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1 Introduction
In the early twentieth century, Jackson discovered a new mathematical direction of g-
di erence calculus. Its basic definition and properties can be seen in the literature [1, 2].
Since then, due to g-di erence calculus having important applications in mathematical
physics, quantum mechanics, complex analysis, and other fields, many scholars have stud-
ied g-di erence equations and obtained a variety of useful results. Fractional g-di erence
calculus is an extension of g-di erence calculus, which originated from Al-Salam [3] and
Agarwal [4], and some results can be found in the literature [5, 6]. Up to now, fractional
g-di erence calculus is still a hot topic of research. In recent years, there has been tremen-
dous interest in developing the solvability of fractional g-di erence equations.

Itis of great significance to investigate the boundary value problems (BVPs) of fractional
g-di erence equations. As is known, it can be applied to many aspects of real life, such as
engineering, physics, chemistry, mechanics, the electrodynamics of composite media, and
so on. More and more researchers devote themselves to the research, and have come up
with a great deal of interesting and novel theories and results for various BVPs of fractional
g-di erence equations, see [7—19] and references therein. However, in spite of BVPs for
fractional g-di erence equations attracting extensive attention from experts and scholars,
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relevant conclusions are still few in number. In particular, the solvability theory of higher-
order nonlinear fractional g-di erence equations needs further exploration.
In [8], Ferreira investigated the BVP for the nonlinear fractional g-di erence equation

(DN (x) =—f(x,y(x)), 0<x<1,
¥(0) = (Dqy)(0) =0, (Dgy)(1)= =0,

where2< <3andf :[0,1] x R+ R isanonnegative continuous function. The author
obtained the existence of positive solutions for BVP by applying a fixed-point theorem in
cones.

Recently, in [11], Zhai and Ren obtained the existence and uniqueness of solutions for
the nonlinear fractional g-di erence equation with three-point boundary conditions

(DW® +ft,u@®)=b, 0<t<l2< <3,
u(0) = (Dqu)(0)=0,  (Dqu)(1)= (Dqu)( ),

by using a new fixed-point theorem of increasing — (h, r)-concave operators defined in
ordered sets, where0<  —2<1,0<qg<1,b> 0isaconstant, D, denotes the Riemann—
Liouville-type fractional g-derivative of order

On the basis of the above works, we mainly investigate the BVP of the nonlinear frac-
tional g-di erence equation

(Dq M) +f(t, (t)=, O0<t<l,

1
0)=(Dg )O)=--=(0F? )O=0, Oy )D)=aDdy ) ), ()
where0<qg<1l,n-1< <n(n>2),1< <n-2,0< <1,0<a ~!'<land =>0isa
constant. Using a novel fixed-point theorem of  —(h, r)-concave operators defined in an
ordered set P, ([20]), we discuss the existence and uniqueness of iterative solutions for
BVP (1), which is an increasing technique of dealing with nonlinear fractional g-di erence
BVPs.

The present paper is organized as follows. The second section shows the definitions,
lemmas, theorems, and assumptions used in this paper. The third section expounds the
main conclusions of this paper and gives the corresponding proof. The fourth section cites
an example to verify the main conclusions. The last section of this paper contains a few
concluding remarks.

2 Preliminaries
In this section, we first introduce some definitions and results of fractional g-calculus.
The g-integral of a function f in the interval [0, b] is given by

(qu)(x):/0 f(t)dgt :x(l—q)Zf(xq")q”, x € [0,b].
n=0

If a€ [0,b] and f is defined in the interval [0, b], its integral from a to b is defined by

/:f(t)dqt:/Obf(t)dqt—/oaf(t)dqt.
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Lemma 2.1 ([7]) Let >0, then we have the following formulas

[a(t—s)]( J=a (-9,
Dgt =9 ) = Jot—9 .
Remark2.2 ([8]) If >0anda<b<t,then(t—a){)>(t—b)).

Definition 2.3 ([8]) Let > 0 and f be a function defined on [0,1]. The fractional g-
integral of Riemann—Liouville type is

(14F)( _—/ (s—at)l f(t)dqt, se[0,1].

Obviously, (Igf)(9) = (Igf)(9 when =1,

Definition 2.4 ([8]) The fractional g-derivative of Riemann—Liouville type of > 0 is
defined by

(Dyf)(® = (DYl )9, sel0,1],

where | is the smallest integer greater than or equal to . In particular, if =1, then
(Dqf)(9) = (Dqf )(9).

Lemma 2.5 ([8]) Let , >0 and f be a function de“ned o0, 1]. Then, the following
formulas hold

L (IalgF)09=(g" (),
2. (DglqF)(X) = ().

Remark2.6 Assume that g(t) € [0,1] and , are two constantssuch that >2> >1.
Then,

gD s ) [ ag(- Y
D, [ t-a8 Va9 s 5 | =3 Va9 dss

Lemma 2.7 ([8]) Let >0 and p be a positive integelhen, the following equality holds

_p+k

(1D5F) () = (D314 f) (0 — Z ~+k—p+ 1) PO

k=0

Lemma 2.8 ([6]) For € (-1,00)and > 0, then the following equality holds

_a0=_al D e
lq (t—a) {+ +1)( a' "/, O<ac<t.
In particular, for =0and a=0, we have } (1)(t) = ﬁ In conclusion we can obtain

t 1
/0 (=08 Pis= o )00 =7
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Next, we introduce a concave operator that plays an important role in the proof of the
main results.

Let (X, || - |I) be a real Banach space with a partial order induced by a cone P of X, i.e.,
x<yifandonly ify—xeP.

Definition 2.9 For any X,y € X, we define x and y as equivalent, if there exist p >0 and
>0 such that ux <y < x, denoted by x ~.

To formulate our hypotheses, we define two important sets. For given h> |, define the
set P, = {xe X | x~h}, and it is obvious that P, C P. Letr e Pwith <r < h, we define
Phr = {X € X | X+1 € Py}, namely Py, ={x € X | thereexistp =p(h,r,x)>0, = (h,r,x)>0
such that ph < x+r < h}. Itis easy to see that P, = Py, .

Definition 2.10 ([20]) Suppose T : Py, — Eis a given operator that satisfies: for any x €
Pnr, €(0,1), thereexists ( )> such that

T(x+( =Dr)= ()Tx+( ()=1r.
Then, T iscalleda —(h,r)-concave operator.

Lemma 2.11 ([20]) Assume that T is an increasing — (h,r)-concave operator and P is
normal, Th € P,,. Then T has a unique “xed point X in Py,,. Further, for any \ € Py, the
sequencey=Avn_1,N=1,2,...,then|v,—x*|| > 0 as h— oc.

Lemma 2.12 ([21]) Assume that T is an increasing — (h, )-concave operator and P is
normal, Th € P,. Then T has a unigue “xed point X in P,. Further, for any w € Py, the
sequencey=Avp_1,N=1,2,...,then|v,—x*|| > 0 as h— oc.

Now, we propose some assumptions that will be used in this paper, as shown below:
(Hp) f e C([0,1] x [-F, +00), (—00, +00)) and f (t,u) < f(t,V) for —f <u < v<+o0;
(Hz) V €(0,1) and y € [0, f], there exists ( )> such that

f(t, x+( =1y)> ()f(t,x), Vtel0,1],x € (—o0,+00);

(Hs) f(t,0) > 0 with f(t,0) £ 0 for every t € [0, 1];

(Hs) f e C([0,1] x [0,+00), [0, +00)) and f(t,0) £ 0 for every t € [0, 1];
(Hs) vt €[0,1],f(t,X) is increasing with respect to X;

(He) V €(0,1), thereexists ( )> such that

f(t, x)=>= ()f(t,x), Vvtel0,1],xe[0,+00).

3 Result of existence and uniqueness
Let X = C[0, 1] be the Banach space endowed with the norm || || =sup{|] (t)|:t[0,1]}
and define the standard normal cone Phy P={ e X| (t)>0,t €[0,1]}.



Wang et al.Boundary Value Problems  (2023) 2023:37 Page 50f 13

If >0, Vte]0,1], we note that

_ (1—‘31)2[ 1-a ~ -1
r(t) = Ly v
al —1) 1(1—a Hl-aHl-q-) @
“-a)a—q D' ]
and
P(t)=max{r(t):te[0,1]},  h(t)=Ht
where
H2ioa ~Ha-a9i-q) -1 ©
Lemma 3.1 Letye C[0,1],a ~'#1and €(0,1). Then the BVP
(Dg M) +y(t)=0, 0<t<1, (4)
0)=(Dq )O0)=---=(Dg2 )0)=0, (D, )1)=aD, ) )

has a unique solution

l_ at -1 l_
0= [ Bt asm9des+ o [ A asv9des
where
Gt9= 1 |@=9( =Dt 1_t—-9(D 0<s<t<l,
' at ) -9 -t 1 0<ts<s<l,
_ : q( -) —
H(t,9 = ﬂthG(t,s)
_[ -1 Q-9 Dt~ 1_(t—9(~-D 0<s<t<l,
a ) la-9¢ -t -1, 0O<t<s<l

Proof Let (t) be a solution of (4). In view of Lemma 2.5 and Lemma 2.7, we have

1 t
M)=cit gt Pt - / (t—a9' "Vy(9des
at ) Jo
wherecy, G, ..., C, are some constants to be determined. Since (D‘q )0)=0(0<i<n-2),
it follows thatc; =3 =---=¢,=0. Thus,
1

(t)=cit 71—

' _a( =D
0 /0 (t—q9' Dy(9dgs
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By Remark 2.6, we have

a( )

(Dg ) =c =)

1 t
e S [a-agt - Pygdas
a =)o
Using the boundary condition (D, )(1)=a(D, )( ), we obtain

C =

ama L, 6 asa [ (o~

Hence,

t 1 1 -
0=~ Oa-a -—1)[/0 (1-a9' ™ y(9dgs

_a fo ( —qs><"l>y(s)dqs} / (t—a3( Dy(9dgs

o)

Namely,

t '1-a ~1+a -

ol Ja—a —7h
—a/O ( —a9" __1)V(S)dq5]

1
V)= [ a-ast v s

-0 / (t—a9' “Vy(9dgs

[ ACasm9as

at !

t-a -

1
= [ Gt.a9y9 des+
The proof is completed. d

Remark3.2 When =1, the function G(t, s) can be reduced to the following form:

G(t,9 =

1 |(@-9(2t 1—(t-9( Y, 0<s<t<l,
at ) a-9(2t 1 0<t<s<l,

which appeared in [11].

Remark3.3 When =1,then H(t,s) = DyG(t, 9, which is the relationship between G(t, 5)
and H(t,s) in [11].

Lemma 3.4 The functionG(t, g9 is continuous or{0, 1] x [0,1] and satis“es
(1) G(t,q9 >0, for anyt,se [0,1];
(2) G(t,q9 is strictly increasing in t;
(3) G(t,q9 < (1 g9 ~Ht 1< 1o . for any t,s€ [0,1].

Proof Let gu(t,q9 = (1—g9{ = Dt 2 —(t—g9¢ P, @(t,g9=(1—g9! ~Ht 1.
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(1) For t,se[0,1], obviously, g (t,q9 > 0. We just need to prove g;(t,q9 > 0, fort Z0,

a(t,g9=(1-g9' =Pt T—(t—g9'

oo ()]

>t [(1-a9' " P —(1-g9' V]

Consequently, G(t,gs > 0.
(2) For se [0,1],t #0,

Dar(t,g9=[ —1lg[(1—g9' ~ Pt ?—(t—q9’ 2]
(-2
=1 -1 2fa-ag - (1-F) ]

>[ —l]qt _2[(1 qg( --1)_ (1- QQ( —2)]
{De@(t,a9=[ —1lgt ?1—q9' ~ >0

Therefore, G(t, g9 is an increasing function in the first variable.
(3) It is easy to see that this conclusion is correct. The proof is completed. O

Remark3.5 According to Remark 3.3, H(t,g9 has common properties with G(t, g9, that
isH(t,g9 > 0and H(t,g9 < 1]q(1 g9( ~ Dt~ 1<l (1];4

Theorem 3.6 Suppose thatH;)..(H3) hold, then the BVP(1) has a unigue solution *
Pnr. Moreoverde“ne a sequence to be

at 1
(1-a - Y[ -1]4

1
x fo (03T na(9)des

(1-g?(l-a ) a
C(l-a - )(1-q H(I-q-) o —1)
. (1-9?
(1-9)1-a) 4 -1

1_
o(t)= fo Gt asf (s na(9) dgs+

t ' n:1121"'1

for any given ¢ € P,(, we have (t) > *(t) as n— oo.

Proof For t € [0, 1], we obtain

_ a-of 1-a - - 1
"= —1)[(1 a ~H(I—qHi-q)" (1—q-1)<1—q)t]
_(-0% ,(-a “)i-q)-(-a ~Ha-g-)
(=D  @-a - hi-q Y=g )i=q)
L a@e@ - )

of —DA-a ~H(-qgH(l- Q) -

Page 7 of 13
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and
—a)(1 - -
0 = (-0fi-a °) -
(I-a = )A-g9)A-g7) o -1
B (1-0y
(1-gH)1-a9) o -1)
< t T<Ht t=ht), tel0,1]
T-a - Da-qa90-q-) o - O refod
Thus, 0 <r(t) <h(t), we haver € P. In addition, P,; ={ € C[0,1]| +r e Py}.
According to Lemmas 2.8 and 3.1, if  is a solution of the BVP (1), then
l_
= [ Stasli(s () Jds
at -1 1_
+ H( ,09(f(s (9)— |dgs
e oo, POl ©)- 1
1 at ! 1_
= | G(t,g9f(s (9)dgs+ /H,fs 9) dgs
[ Btastis )it T [ s @)
~ (1—q)2[ t Y1-a ) ~ t ]
of —DLA-a)A-g-)1l-a ~7) (@A-ag)l-g7P)
1
= [[Cnast(s @)
at -1 l_
+ H( ,q9f(s (9)dgs—r(t).
e o o ), NCesf(s (9)dss—r)
Therefore, forany € Py, and t € [0, 1], we define the operator
l_
T 0= [ St ©)ds
at -1 l_
+ H( ,q9f(s (9)dgs—r(t).
Itis easy tosee (t) is the solution of the BVP (1) if and only if s the fixed point of T.
Initially, we show that T isa — (h,r)-concave operator. For any € (0,1), € Py,

from the condition (H;), we can obtain that

T( +( =)
l_
> () f G(t,a9f (s (9)dgs
0

at 1 () 1
+(l—a - _1]q_/0 H( . a9f(s (9)dgs—r(t)

= OT O+ O)=1]r.

Thus,wehave T( +( =1r)> ()T +[ ()-1Ir, €(0,1), € Py,.Itfollows

that T isa —(h,r)-concave operator.

Page 8 of 13



Wang et al.Boundary Value Problems  (2023) 2023:37 Page 9 of 13

On the other hand, we prove that T : P,, — X is increasing. Due to € Py, we have
+r € Py, and there exists >0such that (t) +r(t) > h(t), thus we obtain

(t)> h@t)—r(t) > -r(t)>—f, te][0,1].

By condition (H;), we know T : P, — X is increasing.
Now, we prove that Th € Py, which is what we need to prove Th+r € P,. By Lemma 3.4
and (H3), we obtain

Th(t) +r(t)

at 1
(I-a — Y[ -1q /o

1 1
_ /0 G(t, 49 (s h(9) dgs+ H( . asf (s h(9) dgs

1 B at -1 1 B
=/0 G(t, asf (s Hs ') dgs+ @—a — o —qa Jy ¢ a9 (s Hs ™) dgs

<

1
< qt ) /0 (1—gs( ~ Dt (s H)dgs

at 1
+
(1-a =71 4()

= h(t)[

1
/ (19 ~ f(sH) dgs
0

1 + a
Hoq( ) Hl-a ) 4)

1

] [ a-at - M ds
0

and

Th(t) +r(t)
- 1
— q()
- 1
=70)
_ htty [t

7O b

/1[(1—@( ~ It = (t-a9' Pf(s0)dgs
0

/ T2—a8 - —(1—g9' ]t (s0)dgs
0

—g9{ =P —(1-qg9' P]f(s0)dgs

Let

1 a 1
= B (- 1)
" [”H ) Hi—a - )M (1—a9' " Vf(sH)des

1
i( ) /0 (a3~ —(1—q9( D]f(s0)dgs

H

Under the conditions of 4( )>0, % >0, and assumptions (H1), (H3), we can obtain

/ (- a9t~ V(s H) ds> / -0~ —(1-a3 (s 0)dgs>0
0 0

thatispu > >0 holds. Therefore, we have Th+r € PB;,.
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Eventually, by Lemma 2.11, we obtain that the operator T has a unique fixed point  * €
Phr, and
1 —
0= [ Gt.asf(s “(9)ds

N at 1
(1-a = Y[ -1q/o

1
H( ,a9f(s *(9)dgs—r(t), te[0,1].

Consequently,  *(t) is the unique solution of the BVP (1) in Py,. For any g € Py, the
sequence n=T n1,nN=12..., satisfies ,— *asn— oo. Thatis,

1_
o(0)= /0 GLa3 (s na(9)des

at 1 1
+(1_a ——l)[ _l]q 0 H( 1q3f(s n—l(S))qu
_ (1-9°(l-a 7) -
(I-a - (1-qgHA-q-) o —1)
(1—qy

+ 1
(1-a)d-a7) o -1
wheren=12,...,and p(t)— *(t) asn — oo. The proof is completed. g
Remark3.7 Suppose the conditions of Theorem 3.6 hold and

at !
(1-a -
att
(1-a — Y[ —1]qJo

1 1
[ Stast st i, |, FC et 0)ds

1_ l_
% /G(t,qs)dqs+ H( ,q9dys Vte[0,1].
0

Then, the BVP (1) has a unique nontrivial solution in Py ,. Meanwhile, we can construct
an iterative scheme approximating the unique solution.

Corollary 3.8 Suppose thafH;)..(Hs) hold, then the BVP

(Dg HO)+ft, )=, 0<t<l,
0)=(Dq )O0)=---=(Df? )0)=0, (D, )1)=0,

has a unique solution * € P, where hr are given as in(2) and (3). Further, for any
0 € Pnr, making an iterative sequence

(1-q)? [ -1
(1-gH1-aq-) 4 -1

1_
o(t)= fo Gt a8t (s n1(9) dos—

(1-q)?

fTmaa-a ) o —p 0 TR

we have ,(t) — *(t) as n— oo.
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If =0, we can obtain the uniqueness of positive solutions for the BVP (1) by using
Lemma 2.12. The proof is similar to Theorem 3.6.

Theorem 3.9 Suppose tha(H,)..(Hg) are satis‘ed and = 0. Then, the BVP(1) has a
unique positive solution * in Py, where Kt) =t ~1, t € [0,1]. Moreover for any initial
value ¢ € Py, from the sequence

1_
o(t)= fo Gt a3t (s na(9) des

at 1

1
A Te— ~1 ), H( ,a9f(s na(9)dgs n=12...,

we obtain (t) > *(t) as n— oo.

4 Application example
To illustrate the main result, we present in this section one significant example.

Example4.1 Consider the following BVP:

9
(D§ D) +fE, (t)=1, 0<t<i, -
5 5
0)=(Dq )0)=(D3 )©0)=(D3 )0)=0, (D§ 1) =3 )3,
where
448 + 28/2
ft, )= {( +—“7/_)t%
1143 q(i)
(4,700,016+438,912ﬁ . 16,448+1536ﬁ) %}%
7,268,464 + 454,279+/2 64,897 o(1) '
andq=3, =3 =3 a= =1 =1 Itcanbeeasilyseen that
448 + 28+/2 16,448 + 1536+/2
rt) = {t% -2 7*/—&, h(t) = Ht?,
1143 q(i) 64,897 q(i)
448+28./2
where ‘H > 1143 o(})’ foranyt € (0,1).

Then, we obtain

10,273,792 + 61,468+/2 I-0
74,177,271 (%) -

rt) >

and

448 + 282
1143 4(3)

N~

rt) < t2 < Ht? =h(t).
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Moreover, f(t) = fff;zg(f) for t € [0,1]. We see that f : [0,1] x [—%28({2)&00) -
a\2

(—o0, +00) is continuous and increasing with respect to the second variable, and

448+28v2 ; 16448+1536v2 93 _ 1
0= (1143 a(3) 64,897 4(2) 2) =)=

with f(t,0) #£ 0, t € [0, 1]. Thus, the conditions (H;) and (H3) are satisfied.
It is apparent that

f, (t)):[r(;) (t)+r(t)r

and

rt) 3 4,700,016 +438,9124/2 o

~

= t t €[0,1].
f 7,268,464 + 454,279./2 (0.4

Using Remark 4 in [20], we have
f(t, x+( =1)y)= ()f(tx), €(0,1),x € (—o0,+00),y€ [0,f],

where ()= i , €(0,1), it follows that the condition (H>) is satisfied. According to
Theorem 3.6, the BVP (5) has a unique solution * € Py,. For ¢ € Py, if

n<t):folé(t,qs{( n_l(s)+w)t%

1143 4(%)
<4 ;700,016 +438,912+/2 9+ 16,448 + 1536f>t } ds
7,268,464 + 4542792 " 64,897 o(2) 9
128 +84/2 11 448 + 28
+ —\/—t%f H(—,qs) X {( n1(9 + {)t%
381 0 2 1143 4(3)
(4 ;700,016 + 438,912+/2 9+ 16, 448+1536f)t%} s
7,268,464+ 45427942 " 64,897 o(3) ‘
448+ 282 7, 16448+ 15364/2 ¢
7 + - t2z, n=12,...,
1143 () 64,897 o(1)

we have ,(t)— *(t)asn— oo,te]0,1].

5 Conclusion

This research establishes the existence and uniqueness results of solutions for the BVPs of
a high-order nonlinear fractional g-di erence equation, according to a novel fixed-point
theorem of increasingly —(h, r)-concave operators defined in ordered sets, we approach
the unique solution by constructing an iterative sequence, which enriches the methods to
solve the boundary value problems of fractional g-di erence equations, and provides the
theoretical guarantee for the application of fractional g-di erence equations in fields such
as aerodynamics, the electrodynamics of complex medium, capacitor theory, electrical
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circuits, control theory, and so on. This paper does not need to limit the existence of upper
and lower solutions, which is the advantage of this paper compared with other articles. In
the future, we are committed to finding new ways to continue our research.
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