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1 Introduction and main result
LetOe RN (N > 3) be a bounded domain with smooth boundary . In this paper,
we consider the followingp(x)-Kirchho problem:
[VulP®)
..&+b 560
u=0 on ,

dx) peu=[u/®a+ |uP-4 in

@)

wherea>0,b>0, pxu= div(|Vu|P®--37u) is calledp(x)-Laplacian, and >0 is a pa-
rameter, p(x) satis“es the following assumptions:

(P1) peC( ),p.=min{p(X)[x € },ps+=max{p(x)}xe };

(P;) 1<p_<N andp_<2p, <p*, wherep* = NNLp

(P3) p(0) =p+,p(X) <p+..c|x| forallxe ,wherec>0, =1 % >0.

The study on Kirchho -type equations and variational problems wittp(x)-growth con-
dition has attracted more and more interest in the recent years, sée.p, 17, 29] and the
references therein. It was proposed by Kirchho in 1883 as a generalization of the well-

known D«Alembert wave equation

2 L 2 2
u P E u u
+ — — dx =

— . = — =0, 2
t2 h 2L 5 X X2 2)

where , Po, h, L, andE are constants, by considering the changes in the length of the
string during the vibrations, seef6]. This type of operators arises in a natural way in many
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di erent applications such as image processing, quantum mechanics, elastic mechanics,
electrorheological "uids, seeq, 23] and the references therein. Sé¥l(t) = a + bt, problem
(1) is called nondegenerate & >0 andb > 0, while it is named degenerate & = 0 and
b > 0. In the large literature of degenerate Kirchho problems, the transverse oscillations
of a stretched string with nonlocal "exural rigidity depends continuously on the Sobolev
de”ection norm of u via M(|Ju||?). From a physical point of view, the fact tham(0) = 0
means that the base tension of the string is zero, a very realistic model. More speci“clly,
measures the change of the tension on the string caused by the change of its length during
the vibration. The presence of the nonlinear coe cienM is crucial to be considered when
the changes in tension during the motion cannot be neglected. For more information, the
reader can refer to 1, 28].

In 1994, Ambrosetti, Brezis, and Cerami ir2] considered the following problem:

.u= ul+d’, in

u>0, in 3)

u=0, in -,

where is a bounded domain inRRN(N > 1) with smooth boundary ,0<gq<1<r<
2* ... 1, and they established multiple results.

At the same time, many authors researchegd(x)-Laplacian equations containing
concave-convex nonlinearities. In particular, Miailescu in [L9] studied the followingp(x)-
Laplacian equation involving concave-convex nonlinearities:

. U= |u|q(X)...{I+|u|r(X)...{|, in ,

4)
u=0, on ,
where 1 <q(x) <p..<p: <r(x) <p*, is a positive constant. Using Ekelandes variational
principle and the mountain pass lemma, he proved that problem)(has two positive solu-
tions for >0 small enough. Subsequently, the more general case was considere2lin [
In 2009, Dai and Hao in 9] studied the followingp(x)-Kirchho -type equation:

.4+b $|Vu|p(x)dx) pooU =f(x,u), in )

u=0, on

where is a smooth bounded domain irRN, p(x) e C( ), a,b>0, andf(x,u): xR—
R satisfy certain condition. They established the existence and multiplicity of solutions
by the variational method. Especially, the standard arguments given $h$how that the
veri“cation of the Palais...Smale condition at the mountain pass level relies on the well-
known Ambrosetti...Rabinowitz condition((AR) condition, for short):

(AR) There existT >0and > 2p* such that

t
0< F(x,t)= f(x, )d <tf(x,t), |t|>T, aexe
0

Actually, the (AR) condition is quite natural and important not only to ensure that the
Euler...Lagrange functional has a mountain pass geometry, but also to guarantee the
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boundedness of Palais...Smale sequences. However, this condition is somewhat restric-
tive, not being satis“ed by many nonlinearities. In fact, from the (AR) condition it follows
that for someC,,C,>0

F(x,t) > CqJt] ..Co, V(X,t)e xR.

Thus, for example, the functiorf (x,t) = |t|p+"'%1n(1 + |t]) does not satisfy the (AR) con-
dition. In fact, many papers still required nonlinearity to satisfy the superlinear growth
condition

f(x,t)t>2p(x)F(x,t) forallxe and]|t|is large enough.
However, itis easy to see that conditiorPg) in problem (1) violates this condition. It allows
f(x, )t <2p(x)F(x,t) forsomexe andanyt>0,

wheref (x,t) =t -1 As described in 13], we need to overcome some di culties

to show the existence of nonnegative nontrivial solutions. Similar problems with concave-

convex nonlinearities have been discussed by many authors (415, 22, 25..27, 30)).
The main result of this paper reads as follows.

Theorem 1.1 Supposethata > 0,b > 0,conditions (P,)...P3) hold. Then there exists , >0
such that problem (1) has at least two nonnegative nontrivial solutions for any € (0, ).

Remark 1.2 Whena =0, we use the perturbation method and Moser iteration mainly to
deal with degenerate cases. Most of the literature considers only one of the degenerate
and nondegenerate scenarios. However, we discuss the above two cases at same time in
Theorem1.1

To discuss problem {), we need the functional space®®( ) andWP®( ). The vari-
able exponent Lebesgue spat&¥( ) is de“ned by

LPO( )= u:u: — Rismeasurable, [u]’®dx<oo
with the norm
4 P
Ulpy =inf >0: — dx<1 .
The variable exponent Sobolev spaté *®( ) is de“ned by
WO )= uelPM( ) 1 |VuleLlP®( )

with the norm

Ul 1p) = [Ulpgx) + VU pey-
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De“ne WiP¥( ) as the closure of£3( ) in WPX( ). The spaced P ), WPK( ),
and Wol’p(x)( ) are separable and re”exive Banach spaces if p-<< p* < oo (see [L1]).
Moreover, we know that||ul| = |Vu|p are equivalent norms oW P ().

Lemma 1.3 (see [L1]) If g € C(7) satisfies 1 < q(x) <p*() (p*(X) = gongy» if N > p();
p*(x) = +o0, if N < p(x)) for x e, then the embedding from W1P®( ) to LI¥( ) is com-
pact and continuous.

Lemma 1.4 (see[l1]) Set (u)= |ulP®dxforue LP®( ).IfueLP®( )and {uylken C
LP®( ), then we have
() ulp <1(=1;>1l) < (u)<1(=1;>1);
(i) |ulppy > 1= [ulbgy < (U) < [ulgy:
(iil) Iulpey <1=>|ulpgy < (U) < lulpsy:
(iv) limg— oo Uk .. Ulppg =0 & limko (Ui .. M) =04 Ux — U in measure in  and
limgoo (Uk)= (U).

Similar to Lemmal.4 it is easy to obtain the following lemma.

Lemma 1.5 Set L(u)=  [Vu]P®dx for ue WgPP( ). If u e Wo*®( ) and {Uglker C
WZPM( ), we have
(i) ull <1(=1;>1) & L(u) <1(=1;>1);
(i) Jull>1= fu]lP-=<L(u) < [JulP+;
(i) full <1= |lufP* <L(u) < ||ul/P-;
(iv) Jlukll = 0<% L(uk) — O; |luk]l = oo < L(uy) — oo.

Lemma 1.6 (see P]) Set (u)= ;|VulP®dxforue WP®( ). The functional
X — R is convex. The mapping ’:X — X* is a strictly monotone, bounded homeomor-
phism and is of (S.) type, namely

Uun U and limpoe "(Un)(Un..u) <O impliesu, — u,
where X = W2P®( ).

Lemma 1.7 (see P4]) In the Euclidean space RN, an optimal Gagliardo—Nirenberg in-
equality has the form

=
=
N

P

[u|" dx r <A(p,q,r) |VulP dx [u|®dx
RN RN RN

with1<p<N, l<qg<r<p*,and = (p,q,r)= % € (0,1], A(p,q,r) the best
constant.

Lemma 1.8 (see B]) Let X be a real Banach space, let | : X — R be a functional of class
CY(X,R) that satisfies the Palais—Smale condition (i.e. any sequence {u,} C X such that
{I(un)} isbounded and I'(un) — 0 has a convergent subsequence), I (0) = 0,and the following
conditions hold:

() There exist positive constants and  such that |(U) >  for any u € X with |ul| = ;
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(ii) There exists a function e € X such that ||e|| > and 1(e) <O0.
Then the functional | has a critical value ¢ > , that is, there exists u € X such that
I(uy=cand I’'(u)=0in X*.

Lemma 1.9 (see [LO]) Let X be a complete metric space with metric d, and let | : X
(.00, +o0] be a low semicontinuous function bounded from below and not identical to +ooc.
Let begiven and U € X be such that

I(U) <infl+ .
Then there exists V € X such that
I(U)=1(v), dU,vV)=1,
and for each W € X, one has
[(U) < [(W)+ d(V,W).

To end this section, we describe the basic ideas in the proof of Theorém. If a =0 and
p(0) =p+, itis not easy to verify the boundedness of Palais...Smale sequence for the func-
tional corresponding to problem (). Inspired by [], we “rst modify the nonlinear term
to obtain a perturbation equation of problem {). Then, using Ekelandes variational prin-
ciple and the mountain pass lemma, we prove that the perturbation equation has at least
two nonnegative nontrivial solutions for > 0 su ciently small. Finally, we use the Moser
iteration to prove that the solutions to the perturbation equation are uniformly bounded.
Therefore, we show that two nonnegative nontrivial solutions of the perturbation equation
are also the solutions of the original problemily.

Throughout this paper, letB ={x:|x|]< }c and = \B.Weuse|-]| todenote
the usual norms oiwol*p‘x)( ), the lettersC and C,, stand for positive constants which may
take di erent values at di erent places.

2 Solutions of the perturbation equation
Sincep(x) is a continuous function, from P;) and (P3), we see that there exists> 0 such
that

1<p...r<2p,+r<p" (6)

and

f< 2[Np..... B+(N ..p“)].
N

(@)

Let (t) e C§°(R,[O, 1]) be a smooth even function with the following properties: (t) = 1
for|t| <1, (t)=0for|t|>2and (t)ismonotonicallydecreasingontheinterval (0c0).
De“ne

t

bu)= (),  mu(t)= . bu( )d
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for p € (0, 1]. We will deal with the perturbation equation

p(x) .
.&+b W:(‘x) dx) p(x)u:(muu(u))ruzm'”l"' uP--1in ®)

u=0 in

De“ne

r t

0= o Bl 0= w0d

Then the formal energy functional, associated with equation§) is de“ned by

|Vu[P® s b |Vu[P® 2

J(u=a dx ... Gu(u)dx...p— u?--dx.

P 2 p)

Lemma 2.1 The function G (t) defined above satisfies the following inequality:

Gu() < T;tgu .,  Gut)< tg,(t) + Cy,

20 +r
where C,, > Ois a positive constant.

Proof By the de"nition of function g,, the conclusion is clear fort < 0. Sinceb,(t) is
monotonically decreasing on the interval (0,c0), we have

d t _myu(®)..thu(0) _ thu().-bu(®)

- = 0
dt my(t) mz (t) mz (t) -

for t > 0, where € (0,t). Therefore, m is monotonically increasing on the interval
gu() _ t

(0,+00). Hence, 5, = (m)r is also monotonically increasing on the interval (Opb).
It follows that

Gu(t) = tg ()d =< F 0 Zp+1g :itg (t) fort>0 9)
H 0 H — 0 t2ps 1 2p+ u .

By the de*nition of function my,, we havemy (t) = ﬁ fort> ﬁ,whereA =1+ 7 ()d .
Fort > ﬁ one has

N

i ! [ ' 2p++r
Gu(t) = gu( )d + Y ~d
0 i
5 w o
= g ( ) = 2p++tr...1 d + = 2p++r...ld
o M A o A
< gu (Dt +Cp.
204 +r
The proof is complete. O

Lemma 2.2 Suppose that a > 0, b > 0, conditions (P;) and (P2) hold. Then, for any p €
(0, 1], there exists 1 > Osuch that J, satisfies the (PS) condition for < (0, 1).
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Proof Let {u,} be a PS) sequence of, in Wol’p(x)( ). This means that there exist€ >0
such that

Ju(up) <C, Ju(un) — 0 asn— oo.

(10)

Now we show that{uy} is bounded inW2*®( ). If |ju,|| < 1, we are done. Otherwise, by
Lemmal.5 we have

lufP-< [VuP®dx.

(11)
It follows from the Sobolev embedding theorem that

2

u-dx < C |VulP® dx

|[VulP-dx<C 1+ (12)

From (6), (11), (12), and Lemma2.1, we derive that there exists; > 0 such that

1
Ju(Un) T Ju(Un), Un

= Wlx)”'2p+1+r IV Uq PO dx + 2 |V;I(nxl:(><)d 2
“.2p+b+r IV;JF)!:(X) dx  |Vu,[P®dx + g;s;lin_')_T---Gp(un) dx
¥ 2p+1+r pi (un)?--dx
2;+"'2p+1+r p3 |Vun[P® dx i
2p+1+r pi (un)e-dx..Cyl |
2p3(zbr:++r)“'2pp.).+(z+pi'+'€j" VPO .CoCl |

> Calluq[[*..Co
for €(0, 1). Itimplies from (10) that {u,} is bounded inWg*%( ).
With the loss of generality, up to a subsequence, we may assume that

U, U inwol'p(x)( ),

up—u inl% ), 1<s<p*.

Thus, we have

vu p(x)
V(up),up..u = a+b | p(nxl) VUL PP &7u,(Vu, .. Vu) dx

Ou(Un)(un .u)dx ... (Un)?-tu, ..u)dx — 0.
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It is easy to see that
gp(t) < C |t|2p+...l+ |t|2p++r...1 .

Using the Sobolev inequality and the Holder inequality yields

gu(Un) (Up..u)dx <C  |up/®Yup ..uldx+C  [un|®*"}u, ..ujdx

2p+... 2p++r ...
< Cllunlizn:Hun .. ullzp, + Cllunlizprr Hun .. Ullzp.+r
<Cllun ..ullzp, +Cllun .. Ull2p,+r — O (13)

and

Un)2Yup u)dx < JuglPu, Lo dx

< lunllfHun . ullp.
<Cllun..ullp. =0 (14)
asn — +oo. From (13) and (14), one has

|Vun |D(X)

000 dx VUL |P® 47U, (Vu, .. Vu)dx — 0 asn — +oo.

a+b
Notice thata > 0 andb > 0, we have
VUL P 47U, (Vu, ..Vu)dx — 0 asn — +oo.

Itimplies from Lemma1.6that {u,} is strongly convergent tau. Hencel, satis“es the PS)
condition. d

In the following lemma, we will verify thatl, possesses the mountain pass geometry.

Lemma 2.3 Suppose thata > 0,b > 0,conditions (P1) ... P3) hold. Then there exists , such

that the functional J,, possesses the mountain pass geometry for any < (0, ), namely

(i) thereexistm, >OQsuch thatly(u)>m foranyu e Wol’p(x)( ) with |u|| = ;

(ii) there exists W € Wol’p(x)( ) such that |W|| > and J, (W) <O.
Proof By the de“nition of function G, we have
Gu(u)dx<Cy  [u]?* +[u/?+*" dx.

By the Sobolev embedding theorem and Lemnias, we obtain

2p++r

uP*dx < Clu|®** <C  |Vul®dx
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foranyu e WyP¥( )with  |[VuP®dx<1.LetB,C satisfy that there exists o> 0
such thatp(x) < p....oforanyxe . By Lemmal.5 the Holder inequality, and the
Sobolev embedding theorem, we have

|u|2p+ dx = |u|2p+ dx + |u|2p+ dx
By o
229_+
p++r
<IB o7 U dx +C|lu|®
2 2p+
r P+0
<CIB | &+ [VulP®dx +C |VulP® dx
0
2 2p+
r Pr0
SC|BO|W |Vu|p(x)dx +C |Vu|p(x)dx
foranyu e WoP?( )with  |Vu|P® dx < 1. Therefore,
2p++r 5
P+
Gu(udx<Cy  |Vul®dx +CuIB P [VulP®dx
2p+
p+--0
+Cy  |VulP®dx (15)

foranyu e WyP®( ywith  |VulP®dx<1.Set o= |VulP®dx. Fixp  (0,1], it im-
plies from (12) and (15) that

a b A e 2 s 2
U >— ot-= §--Cu o -CulB P §..Cy ¢ .C 1+ §
P+ 2p+
b > 2
24_p?, 0--C 1+ 3

2
for o9, o>0small enough. Let, = Wb(f—JrT) We havel, (u) > %z sforany €(0, 7).
+ 0 +

By Lemmal.5 we know that there existn, > 0 such thatl, (u) >mforanyu Wé‘p(x)( )
with |ju|| =

By the de“nition of function g,, we know gy (t) > t?*++1 Let Uy C . Fix vo €
Wol’p(x)(uo)\{O}. Then, fort >0 su ciently large, we have

Ju(tvo) =a 1 |Vtvo|PX dx + b 1 [Vtvo|P™ dx i
0) = —= o 5 — 0

! Uo p(X) 2 Uog p(X)

Gu(tvo)dx..—  |tvg|R-dx

Uog p Ug
2
< atP+0 ile0|p(X) dx + Et2(9+---o) i|vV0|p(><) dx
Uog p(X) 2 Uo p(X)
t2p+

[Vo|?P+ dx < 0.
0

H
p+ Ay
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Choosingw = tvg with t > 0 su ciently large, we have|w|| > andJ,(w) <0. The proof is
complete. O

Proposition 2.4 Suppose thata > 0,b > 0,conditions (P1) ...P3) hold. Then there exist o>
Oand L > 0independent of p such that problem (8) has at least two nonnegative nontrivial
solutions uj, and uy; satisfying

/
Juu

p <0<y up <L forany (0, o).

u

Proof According to (P1) and (P2), we know that there exist 1 >0 andU; C  such that

P(X) > Ps ... 1 >p._foranyx € Us. Fix o€ WeP¥(U\{0}. Let o=min{ 1, »}. Forany

€ (0, o) andk >0 su ciently small, we have

Juk g)=a i|Vk 0|p(X)dX+E i|Vk 0|p(x)dx 2
" by P09 2y, P09
Gulk o). Ik ol

U1 Ui

p(x) p(x) 2
IV o™ i Pyepen IV o™

Up p(X) 2 Uy p(X)
kP---

L2 oPedx <O,
p Up 0

< akp+...1

Thus we deduce that
¢, = inf Jy(u)<0< inf J,(u).
ML ) k() w's 0 k()

By applying Ekelandss variational principle i (0) (see [L0]), we obtain that problem )
has a solutionu;, satisfyingJ, (u;,) =c, <0.

From Lemmas2.1and 2.2, we see that the functional, satis“es the PS) condition and
has the mountain pass geometry. De“ne

= eC[0,W;™( )| (0)=0, (1)=w , & =inf maxJ, (t).
€ tel0,1]
By the mountain pass lemma (se@1]), we obtain that problem @) has a solutionuj; sat-
isfyingJ, (uj;) =€, > 0. Consider the functional

vulP®) b vulP® 2
|Vu| dx + [Vul d

p(x) 2w o

I(uy=a |us| %P+ dx,

where u, = max{=u,0}. It is easy to see thaf,, (u) < I(u) for any u e Wy*¥( ). We
can choosevg € WiP®( )\{0} such thatI(tve) — ..co ast — +oo. Then () =¢, <
Supysq I (tvo) = L.

Sincely (u;,) <Ju(0) <Ju(uy), we know thatu,, and uj; are two nontrivial solutions of
problem (8). Let uy be a nontrivial critical of J, and u = max{+uy,0}. After a direct
calculation, we derive thatg +b  [Vu;{P®¥dx) |Vu;{P®dx = () (uy),u;) =0, which
implies thatu;;'= 0. Hence,u, > 0. Therefore,u;, and u; are two nonnegative nontrivial
solutions of problem g). The proof is complete. O
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3 L*-estimate of nontrivial solutions

In this section, we show that the solutions of perturbation equatior8) are indeed the
solutions of the original problem (). For this purpose, we need the following uniform
L>°-estimate for critical points of the functionall,,.

Proposition 3.1 Suppose thata > 0,b > 0,conditions (P1) ...P3) hold. If visacritical point
of J, with J, (v) <L, then there exist 3>0and a positive constant M = M(L) independent
of p such that ||v]jL~ y <M forany € (0, 3).

To prove Proposition3.1, we need some preliminaries. Let=0andn =0 in Corollary 2
on page 139 of 18], we obtain the following lemma.

Lemma 3.2 Let1§p<N,p§q§%’p,and 1:1...%.Then

ullLaeny <C x| VU LP(RN)

for all u € ®(RN), where D(RN) is the space of functions in C>*(RN) with compact supports
in RN,

Lemma 3.3 Suppose that (P1) ... P3) hold. Then there exists C > 0such that
uP-dx<C  |x| |VulP® dx (16)

forallu e WaP®( ywith  |x| [VuP®dx > 1.

Proof Ifthe conclusion does not hold, then there exists a sequeneg} C Wol'p(x)( ) such

that
n x| [VupP®dx < un[P-dx (17)
and
IX| |VunP® dx > 1.
Therefore,

Pz up|Pdx>n— 00 asn— +oo. (18)
Setu, = ,Vh. Then
Vn[Pdx= ;P |up|Pdx=1.
Combining (17) with (18), we have
n x| [VValP@dx <n P x| [VupP® dx

n

< P |Un|p"'dX:1,

— n
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which implies that
IX| |[VVaP®dx — 0 asn— +oo. (19)
Therefore, for any >0, we obtain
|V, [P® dx < 1 IX| |VVaP®dx — 0 asn— +oo.
By the Young inequality, for any >0, one has
| VVn|P-dx < +C | Vv, [P® dx.
According to the arbitrariness of >0, we have
|[VVp|P+dx — 0 asn — +oo. (20)
Noticingthat C andvp,=00n , by the Sobolev embedding theorem, we obtain
ValP-dx — 0 ash — +oo (21)

forall >0.Setp=p._andq=2p., it follows from Lemma3.2that

1

P...
Iullzo ey <C 1] P-{VulP--dx (22)
R

forall u e D(RV). Let e CP(RN) satisfy] (x) <1, (x)=1for|x|< 1<3, (X)=0
for x| >2 1,and|V | <C for x e RN. Using the Hélder inequality, we deduce fron2@)

that
p... p...
2 P 2 P
valPrdx < | valP*dx  <C  |x| P4V v,P-dx
B, RN RN
<C IX| P | [P Vg [Pt g [PV [P dX
RN
<C IX| P{Vvy|P-dx+C Vi |P--dx
B2y 1
<C X |Vva P dx
le
p p(x)...1
+ x| "p®-pdx +C [V |P--dx
B2y 1
N * P
<C IX| [Vvp[P®dx+ N+C ValPodx . (23)
B2

1 1
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It implies from (19), (21), and 3) that

, I
[ValP-dx < C [Vn| P+ dx —~0 asi— 0andn— +co.

By By

By the Holder inequality, it follows from @1) that

p...
p¥.
[vn|P-dx < C ValPdX — 0 ash— +oo.

1 1

Therefore, we have
[Vp|P-dx — 0 asn — +oo,
which contradicts the fact that
[Va[P-dx = 1.

The proof of Lemma3.3is completed. O

Lemma 3.4 Suppose thata > 0,b > 0,conditions (P1)...Rs) hold. IfJ, (u) < LandJ; (u) =0,
then there exist 3>0and C = C(L) > 0independent of p such that

IX| |[VulP®dx<C forany (0, 3).

Proof If  |x| |Vu|P®dx < 1, we are done. Otherwise, by Lemnfaland Lemma3.3 we
derive from (P3) that

L>J,(u) ...2;+ Jp(u),u
=a % 2—; [VulP® dx + % . Gu(u) dx
+ 2—; pi uE---dx+g W];()WUW(X) dx % p_1+ |Vu[P® dx
> g %Wulp(") dx % p_1+ [VulP® dx ... T uP--dx
Zg ﬁwmp(’o dx Wlx)WuN’(X) dx ... piZ;Jr uP--dx

>Csz x| [VulP®dx |[VulP¥dx..C,  |x| |VuP®dx

2
>Cs  |x| [VulP®dx ..Cs  |x| |[VulP®dx

>(C3..C4 ) |X| |VulP®dx. (24)
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SetC =2L/Cs and 3 = Cs/2C,. It implies from (24) that  |x| |[Vu[P® dx < C for any
€ (O, 3). O

Lemma3.5 Supposethata > 0,b>0,conditions (P1)...Rs) hold.1fJ, (u) < LandJ, (u) =0,
then there exists C = C(L) > O independent of g such that

[VuPP®dx <C forany e(0, 3).

Proof By the de“nition of function my,, we know thatm(t) =t for t < & andmy(t) > ;
for t > . Therefore, we have

gp(u) < Cur|u|2p++r...1S C1l+ |u|2p++r...1 (25)

for any u € (0, 1. It follows from J;, (u) = O that u is a solution of problem ). Multiply
problem (8) by u and integrate to obtain

b i|Vu|p(")dx |IVulP®dx < a+b i|Vu|p(")dx |Vu|P® dx
p(x) p(x)

= gu(u)+ u?tudx

<C 1+ |u/®*dx (26)

- Nrp..,
@+ 2P+ (p... N)*Np_]

for any € (0, 3). Choose it is easy to verify < (0,1]. From

Lemmal.7we have

(2p++r) (2p++1)(1...)
24t P-. 2 2+
[ dx < A [Vu|P--dx [u|P* dx
(@p++1) @p++r)(1...)
p... 2 2p+
<A 1+|VuP®dx |u|?* dx . (27)

It follows from (26) and (27) that

2
E |[VulP®dx <b i
P+ P(X)

<C+C |u|2p++rdx

[VulP®dx  |VulP® dx

(2p++r)
<C+CA |VuP¥dx+| |

(2p++r)(1...)
2p+
x |u?P+ dx : (28)
According to (7), we have

(2ps+r1) _ Nr <2
p... [2p+(p....N) +Np_]
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To prove that  |Vu|P® dx is bounded, we just prove that |u|?* dx is bounded. Now
we show that  |u|?®+ dx is uniformly bounded. By the Sobolev embedding theorem and
Lemma3.4 forany >0, we have

ufP~dx<C  |Vul|P-dx

p*

p
<C 1+ |VuP®dx

'c|'c

<C+C x| |VulP® dx
P
P
<C+C x| |VulP® dx
<C. (29)

Noticing that 1 < 2p, <p*, by the Holder inequality and 29), we have

lu?®dx < C uP-dx <C (30)

forany > 0. Itimplies from (23) that

p... p...
gy ) N dx
[u|<P+ dx <C IX| [Vu[P® dx + +C [ulP--dx
B Bo
<C x| |[VuPP®¥dx+ N+cC [ufPdx
By Lemmag3.4, we obtain
u®*dx<C . (31)
B
We deduce from B0) and (31) that
lul®+dx <C. (32)
According to (28) and (32), we have |Vu|P® dx is uniformly bounded. O

Proof of Proposition 3.1 Using the Sobolev embedding theorem and Lemn3z5, we have

o, P,
" p... p...
vP~dx<C  |Vv[’~dx <C 1+|WP® dx <C. (33)
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Lets >0 andt = 2p. +r. According to (25), multiply problem (8) by v¥*-** and integrate to

obtain
1 (%) (x) sp.+1
b ——|vv|P®Wdx  |Vv[PO-RyyyP-+ gy
p(x)
1
< a+b mwwp(")dx |V [PO)-- A7y wysP-+T gx

gu(v) + VB tvP-Flax

<C 1+ |v**tdx

forany € (0, 3). Itimplies that

1
b ——|VvP¥dx  |Vv|P-vPdx
p(x)
1
=< — VPP dx 1+ |VyP® yPdx
p()
b ) s L () sp..+1
= — |VV|p dx VP dx + |VV|p ...%Vvvp_“ dx
p.. sp.+1
Cb
<o TP®dx 1+ P (34)

On the one hand, by the Sobolev embedding theorem, we have

|Vv|P-yP--dx = vvi*s Pdx

(1 +s)p...

V[P gy T (35)

= (1 +s)P-

On the other hand, by the Holder inequality and33), we have

tp.. prL D
o+t " pr. p (1+5)*p; pr.
[v[*P-*tdx < [v|P--dx ™ p¥ .t dx
t.p... dp...
o p¥. PE
<C 1+ |Vv/P®dx v dx (36)

whered = % > 1. According to 84), (35), and (36), we obtain

p...
|VV|P(X) dx |V|(1+5)Pf.dx P

=P

1 «
mIVVI”(X)dX v| P2 dx
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b p
<— C(1+s) "
=0 (1+5)

o}
il

p... *
x  |VvP¥dx 1+ 1+ |VvP®dx V9% dx

kel
L

Sincet"% >land |Vv|P®dx<C,we have

aQ

p

V&P dx < C(L+s) Prmax 1, v|@9% dx ,

et
*:

which implies that

1
(L+s)p%,
max 1, V| 9P dx

d
(T+s)p¥.

Ths (1+) 2
< C(1+s) ™ max 1, v d dx . (37)

Now we carry out an iteration process. Set =d* ... 1 fok =1, 2,.... By%7), we have

1
k dKp*
max 1, Iv|9“P~dx

1 >k
Cd* & max 1, |V|dk'"]p---dx

IA

k 1
.1 * p¥.
< Cd' d max 1, [v]|P--dx
i1
1

K o K g * x.
=c % g FI a1, vPhdx (38)

Sinced > 1, the series (% d#and %, jd¥ are convergent. Lettine — oo, we conclude
from (33) and (38) that ||v||.( y < M. The proof is complete. d

Proof of Theorem 1.1 Let ,=min{ o, 3}. By Proposition2.4, we know that problem g)
has at least two nonnegative nontrivial solutions, andu;; satisfying

/
Juu

w <0<y up <L forall €(O, .).

H
By the de"nition of function m,, we havem (t) =t fort < & Hence, problem 8) reduces
to problem (1) for |u| < & Letp < ﬁ By Proposition3.1, it is easy to see thati, and uj;
are indeed two nonnegative nontrivial solutions of problenty. O
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