; (u) = 0 in X', i.e,, u € X is a weak

solution of problem (3.1). Since Ey ; (&) = ¢g,,. > 0 = Ey,,(0), we can conclude that £ 0. O

4 Proof of the main theorem

Now we are in position to prove Theorem 1.2.

Proof Invoking Theorem 3.1, for all A > A, let u; = (uy,uz,,.-.,U,,) be a solution of
system (3.1). We shall prove that

there exists * > A, such that A;(u;,) < rlo, forall A > A%, (4.1)
where 7! is defined as at the beginning of Sect. 3. We argue by contradiction and suppose
that there is a sequence {A,,;},eny C R such that A;(u;5,,) > t°, for all i € {1,2,...,n}. By
assumption (A;) and the fact A;(u;,,,) > 1, 0 we get

/ (max{k%i,k%i}(Wui,M |1”'(") + Ui, |1”'(")) + kis(|Vu,-,,\m|q"(") + |Mi,xm|qi("))) dx @)
Q 4.2

zrlo foralli=1,2,...,n
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Since uy,, = (41,,,,---,U4n,,,) is a critical point of the functional Ejy ,,,, we can conclude,
using assumptions (M) and (F3), that

€O, = Eop(t,,) = <Eé,x(uxm), m7”'>
b ZMG i(Uip,)
= Mi(Aiwin,,))

i=1

x / l(mi(Wui,Am i) Vs, P9+ an, (1,171 i, 1PP) dxe
Q Vi

n

pp—

i-1 P; max{ﬂlir :32,'}

v

x / (a1, (IV i, D) [V 1y, 199 4 s, (1, P9 5, 1))
Q

" (4.3)
_ Z 2 f (“li(wui,km |pi(x))|vui,km pite) 4 ﬂzi(|ui,xm |pi(x)) iz, |pi(x)) dx
1 ViJe
n
oy 6;
=3 (rmatn )
—\p; max{py, B} v
X / (a1, (1V 841, 1P 9) [V 1135, 1D + g, (81, 177 |14, 1) i
Q
n
omo 0;
3 (%)
i=1 Pi maX{IBI[’ ,32,'} Vi
[/ max { k?, Y1V 13, 1P + |y, IP19) dxe
+ IC(k?) max{ki,k%i} f (|Vui’xm|qi(x) + |uilkm|51i(x)) dxi|'
Q
0
If k? = 0, then, using relation (4.2), we find fQ(|Vu,~|pi(") + | P dx > W thus we

have

n

oMo 0\ ( max{k),k3}
(N
i-1 i

pimax{Bi, B} Vi maX{kli’kz

This contradicts Lemma 3.4, because lim,,_, ,« ¢g,1,, = 0. On the other hand, if ki3 >0, we
multiplying relation (4.3) by maxlsign{max{ki,k%i} x k?} > 0, and, by using also relation
(4.2), we get

max {max{k{ ,k; } x k}}Cy s

1<i<n

I Y 1 4l w1, e
- Z(pl max{ﬁl , B2, } Vi)Kl /sz(max{lqi’kzi}('V”l’M' + s )

Page 28 of 33
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+ k?(|Vbli,xm |46 4 24,3, |qi(x))) dx

> Z(_ el:)lcitio’

pl max{/gl :,82 } Yi

where «; = min{max{k{, k9 } x k?,max{k{,k;} x max{k},k3}}. This also contradicts
Lemma 3.4 because lim,,_, ;o cy,» = 0. Hence, we can conclude in both cases that there
exists A* > A, such that A;(u;,) > rio, for all A > A*. So, we can find My, (A;(u;)) =
My, (Ai(uy)), for all A > A*, which implies that Ey,(u;) = Ei(w) and Ej, (u;) = E; (uy),
that is, u, is a nontrivial weak solution of the problem (1.1), for each A > A*.

It now remains to consider the asymptotic behavior of solutions to problem (1.1). By
assumptions (A;), (As), (M), (F3), and inequalities (2.2)—(2.3) and (3.2), arguing as above,
we obtain

Cp = Ch,x

CtaxlR. R b e / . 1pix) L pi%)
Z(pl max{ﬂl,ﬁz} yl><mm{k1’k} Q(Wu,,;\l + |uip [P do

KR min{hE A} [ (190199 + s 919) dx)
Q

- 0y 0;
= (m ” )[mln{kl ,ko }mln{”uzﬂhpl(x)» ||’41A|| | }
-1 » i

+

+ K(k}) min{k} , k3 } min{]|z; ||(11f:ﬁ(x), ll24:,5 ||?fqi(x)}].

Hence, by Lemma 3.4, we get lim_, .oo ||| = limy_ 100 maxy<i<,{ 1]l 1,p,00) + IC(I(?) X
”ui”LqL‘(x)} =0. 4

5 Some examples

In the last section, we shall exhibit some examples which are interesting from the mathe-
matical point of view and have a wide range of applications in physics and other scientific
fields that fall within the general class of systems studied in this paper, under adequate

assumptions on functions .

Example 5.1 Taking a,, =1 and a,, = 1, we see that a;, satisfies the assumptions (A;),
(Ay), and (A3), with ko k1 =1, k2 >0,and k? =0, forall i € {1,2,...,n} and j = 1 or 2.
Hence, system (1.1) becomes

—M;(Ai(w)) (Aot = 1P wi) = |y 2w + AF, (%, u)  in @,

M;(Ai(w)) Vi POV - O = | 2u; on 0,

for 1 <i <n (n € N*), where

1
Ai(w;) = / Vu; pil®) | u; Pi)Y .
szpi(x)(l | i)

The operator A, u; = div(|Vu[Pi®=2Vu;) is the so-called p;(x)-Laplacian, which coin-
cides with the usual p;-Laplacian when p;(x) = p;, and with the Laplacian when p;(x) = 2.
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%)-p;(x)
x)

q; x
Example 5.2 Taking a;,(§) =1+& #® , we see that a;, satisfies the assumptions (A;),

(Ay), and (As), with k]‘? = k]ll = kfl =k} =1, forallie(1,2,...,n} and j = 1 or 2. Hence,
system (1.1) becomes the following (p, g)-Laplacian system
_Mi(Ai(”i))(Api(x)”i + DgmUi — (|”i|pi(x)_zui + |Mi|qi(x)_2ui))
= ;|19 2y, + AF,(x,u) in, (5.2)

Mi(Ai(:)) (VP2 Vg + Vi 592V i) - O = |2 on 92,

for 1 <i < n (n € N*), where

1 1
Aiw) = ] ( V2l & wi) ") + —— (1] T+ |2 )dx.
Q pi(x)( ) 61:‘(96)( )

As explained in Cherfils and Il'yasov [16], the study of system (5.2) was motivated by the
following more general reaction—diffusion system:

Uy = div[H(u)Vu] +d(x,u), where H(u) = |VulP™W=2 4 |Vy|1¥-2,

which has applications in biophysics (see, e.g., Fife [25], Murray [40]), plasma physics (see,
e.g., Wilhelmsson [49]), and chemical reactions design (see, e.g., Aris [4]). In these applica-
tions, u represents concentration, div[H («) Vu] is the diffusion with a diffusion coefficient,
and the reaction term d(x, u) relates to the source and loss processes. For further details,
we refer the interested reader to, e.g., Mahshid and Razani [38], He and Li [30], and the
references therein.

We continue with other examples which are also interesting from the mathematical

point of view.

Example5.3 Takinga;,(§) =1+ £ s and ay; = 1, we see that a;, satisfies the assumptions

V182
(A1), (A;), and (A3), with k) = k). = ky = 1, kj, =2, and &} = 0, k7, > 0, and k3, > 0, for all

i€{1,2,...,n}. Hence, system (1.1) becomes

Vi, |Pi®)
—M;(Ai(u;)) (div((l + __VP™
V1+ |V, | 2

= o192y, + AFy(x,u) inQ, (5.3)

>|Vui |pf(x)_zvui) - Wi(x)|ui|m(x)_2ui>

|Vig; |Pi)

V1+|Vu,|2i)

for 1 <i <wn (n € N*), where

1
Ai(w) = / 7 (x)(|Vul~|p"(") + V1 + |V 220) + |, Pi9) .
R i

M;(Ai(uy)) (1 " >|V”i|pi(x)2vui i = iU on 3R,

|V
14|V | 22®)
a generalized capillary operator. The capillarity can be briefly explained by considering the

The operator div((1 + )| VulP®-2Vy) is said to be p;(x)-Laplacian-like or is called

effects of two opposing forces: adhesion, i.e., the attractive (or repulsive) force between
the molecules of the liquid and those of the container; and cohesion, i.e., the attractive
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force between the molecules of the liquid. The study of the capillary phenomenon has
gained much attention. This increasing interest is motivated not only by the fascination in
naturally occurring phenomena, such as motion of drops, bubbles, and waves, but also by
itsimportance in applied fields, raging from industrial and biomedical and pharmaceutical
to microfluidic systems; for further details, we refer the interested reader to, e.g., Ni and
Serrin [41], and the references therein.

Example 5.4 Takinga, (§) =1+ % and gy, = 1, we see that a;, satisfies the assump-

(1+5) Pi®)
tions (A,), (Ay), and (A3), with &}, = k9 = k3 =1, kj, =2, k=0, ki, >0, and k3. > 0, for all

i€{1,2,...,n}. Hence, system (1.1) becomes

Vi, [PW-2v .
—Mi(At(ui))(diV(WMtV”(x)2VMi+ Vi ; >—|u1‘|pi(x)2ui>

px)-2
1+ |Vui|19(x)) )

= w20, + AF, (x,u) inQ, (5.4)
|V P92V

px)-2

(1 + |V [P@)) 2

Mi(Ai(wy)) (|Vui POV, + ) O = [ui] " u; on 0,

for 1 <i < n (n € N*), where

1
Ai(u;) = / @ (IVlP® + /1 + |V |20 + |0, P1) .
R i

q;(x)-p;(x) q;(x)-p;(x)

Example 5.5 Taking a,,(§) =1+& »® 4 W and ay,(§) =1+£& 7® , we see
(1+¢) #i®
that a;, satisfies the assumptions (A,), (A3), (A3), and (H3), with kol, = kgi =ky =1,ki =2,

and k? =k} = k3. =1, forall i € {1,2,...,n}. Hence, system (1.1) becomes

pi(x)-2

|V |12V )
(1 + |Vay|pi)) 78

—M,»(.Ai(ui)) (Api(x)ui + Agwlhi + div(
_ (|ui|pi(x)—2ui + |Mi|qi(x)—2ul,)>

= i |92, + AFy(x,u) ing, (5.5)

Va2V

px)-2

M;(Ai(u)) (|Vui P2, +
(1 + | Vag|p®)) v

+ |Vui|qi<x)-2vMi) N

= w2y, ondQ,
for 1 <i <wn (n e N*), where

Ai(u;) = L(p;x) IVl @+ wi (o) [y P + qix) (12419 -+ wy() || 1)

L

1 =2
+ 5(1 + |Vui|p‘(x))”i(")> dx.

On the other hand, the class of systems (1.1) can contain one model of the above diver-
gence operators, as in Examples 5.1-5.5, or many different models of divergence operators
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simultaneously, depending on the phenomenon studied. Moreover, each equation in this

class can also be degenerate or nondegenerate.
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