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1 Introduction

One of the important applied problems in analytical methods is solving the singular
boundary value problems for differential equations. Singular problems have been inten-
sively studied in the last decades. They arise naturally and repeatedly in physical models,
often because of the coordinate system. These kinds of problems also appear in glacial
advance, in transport of coal slurries down conveyor belts and in some other geophysical
and industrial contents [8, 13, 21].

In the present paper, we consider the following (p(x), g(x))-biharmonic problem

s—2 .
Az(x)u + A;(x)u +6(x) |u|lc|2su =M(x,u) inQ,

u=Au=0 on 0€2,

(1.1)

where Q C RN (N > 2) is a bounded domain with boundary of class C'; p,q € C,(Q) sat-
isfying the following inequalities

max{2,N/2} <q” <qx) <q'<p” <px) <p*<+oo.
And,

AZu = A(|Au™ 2 Au)

r(x

denotes r(x)-biharmonic operator for r € {p,q}; 6 € L*(Q2) is a real function with
essinf, .5 6(x) > 0; s is a constant such that 1 <s < N/2; A > 0 is a real parameter, and
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f:Q2 xR — Risa Carathéodory function, which holds the following growth condition:
[f(x,9)| < a1 +als|” ™! (1.2)

for (x,s) € 2 x R, where a; and a, are positive constants and y € C(2) such that
l<yx)<plkx) aexeQ.

In 2014, the existence of multiple weak solutions for the following nonlinear elliptic prob-
lem with the Navier boundary value involving the p-biharmonic operator was studied [4]

A(|AulP?Au) = AMf(x,u) inQ,
u=0=Au on €2,

where Q is an open bounded subset of R” with a smooth enough boundary 92, A is a
positive parameter, and f is a suitable continuous function defined on the set Q x R.
The existence of the solutions to the following weighted (p(x), g(x))-Laplacian problem

consisting of a singular term

—a(x) Ap)t — b(x) A gyt + w2 _ AM(x,u) in€,

%[

u=0 on 02,
has been proved [17], where Q2 C R¥ is a bounded domain with smooth boundary, a,b €

L>°(Q2) are positive functions with a(x) > 1 a.e. on ©; A > 0 is a real parameter, f : 2 x R —

R is a Carathéodory function satisfying the following growth condition
f(x,0)] <o + Ble)"™!

for all (x,£) € 2 x R. See also [2, 3] and the references therein. The existence of at least

one positive radial solution of the p-biharmonic problem

Agpn (WE)| Apnual? 7 Aggna) + REW(E) [l u

m k
= Zai(|%—|H”)|u|qi_2M — ij(|E|HY1)|M|rj_2M,
i=1 j=1

with the Navier boundary condition on a Kordanyi ball was proved [25] via a variational
principle, where w € A, is a Muckenhoupt weight function, and Afﬂn’p is the Heisenberg
p-biharmonic operator.

The purpose of this paper is to prove the existence and multiplicity of weak solutions to
the problem (1.1).

The structure of the paper is as follows: in Sect. 2, we recall some basic facts, which will
be used later, and we also introduce our main tools. In Sect. 3, the existence of one weak
solution for the problem (1.1) is proved; in Sect. 4, the existence of multiple weak solutions
for the problem (1.1) is verified.
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2 Basic definitions and preliminary results
Through the paper, we assume that 2 C RN (N > 2) is a bounded domain with boundary
of class C'; p,q € C(R), which hold the following inequalities

max{N/2,2} <q” <qlx) <q' <p” <pkx) <p*<oo, (2.1)

where

"= supr(x)

r :=infr(x) and r
xeQ xe

for r € {p,q}. We denote the variable exponent Lebesgue space by L*®)(Q), i.e.,
IP9(Q) = {Q —> R :u is measurable and / |u(x) |p(x) dx < oo},
Q

with the Luxemburg norm [10]

|2t] p() 1= inf{k > 0:/
Q

Forany u € I’™(Q)and v e LF'®)(Q), where LZ @ (Q) is the conjugate space of L’ (L), the
Holder type inequality

1 1
qudx < e +IF |lp) V] o)

holds true.
Following the authors of [22], for any « > 0, we put

u(x) p(x)

dx < 1}.

; k" k<1,
k"= B (2.2)
k" ok >1,
and,
N K" k<1,
k"= X (2.3)
k" k>1

for r € C,(R2). The following proposition is well-known in Lebesgue spaces with varia-
tional exponent (for instance, see [15, Proposition 2.7]).

Proposition 2.1 For each u € [’ (Q), we have
. . R
il = [ [0 s < .

Proposition 2.2 ([12]) Let p,q € C,(Q).Ifq(x) < p(x), a.e. on Q, then [P¥)(Q) — L1 (Q);
moreover, there is a constant ky such that

|24] gy < kgl 1t p(s)-
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We denote the variable exponent Sobolev space W**®)(Q) for k = 1,2, by
WhPO(Q) = {u € IP™(Q) : D*u € IPM(Q), || < k},

. . o] . .. .
that in which D%y = m where « = (o1, ®3,...,0y) is a multi-index with || =

>N ;. The space W*?@(Q) with the norm
letll i pa) = 2|a\5k|D“M|p(x)

is a Banach separable and reflexive space. We assume that Wol'p (x)(Q) is the closure of
CS°(R) in W*®(Q), which has the norm ll£ll1,p) = |Dtt|px). In what follows, we set

X = WP (@) n wr(Q),

endowed with the norm

. Au
[|z]| <= 1nf{u > Of
Q

u

plx)

dx < 1}.

Remark 2.1 As a consequence of Proposition 2.2, if g(x) < p(x) a.e on €2, one has
WP (@) &> WP(Q) and WW(Q) > W2W(Q).

In a special case,
X WP (Q)N W (Q)

On the other hand, because p~ > N/2, so
Wo? (Q) N W (Q) — C°(Q).

Thus, the embedding X — Q) is compact; moreover, there exists constant L > 0 such
that

|tloo < Liull, (2.4)
where |u|o = sup,cq u(x).
Here, we recall the classical Hardy-Rellich inequality mentioned in [9].

Lemma 2.1 Let1<s<N/2. Then foru e Wol’s(Q) N W25(Q), one has

|u(x)|*

o lx*

1 s
dx < ﬁS/Q|Au(x)| dx,

where Hy := (w)s'

We mean by weak solution of the problem (1.1) is as follows.
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Definition 2.1 We say that function u € X is a weak solution of Problem (1.1) ifu = Au =0
on 02 and

/|Au|1”(x)_2AuAvdx+/. |Au|T92 AuAvdx
Q Q

|ul*~ -
+/99(x) uvdx—)\/gf(x,u)vdx—O

|x|2s
for every v e X.

We continue by introducing the main tools of this paper. Do to this, we need the follow-

ing definition.

Definition 2.2 Let ® and W be two continuously Gateaux differentiable functionals de-
fined on a real Banach space X and fix r € R. The functional I := & — W is said to verify
the Palais-Smale condition cut of upper at r (in short (PS)!") if any sequence {u,},cn € X
such that

e I(u,) is bounded;

o limy, o0 1/ (st) 3+ = 05

o O(u,)<rforeachneN;
has a convergent subsequence.

If r = 0o, we say that the functional I := ® — W verify the Palais-Smale condition.
The following is one of the main tools of the next section established in [6].

Theorem 2.1 Let X be a real Banach space, and let &,V : X — R be two continuously
Gdteaux differentiable functionals such that

inf ® = ®(0) = ¥(0) = 0.
xeX

Assume that there exists positive constant r € R and x € X with 0 < ®(x) < r such that

Supx€¢—1(]7oo’r[) \I"(x) < \Il(x)

r o)’ 25)

and for each

)»eA:=i|q>(x) 4 |:

)\ (x) ’ SUP,cp-1 (J~00,r]) 1\ (x)

the functional I, = ® — AV satisfies the (PS)")-condition, then for each A € A, there is x; €
@110, r[) such that I (x;) < L (x) for all x € ®71(10, r[) and I, (u;) = 0.

The other tool is the following abstract result proved in [5].

Theorem 2.2 Let X be a real Banach space and ®,¥ : X — R be two continuously
Gdteaux differentiable functionals such that ® is bounded from below and ®(0) = ¥(0) = 0.
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Fix r > 0 and assume that for each

r
AE ]O, |:,
Supu€¢71(]_oo,r[) lIJ(M)

the functional I, := ® — AV satisfies the Palais-Smale condition, and it is unbounded from
below. Then, for each

r
AE ]O, |:,
SUPyedp-1(]-co,r) U (u)

the functional I, admits two distinct critical points.
The other tool is the following theorem from [7].

Theorem 2.3 Let X be a reflexive real Banach space, ® : X — R be a coercive, contin-
uously Gateaux differentiable and sequentially weakly lower semi-continuous functional
whose Gdteaux derivative admits a continuous inverse on X*, ¥ : X — R be a continu-
ously Gateaux differentiable whose Gdteaux derivative is compact such that

inf & = ®(0) = W(0) = 0.

Assume that there exist r > 0 and x € X, with r < ®(X), such that
(l) SUP P (x)<r W (x) < Y(x) .

r D(x)’

(ii) foreach ) € A, := ]%, Wr‘l‘@‘) [, the functional I, := ® — AW is coercive.

Then, for each A € A,, the functional ® — AV has at least three distinct critical points in X.
In the sequel, we put

8(x) =sup{6 >0:B(x,8) CQ} and R:=supd(x).

xeQ
Obviously, there exists 2% = (x?, ... ,xf{,) € Q such that
B(x",R) C Q.

3 Existence result
Let @ : X — R be a functional defined by

1 1 1 s
o= [ Laurase [ Laumast [ ow™ L g,
p(x) Q q(x) s Ja x| 2s

where 1 < s < N/2, and the inequalities (2.1) hold.

Remark 3.1 Under the above assumptions, we gain
L P ul
— Nlull? < D(w) < K(ul” + ll«]°),
p

where K = max{%, %}.
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Proof Because 1<s<N/2<q <q* <p~ <p*, we have

1 M 1
L g 5/ L A ax
p* o px)

< P(u)
1 1 1 s
< —/ | AuP® da + —/ | Al dix + —/ o)L 4,
S Jo s Ja S Ja |x| g
By applying the Hardy’s inequality, we gain
Lo Pl
Ellull < @) < K(lul” + |ul),
where K = max{%, %}, and then the proof is completed. d

It is known that & is a continuously Géteaux differentiable functional; moreover,

s—2
(@' (u),v) = / (|Au|”(")_2AuAv + ] AulTP2 AuAy + G(x)w) dx
Q

|x|25

for u,v € X (see [18]). Let f : @ x R — R be a Carathéodory function with the growth
condition (1.2) and define

F(x,t):= /tf(x,s) ds. (3.1)
0

Then the functional ¥ : X — R with

for every u € X is continuously Gateaux differentiable with the following compact deriva-

tive
(\D'(u), v> 1= /Qf(x, u(x))v(x) dx

for every u, v in X (see [1]). Now, define
L, =d - 0.

If I; (u) = 0, we have

/ (|Au|p(x)_2AuAv + | AulT2 AuAv
Q

||~ 2uv

+60(x) FE

)dx—kff(x,u)vdx:O
Q

for every u, v € X, then the critical points of I, are the weak solutions of Problem (1.1).
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Lemma 3.1 The functional I, verifies the Palais-Smale condition for every A > 0.
Proof Let {u,} C X be a Palais-Smale sequence, that is

suply (u,) < +oo and | I; (u,)

w0 (3.2)

We prove that {u,} € X contains a convergent subsequence. By using (1.2), the Holder
inequality, and (2.4), we have

U(y) = LF(x,u(x))dx
541/;2|u(x)‘dx+%/{;‘u(x)’y(x)dx

§a1|u(x)|oof 1dx+2|u(x)|zo‘/ ldx
Q 12 Q
< |s2|(a1L||u|| - %Lfnun?), (33)

where |Q2| is the Lebesgue measure of 2. So, for # large enough, from Remark 3.1 and (3.3),
one has

(I;\(un): un) = <d); (1), un) - )\(‘Ij)/h(un)» un)

. a N N
= ||Mn||p—)»|9|(ﬂlL||Mn|| + V—ZLVHMnlly)»
Then, by applying (3.2), we have
b B 1Nl
lonll” < AS21{ arLllull + FL llall” |5

since y (x) < p(x), it follows that {u,} is bounded. By the Eberlian-Smulyan theorem, pass-
ing to a subsequence if necessary, we can assume that u#, — u. Then V'(u,) — V(1)
because of compactness. Since I} (#,,) = ®'(u,) — AV’ (1) —> 0, then &' (u,,) — AV (u,,).
By [11, Theorem 3.1], &’ is a homeomorphism, then #, —> u, and so I, satisfies the Palais-
Smale compactness condition. O

The next is one of the main results of this paper.

Theorem 3.1 Letf:Q x R —> R be Carathéodory function satisfying (1.2). Assume that
there exist r >0 and § > 0 such that

. 28N\ 26N \* v (RN
K((RL(%)Z) +<R2—(§>2) )m<R _(5> )”’ (34)

where m := 1\% is the measure of unit ball of RN, and T is the Gamma function. Then,

foreach ) € )A,s, B[, where

p 3
) K5 + (@ e - 1)

As: -
? infyeq F(x, 8)

)
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and

r

B, := -
1 N Y
QU@L + 2L (pr)7)

)

Problem (1.1) admits at least one non-trivial weak solution.

Proof Using Theorem 2.1, one can prove the theorem. Thus, we need to show that the
hypotheses of Theorem 2.1 are hold.

First of all, for the given A > 0, from Lemma 3.1, the functional ; satisfies the (PS)""]
condition. Let » > 0 and § > 0 be as in (3.4) and the function w € X be defined by

0 xe Q\BxR),
F) x € B, %), (3.5)
R2+(§)2(R2 - ZZI (xi - x?)Z) X € B(xOrR) \B(xo’ g):

w(x) :=

where x = (x1,...,xn) € Q. Then,

i 82W(x) B x € (Q\Bx°R) UBR’, X),
i=1 axzz _R22_3(1\§1)2 X € B(X(), R) \B(XO, % .

So, by applying Remark 3.1, one has

p N

() (- (5))

< d(w)

p s N
(7)) (7)) (=-() )
then, we gain ®(w) < r. Plus that, one has

v R\Y

w= [ g FED e int P35 )

Then, we deduce that

W (w) infycq F(x,0)
> ~ .
Pw) " K2 + G e - 1)

On the other side, using Remark 3.1, for each u € ®~1((—o0, 1[), we have

lull < [p*®W)]F < (p*r)?. (3.6)

Hence, from (3.6) and (3.3), we deduce

1 a5 z
sup W(u) < |Q|(a1L(p+r)p + y—L”(p*r)P).

O (u)<r
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Therefore, the conditions of Theorem 2.1 are verified. So, for each

D (w) r [
"I'I(W) ’ Supuecl)*l(]—oo,r[) \Il(u) ’

AE ]AV,5,BV[ g]

the functional 7, has at least one non-zero critical point, which is the weak solution of
Problem (1.1). O

4 Multiplicity of weak solutions
Theorem 4.1 Let f: Q x R — R be Carathéodory function satisfying Condition (1.2),
and there exist constants . > p*, D > 0 such that

0< uF(x,t) <tf(x,t) (4.1)

forall x € Q and |t| > D. Then, for each A € 10, B,[, where

r
B, :=

QU@ Lpr)? + 2L (pr)7)

the problem (1.1) admits at least two distinct weak solution.

Proof By hypothesis (4.1) and simple computations, there exists «, 8 > 0 such that
Fx,t) = alt]* - B

for all x € Q and || > D. We show that [, is unbounded from below for » > 1
Li(ru) = (® — AV)(ru)

1 . .
< — K (" ull? + ) - & / Flx, rut) dx
r o

" s
< —K(Jlull? + [lull*) = ar* | |ul* dx + ABIQ;
pt Q

since u > p* > s, so, I, is unbounded from below, and from Lemma 3.1, the functional
verifies the Palais-Smale condition, so all hypotheses of Theorem 2.2 are verified. Then,
for each A €]0, B, [, [, admits at least two distinct critical points that are weak solutions of
Problem (1.1). O

Theorem 4.2 Let f: @ x R — R be a Carathéodory function satisfying (1.2). Then, for
each A € |A, 5, B[, where A, s and B, are given as in Theorem 3.1, those are

K@ e + (@)@ -1

infyeq F(x,6) ’

Ar,,g =

and

r

B, := >
1 N Y
QU@L )P + 2L (p1)F)

’

the problem (1.1) has at least three weak solutions.
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Proof The functionals ® and W defined in previous section satisfy all regularity assump-

tions requested in Theorem 2.3. So, our aim is to verify (i) and (ii) of Theorem 2.3. Put

1/ 26N \? R\N
o) (2= (3) )=

and consider w € X as above, that is

0 xe Q\Bx°R),
w(x):= 18 x €B(x°, %), (4.2)
iy (B = ik (i —a)?) % € B, R)\ B&, 5),

So, by applying Remark 3.1, we gain

1 1 1 s
o) = [ siawrdvs [ —iawi® drs S /e<x)'w("2)' B
2 P(x) 2 q4(x) s Ja ||
LN Y (RYY
“p\e-dr) "z
=r.

Therefore, the assumption (i) of Theorem 2.3 is satisfied. Now, we prove that the func-
tional I, is coercive for all A > 0.

From (3.3), we have
ay -
U(u) < [Q| arLllull + FLVIIMHV ;

and, from Remark 3.1, p% llu||P < d(u). So, we gain that

1

L(u) >
p+

. a N
llll? —)»IQI(ﬂ1L||u|| + FLV IIuII”);

since p >y > 1, the functional I, is coercive. Then condition (i) holds. So, all hypotheses
of Theorem 2.3 are verified. Then, for each A € ]A, 5, B,[, the functional I, admits at least

three distinct critical points that are weak solutions of Problem (1.1). a

Remark 4.1 An interesting problem is to probe the existence and multiplicity of solutions
of this equation under the Steklov-type boundary conditions [16, 19, 20, 24, 26] or in the
Heisenberg Sobolev spaces and Orlicz-Sobolev spaces. Interested readers can see details

of these spaces in [14, 22, 23, 25] and references therein.
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