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1 Introduction and main result
Let 0 € Q C RN (N > 3) be a bounded domain with smooth boundary 9. In this paper,
we consider the following p(x)-Kirchhoff problem:

(x) )
—(a+b [, 'V;(f) dx) A peyu = |ul+2u+ MulP-2u  in Q,

u=0 on 0%2,

(1)

where 2 >0, 5> 0, Aypyu = div(|VuP®-2Vy) is called p(x)-Laplacian, and A > 0 is a pa-
rameter, p(x) satisfies the following assumptions:
(Py) peC(R), p- =min{px)|x € Q}, p, = max{p(x)|x € QY;

(P2) 1<p_<Nandp_<2p, <p*, where p* = F=;
(P3) p(0) =p., p(x) < p, — clx|* for all x € 2, where ¢ > 0, o = 1 — X22e=p2) 5

2p4p-
The study on Kirchhoff-type equations and variational problems with p(x)-growth con-

dition has attracted more and more interest in the recent years, see [7-9, 17, 29] and the
references therein. It was proposed by Kirchhoff in 1883 as a generalization of the well-
known D’Alembert wave equation

2 2
dx) Yu_y, 2)

0x2
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where p, Py, &, L, and E are constants, by considering the changes in the length of the
string during the vibrations, see [16]. This type of operators arises in a natural way in many
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different applications such as image processing, quantum mechanics, elastic mechanics,
electrorheological fluids, see [5, 23] and the references therein. Set M(¢) = a + bt, problem
(1) is called nondegenerate if a > 0 and b > 0, while it is named degenerate if a = 0 and
b > 0. In the large literature of degenerate Kirchhoff problems, the transverse oscillations
of a stretched string with nonlocal flexural rigidity depends continuously on the Sobolev
deflection norm of u via M(||u||?). From a physical point of view, the fact that M(0) = 0
means that the base tension of the string is zero, a very realistic model. More specifically, M
measures the change of the tension on the string caused by the change of its length during
the vibration. The presence of the nonlinear coefficient M is crucial to be considered when
the changes in tension during the motion cannot be neglected. For more information, the
reader can refer to [1, 28].
In 1994, Ambrosetti, Brezis, and Cerami in [2] considered the following problem:

—-Au= ul+u", inQ,
us>0, in Q, (3)
u= 0, in E)Q,

where  is a bounded domain in RN (N > 1) with smooth boundary Q2,0 <g<1<r<
2* — 1, and they established multiple results.

At the same time, many authors researched p(x)-Laplacian equations containing
concave-convex nonlinearities. In particular, Mihailescu in [19] studied the following p(x)-

Laplacian equation involving concave-convex nonlinearities:

—Apytt = Mul T2y + [y @2y, inQ,

u=0, on 0€2,

(4)

where 1 < g(x) < p_ < p, <r(x) < p*, A is a positive constant. Using Ekeland’s variational
principle and the mountain pass lemma, he proved that problem (4) has two positive solu-
tions for A > 0 small enough. Subsequently, the more general case was considered in [20].
In 2009, Dai and Hao in [9] studied the following p(x)-Kirchhoff-type equation:

—(a+b [, zﬁ |VulP® dx) Apu = f(x,u), in L,
u=0, on 0%,

(5)

where  is a smooth bounded domain in RY, p(x) € C(R), a,b >0, and f(x,u) : @ x R —
R satisfy certain condition. They established the existence and multiplicity of solutions
by the variational method. Especially, the standard arguments given in [9] show that the
verification of the Palais—Smale condition at the mountain pass level relies on the well-
known Ambrosetti—-Rabinowitz condition((AR) condition, for short):

(AR) There exist 7> 0 and 6 > 2p* such that

t
0<9F(x,t):9/f(x,r)drStf(x,t), [t| > T, a.e.x € Q.
0

Actually, the (AR) condition is quite natural and important not only to ensure that the
Euler-Lagrange functional has a mountain pass geometry, but also to guarantee the
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boundedness of Palais—Smale sequences. However, this condition is somewhat restric-
tive, not being satisfied by many nonlinearities. In fact, from the (AR) condition it follows
that for some C;,Cy >0

F(x,t) > Clt)! = Cy, V(x,8) e Q xR,

Thus, for example, the function f(x,£) = |£[?"~2¢In(1 + |¢|) does not satisfy the (AR) con-
dition. In fact, many papers still required nonlinearity to satisfy the superlinear growth
condition

fx, )t >2p(x)F(x,t) forall x € Q and |¢| is large enough.
However, it is easy to see that condition (Ps) in problem (1) violates this condition. It allows
fx, t)t <2p(x)F(x,t) forsomex € Qandany?>0,

where f(x,t) = t+71 + AtP-"1. As described in [13], we need to overcome some difficulties

to show the existence of nonnegative nontrivial solutions. Similar problems with concave-

convex nonlinearities have been discussed by many authors (see [12, 15, 22, 25-27, 30]).
The main result of this paper reads as follows.

Theorem 1.1 Supposethata > 0,b > 0, conditions (P1)— (P3) hold. Then there exists A, >0

such that problem (1) has at least two nonnegative nontrivial solutions for any X € (0, 1.,.).

Remark 1.2 When a = 0, we use the perturbation method and Moser iteration mainly to
deal with degenerate cases. Most of the literature considers only one of the degenerate
and nondegenerate scenarios. However, we discuss the above two cases at same time in
Theorem 1.1.

To discuss problem (1), we need the functional space L#¥(2) and W'#®(Q). The vari-
able exponent Lebesgue space L/ () is defined by

P9(Q) = {u u:Q— Ris measurable,/ |ulP® dx < oo}
Q

with the norm

p(x)

|u|p(x)=inf{x>o :/ 4
ol

The variable exponent Sobolev space W'#®)(Q) is defined by

dx < 1}.

WPO(Q) = {u e IPM(Q) : |Vul € IFY(Q)}
with the norm

N2l pt) = 1%lpe) + |Vt p)-
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Define Wol’p(x)(Q) as the closure of C5°(Q2) in W?¥(Q). The spaces L™ (), W*¥(Q),
and Wol’p(x)(Q) are separable and reflexive Banach spaces if 1 < p~ < p* < 0o (see [11]).
Moreover, we know that |||l = |V, are equivalent norms on Wol » (x)(Q).

Lemma 1.3 (see [11]) If g € C(Q) satisfies 1 < q(x) < p*(x) (p*(x) = 1\],\?;(2), if N > p(x);
p*(x) = +00, if N < p(x)) for x € Q, then the embedding from W' (Q) to L1¥)(Q) is com-

pact and continuous.

Lemma 1.4 (see [11]) Set p(u) = fQ |ulP® dx for u € [PP(Q). If u € L™(Q) and {ux}xen C
LPW(Q), then we have
(@) lulpw <1 (=1;>1) & p(u) <1 (=1; >1);
(i) fulpe > 1= Il < pla) < lullf;
(i) ulpiey < 1= [l < p() < ul’gy;
(iv) limy oo |k — sl p) = 0 & limy, o0 p(ux — u) = 0 & uy — u in measure in Q and

limy 00 o (k) = o (14).
Similar to Lemma 1.4, it is easy to obtain the following lemma.

Lemma 1.5 Set L(u) = [ |VulP™ dx for u e Wol’p(x)(Q). Ifue Wol’p(x)(Q) and {ui}ren C
Wol’p(x)(Q), we have
(i) Jlull <1(=1>1) & L(u) <1 (=1; >1);
(i) llull > 1= lullP- < L(w) < flullP*;
(iii) flull < 1= flullP* < L(u) < ||lullP-;

(iv) llukll = 0 < L(ug) — 0; |lugll = oo < L(ug) — oo.

Lemma 1.6 (see [9]) Set ¢(u) = fQ ﬁWulp(") dx for u € Wol’p(x)(fz). The functional ¢ :
X — R is convex. The mapping ¢' : X — X* is a strictly monotone, bounded homeomor-

phism and is of (S,) type, namely
Uy, —~u and 1im,_ ¢ (u,) (1, —u) <0 implies u, — u,
where X = W/Ol’p(x)(Q).

Lemma 1.7 (see [24]) In the Euclidean space RN, an optimal Gagliardo—Nirenberg in-
equality has the form

p(1-9)

(/]RN |u|’a’x>m §A(p,q,r)</H;N IVulpdx) </]RN |u|‘7dx>T

withl<p<N,1<g<r<p* and6=0(p,q,r)= % € (0,1], A(p,q,r) the best

constant.

Lemma 1.8 (see [3]) Let X be a real Banach space, let I : X — R be a functional of class
CY(X,R) that satisfies the Palais—Smale condition (i.e. any sequence {u,} C X such that
{I(u,)} is bounded and I'(u,) — 0 has a convergent subsequence), 1(0) = 0, and the following
conditions hold.:

(i) There exist positive constants p and o such that 1(u) > o for any u € X with ||ul| = p;
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(i) There exists a function e € X such that |le|| > p and I(e) < 0.
Then the functional I has a critical value ¢ > «, that is, there exists u € X such that
I(u) =cand I'(u) =0 in X*.

Lemma 1.9 (see [10]) Let X be a complete metric space with metric d, and let I : X —
(—00, +00] be a low semicontinuous function bounded from below and not identical to +oc.
Let ¢ be given and U € X be such that

I(u) < igl(f[+ &.
Then there exists V € X such that
) < 1), alu,vy) <1,
and for each W € X, one has
IU) <I(W) +ed(V,W).

To end this section, we describe the basic ideas in the proof of Theorem 1.1. If 2 = 0 and
p(0) = p,, it is not easy to verify the boundedness of Palais—Smale sequence for the func-
tional corresponding to problem (1). Inspired by [6], we first modify the nonlinear term
to obtain a perturbation equation of problem (1). Then, using Ekeland’s variational prin-
ciple and the mountain pass lemma, we prove that the perturbation equation has at least
two nonnegative nontrivial solutions for A > 0 sufficiently small. Finally, we use the Moser
iteration to prove that the solutions to the perturbation equation are uniformly bounded.
Therefore, we show that two nonnegative nontrivial solutions of the perturbation equation
are also the solutions of the original problem (1).

Throughout this paper, let Bs = {x: |x] < §} C 2 and Q5 = Q\ Bs. We use | - || to denote
the usual norms of W/Ol P (x)(Q), the letters C and C,, stand for positive constants which may
take different values at different places.

2 Solutions of the perturbation equation
Since p(x) is a continuous function, from (P,) and (P3), we see that there exists > 0 such
that

l<p.—-r<2p,+r<p’ (6)
and
2[Np- -2p.(N -p_)]

r< N : 7)

Let ¥ (t) € C3°(R, [0, 1]) be a smooth even function with the following properties: ¥ () = 1
for [t| <1,y (t) = Ofor |t| > 2 and ¥/ (¢) is monotonically decreasing on the interval (0, +00).
Define

b = v(ut),  my() = /0 bu()de
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for u € (0,1]. We will deal with the perturbation equation

(%)
~(a+b Jo U= dx) Ay = () W ol in g,

u=0 in 0€2.

Define

_ 4 " -1 _ !
gu(t) = (—mu(t)) L, Gﬂ(t)—fo gu(t)dr.

Then the formal energy functional J,, associated with equation (8) is defined by

B |Vu |p(x) b |Vu |p(x) 2 A .
]M(u)—a/Q o) dx+§(/g ) dx) —/QG#(u)dx—p—_/;Zu+ dx.

Lemma 2.1 The function G, (t) defined above satisfies the following inequality:

L, G

G, (t) <
”()_2p+ T 2,47

tgu(t) + Cy,

where C,, > 0 is a positive constant.

Proof By the definition of function g, the conclusion is clear for ¢ < 0. Since b, (t) is
monotonically decreasing on the interval (0, +00), we have

i( t ) _m(0) () _ tbu(§) ~ b, (1) _
dt\m,()) ~ m2(@) m? (t)

for ¢t > 0, where & € (0,¢). Therefore, mt(t) is monotonically increasing on the interval
"

(0, +00). Hence, 5},‘% = (m)’ is also monotonically increasing on the interval (0, +00).
It follows that
t t t l
G0 [ gurrar < [ 80 potge- Ligo foreso. )
0 o L+ 2p,

By the definition of function m1,,, we have m,,(£) = % fort > %, where A =1+ flz v(r)dr.

For ¢t > %, one has

2 t r
_ ” ﬁ 2pi+r-1
GM(t)—/(; gu(v)dr +/2(A) T dr

m

2 r t r
2'/0\# (gu(‘[)— (%) _L_2p++r1) dt_l_\/o\ <%> T2p++771d.’:

< &t -
2p, +r

The proof is complete. O

Lemma 2.2 Suppose that a > 0, b > 0, conditions (P1) and (P;) hold. Then, for any | €
(0,1], there exists L1 > 0 such that ], satisfies the (PS) condition for 1 € (0, A1).
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Proof Let {u,} be a (PS) sequence of ], in W/Ol P (x)(Q). This means that there exists C >0
such that

Ju(un)| < C, J(y) > 0 asn— oo. (10)

Now we show that {u,} is bounded in Wol’p(x)(Q). If ||u,]| <1, we are done. Otherwise, by

Lemma 1.5, we have
flul|P~ < / |VulP™ dx. (11)
Q

It follows from the Sobolev embedding theorem that

2
fu{’; dxfC/ |VulP- deC(1+ (/ |Vu|p(")dx) ) (12)
Q Q Q

From (6), (11), (12), and Lemma 2.1, we derive that there exists A; > 0 such that

1
2p, +71

1 1 b Vi P® 2
=a/(———>|Vu,,|p(")dx+—(/ %dx>
o\px) 2p,+r 2\Ja pk)

b Vu, p(x) nm
_ Vi / Vi, [P i + / (M _ GM)) dx
2p.+r o pkx) Q e\ 2p, +r1

1 1
+ -— )\/(u,,)‘iL dx
wo+r p) Jo
1 1 2
> ( - )ﬁ (/ |V, P dx)
2py  2p,+r/)pi\Jo

1 1
+ ( - —)A/(un)'j‘ dx - C,|Q|
2p.+1r  p- Q

b W, +r—p_ 2
> U A o\ /qunV’(x)dx _Ch-CQ
2p2(2p, +1)  p-(2pi +7) Q

]u(un) -

(],;(Mn): ”n)

.
> Cillun |7~ - G

for A € (0, A1). It implies from (10) that {u,} is bounded in W/Ol’p(x)(Q).
With the loss of generality, up to a subsequence, we may assume that

U, —u in Wol’p(x)(Q),

u, —>u inLl(NQ),1<s<p’.

Thus, we have

|V 7

('), vy — 1) = <a +b e

dx)/ |V, P92V, (Vs — Vi) dx
Q

. / (1) 1t — ) dx — 2. / () (1t — ) i — 0.
Q Q
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It is easy to see that
24— 2 41—
lgu(®] < C(1EPP + 1?0

Using the Sobolev inequality and the Holder inequality yields

U(gu(un))(un—u)dx SCf |un|2”+*1|un—u|dx+6/ 427 10, — u]
Q Q Q

2pi—1 2pi+r-1
< Cllually:™ Nlttn = tllap, + Clltanllzy o ity = ttll2p, +r

<Cllu, - M”2P+ +Cllu, — u||2p++r —0 (13)

and

/ (W 1t — 1) i
Q

5[ 4Pty — ]
Q

_—1
< Nl N1t = el

= C”Mn - M”pf —0 (14')

as 1 — +00. From (13) and (14), one has
|V, |P®) )2
a+b | ———dx |Vu, P *Vu,(Vu, — Vu)dx — 0 asn— +00.
o p) Q
Notice that @ > 0 and b > 0, we have

f Vi, P92V, (Vu, — Vu)dx — 0 as n — +00.
Q

It implies from Lemma 1.6 that {u,} is strongly convergent to u. Hence J, satisfies the (PS)
condition. O

In the following lemma, we will verify that /,, possesses the mountain pass geometry.

Lemma 2.3 Suppose thata > 0, b > 0, conditions (Py) — (Ps) hold. Then there exists Ly such
that the functional ], possesses the mountain pass geometry for any A € (0, X2), namely

(i) there exist m, p >0 such that J,(u) > m for any u € Wol’p(x)(Q) with |u|| = p;

(ii) there exists w € Wol'p(x)(Q) such that |w| > p and J,(w) < 0.

Proof By the definition of function G, we have
/ G (u)dx < C,L/ (1 + [u]?+*7) dx.
Q Q

By the Sobolev embedding theorem and Lemma 1.5, we obtain

/ ||+ dx < Cllu| 2+ < c( / |V [P dx)
Q Q

2p4+r
P+
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for any u € W/Ol’p(x)(Q) with fQ |VulP™® dx < 1. Let Bs, C Q satisfy that there exists gy > 0
such that p(x) < p, — & for any x € Q5,. By Lemma 1.5, the Hélder inequality, and the

Sobolev embedding theorem, we have

/IuIZP*dx:/ |u|2P+dx+f || %P+ dx
Q Bs, Q

0

2p
L Wy +r e 2
< |Bsy | %+*" |u| " dx + Cllu|?
Q

2
< C|By, | 7+7 (/ |Vl dx) + C(/
Q Qs
2 2+
_r P+=¢0
< C|Bs, | 7++ (/ |Vu|p(“)dx> +c</ |Vu|1’(")dx>
Q Q

for any u € Wol’p(x)(Q) with fQ |VulP® dx < 1. Therefore,

2p++r 2
+ CulBgy |77 ( f |Vuuft® dx)
Q

/ Gﬂ(u)dxfC,L< / IVulp(x)dx) "
Q Q
2p+
P+—¢
+C,L<f |Vu|p(x)dx> ’ (15)
Q

for any u € Wol‘p(x)(Q) with [, [VulP® dx < 1. Set pg = [, |VulP™ dx. Fix p € (0,1], it im-
plies from (12) and (15) that

2p+
@ 7.\
| VulP*™ dx

2p+r 2p+

a b R +—&
Ju(u) = P 217p§ = Cupo”" = CulBsy |7 pg — Cupg” ™ = CA(1 + )
+

+

b
= 417/03 - C)\(l + ,03)

+

2
brg ;- We have J, (u) > 8’%,03 for any A € (0, 1,).

for 8o, po > 0 small enough. Let A, = 2D
+ 0

By Lemma 1.5, we know that there exist m1, p > 0 such that ], () > m forany u € Wg’p(x)(ﬂ)
with ||#| = p.

By the definition of function g,, we know g,(t) > ¢#+71. Let Uy C s,. Fix v €
Wol 2™ (11,)\{0}. Then, for £ > 0 sufficiently large, we have

1 b 1 2
Ju(tv )=a/ —— | Vtvo[P™ dax + —(/ —— |Vt |p(")dx>
T e p@) 2\Jyp)
A
—/ G,L(tvo)dx——/ [tvolf- dx
Uy p- Uy

1 b 1 >
< atP+—€0/ _|Vvo|p(x) dx + = 2w+=e0) (/ _|VV0|19(7€) dx)
Uy P(x) 2 Uy p(x)

t2P+ r
- (ﬁ) Vo2 dx < 0.
P+ A Uy

Page 9 0of 18
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Choosing w = tvy with t > 0 sufficiently large, we have |w|| > p and J,,(w) < 0. The proof is
complete. O

Proposition 2.4 Suppose thata > 0, b > 0, conditions (P1)— (P3) hold. Then there exist Ay >
0 and L > 0 independent of (v such that problem (8) has at least two nonnegative nontrivial
solutions u,, and u) satisfying

Ju(w),) <0<J,(u)) <L forany i €(0,A).

Proof According to (P;) and (P;), we know that there exist 1 > 0 and U; C 2 such that
plx) > p, —e1 >p_foranyx € Uj. Fix gp € Wol’”(")(ul)\{O}. Let Ao = min{A1, A,}. For any
A € (0,A0) and k > O sufficiently small, we have

1 b 1 2
Julkeo) = a / kgl dx + 2 ( / L kg dx)
g px) 2\Ju, px)

A
. / Gulkpo)d— 2 [ 1kpolt- dx
125} p

- Juy
X (x) 2
<akP+=* / Voo™ dx + ékz(‘m_m) (_/ Vol dx>
u p(x) 2 u p(x)
/ _
- (—k l@ol?~ dx < 0.
P- Uy

Thus we deduce that

= inf 0 inf .
€=, (O)JH(M) <0< ueggp(o)]ﬂ(u)
By applying Ekeland’s variational principle in B,(0) (see [10]), we obtain that problem (8)
has a solution u;, satisfying J,, (u,,) = ¢, <0.

From Lemmas 2.1 and 2.2, we see that the functional J,, satisfies the (PS) condition and
has the mountain pass geometry. Define

I ={y e C([0,1], Wg"™ ()17 (0) =0,y (1) =w}, &, = inf, max J, (y (6)-

By the mountain pass lemma (see [21]), we obtain that problem (8) has a solution u;i sat-
isfying J,,(u};) = ¢, > 0. Consider the functional

Vi |P®) b Vi |P® 2
I(u):a/ [Vl dx+—</ [Vl dx) - / |, |2+ dx,
o p) 2\Ja p) 2p, Jo

where u, = max{£u,0}. It is easy to see that J,(#) < I(«) for any u € Wol’p(x)(Q). We
can choose vy € Wol’p(x)(Q)\{O} such that I(tvg) — —o00 as t — +oo. Then J,(u};) = ¢, <
Sup,.of(tvo) = L.

Since ],L(u;L) < Ju(0) < ],L(u;i), we know that u; and u;i are two nontrivial solutions of
problem (8). Let u, be a nontrivial critical of J, and u;; = max{zu,,0}. After a direct
calculation, we derive that (a + b [, [Vu, P*) dx) [, |Vu;, |P@) dx = {J/ (), u,) = 0, which
implies that u, = 0. Hence, u,, > 0. Therefore, u; and u;; are two nonnegative nontrivial
solutions of problem (8). The proof is complete. d
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3 L*-estimate of nontrivial solutions

In this section, we show that the solutions of perturbation equation (8) are indeed the
solutions of the original problem (1). For this purpose, we need the following uniform
L -estimate for critical points of the functional J,.

Proposition 3.1 Supposethata > 0, b > 0, conditions (Py) — (P3) hold. If v is a critical point
of ], with J,,(v) < L, then there exist A3 > 0 and a positive constant M = M(L) independent
of w such that ||v|| o) < M for any A € (0,13).

To prove Proposition 3.1, we need some preliminaries. Let 8 = 0 and # = 0 in Corollary 2
on page 139 of [18], we obtain the following lemma.

Lemma3.2 Let1<p<N,p<q=< NN—i,andotl =1- %. Then
lullzar) = CJl1al Vil

RN)

for all u € D(RN), where D(RN) is the space of functions in C*°(RN) with compact supports
inRN,

Lemma 3.3 Suppose that (P1) — (P3) hold. Then there exists C > 0 such that

/ |ulP- dx < c/ x| | Vi |P®) dx (16)
Q Q

foralluc Wol’p(x)(Q) with [o, x| VulP® dx > 1.

Proof If the conclusion does not hold, then there exists a sequence {u,} C Wol » (x)(SZ) such
that

n / o] | V1t [P e < / |4 |- dx (17)
Q Q
and
/ % | Vi, |PY dx > 1.
Q
Therefore,
nﬁ’=/|un|”*dxzn—>oo as 1 — +00. (18)
Q
Set u, = n,,v,. Then
/ [ValP-dx = 77;”’/ |, |P-dx = 1.
Q Q
Combining (17) with (18), we have
n / %1% Vv, [P® dix < P~ / %% Vit [PD) dx
Q Q

< n;”*/ |unlP~dx =1,
Q
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which implies that
/ 1% Vv, P¥ dx — 0 asn— +00. (19)
Q
Therefore, for any § > 0, we obtain

1
|V, [PW dx < — 1% Vv, PP dx — 0 asn — +00.
Qs 8 Qs

By the Young inequality, for any ¢ > 0, one has

Vv, [P~ dx < f (&‘ +C;| Vv, |p(x)) dx.

Qs Qs

According to the arbitrariness of ¢ > 0, we have

Vv, [P-dx— 0 asn— +00. (20)
Qs

Noticing that 92 C €25 and v, = 0 on 9%2, by the Sobolev embedding theorem, we obtain

[V~ dx — 0 asn— +00 (21)
Qs

forall § > 0. Set p = p_ and q = 2p,, it follows from Lemma 3.2 that

1
-
||M||L2p+(RN) < C(/N |x|a17*|vu|p* dx) (22)
R

for all u € D(RY). Let ¥ € C°(RY) satisfy |y(x)| <1, ¥(x) = 1 for || <& < 1, ¥(x) =0
for |x| > 281, and |Vy/| < C for x € RN, Using the Hélder inequality, we deduce from (22)

that
P- P-
2p+ 2p+
(/|WWwM) s(/|wwﬁw¢) SC/ W Vv dix
Bs, RN RN

SC/ %P~ (1 1P~ [VvulP + (v P IV 1P~ ) dx
RN
< C/ |%|*P~ | Vv, [P~ dx + C/ [ValP- dx

Bas; Qs;

§Q/IWWMMW
Basy

(x)-1
p7

ap_ = P
+é& ] Pe-r- dx + C [vu|P- dx
Bas; Qs;
e

< Cg/ % [V, P9 dx + g8V + C(/ V[~ dx) ", (23)
Bas, S5
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It implies from (19), (21), and (23) that

p7

s
/|vn|p‘dx§C</ Ivn|2p+dx) — 0 asd; — 0and n — +o0.
B, Bs;

By the Holder inequality, it follows from (21) that

=

pr
/ |vn|pdx§C</ |v,,|pfdx) — 0 asn— +00.
le le

Therefore, we have
/ [VulP~dx— 0 asn— +00,
Q
which contradicts the fact that

/ [ValP~ dx = 1.
Q

The proof of Lemma 3.3 is completed. d

Lemma 3.4 Supposethata > 0,b > 0, conditions (P1)—(P3) hold. If ], (u) < L and]l/t(u) =0,
then there exist L3 >0 and C = C(L) > 0 independent of |1 such that

/ 1x|%|VulP® dx < C  for any x € (0, A3).
Q

Proof 1If [, |x|* |VulP® dx < 1, we are done. Otherwise, by Lemma 2.1 and Lemma 3.3, we
derive from (Ps) that

L= () - i(f,;(u), u)

1 1
o (__ )qu|p(x)dx+ i <g—“(”)” —G,Au)) dx
o\pl) 2p, o\ 2p,
11 b 1 11
+< ——)k/ ub- dx + —/ —IVulp(x)dx/ (———)IVMIP(”)dx
2p. p-) Ja 2 Jo p(x) a\p(®) ps
1 11 11
> é/ —|Vu|”(x)dx/ (———)qu|p(x)dx— (—— )A/ ul~ dx
2 Ja px) a\p) p. p- 2p.) Ja

b x|* 1 1 1
> —/ LWZA”(’C) dx/ —— | VulP™ dx - (— - >A/ ul- dx
2 Ja p+(ps —clx|*) o p(x) p-  2p, Q

> C3/ |x|°‘|Vu|p(")dx/ |VuP® dx—CM/ 12| | VulP® dx
Q Q Q

2
zC?,(/ |x|°‘|Vu|"(x)dx) —c4x/ 1%|% | Vu|P® dx
Q Q

> (C3 - Cy) / || VuP dx. (24)
Q
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Set C = 2L/Cs and A3 = C5/2C,. It implies from (24) that fQ x| | VulP® dx < C for any
NS (0,)\3). O

Lemma3.5 Supposethata > 0,b >0, conditions (P1)—(P3) hold. If],,(u) <L and]l;(u) =0,
then there exists C = C(L) > 0 independent of i such that

/ |VulP® dx < C  for any i € (0, A3).
Q

Proof By the definition of function m1,,, we know that m,,(t) = ¢ for ¢t < i and m,,(t) > i
fort> % Therefore, we have
gu(w) < Cu/|ulP+* 1 < C(1 + |ul+7) (25)

for any 11 € (0, 1]. It follows from J) () = O that u is a solution of problem (8). Multiply
problem (8) by « and integrate to obtain

1
b/ — | VuP™ dx/ |Vu|p(x)dx§(a+b/ — | VuP™ dx)/ |VuP®
o p(x) Q o p(x)

:/(gu(u)+kuf*_l)udx
Q

§C(1+/ |u|2p+”dx) (26)
Q

for any A € (0,A3). Choose 0 = (2p++r)[2p1:[g:_N)+Np_], it is easy to verify 0 € (0,1]. From

Lemma 1.7 we have

@p+r)0 @p++1)(1-6)

— W+
/Iulz”*”deA(/ IVul”dx) ’ </ Iu|2"+dx) '
Q Q Q

(2p++1)6 2p++r)(1-6)
2p+

§A(f1+|Vu|p(x)dx) " (f |u|2p+dx> . 27)
Q Q

It follows from (26) and (27) that

b 2
—(/ |Vu|1’(x)dx> <b —|Vu|P dx/ |Vu®
P+ \Jo o p(x) Q

<C+ c/ || P+ dx
Q

(2p++)o

<C+ CA([ IVulP® dx + |s2|)
Q

(2p++r)(1-6)
2p+
< / || 2P+ dx) ) (28)

According to (7), we have

(2p, + r)9 Nr
p-  [2p.(p--N)+Np_ ]

Page 14 of 18
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To prove that [, |Vu[?™ dx is bounded, we just prove that [, |u|%* dx is bounded. Now
we show that [, ||+ dx is uniformly bounded. By the Sobolev embedding theorem and

Lemma 3.4, for any § > 0, we have

S

¥
* P=
|u|P- dx < C( |VulP- dx)
Qs Qs

11;_:
5c<1+/ |Vu|”(")dx>
Qs

b=
P,
<C+ C5< |%|% | Vu @ dx>

s«

p-
p,
<C+C;s (/ |x|% |V u @ dx)
Q

<Gs. (29)

Noticing that 1 < 2p, < p*, by the Holder inequality and (29), we have

24
|2+ dx < C( |uafP" dx) "< (30)

Qs Qs

for any § > 0. It implies from (23) that

2, 21% o (x) N * IIZ_E
|u| P+ dx <C, |%|* | VulP™ dx + e6™ + C |u|P- dx
Bs Bs Qs
17_;
* p=
< CS/ %1% V™ dx + e8N + C( ||~ dx)
Q Qs
By Lemma 3.4, we obtain
|u|%* dx < Cs. (31)
Bs
We deduce from (30) and (31) that
/ |u|®+ dx < C. (32)
Q
According to (28) and (32), we have fQ |VulP® dx is uniformly bounded. O

Proof of Proposition 3.1 Using the Sobolev embedding theorem and Lemma 3.5, we have

p¥

/ [vIP= dx < c(/ |Vy|P- dx) < c(/ (1+ V@) dx) <C. (33)
Q Q Q
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Lets>0and ¢ = 2p, +r. According to (25), multiply problem (8) by v#-*! and integrate to

obtain

1
b/ —|Vv|p(x)dx/ |VyPO-2vyvyP-+1 gy
o p(x) Q

1
< (u+b f —— Vv dx) f VP2 vy -+
o p(x) Q

= () + M-y P+l gy
(gu + )
Q

< C(l +/ |V|5”‘”dx>
Q

for any X € (0, A3). It implies that

1
b / —— |VyP¥) dx / |VyIP-vP- dx
o p(x) Q

1
< b/ ——|Vy]P® dx/ (1+ |Vv|p("))vs1’* dx
a Pl Q

p(x)
b (x) 1 (x)—2 +1
=— | |Vv)P¥dx vP-dx + Vv 2 VvV P-* dx
p-Ja Q sp-+1Jg
Cb
< —/ | V[P dx(l +/ |V|SP‘”dx). (34)
pb-Ja Q

On the one hand, by the Sobolev embedding theorem, we have

1
/|Vvlp*v5p*dx=7/‘Vvl”‘p’dx
Q (1+9)P- Jg

P—

C Y
> Taor ( / |V|(1”)p-dx> : (35)
Q

On the other hand, by the Holder inequality and (33), we have

pffﬁp_

t—p—
" P rx 3
/ |v|s””dx§( / |v|1’dx> : ( / Mlaen=r= dx) !
Q Q Q

dp—
b

i
sc(1+ / |VV|p(x)dx) " ( / v 0497 dx) -, (36)
Q Q

where d = % > 1. According to (34), (35), and (36), we obtain

b =
* p=
—/ |VV|p(x)dx</ |v|(1+s)p- dx)
P+ Jo Q
1 =
sb/ —IVvlp(x)dx</ |v|<1+s>1’*dx)p
o px) Q
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t-p— dp—

- * E
/ |V dx(l + (1 +f |V [P dx) )( |19 dx) .
Q Q Q

Since Z£= > 1and [, |[Vv|P® dx < C, we have
-

P-
X

22 ap-
(/ |V|(1+s)pi dx)p < (C(l +S))1L maX{l, </ |V|(1+s)%- dx) pE }’
Q Q

which implies that

1
* Trs)p®
max{l, (/ |V|(1+s)p, dx> v }
Q
T
1 * 1+s)p*
<(CA+9)™ max{l, (/ |v| @+ dx) v } (37)
Q

Now we carry out an iteration process. Set s = d*-1fork=12,.... By (37), we have

1
« dkp*
max{l, (/ |v|dk - dx) o }
Q
1 ﬁ
< (Cdk)aTk max{l, (/ |V|dk_1pf dx>d P }
Q

< li[(Cdf)j max{l, (/Q v|P= dx)'%* }

]
1
- cXmd? gTpd maX{ 1 (/ |viP= dx) ) } (38)
Q

Since d > 1, the series Z]Ofl d7 and 210:01 jd7 are convergent. Letting k — 0o, we conclude
from (33) and (38) that ||v||zo(q) < M. The proofis complete. O

Proof of Theorem 1.1 Let A, = min{Ag, A3}. By Proposition 2.4, we know that problem (8)
has at least two nonnegative nontrivial solutions u;, and u; satisfying

Ju (u;) <0<J, (u;i) <L forall A €(0,A,).

By the definition of function m,,, we have m, (t) = ¢ for t < i Hence, problem (8) reduces
to problem (1) for |u| < i Let i < ﬁ By Proposition 3.1, it is easy to see that ”;1 and u;i

are indeed two nonnegative nontrivial solutions of problem (1). a
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