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proportional reinsurance from the reinsurer and invests in the same financial market.
The main target of the reinsurer and the insurer is to seek their own optimal strategy
to maximize the CARA utility of the relative performance. An explicit equilibrium
strategy with derivatives trading is deduced by solving Hamilton-Jacobi-Bellman
(HJB) equations sequentially. The equilibrium investment strategy demonstrates that
the insurer and the reinsurer imitate each other’s investment strategies, showing a
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1 Introduction

Reinsurance and investment are important means for insurers to manage financial risks
and increase returns. In recent years, the research on the optimization of reinsurance and
investment under various objectives has received extensive attention. Among them, for
example, maximizing the expected utility of terminal wealth (Li et al. [20], Huang et al.
[17], Zhao and Rong [28], etc.), minimizing the probability of bankruptcy (Browne [9],
Chen et al. [12], Li et al. [19], etc.), and the related research under mean-variance criterion
(Bi et al. [8], Zhou et al. [29], Bai et al. [3], etc.).

Most of the above studies are from the perspective of insurer to investigate the opti-
mal reinsurance-investment strategy. However, since the reinsurance contract is signed
by both the reinsurer and the insurer, unilateral reinsurance optimization for the insurer
may not be practical. In reality, the interests of both parties should be considered in the
reinsurance contract. Under Stackelberg differential game framework, the reinsurer that
occupies a monopoly position is usually regarded as the leader, and the insurer is the fol-
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lower. In this paper, we mainly study the premium pricing, the optimal investment strat-
egy of reinsurers, and the optimal reinsurance-investment strategy of insurers the under
stochastic volatility model.

Nowadays, more and more attention has been focused on the game in the insurance
market. Many experts have studied the zero-sum stochastic differential reinsurance-
investment game (among them, Zeng [27], Taksar and Zeng [24], Li et al. [18]) and non-
zero-sum stochastic differential reinsurance-investment game (among them, Bensoussan
etal. [7], Meng et al. [23], Guan and Liang [15], Yan et al. [26], Deng et al. [14]). This kind
of literature mostly studies the competitive game among insurers. In recent years, some
experts have studied the stochastic Stackelberg differential game between the insurer and
the reinsurer from the perspective of both parties. A stochastic Stackelberg differential
reinsurance game is proposed by Chen and Shen [10] to describe the leader-follower re-
lationship between the reinsurer and the insurer. Chen and Shen [11] further investigated
a stochastic Stackelberg differential reinsurance game problem with time-inconsistent
mean variance. The above literature on stochastic Stackelberg differential game only con-
siders the reinsurance game, not the investment game. In view of the fact that investment
can increase the company’s earnings for stable operation, based on the CEV model, Bai
et al. [4] and Bai et al. [5] studied the bilateral Stackelberg reinsurance-investment game
and the multi-party hybrid reinsurance-investment game under different economic envi-
ronment, respectively.

A basic assumption of the above research is that there is no opportunity to trade deriva-
tives. Generally, the insurer and the reinsurer invest in stocks with stochastic volatility that
is not completely related to the stock price, so the risk can not be hedged fully. Nowadays,
derivatives trading is increasingly popular in the financial market (Ahn et al. [2], Bakshi
and Madan [6], Liu and Pan [22], Liu et al. [21]). Many studies have shown that deriva-
tives can complete the financial market and improve efficiency. Derivatives trading can
provide differential exposure to the imperfect instantaneous correlation between stock
returns and volatility. Recently, Xue et al. [25] studied the optimal strategy for the insurer
with a constant absolute risk aversion (CARA) who manages its business risk using not
only stock investment and proportional reinsurance but also trading derivatives.

Based on this intuition, this paper investigates a stochastic Stackelberg differential
reinsurance-investment game problem with derivatives trading under stochastic volatility
models. The insurer and the reinsurer manage the risk by means of investing in stocks and
proportional reinsurance and trading options. The reinsurer who occupies a monopoly
position can determine the reinsurance premium pricing and its asset allocation strategy
invested in the stock and the option. The insurer, the follower of the Stackelberg game,
can determine the proportion of reinsurance according to the price of reinsurance pre-
mium and its asset allocation strategy. The explicit Stackelberg equilibrium strategies are
deduced by maximizing the CARA utility of relative performance. From the form of in-
vestment strategies of the insurer and the reinsurer, we find that they imitate each other’s
investment strategies, showing a herd effect. Furthermore, in numerical simulations, we
analyze the sensitivity of the Stackelberg equilibrium strategy to model parameters.

This paper contributes to the existing research from at least the following two aspects.
First, the price process of a risky asset described by Heston’s stochastic volatility model
is considered to study the equilibrium strategies in the stochastic Stackelberg differential
reinsurance and investment game. Second, the derivatives trading is considered in the
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Stackelberg game model, and we calculate the optimal asset allocation strategy of both
parties of the game.

The remaining paper is constructed as follows. In Sect. 2, we describe the stochastic
Stackelberg differential reinsurance and investment game model with derivatives trading
and stochastic volatility. In Sect. 3, the equilibrium reinsurance and investment strategy

is deduced. In Sect. 4, the numerical simulation is conducted. Section 5 is the conclusion.

2 Model setup
In this paper, we suppose the insurance market where there exists one reinsurer and one
insurer. Denote the finite horizon by [0, 7] over which the investment and reinsurance be-

havior occurs. (€2, F, P) is a complete probability space, where F = {F;}o<;<7 is a filtration.

2.1 Modeling the surplus processes

Referring to Browne [9], the insurer’s risk claim process {Rp(¢),0 < ¢t < T} satisfies

dARp(t) = Appp dt — v/ Ap(Gp)* AWE(2), (2.1)

where Ar > 0 depicts the claim intensity, 0 < jr < +00 and (Gf)* < +00. {WE(¢),t > 0} de-
notes the P-Brownian process.

The insurer’s premium rate is denoted as cr, and its calculation method adopts the ex-
pected value premium principle. Then, ¢ = (1 + 0r)Apur, where O > 0 is the insurer’s
safety loading. The insurer’s reinsurance strategy is described by {g(¢), ¢ > 0} with ¢(t) €
[0,1]. Then, the reinsurer will cover (1 —¢(#))100% of the claims, and the insurer will cover
the remaining. p(t) € [cF, ¢] denotes the price of the reinsurance premium at time ¢, where
¢=(1+60)Arur, and @ is an upper bound of the reinsurer’s relative safety loading.

Then, the insurer’s surplus process, {X¢(¢),0 <t < T} is as follows

dXp(t) = cpdt — q(£) dRp(¢) — (1 - q(2))p(t) dt

= [Opa - (1-4®)(pe) - a)] dt + q(t)op dWe(t), Xr(0) =&Y, (2.2)

where the insurer’s initial surplus denoted by xg >0,a=Aplr, o = v/ Ap(GF)2.
The reinsurer’s surplus process, {X;(£),0 <t < T} is as follows

dX(t) = (1-q(0)p(t) dt — (1 - q(t)) dRr(2)

= (1-q®)(p(t) - a)dt + (1 - q®))or dWr(®),  X.(0)=x], (23)
where the reinsurer’s initial surplus denoted by x > 0.
2.2 Modeling the financial asset price

We consider a financial market consisting of one riskless asset, one risky asset, and the

derivative security. ry is the riskless interest rate. The price model of the riskless asset,
{So(®)}e=0, is

dSo(t) = V()S()(t) dt, S()(O) =1. (24)
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The risky asset represents the aggregate equity market. Assuming the stock price,
{S1(t)}s>0, is described by Heston’s stochastic volatility model (refer to Heston [16]),

dSi(t) = S1(0)[ro + nV(8)] dt + S1()y/ V (£) AW (2),
dv(t) = k[v - V©)] dt + 01/ V(O p dW(2) + /1 = p2dW5(D)], (2.5)

where 7, «, v, and oy are all positive constants; V/(¢) is the instantaneous variance; p €
(-1, 1) is the correlation between S1(¢) and V(¢); {W1(¢),t > 0} and {W>(¢),t > 0} are in-
dependent P-Brownian processes, and both are independent of {Wg(¢), ¢ > 0}. Moreover,
we assume 2k > o7 as mentioned in Cox et al. [13] to ensure that V/(¢) is almost surely
nonnegative.

Denote the derivative price by Sy(¢) = f(S1(¢), V(¢)) depending on the underlying stock
price S1(¢) and the volatility V(¢). Referring to Xue et al. [25], then, the derivative price

satisfies

dSy(t) = reSa2(8) dt + (f;,S1(8) + o10f,) [nV () dit + v/ V (0) AW (8) ]

+o1y/1 - P [EV() dt+ V() AW (D)], (2.6)

where 77 and £ are the risk premiums, f;; # 0 and f, # 0 are the derivatives of f with respect
toS;and V.

2.3 Modeling the wealth processes

Assuming no taxes and transaction fees, short-selling is allowed. br1(£) and by (¢) are the
dollar amount invested in the stock for the insurer and the reinsurer, respectively. bg;(t)
and by5(¢) are the dollar amount invested in the derivative. And, the remaining wealth
X;E(8) = bei(8) — bea(2) and X[ (¢) — by () — bra(2) are invested in the riskless asset. We
write £ (t) = (q(t), br1(¢), bra(¢)) and 7 (2) = (p(¢), bri(£), bia(t)).

Denote
Fiipy 5 S1(8) + 010/ Fy i o1v/1-p%,
BH(t) = br1(2) + bra () 0 B () = bpa (1) 50 (2.7)
_ 52
B0 = b0+ ba@ 2D, piagy <y LT 2.8
Thus, we obtain the wealth processes for the insurer and the reinsurer, respectively, as
follows.
e X (&) = b1 () — bea(t) br:(2) bps(2)
dX;h(t) = D) dSo(t) + 0 dsi(t) + S0 dSy(2)
+[0ra — (1 - q(0)) (p(2) - a) ] dt + q(t)or AWF(2),
={[roX;F @) + nV(@©)B () + EV(©)B(8)] + [0ra — (1 - q(0)) (p(¢) — a) ]} dt
+ B () V() dW1(2) + B (1) V(£) dWa(0) + q(£)or AWE(2), (2.9)
g XLH() = bra(8) - bro(t) bpa(t) by (t)
dax;*(t) = S50 dSo(t) + D) ds,(t) + 50 dS,(2)

+(1-q(®)) (p(t) — a) dt + (1 - q(2))or dWE(2),

Page 4 of 24
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= {[ronL (t) + nV(&)BL(t) + £V (t)B"2 (t)] + (1 - q(t)) (p(t) - a)} dt
+BM(6)\/ V(&) AW (£) + B2 () V() AW (8) + (1 - q(8))or dWE(2).  (2.10)

Next, we proceed to deduce the optimal risk exposures (Bf1(¢), Bf2(t), B (t), B2(t))
and then deduce the optimal investment strategies for the insurer and the reinsurer by
relations (2.7) and (2.8).

2.4 Modeling the stochastic Stackelberg differential game
This paper takes the derivatives trading into account in the stochastic Stackelberg differ-
ential reinsurance-investment game model. Referring to Chen and Shen [10], Chen and
Shen [11], Bai et al. [4] and Bai et al. [5], the main target of the game is to find the Stackel-
berg equilibrium by solving the leader’s (reinsurer) and follower’s (insurer) optimization
problems sequentially. The game problem can be solved by the following procedure:
« Step 1: The reinsurer moves first by announcing its any admissible strategy
W), b1, (1), b1, (1))

«+ Step 2: The insurer observes the reinsurer’s strategy and decides on its optimal
strategy ¢*(-) = o* (-, p(-), br, (), br, (), by, (1) = B (-, p(), br, (), b,y (),
b}}z(-) = B5(,p(-),br, (), br,(-)) by solving its own optimization problem;

+ Step 3: Observing that the insurer would execute a*(-, p(-), bz, (-), br, (),

B, p(-),br, (), b1, () and B3 (-, p(-), br, (+), br, (-)), the reinsurer then decides on its
admissible strategy (p*(-), b7, (), b} 2(-)) by solving its own optimization problem.

Due to the psychology of comparison, the reinsurer and the insurer, as the two parties of
the game, consider not only the expected utility of their own terminal wealth but also the
expected utility of the wealth gap between themselves and the other party. That is to say,
the target of the reinsurer is to seek the optimal reinsurance premium pricing strategy and
investment strategy such that the expected utility of its relative performance is maximized.
For insurer, it is similar. For simplicity, let X3 (£) = X7F (¢) — ki X[H(£), X7H(t) = X7 (2) -
ko X7F (£). Then, we have

dXEE (1) = {ro[ XEF (D) = kX[ ()] + (BFY (1) — ki BM (0) 0V (£) + (BR2 () — ki B2 (0)EV (1)
+0pa—(1+k)(1-q(0)(pt) —a)}dt + (B (t) - ki B () y/ V() AW (0)

+ (BR2(t) - kiB2 () V(6) dWa(0) + [(1 + k1)q(t) — ki |or dW (),  (2.11)

dX7H(0) = {ro[X[H(8) — kaXFE (O] + (BM(8) — ke B (8)) V(D) + (BY2(2) — ko BT (2))EV/(2)

+(1+ k) (1 - q(8)) (p(t) - a) - koBral dt + (BX1(t) — ko BP(6))y/V (£) AW ()

+ (BR2(t) - kB2 ()Y V() dWa(8) + [1 - (1 + ko)g(D)]or dWe(e),  (2.12)

where k; € [0,1] describes the sensitivity of the insurer to the reinsurer’s performance,
and k, € [0,1] describes the sensitivity of the reinsurer to the insurer’s performance.

Let X7 (£) = ap, X7F (£) = xp, XpF(£) = XEE(8) =k X[ (8) = oep — ko, = &, X7 (8) = X7 (8) —

ko X7E(t) = xp — koxp = %z, at time £ € [0, T]. Let V() = v, at time ¢ € [0, T]. Then, the ad-
missible strategy is as follows.

Definition 1 (Admissible strategy) 7 (-) = 7.(-) x 7e(-) = ((-), br1 (), bra(-)) x (g(-), be1 (),
bro(+)) is admissible if
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(1) {m()}iero,r) and {we(t)}efo,r) are F-progressively measurable processes, such that

p(t) € [cr ], q(t) € [0,1] for any £ € [0, T];

(i) E(f (B () + (B2(£))2]V(£) de) < +00, and
E([T1(B1 (1))* + (B2(6)2]V(£) de) < +00, VL € [t, T];

(iii) the equation (2.11) associated with 7 (-) has a unique solution X;F (+), which satisfies
{Evzpo[sup |X7F (£)[2])2 < +00, for Y(t, &, v) € [0, T] x R x R, Ve € [£, T).

(iv) the equation (2.12) associated with 7 (-) has a unique solution XZL (+), which satisfies
{Eyz, Isup | X]* (0)]2])3 < +00, for V(t,3;,v) € [0, T] x R x R, V¢ € [¢, T].

Denote IT = I1; x I1f as the set of all admissible strategies, where I} is the set of all
admissible strategies of the reinsurer, and I is that of the insurer. Then, the Stackelberg
game problem is described by Problem 1.

Problem 1 The insurer’s problem can be described by the following optimization prob-
lem: for any () = (p(-), b1("), b12(-)) € M.(), find a map 7z(-) = (¢*(), bF, (), bE, () =
(o (o (), B G (), B3 (5 mr(-) : [0, T] x  x I — Tl such that the following value
function holds:

]F(t,fcl:, v; nL('): (X*(', 7TL('))! ,Bik(’ NL(')); /3; ('! 7TL()))

sup J*(t,&p, v (), 7 ()

wp(-)ellp
= sup Eua [Ur(XFE(D))], (2.13)
wp(-)ellp

where UF is the utility function of the insurer. The reinsurer’s problem can be described
by the following optimization problem: find a 7/ (-) = (p*(-), b, (-), bj,(-)) € TI;, such that
the following value function holds:

A AR A CLACIH CEACIN: CEAO))!
= Ssup ]L(tr;CL:V;ﬂL('):a*(UnL(')))/gik(':”L('))’,B;(WJTL(')))

(e,
= sup Eu, [Un(X7HT))], (2.14)
mp()elly

where U} represents the reinsurer’s utility function.

Definition 2 The six-tuple (p*(-),b7,(-), b75(-),a*(,p*(), b5, (), b7, (), B (- p* (), b7, (-),
by, (), B5(,p* (), by (), b7, (-))) is an equilibrium solution to the Stackelberg game prob-
lem 1.

3 Equilibrium solution to the Stackelberg game for CARA preference

Compared with individual investors, the insurer and the reinsurer have considerable
wealth, and their risk aversion coefficients are relatively stable and can be regarded as
constants in the time interval [0, T']. The wealth of the insurer and the reinsurer may be
negative due to the randomness of the number and size of future claims. Referring to Yan
et al. [26] and so on, the positive condition of the wealth processes is very crucial for some
common utility functions (for example, the CRRA utility function and the logarithmic
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utility function), which is hardly guaranteed, especially when considering relative perfor-
mance under the game framework. In view of these facts, we assume that both the insurer
and the reinsurer are constant absolute risk aversion (CARA) agents whose exponential
utility functions are given by

R 1 R
Ur(xp) = —— exp(—yr&r), (3.1)
YE
. 1 N
Ur(xg) = o exp(—yLxL), (3.2)
i

where yF > 0 is the constant absolute risk aversion coefficients of the insurer, and y; >0 is
the constant absolute risk aversion coefficients of the reinsurer.

3.1 Optimal strategy and value function
In this section, we use the dynamic programming method combined with the procedure
mentioned in Sect. 2.4 to solve the Stackelberg game problem.

Step 1. In the stochastic Stackelberg differential game, the reinsurer takes action first by
announcing its any admissible strategy (p(-), br1(-), br2(+)) € Ig.

Step 2. Based on the reinsurer’s strategy (p(-), br1(-), b12(+)) € 11, we solve the insurer’s
optimization problem (2.13) under the CARA utility function.

Based on the value function of the insurer, we have

JE(t, 3, v) = —% exp{-vre" (O3 + g (v +g (1)}, (3.3)

where ¢f(t), gt (t) and gf(¢) are differentiable functions with ¢f(T) = 1, gf(T) = 0 and
g5(T) = 0. Thus, for the insurer, the HJB equation is as follows

0= sup {]f+]5‘;[rofcp + (B(t) - kaB"(8))nv + (B™2(¢) — ki B2 (2)) v

np()ellp

+Opa—(1+k)(1-q@)(p) —a)] + %[(BFl(t) — ki B" (1)’

+ (BFZ(t) - leLz(t))zv + [(1 + ky1)q(t) - kl]zog]]f +JE k(@ -v)

XpF

+ %vaafv + ];; (B () = kiB (8) p + (BR () — k1B (2))y/1 - ,02]011/}, (3.4)

where Jf, ];{F’ and JI are the first derivatives of J* with respect to ¢, £ and v, respectively.

]}; i ]‘f'; and ]f;v are the second derivatives of J¥ with respect to &¢ and v, respectively.

Substituting these derivatives into the HJB equation (3.4) yields

dot (¢ dgk(t 1
0= sup ]F(t,fcp,v){—ypfcp< v + rogoF(t)> + V|: 2 (0 —gf e + —af(gf(t))2
np(-)ellf dt dt 2

+ (BFL(8) — kiBM(8)) yr” () (- — pougt () + (B2 (2) — k1B (1)) yeo” (£)(-€
- V1= p’og; (t) + (B™ (t) — kB (t))zi(y“p;(t))2

F 2
+ (BR(1) - /<13L2(t>)27(”¢2(”) ]
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dg; (t)
T

(veore® (1))?
+ —_—
2

+g1 (kv — yre" ()0ra + yee™ ()1 + k1) (1 - q()) (p(2) — a)

[(1+ki)q(e) - kl]z}. (3.5)

Based on the first order condition for maximizing the value in (3.5), we have

0 =v[yee" ()(-n - porgt (8)) + (B"1(¢) — ki B* (1)) ()’FSOF(t))Z]: (3.6)
=v[yref (t)(-€ - V1 - p2o1gf () + (B (¢) - kB (t)) (VFfﬂF(t))z], (3.7)
0=—yre" (1 + k) (p(t) - a) + (ypapgoF(t))z(l +k)[(1 + k1)q () - ki ]. (3.8)

By solving equations (3.8), we have

N+ pogh (t)

F1 _ L1
B = TS +kBRO), (3.9)
F
BR( < EVI=PO&®) s (3.10)
ve@(t)
q(t) = b)-a) | _k (3.11)

vrof Qo1 +k)  1+k

From the above equations, it is not difficult to find that the reinsurance strategy is inde-

pendent of the investment strategy. Therefore,

a*('rp(')’bLl(')rbLz('))r ,Bik("p(')rbLl(')bez('))i ﬁ;()p()ibLl()’bLz())

could be rewritten as a*(-, p(-)), 87 (-, b1, (), br,(-)) and B3 (-, b1, (), br,(-)). From the rela-
tions of BF1(t) and B2 (%) (i.e., (2.7)) and the scope of ¢(t), we have

bﬁl (t) = ,Bik('rbh(')’bLz('))
_ oY1= p? - 5p) £, 10 ++/1- p?01g] (1)

yreF ()o1y/1- p*f,
+ky BM () - leLZ(t)%, (3.12)
b2 (0= (s 0,bis() = — ;12(_"’_)2 : [5 * ﬁglﬁ“’ . leLZ(t)} (3.13)
7 (t,p(®) = o (£, p(0)) = [Wp ‘Eft()t;};(f)-k ot 'f 0 ] VOATL (3.14)

Substituting (3.9) and (3.10) into the HJB equation (3.5) gives that

dot d,
0= _VF&F< §0dt(t) + VO(PF(t)) |: 4 (0 -g (O 501 (gl (t))

_(n+porgl (6)* (€ + \/1——202 °1glF(t))2] dg; (1 +81 (v

2 dt

Page 8 of 24
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—yrot (O0pa + yret ()1 + ki) (1 - g7 (£,p(0))) (p(2) — a)

(veore® (1))?
+ —_—

L+ kg (6.p(0) - k. (3.15)

It is not difficult to find that g*(¢, p(¢)) is independent of variables xr and v. Due to
@f(T) =1, ¢F(T) = 0 and gf (T) = 0, we deduce that

o (1) = exp{ro(T - 1)}, (3.16)
gF %(772+§2)(t—T), ifK+7]O'1p+gO'1 l—pZ:O;
f)= 2 (3.17)
1 2, £2y7,kc+n01 p+Eo1y[1-p2)(t-T)
m~+£%)e -1 . —
2(K+7]O‘1p+$0‘1m) ’ lfK +noip + ggl\/ﬁ #0

and

) t - . t
gg(t)_ypepa/Tgo (s)ds Kv/Tgf(s)ds

e+ k) /T (1= (5,0())) (0(s) - a) ds

(vroe)* [*) F, 2 . 2
- (go (s)) [(1 +k1)q (s,p(s)) —kl] ds. (3.18)
T
By equation (3.14) and p(t), we obtain % + lk o> 0. Next, these situations will
of +

be discussed:

(P(t) a)
« Case (Fa) If 02k + 1+k >

equation (3. 18) we get

> 1, then ¢*(¢, p(t)) = 1. Substituting g*(¢, p(¢)) into

gZF(t) =g§“(t) = ypepaf F(s)ds — VFGF) ds—xv/ gF(s) ds. (3.19)
. —a) M
Case (Fb) If 020k 1+k <1, then g*(¢, p(t)) = T F O 1+k . Substituting

q*(t, p(r)) mto equatlon (3.18), we get

e =g

t t
= ‘}/ngll/ o (s)ds - /{17/ gf(s) ds
T T

- VF/T 9" (s)(p(s) —a) ds + % /T (p(s) - a)zds. (3.20)
F

Step 3. Observing the reinsurance and investment strategies of the insurer from equa-
tions (3.12), (3.13), and (3.14), the reinsurer decides on the strategy ;(-) = (p*(-), b, (-),
biy()) € T,

Based on the value function of the reinsurer, we have

JHt,R0v) = —% exp{—y1 0" (DR + g (O + &), (3.21)

Page 9 of 24
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where ¢! (t), gk(t), and gk(¢) are differentiable functions with ¢*(T) = 1, gf(T) = 0, and
g%(T) = 0. For the reinsurer, the HJB equation is as follows

0= sup {]f + ]ﬁL [roch + (BLl (¢) — ko B (t))r]v + (BL2 (¢) — kyBP2 (t))év — ky0ra
mr()ely

k) (1 (6p0) () - @)] + 3 [(B1(0) kB 1) v
+(B2(1) —szFZ(t))ZV +[1- (1 +k)g* (6 p(t))] FE e +JEc (@ —v) + ]L

+ 75, [(B"(8) — ko B (6)) p + (B () — koB™ (1)) /1 - pz]alv}. (3.22)

In the above, ]L,]L JE TR TR, and]}f

ELAL

tives into the HJB equation (3.22) yields

,are partial derivatives of JE. Substituting deriva-

L L
0= sup JL(t,xL,v>{—mL(d¢d(”+ro¢L(t>)+v[dg1(t) + (BM(0) — ko BR (1)
7 ()ely t dt

x 19" () (-1 - g (O)o1p) + (BX2(2) - koB™2(8)) y1.0" () (=€ — gF (o1y/1 - p?)

+%(nsoL(t))z[(BLl(t)—szﬂ(t))z+(BLZ(n—sz%)) -t + = (gl(t)ol) ]

dg; (t)
dt

+ %(VL‘PL(t))z[l -(1+k)q* (t,p(t))]zoﬁ}. (3.23)

+ g1 Ok + v (OkabOra — yo* ()1 + ko) (1 - g* (£, p(1)) ) (p(8) - a)

Similarly, by equation (3.23), we have

0 = v[yp* @) (-0 - porgk(®) + (B (2) - kuBP () (y16"(2) ],

0= v[1p* @) (=& — V1 - p2o1gh (1)) + (BL2(2) - kB2 (1)) (v19* () °].

Solving the above equation yields that

N+ poigh(t)

5 _ F1
Bl (t) I kyB1 (1), (3.24)
L
Bla(p) = S V=P fng (0) | kyB2(2). (3.25)
yLek(t)

From the ranges of k; and k;, we know that k1k; € [0, 1]. In order to solve the problem,
we assume k; k, # 1. Substituting the expressions of Bf1(¢) and B (¢) (i.e., (3.9) and (3.10))
into the above formulas, we obtain

Bli(g) =

1 [n +pogi(®) L porgr (t)]
1-kiky|  yie-(2) vref(t)

BLZ(L‘) _ 1 |:$ ++/1- pzolgf(t) + kzg +4/1- on—lgf(t)}

C1-kiky Yok (t) YreF (t)

Page 10 of 24
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From the relations of B'1(¢) and B2 (¢) (i.e., (2.8)), we can get the optimal investment strat-

egy of the reinsurer:

b (o L [ntpoigi® - n+porg (@)
Ly (t) = I K2 F
1-kiky | yie*(?) ye@" (t)
1 faSi@)+oiph |:$ ++/1 - plo1gh(t) . sz +/1- pszlgf(t)]
1-kiky o01/1-p%f, yLek(t) ye@E () '
(3.26)
4 1 St)  [E+V1-pPougl(t) . &+1-pPougf(®)
Iy (t) = T + k2 T 5 (327)
1-kiks 01,/1 - p?f, yLet(t) yref(2)
For the insurer, the optimal investment strategy is as follows:
by, (8) = By (b, ()
v 1-p%- —Js 1-p? i
_ohy1-02—-8p) £, $1(0E + V1 - p?0ugi (1) | kb, (0) (3.28)
veet (D)o1y/1 - pf,
Salt ++/1-p2o1gk (¢
by, (t) = B3 (b5, () = o) ¢ o (1) + ki b}, (2). (3.29)

- o1V 1-p%f, Ye@E(t)

Substituting (3.24) and (3.25) into the reinsurer’s HJB equation (3.23) yields that

L L
0= sup {-VN%(dq) ) + V0<PL(t)) + V[dg;t(t) ~ g1 () (k + npoy +Ey/1 - p20y)

POElc.d) dt

d L
- %(nz + 52)} + gjlt(t) + 2OV = e (O + ko) (1 - g (£, p(0))) (p(0) - a)

+ yr@* (O)koOra + %(VprL(t))z[l —(1+k)q* (t,p(t))]%g}. (3.30)

It is not difficult to find that p*(¢) is independent of variables &; and v. Due to ¢*(T) = 1
and gf(T) = 0, we deduce that

o™ (1) = exp{ro(T - 1)} = 0 (1), (3.31)
g =g, (3.32)
and
d L
0= ( )Sl}P _]{ g;’;t) +g (kv -yt (O + k) (1 - g* (6 p®))) (p(t) - a)
p)elcp,c

+ y19"(£)ks0pa + %(moL(t))z[l -1 +k)q* (t,p(t))]2<f§}~ (3.33)

Page 11 of 24
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For simplicity, we write

_ (I + k) yr + yr(1 = kiky) Gp(t) _ GFia
21 +k)yr +y(l+ ko)’ vropet(t)’
’ (3.34)
. a
N(t) = ———.
YroFet (£)

The premium strategy p(¢) is discussed as follows:

o Case (La) When wa(t()% + W > 1, then g*(¢, p(¢)) = 1. Substituting g*(¢, p(¢))

into equation (3.33), we get

dg; ()

0= sup {
pelcpa L At

+ g (v + yLot ()kobra + - (kzapyL(p (t)) } (3.35)

It is easy to know p*(t) = p, where p € [cf, c]. Then, g*(¢, p*(¢)) = 1.

#ﬁﬁq) + 1o = 1yields that NP (t) > 1. From equation (3.35) and g&(T) = 0, we

have

g_kmem/ L(s)ds — —(kzo'p]/L)Z/ ((p (s)) Kf//; gf(s)ds. (3.36)

T

M % k1
« Case (Lb) When Q0B 1+k1 <1, then g*(¢, p(t)) = e Qo) + T

Substituting g*(t, p(t)) mto equation (3.33), we have

1-kiky
1+Kk

dgk(t
sup { g2( )
poelepa | dt

(1 + k) yre(2) v (1 -kiky)
-0 -a) 1+k [1 ve (L+k) ]

0=

+ g1 (kv + v " (kabFa + < > (oryLe(8))*

2 (L+k)yr |: yo (1+ kz)] }
+(plt)—a) —— |1+ — . 3.37
(b(6)- ) (+k)yeog L 2vr L+ k) (3:37)
Similarly, we have
pi(t) = [a + I(ypaﬁ<pL(t)] Vcp AL (3.38)

— Subcase (Lb1) \X/hen a+ Kypoteh(t) > ¢, then p*(¢) = ¢,
q (&t p* @) = 1+k (N"(t) +ki). From K <1 and ¢ (¢) = ¢ (£), then
#}‘QW (N(’(t) + k1) < 1. Then, by equation (3.37)
and gl(T) = 0, we have

1+k < 1yields that 1+/<

t t
= —kzyLepa/ ot (s)ds — Kl_// glL(s) ds
T T

Page 12 of 24
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t _
+yfa(l + kz)/ goL(s)[ I+ (Na (s) + kl)] ds
vk 2
(’”L(’F) / (¢-(s)) [ e UUCR kl)} ds. (3.39)
And, equation (3.20) becomes
_ £ [t Oa t
gZF(t) :gZFbl(t) = yr(OF — O)a/ goF(s) ds —KV/ gf(s) ds — ()2(7) (3.40)
T T Up
— Subcase (Lb2) \X/hen a+ Kypotgh(t) < cr, then p* (t) =cf,
q @, p*(t) = 1+k1 (NP (¢) + ky). And #Lk) + 1+k1 < 1 becomes

ﬁ(Nb)F(t) + ki) < 1. Then, by equation (3.37) and g&(T) = 0, we can get that

g (0) =g (2)
é—kzyLGFafT goL(s)ds—/cf//T gf(s)ds

+yrOra(l + kz)/ wL(S)[l - %/Q (NP (s) + kl)} ds
T

(viop)? [* 14k ’
B VL;F /T((pL(s))2|:1_ I:kj (Nﬁp(s)+k1)i| ds. (3.41)

And, equation (3.20) becomes

&) = (1) = 7 / F(s)ds —%. (3.42)
F

— Subcase (Lb3) When 0pa < Kypote(t) < fa, then, prt)y=a+ KypoFgoL(t)

“(t,p*(t) = 5= _ ko
76" (1) = 1 (K + k). And —— i 1+k1

From equation (3.37) and g&(T) = 0, we have

< 1 becomes 17 k (K + k1) < 1.

a0 =g"0

t t
é—kgyLé’pa/ (pL(s)ds—Kf// glL(s)ds
T

,(1+k)(1-K)K
[VLVFUFT
(yLoe)® (1 + k) (K + ky) L
- (1 Tk, )}/( (s)) s. (3.43)

And, equation (3.20) becomes

&) =g

. ‘ F -y ‘ F
—yFOFa/T @ (s)ds KV/Tg1 (s)ds
K t
+Kylo ( 1+§> /T (¢(s))” ds. (3.44)

Therefore, the theorem is as follows.

Page 13 of 24
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Table 1 The optimal premium and reinsurance strategies

Cases p*0 g* ()

(1) N (1) > vp € [cr, ) 1

@ N < ¢ e (V0 + k)
(3)K</\/9F() o T (VP () + K1)
) /\/"F()<K</\/9() a+Kyro? et 1jw</<+k])

Theorem 1 Assuming kik, < 1. The equilibrium strategy of the Stackelberg game problem
1is (p*(-), 051 (), 075 (), g* (), b}, (), b}, (), where b}, () and b},(-) are given by (3.26) and
(3.27), respectively; by, (-) and by, (-) are given by (3.28) and (3.29), respectively; p*(t) and
q*(t) under various cases are represented in Table 1; where K, N (t) and Né(t) satisfy
equation (3.34).

For the reinsurer and the insurer, the value functions are respectively

1
JE(t &L, v) = —Z exp{—ngoL(t)ch + gty +g§(t)}, (3.45)
and
JE(t, &g, v) = —% exp{—yp(pF(t)ch +g v+ g (t)} (3.46)

where ¢F (t) and ¢* (t) are given by equations (3.16) and (3.31); g (¢) and g (t) are given by
equations (3.17) and (3.32); g(t) and gL (¢t) under different cases are as follows

g&e®), NFP@)>1;

Ly 1870 N() < K

&= 1 ) .
gP(t), K<N(@)<1;
giB3(8), NP () <K < NO(p);

(3.47)

a4, NF@)>1;

Fo - ar®), Nt <K;

&L= gy op .
@), K<N()<1;
gB(t), NP (t) <K <NO(p).

g1, g bl(t) gﬁbz(t) ngg(t) g, Fbl(t) gzhz(t) and gzbg(t) are given by equations
(3.36), (3.39), (3.41), (3.43), (3.19), (3.40), (3.42), and (3.44).

Theorem 1 demonstrates the equilibrium reinsurance-investment strategy does not de-
pend on the current wealth. Moreover, for the insurer, their investment strategy does not
depend on its reinsurance strategy. Our conclusions are consistent with that of most ex-
isting related research, among them, Bensoussan et al. [7], Yan et al. [26], A et al. [1] and
Deng et al. [14], etc. In addition, from the form of investment strategies of the insurer and
the reinsurer, we can see that they imitate each other’s investment strategies, showing a
herd effect.

Remark 1 When the Stackelberg equilibrium is achieved in Case (4) of Theorem 1, the
optimal reinsurance premium is given by the variance premium principle. More precisely,
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for per unit of risk, the total instantaneous reinsurance premium associated with the ceded
proportion (1 — ¢*(¢))100% is

PrO1-q®) =a(l-q*®) + [A+byr + n]ef @) (1-q*0)".

3.2 Special cases
Special case 1 If there is no opportunity to trade derivatives, i.e., bry(t) = b»(¢) =0, and

we have
BA(t)=bpi(t),  B"(t)=bn(t),  BR(t)=B2(t)=0.

According to the procedure mentioned in Sect. 2.4, the optimal reinsurance strategy of
the insurer, the optimal reinsurance premium strategy of the reinsurer, and their optimal
investment strategies in the stock can be obtained successively. The optimal reinsurance
strategy and the optimal reinsurance premium strategy are consistent with Table 1, and
the optimal investment strategies are as follow:

b (oL [ntpoigi® o n+porg (@)

L (t) = 2

! 1-kika|  yroh(e) ve@E(t)

b () = 1 [n+pogh(e A pogt(t)
! 1-kiky [ yref(2) yLot(t)

where ¢%(t) = o (£) = exp{ro(T - 1)} = ¢(2), gk (¢) = gF (¢) = g1 () satisfies

_ dg ()
dt

0 2,

1 1
-a (O + 5012 (@(0)* - 3 (n+ porga (1))
Then, the optimal investment strategies can be simplified to:
1+ poi1gi(£) (i &)

_— +
A-kk)e®\yv. vr

« o N+ poigi(t) (i ﬁ)
B ke ® \ v ")

by, () =

Special case2 When k; = ky = 0, there is no wealth gap between the insurer and reinsurer.
The equilibrium strategy is (p*(-), b},(-), b} (), g*(), b, (-), by (+)), where p*(£) and g*(¢)
under various cases are represented in Table 2; where K° = % And, b3, (-), b}, (), b1 (),
b}, (-) are as follows

n+poigi(t) fuSi(0) +o1pf, § +V/1 - pPorgh (1)

b () = 3.48
nO= 00 T i et (3:48)
. $H(8)  E+/1-p2oigt(t)

b = , .
10 o1y/1- p%, Yoot (t) (3.49)

e (2 POV 07~ £0) .S\ + V1= gl () 550
F - ) .

veef (8)o1/1 = p%f,
F
b (0) = Sl §+yl-piog (O (3.51)

o1/1 - p%f, vrof (t)
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Table 2 The optimal premium and reinsurance strategies

Cases p*(t) q*(t)
N =1 Vp e ler, @l 1
QN () <K° ¢ NP (1)
@K <NFO<1 N ()
WNF@R)<KO<N@)  a+KOpralet) KO

The form of the optimal investment strategies in this special case is consistent with the
results in the literature Xue et al. [25]. From equations (3.16), (3.31), (3.17), and (3.32), we
get of (£) = L (¢) and gf (£) = g-(£). Then, we have

* VL* * VL*
DRO= B0, B0 = b0, (3.52)

We find that for the optimal investment strategies, the insurer and the reinsurer imitate

each other, which shows a herd effect.

4 Numerical analysis
This section conducts some numerical examples and analyzes the sensitivity of the equi-
librium strategy (p*(-), b}, (-), b}, (), ¢*(-), b, (-), b}, (-)) to model parameters.

Referring to Heston [16] and Xue et al. [25], the pricing formula of a European call option

with stochastic volatility is
Ct = C(Sl (t)’ V(t);P: T) = Sl (t)I//I - e_VOT]PwZ, (4'1)

where 7 is the expiration, and PP is the strike price. Then, we have

1 o0
fo, =1+ — / e Wra Ve cos[bl(u) +d1(u)V(t) + uD] du
T Jo

e—ror]P’ oo

C7S:(t) Jo

g2 W2V cos[bz(u) +dy(u)V(t) + uD] du, (4.2)

and

1 o0
fr==S1(t)— / a eM eV sin[bl(u) +d () V(¢t) + uD] du
T Jo

u
—roTP 0
L€ / €208) ar(wscav) sin[ba(u) + da(u) V' (¢) + uD) du, (4.3)
T 0 u
where
L1 (%1 wramve
Yr=c—— | =@V inlpy (u) + dy ()V(2) + uD)] du,
2 7 o U
L1 (1 eV ..
Y= = — = Zenu)te sin[by(u) + da () V() + uD)] du,
2 mwJ)y u

eA(l—iu) _ eal(u)Jribl(u), eA(—iu) _ eaz(u)ﬂbz(u)’ D=1nP-1n Sl(t) + 70T,

eB(l—iu) — ecl(u)+id1(u)’ eB(—L'u) _ ecz(u)+id2(u),
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Table 3 The values of the financial market parameters

T © 1 no ok v oo p & N P 50
5 4 005 4 5 (0132 025 -04 -6 015 2 2

Table 4 The values of the insurer’s and the reinsurer’s parameters

)\F JAF OF 9; VF k1 Xg 9_ Y kg XL

08 5 8 1 03 05 3 3 0.1 02 5
K*v* q+b ot
AY)=-——|(g+b)T+2In|1- ——(1-€T) ||,
o; 2q
a(l —e™1")

B(y) =

T2 (q+ b1 -er) (4.4)

witha=y(1-y), b=01py—«* q= \/m, k* =k —oy(pn + m&) and v* = %
Here, «* and v* represent the risk-neutral mean-reversion rate and long-run mean, re-
spectively; i denotes the imaginary unit.

To be consistent with Xue et al. [25], we use the same parameter values given in Table 3
and Table 4.

4.1 Sensitivity analysis of the equilibrium investment strategy

According to the above parameter settings, this subsection analyzes the sensitivity of the
optimal investment strategies to model parameters, including the risk aversion coefficients
and sensitivity coefficients of the insurer and the reinsurer, the volatility parameter and
mean reversion rate parameter in Heston’s stochastic volatility model and option pricing
model, etc.

Figure 1 shows the effects of the risk aversion coefficients y; and yr on optimal invest-
ment strategies, respectively. The larger y; and yr, the more risk-averse the reinsurer and
the insurer, and the smaller both the long position in stocks and the short position in op-
tions. For reinsurer, the optimal investment strategy is sensitivity to both y; and yr. For
insurer, the conclusion is similar.

Figure 2 shows the effects of sensitivity parameters of the insurer and the reinsurer on
optimal investment strategies. As k; increases, both the reinsurer and the insurer invest
more in stocks and short more options. For the sensitivity parameter &, the conclusion is
similar.

Figure 3 shows the effects of parameter 1 on the optimal investment strategy of the
reinsurer and the insurer. As n increases, the reinsurer invests more in the stocks, and the
short position in options first decreases and then increases. And we can get the similar
conclusion for the insurer.

Figure 4 shows the sensitivity of the optimal investment strategy to the mean-reversion
rate « that depicts the persistency of volatility. As k increases, both the reinsurer and the
insurer invest more in the stocks and short more options.

Figure 5 shows the sensitivities of the optimal investment strategy to o7, i.e., the volatility
of volatility. As o7 increases, the reinsurer invests less in the stocks and shorts less the
option. For the insurer, we can get the similar conclusion.

Figure 6 shows the sensitivity of optimal investment strategy to the volatility +/V;. The
larger the volatility, the more volatile the finance market, the reinsurer invests more in
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Figure 2 Sensitivities of optimal investment strategies to parameters k; and k
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the stocks and shorts more the option to achieve the optimal volatility exposure. For the
insurer, we can get the similar conclusion, which is consistent with the sensitivity analysis
in Xue et al. [25].

Figure 7 shows the sensitivity of the optimal investment strategy to the premium & of
volatility risk. With & increasing, the reinsurer first takes a long (short) position and then
switches to a short (long) position in the stock (option). A short position in the deriva-
tive may switch to a long position with parameters changing, indicating that the insurer

Page 19 of 24



Gao and Bai Boundary Value Problems

(2023) 2023:43

2300 =120
< b © _— c b ©
g 22001 N _— £ -130 2 H
K b ) - 5 o )
= 2100 _— < -140
5 _— 5
g 000t g -150f
£ - g -
% 1900 5 -160 —
8 8 T~
< 1800 g -170} - —
5 ~_
£ 1700f £ -180f )
a a ~~
: H o
£ 1600} & -100f ~_
1500 . . . . -200 . . .
0.1 0.12 0.14 0.16 0.18 0.2 0.1 0.12 0.14 0.16 0.18 0.2
W, Wo
(a) (b)
Figure 6 Sensitivities of optimal investment strategies to volatility +/V
2500 150
o © < by (0
5 2000p bf‘ N ool L©) B
3 F © s by, (0) _—
< 1500} £ = _—
E > _—
T 1000 % P
g g or ~
§ 500 s
3 \ 8 _so
g or R N g
£ -so0f \ E WO
8 g
& -10001 \\\— 2 150
-1500 ; . . ; -200 .
-6 -4 -2 0 2 4 6 -6 -4 -2 0 2 4 6
& &
(a) (b)
Figure 7 Sensitivities of optimal investment strategies to &

and reinsurer can flexibly adjust the position in the derivative to manage the market un-
certainty risk. More precisely, the absolute value of the amount invested in the stock
and the option firstly decreases and then increases with & increasing. For the insurer,
we also get a similar conclusion, which is consistent with the sensitivity analysis in Xue
et al. [25].

4.2 Sensitivity analysis of the equilibrium reinsurance strategy
Figure 8 shows the change of the optimal premium strategy of the reinsurer and the opti-
mal reinsurance strategy of the insurer over time t. Meanwhile, the corresponding numeri-
cal results are represented in Table 5. The results show that condition N' é(t) < K is satisfied
when ¢ < 1, which is corresponding to Case 2 in Theorem 1; condition N (¢) < K < N' é(t)
is satisfied when ¢ > 2, which is corresponding to Case 4 in Theorem 1. For more intu-
itively investigating the effects of model parameters on the optimal premium strategy and
the optimal reinsurance strategy, we fully discuss the strategies in Case (4) in which all the
optimal strategies fall within the feasible range. Thus, we give the strategies at ¢ = 4 for
sensitivity analysis.

Figure 9 shows the effect of risk aversion coefficients of the insurer and the reinsurer on
optimal reinsurance premium strategy and optimal reinsurance strategy. The graph shows
that the more risk averse the insurer is, the lower its own risk reserve level will be, and the

higher the premium price charged by the reinsurer will be. In addition, the more risk averse
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Table 5 Numerical results corresponding to Fig. 8

t 0 1 2 3 4 5

K 0.5294 0.5294 0.5294 0.5294 0.5294 0.5294
NPE (1) 0.1623 0.1706 0.1793 0.1885 0.1982 0.2083
) 0.4868 05117 0.5379 0.5655 0.5945 0.6250
p*() 16.0000 160000 158097 152337 146859  14.1647
) 06578 0.6745 0.6863 0.6863 0.6863 0.6863
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the reinsurer is, the more inclined it is to set a higher premium price to avoid risks. At this
time, the insurer tends to purchase reinsurance contracts with a lower proportion to avoid
more expenses. This is consistent with the phenomenon of the market economy.



Gao and Bai Boundary Value Problems (2023) 2023:43 Page 22 of 24

15.5 0.9
p(4) q(4)

0.8
15

< Jo7

o o

14.5

0.6

14 0.5

0 0.5 1 0 0.5 1
ks ks
16 0.7
P (4) q(4)

0.68
15

2 = 066

Q. o

14

0.64

13 0.62

0 0.5 1 0 0.5 1
k. k
Figure 10 Effects of the sensitivity coefficients on p*(4) and g*(4)

Figure 10 shows the effects of the sensitivity parameters of the insurer and the reinsurer
on the optimal reinsurance premium price strategy and the optimal reinsurance strategy.
The graph shows that the larger & is, the higher g*(4) is, and the lower p*(4) is. That is to
say, the more the insurer cares about the performance of the reinsurer, the more inclined
it is to buy fewer reinsurance contracts, and the more willing it is to take more claims
risks, the risk of more claims, which leads to the lower price of the reinsurance premium.
The more the reinsurer cares about the performance level of the insurer, the more it tends
to attract a higher proportion of reinsurance contracts by reducing the reinsurance pre-
mium price, which leads to the reduction of the risk reservation level of the insurer. In
general, the optimal premium price strategy of the reinsurer and the optimal reinsurance
strategy of the insurer are not only affected by their own sensitivity parameter but also by
the sensitivity of the other player in the game.

5 Conclusion

In the paper, we investigate a stochastic Stackelberg differential reinsurance-investment
game problem with derivative trading under a stochastic volatility model. The reinsurer
who occupies a monopoly position can determine the price of the reinsurance premium
and its asset allocation strategy invested in the stock and the derivative. The insurer, the
follower of the Stackelberg game, can determine the proportion of reinsurance according
to the price of reinsurance premium and its asset allocation strategy. The target of the
reinsurer and the insurer is to find their own optimal strategy that maximizes the CARA
utility of relative performance. The explicit equilibrium strategy for the game problem
is deduced by solving HJB equations sequentially. The equilibrium investment strategy
demonstrates that the insurer and the reinsurer imitate each other’s investment strate-
gies, showing a herd effect. The numerical experiment represents the sensitivity of the
equilibrium strategy to model parameters. We find that a short position in the derivative
may switch to a long position with parameters changing, which provides investors with
important decision-making information.
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The differential game in the insurance market is a hot topic in the current economic
and financial field, and its future research can be very extensive and interesting, such as
to study the Stackelberg reinsurance-investment game problem with derivatives trading
under mean-variance criterion, to consider regime switching to better model market ran-
domness and to consider parameter uncertainty in the stochastic Stackelberg differential
game model.
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