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1 Introduction
We consider blow-up dynamics of solutions to the initial boundary value problem for the
following damped wave equation on exterior domain

Ug ... U+ fzuc=f(u,u), tx)e(0,00)x ¢
u(0,x) = f(x), u(0,x)= g(x), xe ¢, (1.2)
ut,x)) =0, t>0,

wheref (u,ur) = [ulP, [u [P, |ug|P + [u]9(1 <p,q < o0). W is a positive constantz-u; is the

scale invariant damping term. = B;(0) = {x||x| <1} and °¢=R"\ By(0). LetBg(0) =
{X]|x] < R},R> 2. The initial valuesf (x) and g(x) possess compact supports, which satisfy

(F(x),00¢) e H( ¢) x L*( ©)

and

supp(f (x),9(x)) C Br(0). (12)
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Let us recall several results on the Cauchy problem for nonlinear wave equation

Ug ... u=f(u,ue), (t,x)e(0,00) x R, 13)
u0,x) = f(x), w(0,X)= g(x), xeR" '
wheref (u,u;) = |u|P,|u¢|P, |u¢|P + |u|9. First, we introduce the related results of problem
(1.3 with power-type nonlinear termf (u,u;) = |u|P. In fact, whenn = 1, ps(1) = co. While
n > 2, ps(n) is the largest root of the quadratic equation

(P,n)=..0... %>+ (n+1)p+2=0. (1.4)

We say thatps(n) stands for the Strauss critical exponent, which represents the threshold
between the blow-up dynamic of solution and the global existence of solution. GlassBy [
veri“es the blow-up of solution to the problem in the dimensions = 2. John P] proves
the non-existence of global solution to the problem for 1 g < ps(3) = 1 ++/2 in the case

n =3. Zhou [3] investigates the existence of global solution to the Cauchy problem in the
dimensionsn = 4. Blow-up results and lifespan estimates of solution where 4 are con-
sidered in ]. Upper bound lifespan estimate of solution to the small initial value problem
can be summarized as

T( )< C 7 bm ’ 1<p<ps(n)1

(1.5)
exp(C P01, p=ps(n).

We are in the position to consider problem1.3) with derivative-type nonlinearity|u; |P.
It has been conjectured that the non-existence of global solution occurs for 1 whenn =
1. In addition, there is a critical exponenpg(n) = %11that the solution blows up in “nite
time if L <p<pg(n) (n > 2). This is the well-known Glassey conjecture studied by many
scholars. Johnd] investigates the formation of singularity of solution to the problem when
n = 3. Masuda ] proves that the solution to the problem blows up in “nite time when
n < 3. RammahaT] establishes blow-up results of the problem in the cage> 4 in the
sub-critical case using iteration method. Zhoug] obtains lifespan estimates of solution
for 1 <p<pg(n)(n> 2) as well as 1 9 <oco (n =1). Upper bound lifespan estimate of
solution to the problem with small initial values can be summarized as

c 65 1<p<pgs),
T() =< {exp(C 81, p=psn), (1.6)

00, Pe(n) <p<:-,

The classical wave equation with combined type nonlinear terms | + |u|% has also been
widely discussed. The problem can be regarded as a material combination of power-type
nonlinearity |u|? and derivative-type nonlinearityju;|P. When the spatial dimensiom =1,
Zhou and Han B] show non-existence of global solution to the problem for 1 g,q < co.
Upper bound lifespan estimate of solution is derived by utilizing test function method.
Han and Zhou [L0] prove the blow-up result of solutionwhendg... 1)@ ... 1 ... 2) <4. The
interested readers may refer talfl..13] for more relevant results.
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Recently, the research of semilinear damped wave equations attracts more attention (see
detailed illustrations in [L4..22]). Let (i be a solution for the following linear damped wave
equation, namely

O ... G+ (1+1) G =0, (t,x) € (0,00) x R", L.7)
a0,x) = f(x), 0:(0,x) = g(x), xeR",

wherep >0, eR,f,ge C§°(R"). We summarize the behaviors of solution as the follow-
ing four cases.

Scope of  Corresponding damping Behavior of solution

<..1 Over damping Solution does not decay to zero
..Ix <1 Eectve Solution is heat-like

=1 Scaling invariant Behavior of solution depends qn

>1 Scattering Solution is wave-like

The case <...1is corresponding to the over damping. The solution does not decay to
zero in this case. Ikeda and Wakasudi4] verify the existence of global solution fop > 1.
...1=  <1isthe e ective damping case. The solution behaves like that of heat equation,
which indicates that the term has no in"uence. Lin et al. 3] prove blow-up results of
the problem for 1 <p < pg(n), where the Fujita exponenpg(n) =1 + % Ikeda and D<Ab-
bicco [24, 25] obtain the precise lifespan estimates of solution to the problem.=1 is
corresponding to the scale invariant case. The equation is an intermediate situation be-
tween wave- and heat-like. In this case, behavior of solution is determined by the value of
K, which provides a threshold between the e ective and non-e ective damping. Fujiwara
et al. [26] show blow-up result and lifespan estimate of solution in the critical case> 1 is
the scattering damping case. The solution behaves like that of wave equation. In this case,
the damping term has no in"uence. Lai and Takamur&[/] derive the blow-up of solution
when 1 <p < ps(n).

Now let us come back to our problemX.1). DsAbbicco R8] shows the existence of global
solution when

5
3

H=>13, n=2, (1.8)
n

On the other hand, Wakasugi29] proves the blow-up result when 1 9 <pg(n)(u > 1)
and 1 <p<pg(n+p ... 1)(0 ¢4 <1). The lifespan estimate of solution satis“es

p...1
T( )< C ~Znp-1), l<p< pF(n) H > 1, (j_ 9)
= 1 .
C “Z@ DD, 1<p<l+_2-0<p<l.

Wakasugi B0] illustrates that the behavior of solution is wave-like whep > 1. Takamura
[31] obtains the following lifespan estimate of solution

T()<C "~ (pn+2u)) <ps(n+2u),0< <n2+n+2 (1.10)
p pS U1 “ 2(n+2) b
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We observe that the lifespan estimate inl(10 is better than that in (1.9 whenn > 2.
Notice that p = 2 is a special case. In general, applying the Liouville transform

v(t,x) = (L +1)2u(t, x),

we rewrite problem (.1) as

p
Vi ... v+ BEH = VP (t,x) € (0,00) x R",
4..(1%2 (l+t)u(p 1 (1.11)

v(0,x) = f(x), v¢(0,x) = {%f(x)+g(x)}, x e R

In fact, we expect this exponent to have some relationship wigla(n). D«Abbicco et al. 82]
obtain formation of singularity of solution to the problem. The critical exponent is

pe(n) = max{pe(n),ps(n+2)}, n<3.

Meanwhile, the authors prove existence of global solution whgn> p.(n) (n = 2,3) and
blow-up of solution when 1 <p < p¢(n) (n > 1). DeAbbicco and Lucente33] obtain
the existence of global solution in higher dimensions > 5 whenpg(n +2) <p <1+
2(max{2, %)

For problem (1.1) with f(u,u;) = |u¢|?, Lai and Takamura B4] investigate the blow-up
result of solution when 1 <p < pg(n + 2u). Palmieri and Tu B5] show the formation of
singularity of solution when 1 <p < pg(n+ ), where

2y, pel0,1),
=12, pelL?2), (1.12)
M, M E€[2,00).

In addition, Hamouda and Hamza36] obtain the blow-up dynamics of problem{.1) with
f(u,uy) = |ugP+ |ul?in R" in the case (p,g,n+ W) <4, where

(P.an=(@Q...1%"N...Y»...2 (1.13)

We refer readers to 85, 37] for more details.

Motivated by the previous works in 9, 27, 34, 38..43], our main purpose is to consider
lifespan estimates of solutions to probleni(1) on the exterior domain. We note that there
are several results for the wave equation on the exterior domain. Han and Zh&ud?9, 40]
investigate the blow-up results of semilinear wave equations with the variable coe cient
on the exterior domain in di erent dimensions by utilizing the Kato lemma. Employing
the test function technique, we generalize the problems studied i9, B9, 40] to problem
(1.1) with the scale invariant damping in the constant coe cient case. We observe that
Lai and Takamura R7, 34, 41] derive the lifespan estimates of solutions to the semilinear
damped wave equations in the scattering cas&f{)— u;, > 1) with the iteration method,
where the nonlinear terms are power nonlinearityu|P, derivative nonlinearity|u|°, and
combined nonlinearities|u; | + |u|?, respectively. Lai et al42] consider the blow-up result
of solution to the semilinear wave equation with the scale invariant damping terrﬂ‘;{ut)
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when 0 <p < po(n)(n > 2) with the improved Kato Iemma The novelty in this paper is that
we employ the cut-o testfunctiontechnique( = & o(x), p (t,x)), whichis di erent
from the iteration method and improved Kato Iemma in27, 42] to verify the upper bound
lifespan estimate of solution to problemX.1) with power nonlinearity |u|® whenp > 0(n >
1). It is worth mentioning that Lai and Tu 43 investigate the semilinear wave equations

with the scattering space dependent damping; | 7 U > 2) by making use of the test

function method ( = %p (t,x), ¢ (t,x)). Upper bound lifespan estimates of solutions
to the problem with power nonlinearity|u|P and derivative nonlinearityju; |P are obtained,
respectively. However, we consider the probler.() that contains the scaling invariant
damping term (llﬁut). Furthermore, we derive lifespan estimates of solution to problem
(2.7) with combined nonlinear termsju, |P + |u|9. Utilizing the test function method, Chen
[38] shows the lifespan estimate of solution to the damped wave equation with derivative
nonlinearity |ut|P and combined nonlinearities|u;|? + |u|9, respectively. We extend the
problemin R" studied in [38] to the exterior domain. In addition, we establish the blow-up
result of solution to the initial boundary value problemZ.1) with the power nonlinearity
|ulP. To our best knowledge, the results in Theorentsl..1.3are new.

The main results in this paper are presented as follows.

Theorem 1.1 Let p> 1.Assume thatthe initial values {x), g(x) are non-negative functions
and do not vanish identicallylt holds that

supp u(t,x) C {x||x| <t +R}.

Then the solution of problen(l.1) with f (u, u;) = |u|P blows up in a “nite time. The upper
bound lifespan estimate satis“es

2p(p...1)
C T (p,n+pn)>0,n>3,
1)
T()<{c B (p.2+1)>0,n=2, (1.14)

_20(p.. 1)
C --upz+up+4,

Mp?+up+4>0n=1.

Theorem 1.2 Assume that the initial values {x),g(x) are non-negative functions and do
not vanish identically It holds that

suppu(t,x) C {x|[x| <t +R}.

Then the solution of problengl.1) with f (u,u;) = |u¢|P blows up in a “nite time. The upper
bound lifespan estimate satis“es

Cﬁ) 1<p<n+u S+1n>3,
exp(C .,;..p.l..l)’ p= n+u et L= 3
T()=4¢ GBS 1<p<Zirin=2, (19
exp(C “""1“1), P=sit 1 n=2
c TEED 1<p< g tln=1,
exp(C -1, p= 2+p +1 n=1.
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Theorem 1.3 Let p,q> 1. Assume that the initial values €x),g(x) are non-negative func-
tions and do not vanish identicallylt holds that

supp u(t,x) C {X||X| <t+ R}.

Then the solution of problenfl.1) with f (u,ut) = |u¢|P + |u|9 blows up in a “nite time. The
upper bound lifespan estimate satis“es

2p(@...1)
C "a-®am,  (p,g,n+u)<4n=3,
T()<{c =bim, (pg2+u)<4n=2, (1.16)

2p(g...1)

C "FHPEWP,  ppq..Up<4,n=1.

2 Proof of Theorem 1.1
2.1 The casefom >3
We present the de“nition of energy solution and related lemmas.

Definition 2.1 Suppose that u is an energy solution of problem.{) on [0, T) if
ueC([0,T),H*( ©))nc([0,T),L%( ¢))nLE.( °x(0,T))

and

/cg(x) (0 dx + /cpf(x) (O,x)dx+/0T/cf(u,ut) (t,%) dxdt

:.../OT/cut(t,x) t(t,x)dxdt+/OT/CVuV (t,x)dxdt

T o
/0 /cmu(t,x) t(t,x)dx dt
T
M
+fo /Cmu(t,x) (t,x) dxdt, 2.1)
forall (t,x) eCE(0,T) x ©.

Lemma 2.1 ([44]) There exists a function ¢(x) € C2( ©) (n > 3) satisfying the following
boundary value problem

oX)=0, xe ¢ n>3,
o¥)| =0, (2.2)

|X| = o0, o(X) = o0.
Moreoverforall x e ¢ itholdsthat0 < o(x)<1.

We introduce the following ordinary di erential equation

u

") ..0—
® 1+t

@) ... (t)=0. (2.3)
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Lemma 2.2 ([38]) The ODE(2.3) admits one solution
()= (1+)7 Kya (1+1),

where K(z) is the second kind modi“ed Bessel functiom particular, (t) is a real and
positive function satisfying

(0=Kua(1)>0, (0= Ky a1)<0,  '(t)<0.

For large t it holds that

(t):é\/;(l +1)2et x (1+o<1—it)> = (). (2.4)

Lemma 2.3 ([9]) There exists a function 1(x) € C?( ) (n > 1) satisfying the following
boundary value problem

)= 1%, xe Snx=1,
1)l =0, (2.5)

[X] = oo, 1(X) = [on.1€ d .

Moreoverthere exists a positive constant, Guch that0 < ;(x) < C(1 + |x|)---"*'fleIXI for all
xe °C.

We de“ne the test function
t,x)= (1) 1(x). (2.6)
Lemma 2.4 Letp>1.Forallt > 0,it holds that

/ [ tx]Ptdx<C P ¢+R1H e,
CN{|x|<t+R}

where p= pll and C is a positive constant

Proof Using Lemma2.3 we have

/ [ (%] dx
°N{|x|<t+R}

:/ [ ® 1(X)]"%1dx
Cn{|x|<t+R}
: R (.1
<cuae) 7 [T 1
0
<c P a+R1E e, @.7)

This completes the proof of Lemma.4. O
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Lemma 2.5 Letp>1.Forallt > 0,it holds that

1 an, 059

]
// [ (tX]7" ox) Padxdt < CT -2
0 CN{|x|<t+R}

where p= pll and C is a positive constant

Proof The direct computation shows

f - (t.0)]7 o) P idx
CNf|x|<t+

= [ L] o P
¢NBR(0)

+/ (t,X)]7 o(x)P-1dx
(- C\BRO)N({Ix|<t+R}
= Ma(t) + Ma(t). (2.8)

We bearinmind 0< o(x)<1forallxe C. There exists a constant € (0, 1) such that
o(X) > Cwhenx e ( ©\Bgr(0))N{|x] <t+R}. Making use of Lemma.4, we acquire

P
Ma(t) = [ 620]7 600 71X
(- C\BRO)N(Ix|<t+R}
<C Q)P (t+RM 1T . (2.9)

Taking advantage of Lemma 2.5 ir9], we have

My(t) <C (t)” / - (O)dist(x, ydx <C (t)?. (2.10)

We conclude

/ (i R}[ (0] o9 idx
CN{|x|<t+

<C (t)P(t+ R)”---l-%i et (2.12)

Utilizing (2.4), we have

/Tf [ @x) o(><)“'Tl-'10|><dt§C/T AP &t + R gt
0 c

T2
1 (1
<CT 7= 7, (2.12)

This proves Lemma2.5. O
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Proof of Theorem..1 Let (t) € C*([0,00)) satisfy

1, t<i,
(t) = { decreasing, 3 <t<1, (2.13)
0, t>1
and
| '®Wl=<c, | "M|=cC.

Let t(t)= (+).Choosing (t,X)= %p/(t) o(X) in (2.2) with f (u,u;) = |u|® and integrating
by parts, we obtain

T /
[ 000 atgaxe [ uiey ooa [ [ e ¥ opdea

//ut T o(x)dxdt. //1+tutT o(x) dxdt
+/o /c(li—t)zu 2 o(x)dxd

=lhitlztls (2.14)
Noting that
2’_2_P 2.1,
tT T T ’
2 2p/_ 2p(2p 1)2p/1 /|2 2p 2p
t T _T T -I—Z T ]
we derive

||1|§CT“/ /|u % 2 o(x)| dx dt

<CT- 2(/ / up # (x)dxdt) (// (x)dxdt)

<CT™L-P 4 //|u|”2 o(¥) dxdt, (2.15)

e <cr [ [ [ 7o
<CT~ ‘(/ / up # o(x)dxdt) (/ /(1+t) o(x)dxdt)
§CT""(/(;Tt”“'°/dt> (/T/Cw % 0(x)dxdt>ﬁ

<CT™L-P 4 = / / luP 2 4(x)dxadt (2.16)

T

dxdt

T

T

Page 9 of 25
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and

dxdt

T H 2/
||3|§/O /C‘mu T o)
1

c(/OT/ up O(X)dxdt)%(/T/ [a‘:—t)zr 0(x)dxdt>p/

<CTML-# 4 = / / uP # o dxat. (2.17)
From (2.14), (2.19, (2.16, and 2.17), we obtain
T / /
Ci(f,0) +/O /C|u|p 2 () dxdt < CT™L#, (2.18)
where
et @=c( [ o otaxr [ uig aoa).

Setting (t,x) = $p/(t) (t,x) in (2.1) with f (u,u;) = |ulP and integrating by parts, we get

;
caf.g) + [ [ P axat
0 Cc
T T ,
:/ / u2?® dxdt+2/ / ug ® dxadt
0
T M 2p
/O /cul+t tT dxdt+/ / (1+t)2 T dxdt
T 2p H
+/O /cu 2 1(x)< O 0 (t))dxdt
T T ,
:/ / u 12 -?—p dth+2/ / u ¢ -?—p t dxdt
L o
// 1+ttT dxdt+// (1+t)2T dxdt

:|4+|5+|5+|7, (219)

where
et 9=c( [ o © s09ax+ [ 1 ©)-.. 000 1K),

Using Lemma2.5, we deduce

|I4|</ / lu 2 x | dx dt
SCT'--Z(/OT/C ?P’|U|P O(x)dxdt>%(/0T/c o(X) P 1dxdt)

Qe



Ren et al. Boundary Value Problems (2023) 2023:36 Page 11 of 25

1
L2484 -0+l T 20 1o p
<CT""v» T ulP o(x)dxdt) , (2.20)
0 [
T /
||5|5/ / |Ut 12_p t |dth
<CT- ‘(/ / 2y 0(x)dxdt> (/ / o(X)P- 1dxdt>

Qe

Y..n+l
Do R A o (// 2 |yp o(x)dxdt). 2.21)
In a similar way, we acquire
o4l 4 Mt T , fl)
llgl,[I7] <CT°¥" 2 (/ / Plup o(X)dth> : (2.22)
0 C

We conclude from .19, (2.20, (2.21), and .22 that

Cyf.g) <CT 9% 1(// 2y pp (x)dxdt).

This in turn implies

(Caff @) )PTM" / / 2 uP o(x)dxdt. (2.23)
From (2.18 and 2.23, we arrive at
2p(p...1)
T <C " hn, d

2.2 The casefom=2
We are in the position to present several lemmas.

Lemma 2.6 ([38]) There exists a function o(x) € C3( ©) (n = 2) satisfying the following
boundary value problem

ox)=0, xe %n=2,
o¥)| =0, (2.24)

|X| = o0, o(X) > o0.

Moreoverforall x € ¢, itholdsthat0< ¢(x) < Clnr,where C is a positive constajand
r=|x|.

When we setn = 2 in Lemmas2.4and 2.5, we obtain the following two lemmas.

Lemma 2.7 Letn=2and p> 1.Then for all t > 0, it holds that
/ [ @x] "dx<C ()" (t+R*" fef“
{IX|<t+R)

where p= pil and C is a positive constant
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Lemma 2.8 Letn=2and p>1.Then for all t > 0, it holds that
T o 1 up' o B 1
/ / [ %] o) P-1dxdt<CT z 2 z(InT) P2 (2.25)
0 CN{IxI<t+R}

where p= -2 and C is a positive constant
p...2

Proof of Theorenmi.1 Similar to the derivation in 2.15...2.17), we acquire

|I1|§CT'“Z</OT/C|U|F’ % 0(x)dxdt>%(/0T/c 0(x)dxdt>
§CT---2(/OT tzlntdt)%</oT/C|u|P x O(x)dxdt)%

, 1 /7 /
<CT*PInT+ Z/ f uP 2 o(x)dxadt, (2.26)
0 C

1[N

p

and
3.9 17 p 2
Il2],]l3) < CT3 1nT+Z/0 /C|u| P o) dxdt. (2.27)
Applying (2.14), (2.26), and .27, we obtain
T , !
Cui(f,9) +f / luP % o(x)dxdt <CT>?InT. (2.28)
0 c
Combining Lemma2.8 we deduce

T : % T / 1 p
et [ [ Fwe owaxa) ([ [ o aaxa)
0 c 0 c

22l

T 1
<CT™% T(lnT)--$</ f 2P o(x)dxdt>p. (2.29)
O [

|

Similarly, we obtain

2 4l T / :
teb sl <CT Ty B[ Fiup aoaxet)” (2.30)
0 Cc
We conclude from .19, (2.29, and .30 that
P pt2. B ! 2
(Co(f,g) )' T P*#"2 InT 5/ / T lulP o(x)dxdt. (2.31)
0 [
From (2.28 and (2.31), we have

2p(p...1)

T<C 02, 0
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2.3 Thecasefom=1
We present several related lemmas.

Lemma 2.9 ([38]) There exists afunctiong(x) € C?([0,00)) (n = 1) satisfying the following
boundary value problem

oxX)=0, x>0,n=1,
0(X¥)Ix=0 =0, (2.32)

IX| = o0, o(X) = oo.

Moreoverthere exist two positive constants @nd C,, such that G(X) < o(X) < Cy(x) for
allx > 0.

Lemma 2.10 Letn=1and p>1.Then, forallt > 0,it holds that

t+R ,
f [ @,%]" dx<C @&,
0

where p= pll and C is a positive constant

Proof Making use of Lemma2.3 we obtain

t+R , t+R ]
/0 [ @x] dx:_/o [ @) 10]" dx
. R ;
< (P / (Cé)” dx
0
<C (e (2.33)
This “nishes the proof of Lemma2.1Q O

Lemma 2.11 Letn=1and p>1.Then, forallt > 0,it holds that

T t+R o 1 up'
/ / [ %] o) P-1dxdt<CT z ™,
o Jo

where p= pll and C is a positive constant

Proof The direct calculation shows

t+R , 1
fo [ t.¥)]" o) P-1dx
R , 1
AR R

t+R , 1
+/R [ @] o) P-tdx

= Ms(t) + Ma(t). (2.34)
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We observe that 0 < ¢(x) < oo for all x> 0. There exists a positive constari&, such that
o(X) > CwhenR<x <t+R. According to Lemma2.10 we have

t+R , 1
Ma(t) = fR [ @%]° o(x)P1dx<C ()&, (2.35)

Taking advantage of Lemma 2.5 irBP], we acquire

R , 1
Ma®= [ [ @x]" o) P
0
< / R(C><)"'Tl~1 ®F 1(x)P dx
0
R
< p --]Tl__l Pd
<C (1) /0 X xP dx
<C (t)". (2.36)
We conclude that
t+R , 1
/ [ €] o) Prdx=C @€, (2.37)
0

Therefore, we have

T t+R , 1 T . ,
/ / [ @%] o(x)P-rdxdt < c/ (P Ptdt < CTHP2*L, (2.38)
0 0

T/2

This “nishes the proof of Lemma2.11 O

Proof of Theoreni.1 Similar to (2.15...2.17), we derive

T ,t+R ) 3 T ,t+R é
|I1|§CT'“Z(/ / lupp 2 o(x)dxdt) (f / o(x)dxdt)
0 0 0 0
1 1
1 T = T t+R , =
§—CT“'2(/ tzdt>p (/ / lupp 2 0(x)dxdt>p
2 0 o Jo
, l T t+R o
<CT3P +—/ f lulP 57 o(x)dxdt, (2.39)
4Jo Jo
and
, 1 T t+R o
], l13] < CT®® *Z/ f uP % o(x)dxa. (2.40)
0 0

Applying (2.14, (2.39, and .40 givesrise to

T 4R , )
Ca(f,9) +/ / luP 2 o(x)dxdt <CT3. (2.41)
0 0

Page 14 of 25
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Making use of Lemma2.11, we acquire

i T pt+R o
la] =CT lu iy |dxdt
o Jo

T R 5
< CT---Z(/ / 2y 0(x)dxdt>
0 0
T t+R p 1 P
x ( / / Pt o(x)"Pmldxdt>
0 0

|~

2+l+% T rtR 20 %
e </ / 2P o(x)dxdt) . (2.42)
0 0
In a similar way, we arrive at
...l"i'*“ T R 2p/ %
pa el i =35 ([7 [ P gana)” (2.43)
0 0

We conclude from .19, (2.42, and .43 that

T pt+R
(Calf ) )T 5/ f 24P o(x)dxdt. (2.44)
o Jo
Applying (2.41) and (2.44), we obtain
2p(p...1)

T < C "'..|.1p2+pp+4_ O

3 Proof of Theorem 1.2
3.1 The casefom >3
We introduce

0, t<3, t
= = (—). 3.1
0 {(t), oy MO () @1

Let M € (1,T). Set = ...f,,p/(t) ) o(X) 1(X). Choosing (t,x) = ¢ in (2.1) with
f(u,ut) = |u¢|P and applying Lemma2.1lead to

;
(.9 +/O fc|ut|p WO ©] o0 1()dxat
T /
:./c; /Cut l%/lp (t) o(x) 1(X)( "(t) ... (t) % /(t)> dxdt
T /
+/O fcut 231 () o 10)dxdt
T /
+2/O /Cut e (1) (1) o) 1(x)dxdt

T /
. /o [ F® 07 awv edxt
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./ / 1+tut t M (t) o(X) 1(x)dxdt

:/0 /cut 2w @ o) 100dxdt
T /
+2/(; /Cut t f/lp () '(t) o(¥) 1(X)dxdt

:
+/ / U () OV o)V 1(x)dxat

/ / 1+tut t M (t) o(X) 1(x)dxdt

=lg+lg+Ilig+ 111, (32)

whereCs(f,) = .. « "(0)(9) ofx) 10)dx+ [ (OF () o(x) 1(x)dx.
The direct calculation gives rise to

T , 1
llglscm--?(/ /c|ut|p 21 t)] o) l(x)olxolt)p
(/ [RECESICLER® it
{|X|<t+R}
<CM" m#&(/o /C|ut|p 2 )] o) 1(x)dxdt)p, (3.3)
T , 1
|I9|§CM"'1(/O /C|ut|P h2/|p| ‘)] o(x) 1(x)dxdt>p
T o
x (/O /J '®)| o) 1(x)dxdt>

=cM lm;_11(/0T/C|ut|” 2 0] o) 1(X)dxdt)ﬁ, (3.4)

: | :
ol <[ [ P 101 o0 a0 oxet)

(/ ,/ o v P (t)|p (o) iz PV 0(><)|p 1 1(X)dxdt>

T

o

=CM 2+m%l"l(/o /Clutl" 1 O] o) 1(x)olxolt)p (3.5)

and

' ’ ;
||11|SC|\/|--.2</0 /clqu h2Ap| "] ox) 1(X)dxdt>
M . Ll p_l/
§ </% /|X|<t+R| O OF* o) 1(X)dxdt)

<o =8 / [N 1(X)dxdt> . 3.6)
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It is deduced from @.2)...8.6) that

T /
) +fo /Cw 21 )| o(x) 2(x)dxclt

5CM"'1M5+_1§</OT/C|utIp 21O o) 1(X)dxdt> : @7

We introduce the following function

F(M):/lM(/OT/Cwi O] o0 19 ¥ dxa) =

T /
§Cln2/0 /C|ut|p| '©] o) 1(x) & dxadt. (3.8)

Di erentiating ( 3.8) with respect toM gives rise to

T /
Fon= [ [ 1P| O] o 169 F axet 39)
Combining (3.7), (3.8), and 3.9), we derive
M 2D M) > c(Cyf,g) +F(M))P. (3.10)

Thus, we obtain

p...1
o L IR D)

C o 77, l<p<—2—+1,

T()< Nt L (3.11)
exp(C 01, p= n+§ +1
3.2 The case fom=2
In this case, we achieve
2R L 1 T 20 :
[lg] <CM P (InM)? (/ / lu® o | @] ox) 1(x)dxdt) , (3.12)
0 C
18 1 /(7 o/ G
[lg] <CM™ P (InM)? (/ / lul® o | @] ox) 1(x)dxdt) , (3.13)
0 C
2%% 1 T Zp/ ’ %
0l < CM panM)“p(f [ ¥ o) oo 1(x)dxdt) (3.14)
0 C
and
LRl /(7 2 >
[l11] < CM ¥ (InM)P </ / u® o | /)] ox) 1(x)dxdt> ) (3.15)
0 c

Making use of 8.2 and (3.12...8.15 leads to

T /
) +fo fcw 21 )| o(x) 2(x) dxclt
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1 1 T , 5
<om R ([ f e 0] o et

Combining (3.8), (3.9), and 3.16), we derive

B+ 1

M = M)P-F (M) > C(Ca(f,g) +F(M))".
As a result, we obtain

p...1
"y GH)p...1)
1.3 2
C 2, 1<p<gzm;+i

exp(C oY), p:%+1.

T()=

3.3 Thecasefom=1
In this case, we acquire

21 1/ T ’ :

ot <o 2 F i ([ f e 71 0] a0 odxat)”

21 1/ T ) 5

|I9|§CM"'147Hp’Mp’ (/ / lug|P ,\2,|p| )] o) 1(x)dxdt)p,
0 C

2+ 1 1 T ’ %
ol <com 2 Id ([ f e @) 0] o0 o)

N

and

w1 1T / »
<o IS ([ e ¥ 0] a0 o)

Taking into account 3.2) and (3.19...8.22 yields

T /
catt.a) + [ [ P ¥ 0] o0 seaxet
SCMUJ%F’%(/OT/JUHP fﬂp/] ‘)] o(x) 1(x)dxdt>p.

Combining (3.8), (3.9), and 3.23, we derive

M...1

M “EE (M) > C(Caf.g) +F(M))°.
Consequently, we conclude that

p...1

v @H)p-.D)
1.3 2

T 1<p<Ei+l

exp(C [)l), p= ﬁ +1.

T()=

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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4 Proof of Theorem 1.3
4.1 The case fom >3
We introduce the following function

0, t<i,
(t)= {increasing, %<t<3,
(1), t>1.
We set
_ (! _ &
m(t) = o) m(t) = w(),

whereM € (1,T),k is a positive constant. We obtain
2 ) <CM-2 g t
’ t M( )| — M ( )1

1
k

| @) =CM-1 5.

Choosing (t,X) = wm(t) o(X) in (2.1) with f(u,u;) = Jut|P + |u|9 and integrating over
[0,T) x € wehave

]
/0 /C(|ut|p+|u|Q) v o(x) dxat

T ) T u
:/0 /Cut M o(x)dxdt+/O /Cmu m o(X)dxdt

T u
/0 /Cmut m o(x)dxdt

=l +liz+la (4.1)

We notice thatsupp w C [§,R]. We acquire

.
tal= [ [ Ju 2w obo]cxet
0 c

T AL .55) a

SCM"'Z(/ / ul® a o(x)dxdt)

0 c
X </ / a o(x)dxdt)
0 Jix<t+R

24l T ‘_14
<CR"¢ </ / u? w o(x)dxdt) , (4.2)
0 C

whereq(1 ..2 %) > 1 for some su ciently large k. It holds that

]
|I13|sc/ f
0 C

U=

dxdt

U m o(X)(l:_l—t)z
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U=

SC(/OT/CIUIq M o(X)dxdt>%</0Tt“'2‘/dt/XSHR o(X)dx)q

.24l T ‘_14
<CR™" ¢ </ / u® m o(x)dxdt) . (4.3)
0 c
In a similar way, we derive
2441 T g
llg <CR™ '@ (/ / lul9 m o(X)dth) : (4.4)
0 c

Combining (4.2), (4.2), (4.3, and @.4), we have

.
[ ] P i) opaxar

201 (T q
<CR™¢ (/ / ul® wm 0(x)dxdt>
O C

pat 1T
som el [ [ o et (4.5)
0 C
which yields
T g
/ / U] m o(X)dxdt <CM™ a1, (4.6)
0 [

Choosing (t,X)=...¢( ) () 1(x)in (2.2 with f(u,u) = |ug|P + |u|9 and integrating
over [0,T) x ¢, we obtain

.
cutt.) + [ [ (uP 1) 5] ©f odx

=/0chut k () 1(x)( ”(t)...liﬂ ... (t))dxdt

T T
+/O /Cut 2 K@) () 1(x)dxdt+2/0 /Cut ¢ @) ) 1) dxdt
T u
/0 /c“t1—+t K(t) (t) 1(x)dxdt
=lis+ 116+ 17, (4.7)

whereCy(f,g) = C(.../ <g(x) '(0) 1(x)dx+ [ . (0)F(x) (0) 1(x)dx).
Furthermore, the direct calculation shows

| £ W] =CM-2{ (),

Applying Lemmaz2.5gives rise to

T
||15|§/(; fc|Ut| »(2 K/I(t) (t) 1(x)dxdt
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sCM--?(/OT/cw a0 o(X)dth>%

M
K./ y . 1
: </Mz -/><<t+R v O © 109 00 dxdt>

SCM"'Z*‘%+§"'"*?1(/T/ P ) o(x)dxdt)ﬁ. (4.8)
0 c

Similarly, we obtain

|-

als

||16| < CM...l-i%+

n.1 T Fl)
"z (/0 /c|ut|p 0) 0(x)dxdt> , (4.9)

[117] SCM...Z%W..%l(fT/ uelP 3 (@) O(X)dth)p' (4.10)
O C

Using @.7), (4.9, (4.9, and @.10, we have

n n..l T i
Calf.9) sCM'““%W“T(/ / el K () o(x)dxdt)",
0 c

which in turn implies

n+y... T
(€0 M5 < [ e ) obodxet. (4.11)

Since
MOEITOER(}
combining (4.6) and @.11), we obtain
20(g...1)

T <C "% 0anm,

4.2 The casefom=2
In this case, we derive

.
||12|§CM‘“2/ /]u m o(X)| dxdt
0 Cc
T 1 T 2 1 1
7 (1.2.:L)
§CM'"2(/ tzlntdt>q(/ / |u|q; kg O(x)olxdt)q
0 0 c
1
23 /0T q
<CR q’(lnR)q’(/ / Ul wm o(x)dxdt) , (4.12)
0 C

3 el g
23l 114] = CR™2H (nR) (/ / U o(x)dxdt)q. (4.13)
0 [
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Combining (4.1), (4.12, and @.13, we obtain

.
[ ] P ) opaxer

<CM? T 11nM+ / / u® u o(x)dxdt,
which results in
T , ol
/ / U] m o(X)dxdt < CM“ a-1nM.
0 [

Similar to the derivation in 4.8), applying Lemma2.8 we deduce

1

T p
|I15|§CM"'2(/0 /C|ut|p 0 o(X)dth)
(/ / FRAOING) (x)|p o(X)"? 1dxdt>

[x|<t+R
12 1 T ;%
som # E ([ P o owaxa)”

In a similar way, we acquire

T

h=ll

ol < CMHEF (nm)y - (/ [ 1w s o(X)dth>,

1

12 1 T p
Iyl < CM~24% p’(lnM)"ﬁ(/o [ up o o(x)dxdt> .

Using @.7), (4.16, (4.17), and @.18, we obtain

(Calt.9) )'M>*F* 1M < f [P 5 sodxet.
Combining (4.15 and @.19, we conclude that
2p(g...1)

T <C "%.(a2w),

4.3 The case fom=1
In this case, using Lemma.9, we obtain

T o2k a
|I12|§CM"'2(/ / ul@ o(x)dxdt)
0 c
.
x(/ / (x)dxdt)
0 IX|<t+R
SCM'“Z(/ tdt>

Q-

Q=

(/ / ul? -z 0(x)dxdt>%

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

(4.19)
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243 T é
<CR™“4¢ </ / u® m o(x)dxdt> , (4.20)
0 [
and
243 T %
sl 124] < CR%% ( [ ] e o(X)dth> . (4.21)
0 c

Making use of 4.1), (4.20, and @.21), we derive

T +1
/ / P w o(X)dxdt < CMZa1 (4.22)
0 c

Similar to (4.9), utilizing LemmaZ2.11gives rise to

; ;
|I15|§CM"'2(/0 /Cw £ () o(x)dxdt)

M ) ) )
X(A / ﬁﬁﬂﬂ(ﬂlwﬂpo@rﬁme>
7 JIX[St+R

2=

p

...2-*%+i T Kk %
<CM v (/ f [ue[P (1) o(x)dxdt) . (4.23)
O c
In a similar way, we acquire
15+1 T %
Izl =M™ p(/ [ ur s o(x)dxdt) , (4.24)
0 Cc
1
Loded (T ‘ P
t=om 85 ([ up §©) oodxat)” (4.25)
0 c

Applying (4.7), (4.23, (4.24, and @.25, we observe

(a0 P < | ' [ uP o adxet (4.26)

Making use of ¢.22 and (4.26, we have

2p(g...1)
T <C "% Hpatup
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