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1 Introduction

We discuss the following Hall-magnetohydrodynamic problem in three-dimensions:

Vi+ (V-V)V+V(p+m)=p1Vix + 02V, + 03Vigay + (B- V)B,
B,+(V-V)B=(B-V)V -AB-V x ((V x B) x B),

DivW =0, DivB=0,

V(0,x) = Vy, B(0,x) = By,

where (t,x) € R* x R3, V and B denote the velocity and magnetic fields, respectively, and
P1, P2, p3 are the kinematic viscosities. The Hall-MHD equations include V x ((V x B) x B)
(Hall term), which is different from the MHD equations. The Hall term is used to describe
magnetic reconnection, and it appears when the magnetic shear is large.

Many mathematical results for MHD equations have been obtained [11, 12, 16, 19, 22,
23,25-30, 32]. Recently, there are some contributions on the Hall-MHD system. The paper
[1] presented derivations of Hall-MHD system. Chae and Lee [5] established two optimal
blow-up criterions. For more research on the Hall-MHD system, we refer to [6-9, 13, 18,
20, 21, 24]. The authors of the papers [2, 3, 15] investigated the Boussinesq (or MHD)
system with partial viscosity. Fei and Xiang [21] obtained a blow-up criterion for (1) with
p1 = p2 =1 and ps = 0; they also proved the global small data solution. Du [13] obtained
the large data existence to 2%—dimensional Hall-MHD problem with partial dissipation,

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-023-01723-4
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-023-01723-4&domain=pdf
mailto:Dubaoying99@163.com
http://creativecommons.org/licenses/by/4.0/

Du Boundary Value Problems (2023) 2023:34 Page 2 of 17

provided that the coefficients of dissipation and magnetic diffusion are sufficiently large.
Paper [14] established an improved blow-up criterion in terms of BMO norm for 3D Hall-
magnetohydrodynamics with partial dissipation. Du [15] obtained the global existence of
the classical solutions, provided that (||uo|1?, + |Boll7.) (I Vol + [IVBoll?, + [ V2uoll2, +
V2BolI2,)/Q* is sufficiently small.

In this paper, we study the incompressible Hall-magnetohydrodynamics (1) with partial
dissipation in three dimensions. Inspired by [2-5, 13—15, 17, 21], we establish an improved
blow-up criterion for classical solutions. Furthermore, we also get the small data global

well-posedness.

Theorem 1.1 Let p1, p2 >0, p3 = 0, and (Vy, By) € H*(R3) with DivVy = DivBy = 0. Then

the following two equalities are equivalent:

(@) timsup([ V)] 5 + |B@)]};5) = o0,
T
T

® [ (VI + 191, di = oo,
0

where T < 00 is the first blow-up time to (1), and s, k, A, « satisfy

3 2<1
_+_ 5
s kT~

+—<1, and se(12,00],A€ (3,00].

> w
QN

Remark 1.1 Compared to [19], the blow-up criterion imposes the condition on fOT(|| V||]L‘s +
IVBI|%,) dt < oo instead of ff(nvvnj,, + || ABJ|} ;) dt < 00, where p, € (3,00].

Based on the Theorem 1.1, we can get the following small data existence to system (1)

with o1, 02 >0and p3 =0.

Theorem 1.2 Suppose p1,ps >0, ps =0, (Vo,Bo) € H*(R®), DivV,y = DivBy = 0, and there
exists a constant L > 0, such that | Vollgn + ||Bollgz < L. Then (1) has a unique classical
solution (V,B) € L*(0, 00; H3(R3?)).

We can also obtain results similar to Theorems 1.1 and 1.2 for problem (1) with p; =0,

01, p3>0and p; =0, py, p3 > 0.

Remark 1.2 Compared to the previous results, the smallness conditions are given for
[l Vollg1 + | Boll 2 instead of sufficiently small || Vo || 3 + [|Boll g3 in [21] and || Vo || 22 + | Boll 2
in [14].

In the paper, 9; and V; represent the jth components of V and V, and C denotes a generic

positive constant. We adopt the following simplified notation:

D:=V = (81,02, 33); Dy, := (01, 02,0); Vyp = (V1, V2, 0);

I lls 200 less p :=min{p1, p2}; 0o := min{p, 1}.
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2 Some a priori estimates
To establish Theorems 1.1 and 1.2, we need the following lemmas.

Lemma 2.1 ([10]) Suppose f, g, h, Dpf, Dpg, and dsh are all in L*(R?). Then
1 1o 11 1
/3 [fghldx < CIf I3 IDuf 13 gy 1Dpgll3 1Al 193l -
R
Lemma 2.2 ([31]) Letf, g, h, d1g, 029, doh, and d3h be all in L*(R3). Then
1 O | 1 1
/3 [fghldx < Cl|fll211g1l5 193hll5 gl 1113 11928115 1192Al -
R

Let p1 >0, p2 >0, and ps = 0, Taking the scalar products of (1); and (1), with V and B,
we get

1d
5 7 (IVOL5+ [BOL) + po(ID, VI + 1DBI3) =o0. @)

Integrating (2) over (0, T'), we get

T
2 2
IVII3 + IBII3 +2p0 / (1D, VO + |PBO3) dt = 11Voll3 + 1Boll3- 3)
0
Proposition 2.1 Assume that p; >0, py >0, p3 =0, and (V, B) is a solution to (1). Then

d
- (IDVI3 + IDBI3) + po(IDD, VI + | DB} w
4

2\

25 2%
< C(IDV |3 + IDBIZ) (1[I + IDBII} ).

Proof We operate D to (1); and (1),. Then taking the inner product of them with DV and
DB, we get

d
3 = (IDVO + [DBOJ) + plHDVIE + pall:DVIE + [ DB
=—/ D(V-DB)~Dde+/ D(B'DV)~Dde+/ D(B-DB) - DV dx
R3 R3 R3 (5)
—/ D(V-DV)-Dde—/ D[D x ((D x B) x B)] - DBdx
R3 R3

=M1 +M2 +M3 +M4 +M5.

Firstly, we use DivV =0, integration by parts, and interpolation to deduce that

|M;] =

f (V-DB)-D*Bdx
]R3

= CIVIsIDBI 2

o', o
D’B

s+3
s
2

5-3
< ClIVIsIIDBIl,*

2 o 1y 5 2
< CIVISIDBI; + 15 |D°B];
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By cancelation property and integration by parts we rewrite M, + M3 as follows:
3
My+Ms=-)" / 2V(9;B- D)3;B+ V(37B - D)B + V(9B - D)d;Bdx.
o1 TR

Hence, similarly to (6), we get

2

25
M, + Ms| < C| VIS IDBI2 + — | D*B|. @

- |
10
We can decompose M, into three terms:

M4=—/ (DpV-D)VDdex—f (agvp-Dp)vag\/dm/ (D, - V,)83Vd3V dx
R3 R3 R3 (8)
= M41 +M42 +M43.

Integrating by parts My; and Ma,, we have

|Ma1| =2

/R VD, VDD,V dx

=C] VIISIIDpVIISg_s2 I1DD,V |2
=3 543
<CIVIsIDV I, IIDDyV|,°

2s
=5 1Y
<C|VIZIDVI3 + g DD, V|3
and

|Mya| =

/ 83Dp Vp VZ)gV + 83 Vp V83Ddex
R3
= ClIVIsIDVI 26 1DD, V2

12
< CIVIsIDVI;™* I1DD, V2

< CIVIZFIDVIE + 210D,V
Similarly, we have
2
[Mi| = CIVIE® IDVI3 + £ 10D, V I3.
Collecting the above estimates, we get

25

p
(M| < CIVISS DV + DD, VIS, ©)
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Applying cancelation property and interpolation inequality, we get

|Ms] =

/ [D((V x B) x B) = D(V x B) x B] - D(V x B)dx
R3

< CI|DBI|.||DBI  [D*B], (10)

< C|\DBI|;|DBIl," |D*B|,"
2 2 1 252
< CIIDB|[ DB + - | D*B]-
Combining (5)—(10) yields (4). O

Applying Gronwall’s inequality to (4), we get the following inequality:

T
s (IDV@);+ [DBOL) + 0 [ (10D, VO + D750 )

#5 4 |DB()| ) de (11)

T
< (IDVoll3 + IDBo|13) (1 + C/O (v

r 2 2
<ep(C [ (1ve) {5 + B0 ) ).
0
Proposition 2.2 Suppose the conditions in Proposition 2.1 hold. Then

d
2 1AVOL+ [aBOL) + po(1AD, VI3 + [D°B];)
(12)

2s 2
<C(IAVIZ + 1ABID) (VIS + IDBI} + [DVIS).

Proof Similarly to (5), we have

1d
5 7 IV 5+ [D°BO[3) + pr| DV 5 + 02| DV |5 + | DB
:—/ D2(V~DB)-D2de+/ DZ(B~DV)-DZde+/ D*B-DB)-D*V dx
R3 R3 R3 (13)
-/ D2(V~DV)-D2de—/ D?*[D x ((D x B) x B)| - D*Bdx
R3 ]R3
=R1 +R2 +R3 +R4+R5.
We decompose R; into two parts:
R1=—/ (DZV-D)B-DZde—Zf (DV - D)DB - D*Bdx
R3 R3 (14)

= RH + R12~

Further, we decompose Ry; into two parts:

Rn:/ (DV-D)DB-Dzde+/ (DV -D)B-D?Bdx = Ri11 + Ri1a.
R3 R3
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Applying integration by parts and interpolation, we have

[Ri11] = ‘/ (V-D)DB-D?B + (V- D)D*B - D*Bdx
R3

< CIVISIABI 2 | DB,

s+3
S
2

=3
<C|VIsllaBl,® |D°B

2s

25 1
< CIVIZ 1ABI3 + o5 | DB
and
1

2
IRiz| < CIVIET N ABIS + 55 [ DB

We estimate R;15 as

|Ri12| < C|IDV|2||DB||~ | D*B||,

1 3
< CIDV|llABII; | D°B| 2
1 2
< CIDVI3IlAB|3 + — | D*B|;.
22
Hence we have
= 4 2 3 312

IR\ < C(IVIS™ + IDV13) I ABII; + 2 |D°B|.
We can rewrite Ry + R3 as

Ry + Ry :/ (D’B-D)B-D*Vdx+2 | (DB-D)DB-D*V dx

R3 R3
+ / (D*B-DV)-D*Bdx + 2/ (DB-D)DV - D*Bdx
R3 R3
= Ro31 + Rozp + Ryzz + Rozg.
The terms Ry31, Ro32, R34, and Ro33 can be estimated as Ry, R;>. Hence we have
= 4 2 7 32

IRy + Rs| < C(I V157 + IDV[13) | AB|5 + 5HD B|;.

The term R4 can be written as

Ry = —/ (D*u-D)u-D*udx~2 | (Du-D)Du-D’udx =Ry + Re.
R3 R3

We further decompose Ry4; and Ry into three parts:
Ry = —/ (DpDv-D)v.D,,Dde—/ (93Vy - D,)V - 95V dx
R3 R3

+/ (33D, - V)35V - 93V dx
R3

= Ry11 + Raro + Rayz,

(15)

(16)

(17)

(18)

(19)

Page 6 of 17
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R42=—2/ (Dpv.D)Dv-DpDde—zf 33V, -D,)DV - 33V dx
R3 R3

42 / (D, - V,)8sDV - 02V dx (20)
R3
= Rao1 + Raga + Raps.
By integration by parts and interpolation we obtain
|Ry11 | =2V VDD,VD?D,V dx
R3
= CIVISIDD, VIl 25 | ADp V]I
s=3 s+3
= ClIVIsIDD, Vy* 1AD, VI,
< 52—_53 2 p 2
= +CIVIIDPD Iy + 5 IAD V3

By integration by parts and Lemma 2.2 we get

|Ra12| = ’/ 3D, V,V -3V +3;V,V - 93D,V dx
R3

1 1 1 1 1 1
<Cla3D, V[, I8s VIl a3 V[ Z IV |83V [ 192Vl || 205 V|| 3
7 3 1
<C|AD, V|2 |DV |} AV|E

0
= CIDVISIAVI + S IAD V3.
We can use Lemma 2.1 to estimate R3;3 as follows:

1 1 1 1 1 1
IRzl < ClasD,VIIZ 105 VI3 |93V |2 03D,V || 285D,V II5 053D,V 2
1 1
= C|D*D,V [, IDD, V12DV | D*V
3 1
= C|D*D, V| IDVI:[D*V |7

14 2
< CIDVIIAVIZ + 1 [D°D, V]
Therefore we have
6 = 2 3p 2
IRu| < C(IDVIIS + VI ) IAV3 + E”ADpVHZ'
Clearly, Ryp1, Rapy, Raps can be estimated as Ryy1, Ra13, Ra1. Hence we have
6 = 2 3p 2
[Ryz| < C(||DV||2 + Vs )||AV||2 + E||ADpV||z~
Therefore we get

2s
= 14
IRs| < C(IDVIIS + I VIS IIAVS + EHADpvné. (21)

Page 7 of 17
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Using the cancelation property, we obtain

IRs| =

/ [D*((V x B) x B) - D*(V x B) x B] - D*(V x B)dx
R3

< C|D’B|, DB | D*B| 2

(22)
A13 A-3
=C|D*B[," 1DBI; | D*B],7
2 1
< CIDBI [D°B]; + o [ DB
Combining (13)—(22), we get (12). O
Proposition 2.3 Let (V, B) solve system (1) with p; >0, p3 >0, and p3 = 0. Then
d
LD V@[3 + [D°BO) + po(|D°D, V|5 + | D*BI3) o3

2s 2%
< C(||D3v||§ + ||D3B||§)(||V||F + DB} + IDV|IS + | ABJ)3).

Proof Similarly to the derivation of (5), we have

1d
5 7 IPPVOL + [D°BOLS) + oo [ DV + p2|6,0° V5 + | DB
=—/ DS(V~DB)-D3de+/ D3(B-DV)-D?Bdx+ | D*(B-DB)-D*Vdx
R3 R3 R3 (24)
—/ DB(V~DV)-D3de—/ D’[D x ((D x B) x B)] - D*Bdx
]R3 ]RS

=T1+T2+T3+T4+T5.

We decompose T into three parts:

T1=—/ (D3V~D)B-D3de—3/ (D*V -D)DB - D*Bdx
R3 R

3

-3 / (DV - D)D?B - D*Bdx
]R3

= Tll + T12 + T13.
We apply the Holder inequality and interpolation to estimate 77;:

|T1| < C|D*V|,|IDBI|s | D*B|
3 1
<C|D*v|,IaBI; Bl |D*B|,

1
< ClaBI|DV]E + oo DB

Page 8 of 17
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Using integration by parts and DivV = 0, we get

|Tha| =3

/ D*VDB - D*Bdx
R3
<C|D*B|,IAV6lDBI5

3 1
= C|D*B|,|D*V|,1ABII; 1Bl

1
< CIABI DV + o5 |1D*B]:

We used the boundedness of ||B|;2 in the above two estimates. Similarly, we estimate 773
as follows:

|T13| =3

/(V-D)DZB-D4B+(V-D)DSB-DSde
]R3

<C|VI|D’B

108,

<CIVI,|D*B|7 | p*B|"

25 1
= CIVIE |D°B]; + 55 | DBl -

Hence we get
= 2 312 3002 . 2 IIntRl?
ITal = CAVIST + 1ABIE)([D°V], + [D°B],) + o5 [ D*B (25)

We decompose T + T3 into six terms:

T2+T3:/ (D3B-D)B-D3de+3/ (D*B-D)DB-D*V dx
R3 R

3

+3 (DB~D)DZB-D3de+/ (D’B-D)V - D*Bdx
R3 R3

+3/ (DZB.D)DV.D3de+3/ (DB-D)D*V - D®Bdx
R3 R3

= To31 + T3p + Ta33 + Tozq + Tozs + Toze.

Integrating by parts T3, we get

T232=—3/ (D3B-D)DB-D2de—3/
R3

(D*B-D)D*B - D*V dx.
R3

Therefore (To31, T233, T236), (1232, Ta35), and Th34 can be estimated as T11, T12, T13. Hence
we get

25 6
T+ Tsl < C(IVIET + 1ABI3) (|D°V [ + [D°B;) + o5 | D*B]L (26)
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We split T, into three terms:

T4:_/ (D3V~D)VD3de—3/ (D*V -D)DVD*V dx
R3 R3
—3f (DV - D)D*VD?V dx
R3

=Ty + Typ + T3,
and T4 and Ty, can be further decomposed into three parts as follows:
Ty = —/Ra(DZDp\ﬁD) VD’D,V dx - /Ra(agv,, D) Va3V dx
- /R X (03D, - V)05V 03V dx

=Ty + Tarz + Tas,
Ty =-3 / (DD,V - D)DVD?D,V dx -3 / 03V, - D,) 33V V dx
R3 R3
+3 f (33D, - V)3 Va3V dx
R3
= Tap1 + Tagz + Tao3.

Integrating by parts in T4;; and applying the Holder inequality, we get

|T411|=2f (VD*D,VD’D,V dx
R3
< CIVIs| DD,V | 2 | DD, V|,
s-3

543
DD,V |,

< CIVI.|D*D, V],

2
= CIVIE V] + 2| DD, V] 5
Integrating by parts T4, we have

|Ta12| = / V3;D,V,d3V + Va3V,0;D,V dx
R3

1 1 1 1 1 1
=ClaD, v 1asViz [0V Vi 3V 10V 0.0V ],
7 3 1
=C|D’Dv];1Dviy [PV
= CIDVIS|DV [, + 20D,V -
By Lemma 2.1 we have
1 1 1 1 1 1
| Tas| < C33D, V105 VI3 |03V 93D, V[ 3 15D, V3 3D, V

3 2 ok 1oLl
< C|D°D,V|,|D*Dp V| LIDD, V5 1DVl [DPV |
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3 1
<c|pn,v| iovis|pivi}

< CIDVIR|DV ]+ 2 | DPD, v
Therefore
Tl = CIDVIE + 1VIE) [ DV + 22 |00, V][,
We can use Lemma 2.1 to estimate Ty, as follows:

1 1 1 1 1 1
|Tan| < CIDD, VI |D*V | |D*D, V| 3 118:DD, VI3 |D*DpV | | D*DyV |3
3 1 5 3 1 5 1
<C|p°D,V|; |D*DyV |5 IDD, VI DV |5
3 5 5. o .1 1
<C|D’D, V| ID VIS [PV IV
= CIDVI3|D*V [y + 25 |D°D,V 5,
where we used the boundedness of || «||,. We further divide Ty, into two terms:
Tyop = -3 / (03V,, - Dp)03V,,05V, dx - 3 / (93Vy - D,)33V303 Vs dx
R3 R3
= §/ (a§Vp~Dp)a§Vpa§vpdx+3/ (93V - D,)d5V5(33D, - V) da
3 R

2 Jr 3

= Tapo1 + Ty22:.

We estimate Tyoo1 as

1 1 1 1 1 1
1 Taon| < C|3 V|2 |30,V 783V (7 3D,V (7 83D,V (13 |93D5V |7
1 3
=C|p’p,V]; | DD,V |; DV,
5 3 3ot
=C[D’D,V|; 1DV DV 3

= CIDVIS|D*V |5 + 2| D°D,V .
We can estimate Ty00 as Tyo1:
5193112 4 P 1193 2
|Taam| < CIDVI3 |D*V [, + ﬁ”D DyV |,
Similarly,
5131012+ 2P 93 2
|Tios| < CIDVIS[D*V [, + 22 [D*DpV -
Hence we get

5
Tl < CIDVIS|D?V |5 + 22| DD, V ;.
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We can estimate Ty3 as T4
6 EV I3 vI2 . 2P 13 2
1 Tusl < C(IDVIS + VIS ) [PV, + EHD D,V |5
Putting the above estimates together, we obtain

25
ITal = CBVIE+ IVIE) |V + 20D, v

(27)
Similarly to (16), we get
|Ts5| = ‘/ [D*((V x B) x B) = D*(V x B) x B] - D*(V x B)dx
R3
=< CIDBI: [D°B| » [ D*B],
A3 A+3 (28)
< CIDBI:|D°B|," | DB,
2 1

< CIDBI; ¥ [DB[; + o5 [[D*B 5

Combining (24)—(28) yields (23). O

3 Proof of Theorem 1.1
Putting (2), (4), (12), and (23) together, we get

d
— (v I35 + |BO)|:s) + po(ID, V1125 + IDBIZs)

25 2%
< C(IIVIISS’3 +|IDB|;™ + IDV|§ + ||DZB||§)(|IVII,2,3 + ||B||?{3)-

Applying Gronwall’s inequality to this inequality, we obtain
T
sup (VO + 1010) + 0 [ (19,01 + [DBOJE) d
<t<
< (IVoll7s + 1Boll3s)
T 25
x(1+C / (|| 7 + DB
0
T
X exp|:C/ (v
0

which, together with (11), gives that if

A2WM

then

554 DV + DB |2) do)

B0l + Jovols s ) ar |

21

F54 |DB@) |77 dt < oo,

T
sup (IVO s + |BOL) + o0 [ (10,V0l 0+ [0BO ) de <o
0<t<T

Notice that k > i—sg and o > % Hence Theorem 1.1 holds.

Page 12 of 17
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4 Proof of Theorem 1.2
We begin with estimating the terms M; —Ms5 in (5), First, we estimate M;:

|M;]| = V (DV -D)B - DBdx
R3
< C|IDV |, |IDBI; (29)
1 3
< C|DV|||DBII; | D*B| ]

3
< C(IDVI3 + IDBI),) | D*B| 2.

The sum M, + M3 can be rewritten as
3
My + M = Z/ (;B-D)V - ;B + (8;B-D)B- 3V dx,
— JRr3
j=1

and hence we can estimate M, + M3 as M; to obtain
3
|M, + Ms| < C(|DV |5 + | DB|,) | D*B| 2. (30)
For M,, we estimate each term My;—Mys in (8). By Lemma 2.1 and interpolation we have
1 1 1 1 Lo ool
|Ma1| < CID, VI IDVIIZ ID, VII3 183D, V|13 1DD, V1|3 [ D3V |2
3 3
<C|IDV||; DD,V |5
and
1 1 1 1 1 1
|Maa| < Cll33V |5 1D, VI3 1133V II5 183D, Vipll3 133D, VI3 183D, V|15
3 3
< CIDVI; IDD,VI;.
In a similar manner, we have
|Maz| < CIDV |5 IDD, V5
Therefore
3 3
|My| < C|DV |5 IDD, V|l . (31)

By the boundedness of || B||, we get

|M;s| = 'f ((V x B) x B) - D*(V x B)dx
]R3
< C||\DBJs||B||3 | DB
< C||DB|6lIBlls| DB, (32)
1 3
= c|p’B|,|D*B|; 11, | D°B],

5
=c|pB[, |D°B],
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Putting (5) and (29)—(32) together, we have

| &

2 2 2 22
C(IDVI3 + IDBI3) + po(IDD, V5 + [ D°B];) @3)

< C(IDVI3 + IDBI3)(IDD, VI3 + |D*B|2) + [ ABI3 | DB 5.

M| =
Q.

Next, we estimate each term R;—R;5 in (13). To estimate R;, we need to estimate R;; and

R, in (14). Applying the Holder inequality and interpolation inequality, we have

(Rul = C[D*V], 1081 | 0%8],

1 1
=c|p*v|,|p*B|; 1DBI; | D8],
< CllABllz”DsB”i + C|DB|2l|AV[3

and

IR2| < C|D*B|| | D*B||,IDV 3
3 1
= C| DB, | DB . [D*V 1V

2 §
< ClaB|;|D°B, + ClAVI;,
where we used the boundedness of ||«||,. Hence we get
2
IRi| < Cl|ABI;3 | D°B, + C(1 + |IDBI2) 1A V3. (34)

Based on (16), we can, similarly to Ry; and Rjs, estimate (Ras1, Rosz, Rasa), Rass. Hence, we

have
IRy + Rs| < C||AB|3| D*B[; + C(1 + |DBIL) IA V3. (35)

For R4, we estimate each term Ry; — Ras in (19). Applying the Holder inequality and

interpolation inequality, we have

|Ran| < CIIDV[12|DD, V|13
7 1
< CIDV2IDD, Vi 1D,V lly

5 7
= CIDV|, DD, V5.

We can further divide R41, of (19) into two terms:

Ry = — / . (03V,, - D)V, - 03V + f . (03V, - D) V3(83D, - V) dx = Razo1 + Raroa.
R R

Page 14 of 17
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Applying integration by parts and Lemma 2.2, we have

|Ra121] = 2

/ V03 V03D, V, dx
R3
5 1 ) 1 Lo 1 1 5 1
< C[83DpVp 185 Vol [|9105 V3 | 21Vl |83 Vo 3 182Vl (0205 Vs |
7 1 1 1
< CIAD,VI; IDVI; 1AVI; 1D,V
4
< CIIDVI; IAD, VI3 + CIID,VI3IIAV]3.
We estimate Ry197 as follows:
) 1 1 1oy 1 1 ) 1
Rarza| < C||02V,|| 211D, V5113 183D, Vill3 | 92D, V|| 211850, Vsl | 8sD2V, |2
1 1
< CI|AD,V2|DD, V21D, V5 1 AVl5
3 1 1 1
< CIAD,VI; 1D, V5 ID, V5 1AV Il
2
<CIIDVI; |1AD, VI3 + CIID,VI3IIAVI3.
In a similar manner, we obtain
3 2 2 2
[Rai3| < CIIDV |5 IAD, V5 + CID,V[5IIAV 5.
Clearly, Rap1, Rz, and Ryp3 in (20) can be estimated as Ryq1, Rag3, and Ry1o. Hence we have
5
IRy| < CIDV |3 |AD, V|5 + CID,VIBIIA V3. (36)

Similarly to (29), we have

|Rs| =

/ [D*((V x B) x B) - D*(V x B) x B] - DXV x B)dx

R3

<C|DB|«|D?B|,|D’B|, (37)
3 3

<C|AB|}|D°B| 2.

Combining (13) and (34)-(37), we get

| &

(IAVI2 + 1ABI2) + po(I1AD, VI3 + [ D*B|2)

N |
&

t
< C(IDVIE + 1ABIZ) (1AD, VI3 + | D*B|3) (38)

+C(ID, V115 + IDB3) (1A VI3 + [ AB][3).
Adding (2), (33), and (38) together, we have

1d
577 IVl +1B72) + [0 = C(IDVI; + IDBI3 + | ABI3)]

x (IDp V172 + IDBI?,2) < C(ID, VI3 + IDBI) (I V172 + 1Bl 2),

(39)
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Choose L so small that
Lo
C(IDVolI3 + IDBoll3 + | ABoll3) < ER

Substituting this inequality into (39), we get

d
— (V172 + IBI2) + po (1D, V132 + I DBl
GV 1BIE) (10, + DB w0

< C(ID VI3 + IDBIS) (IV I + IBI)-

Applying Gronwall’s inequality to (40), we have
2 2 T 2 2
Os<1t1<pT(|| V)2 + [ B@O]) + PO/O (1D, V@2 + |DB@) | 2) dt
< (el 1Bat3e) 1 ¢ [ (pavenl + sl
. exp[c /0 (I, v ol + [pBO ) dt].
which, together with (3), yields that for any T € (0, T),
(V,B)eL*(0,T;H*),  (D,V,DB) e L*(0,T;H?).
Noticing that
H*(R?) — L®(R?),
we get
(V,DB) € L*(0, T;L*(R%)), VT €(0,T).

Based on Theorem 1.1 (p = 8 = 00 and g = ¥ = 2), we have T = oo, which yields Theo-

rem 1.2.

Acknowledgements
The author is indebted to anonymous referees for their helpful comments. The author would like to thank Prof. Lili Du for
wonderful discussions. This research was supported by High-level Talent “Sailing” Project of Yibin University (2021QH07).

Funding
This research was supported by High-level Talent Sailing Project of Yibin University (2021QHO07).

Availability of data and materials
Not applicable.
Declarations

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare no competing interests.



Du Boundary Value Problems (2023) 2023:34

Author contributions
Baoying Du, contributed to the conception of the paper; contributed significantly to analysis and manuscript
preparation; wrote the manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 23 November 2022 Accepted: 23 March 2023 Published online: 31 March 2023

References

1.

2.

20.

21.

22.

23.

24.

25.
26.

27.

28.
29.

30.

31.

32.

Acheritogaray, M., Degond, P, Frouvelle, A, Liu, J.-G.: Kinetic formulation and global existence for the
Hall-magnetohydrodynamic system. Kinet. Relat. Models 4, 908-918 (2011)

Cao, C, Wu, J.: Global regularity for the 2D MHD equations with mixed partial dissipation and magnetic diffusion. Adv.
Math. 226, 1803-1822 (2011)

. Chae, D.: Global regularity for the 2D Boussinesq equations with partial viscosity terms. Adv. Math. 203, 497-513

(2006)

. Chae, D, Degond, P, Liu, J-G.: Well-posedness for Hall-magnetohydrodynamics. Ann. Inst. Henri Poincaré, Anal. Non

Linéaire 31, 555-565 (2014)

. Chae, D, Lee, J.: On the blow-up criterion and small data global existence for the Hall-magnetohydrodynamics. J.

Differ. Equ. 256, 3835-3858 (2014)

. Chae, D, Schonbek, M.: On the temporal decay for the Hall-magnetohydrodynamic equations. J. Differ. Equ. 255,

3871-3882 (2013)

. Chae, D, Weng, S.: Singularity formation for the incompressible Hall-magnetohydrodynamic equations without

resistivity. Ann. Inst. Henri Poincaré, Anal. Non Linéaire 33, 1009-1022 (2016)
Chae, D., Wolf, J.: On partial regularity for the steady Hall magnetohydrodynamics system. Commun. Math. Phys. 339,
1147-1166 (2015)

. Chae, D, Wolf, J.: On partial regularity for the 3D non-stationary Hall magnetohydrodynamics equations on the plane.

SIAM J. Math. Anal. 48, 443-469 (2016)
Chemin, J.Y, Desjardins, B, Gallagher, I., Grenier, E.: Fluids with anisotropic viscosity. Modél. Math. Anal. Numér. 34,
315-335 (2000)

. Cheng, J, Du, L.: On two-dimensional magnetic Bénard problem with mixed partial viscosity. J. Math. Fluid Mech. 17,

769-797 (2015)

. Cheng, J, Liu, Y. Global regularity of the 2D magnetic-micropolar fluid flows with mixed partial viscosity. Comput.

Math. Appl. 70, 66-72 (2015)
Du, B.: Global regularity for the Z%D incompressible Hall-MHD system with partial dissipation. J. Math. Anal. Appl. 484,
123701 (2020)

. Du, B.: On three-dimensional Hall-magnetohydrodynamic equations with partial dissipation. Bound. Value Probl.

2022, 6 (2022). https://doi.org/10.1186/513661-022-01587-0

. Du, B, Liu, J.: Global regularity for the incompressible 3D Hall-magnetohydrodynamics with partial dissipation. Acta

Math. Sci. 42A, 5 (2022)
Du, L., Lin, H.: Regularity criteria for incompressible magnetohydrodynamics equations in three dimensions.
Nonlinearity 26, 219-239 (2013)

. Du, L, Zhou, D.: Global well-posedness of two-dimensional magnetohydrodynamic flows with partial dissipation and

magnetic diffusion. SIAM J. Math. Anal. 47, 1562-1589 (2015)

. Dumas, E,, Sueur, F: On the weak solutions to the Maxwell-Landau-Lifshitz equations and to

Hall-magnetohydrodynamic equations. Commun. Math. Phys. 330, 1179-1225 (2014)

. Duvaut, G, Lions, J.: Inéquations en thermoélasticité et magnétohydrodynamique. Arch. Ration. Mech. Anal. 46,

241-279(1972)

Fan, J, Huang, S, Nakamura, G.: Well-posedness for the axisymmetric incompressible viscous
Hall-magnetohydrodynamic equations. Appl. Math. Lett. 26, 963-967 (2013)

Fei, M., Xiang, Z.: On the blow-up criterion and small data global existence for the Hall-magnetohydrodynamics with
horizontal dissipation. J. Math. Phys. 56, 051504 (2015)

He, C., Xin, Z: On the regularity of weak solutions to the magnetohydrodynamic equations. J. Differ. Equ. 213,
235-252 (2005)

He, C,, Xin, Z.: Partial regularity of suitable weak solutions to the incompressible magnetohydrodynamic equations. J.
Funct. Anal. 227, 113-152 (2005)

Homann, H., Grauer, R.: Bifurcation analysis of magnetic reconnection in Hall-MHD systems. Physica D 208, 59-72
(2005)

Lin, F, Xu, L, Zhang, P: Global small solutions to 2-D incompressible MHD system. J. Differ. Equ. 259, 5440-5485 (2015)
Ma, L.: Global existence of three-dimensional incompressible magneto-micropolar system with mixed partial
dissipation, magnetic diffusion and angular viscosity. Comput. Math. Appl. 75, 170-186 (2018)

Ma, L.: On two-dimensional incompressible magneto-micropolar system with mixed partial viscosity. Nonlinear Anal,,
Real World Appl. 40, 95-129 (2018)

Mdjda, A.J., Bertozzi, A.L.: Voriticity and Incompressible Flow. Cambridge Uiversity Press, Cambridge (2001)
Sermange, M., Teman, R.: Some mathematical questions related to the MHD equations. Commun. Pure Appl. Math.
36, 635-664 (1983)

Wang, F, Wang, K.: Global existence of 3D MHD equations with mixed partial dissipation and magnetic diffusion.
Nonlinear Anal.,, Real World Appl. 14(1), 526-535 (2013)

Xu, L, Zhang, P: Global small solutions to three-dimensional incompressible MHD system. SIAM J. Math. Anal. 47(1),
26-65 (2015)

Ye, X, Zhu, M.: Global regularity for 3D MHD system with partial viscosity and magnetic diffusion terms. J. Math. Anal.
Appl. 458,980-991 (2018)

Page 17 of 17


https://doi.org/10.1186/s13661-022-01587-0

	On the blow-up criterion for the Hall-MHD problem with partial dissipation in R3
	Abstract
	MSC
	Keywords

	Introduction
	Some a priori estimates
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Ethics approval and consent to participate
	Competing interests
	Author contributions
	Publisher's Note
	References


