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1 Introduction

Over the last few decades, fractional calculus (FC) has evolved as an interesting subject
of research. The FC methods greatly improved the study of integer-order mathematical
models associated with real-world problems in a variety of scientific and technological
disciplines, including finance, control theory [1], ecology [2], signal and image process-
ing [3], blood flow phenomena [4], biophysics [5], and chaotic synchronization [6]. Frac-
tional differential equations (FDEs) are more effective than classic integer-order differ-
ential equations (DEs) at representing real-world phenomena such as the knowledge and
heredity properties of various materials. As a result, numerous scholars have examined
FDEs in the mathematical modeling of a wide range of physical and technical processes
[7-13]. Along with Riemann-Liouville, these operators are referred to in the literature as
Griinwald-Letnikov, Caputo, Hilfer, and Hadamard.

Coupled systems with fractional differential equations are very important to study since
they appear to have a wide range of problems in a variety of real-world scenarios. Scholars
have also done numerous investigations of coupled systems of FDEs. Consider the follow-
ing example: some of the most current results on the problem are contained in a series of
papers [11, 14—17] and the references given in [18—22].

Stability analysis is another field of research that has received much attention to frac-
tional differential equations in the last few decades. Various kinds of stability have been in-
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vestigated in the literature, including Mittag-Leffler, Lyapunov, and others. To our knowl-
edge, the Ulam—Hyers stability of a coupled system of fractional differential equations has
been studied very rarely.

Ulam and Hyers discovered a novel type of stability called the Hyers—Ulam stability.
This type of research can aid in understanding biochemical processes and fluid motion,
as well as semiconductors, population dynamics, heat conduction, and elasticity. This pa-
per summarizes research on integral and nonlocal boundary value problems for coupled
FDEs. The papers [16, 23—29] provide more insight into the theoretical approaches to the
topic.

Zada, Yar, and Li [26] studied the nonlinear sequential coupled system of Caputo frac-

tional differential equations

(D" + D" Vp(s) = Fi(s,p(s)als)), 2<n<3,
(Df + D5 )a(s) = Fals,p(s)als)), 2<£ <3,
pO)=0,  p(T)=X1, nZ7%a()),
90)=0,  q(T) =Y 5, BT q(w)),

where °D" and ¢D? denote the Caputo fractional derivatives of orders 5 and &, Z%and Z7%
are the Riemann-Liouville fractional integrals of orders p;,y; >0, B;,n; € (0,T), k € (R)*,
Fi ]:"2 1[0, 7] x R e R?> - R, and ppyieR, i=12,...,n,j=12,...,m, are real con-
stants. The existence of solutions is established by the Banach contraction principle, and
the uniqueness of solutions is established by the Leray—Schauder alternative. The Hyers—
Ulam stability was also considered.

In [27] the authors studied a new kind of coupled system of three fractional differential

equations with coupled boundary conditions:

DL u(s) = pls,u(s),Gi(s), Ga(s)), 1<n <25 €labl,
CDE.Gi(S) = o(c,ul(c), Gi(5),Ga(5)), 1<&<2,c€labl,
CD%Ga(s) = ¥(s,u(s),Gi(5),Gals)), 2<¢ <3,5 €labl,
u(@)=uo,  ub)=37 piGi(e),

Gi@)=0,  Gi(b) =Y 1, 45:(8),

Ga(6)=0,  GoE)=0,  Ga(b) = Xk, reus(y),

a<&1 <& <A< <oy <Pr< < By <<y <b,

where €D is the Caputo fractional derivative of order x € {1,&,¢}, p, 0, ¥ : [a,b] x R x
R x R — R are given functions, and p;,g;,rx € R, i=1,...,m, j=1,...,n, k = 1,...,1L
The existence is proved via the Leray—Schauder alternative, whereas the existence of a
unique solution is established via the Banach contraction mapping principle. We sug-
gest the reader a series of publications on FDE-coupled systems [27, 28, 30-34]. In the
last two decades, the fractional-order differential equations appeared and began to study

the predator—prey models in the fractional-order form. In [35] the authors studied the
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predator—prey model of Holling-type II with harvesting and predator in disease

dx _ _xy_ @x _
dt_rx(l 7)) = —azx — hix,

=bxy + ayz + L= m+x - hyy,

2 = bzx —ayz — dz,

where x, y, and z are the prey, infected predator, and susceptible predator, respectively,
andr, k, a, b, y, o, hy, hy, d are assumed to be positive constants. They have studied the
existence of a positive biological equilibrium and the uniform boundedness of the system.
Local stability conditions are also defined based on Routh—Hurwitz. In [36] the authors
discussed the fractional-order model of a two-prey-one-predator system

D1 (8) = fi(x1,%2,%3) = axy (£)(1 —x1(2)) — x1 ()3 (£) + 21 (E)x2(D)x3(), t<[0,T],
“Dyxo(t) = fo (1,00, %3) = bag (£)(1 — x2(2)) — 2 ()3 () + %1 (E)x2()x3(t),  t € [0, T],
DS x3(t) = f(x1,%2,%3) = —cx%(t) +dx1()x3(t) + exy(t)x3(t), te]0,T],

where c is the death rate of the predator, 0 <« < 1, x;(¢) > 0, x2(¢) > 0, x3(¢) > 0, and a4, b,
¢, d, and e are all positive constants. They have studied the local asymptotic stability of the
equilibrium solutions of the proposed model. One of the most important disciplines in
the study of fractional-order differential equations is the theory of existence, uniqueness,
and stability of solutions. In the present paper, inspired by the above-mentioned works, we
introduce and investigate the existence and stability of solutions for the following coupled
system of sequential fractional differential equations with nonlocal multipoint coupled

boundary conditions:

D"+ D p(s) = Fils,p(s) a(s) w(s), 1<n<2,

(“DE + D5 N)q(s) = Fals, (o), a(s) v(s)), 1<E <2,

(DE + D () = Fsls,p(6),a(s)e(s)), 2<¢ <3,

p0)=0,  p(1) =B Y walo), e))
90)=0, (1) =B XL vr(m)),

w0)=0,  Y(0)=0, ()= 0m(p),

0<01<T1<P1<02<T2<P2... < Q2 < Dp2< Pr2<],

where DX is the Caputo fractional derivative (CFD) of order x € {,&,¢}, f, g, h:[0,1] x
R x R x R — R are given functions, ¢ is a positive real number, and w;,v;,¥; € R, j =
.,k =2, B1, B2, and B3 are real constants.
The CED “D* of order y is defined by

1 s d\"
CDXV(g)szo (g—s)“"1<d—5> v(s)ds, n-1<y<n,
II=[X]+1,

and the Riemann—-Liouville integral of fractional order x is defined by

RLIXv(g)—F( ) / (c — sy Iu(s)ds, x>0,
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This investigation is unique in that it also investigates a coupled system of three sequential
fractional differential equations (SFDEs) of various orders in an arbitrary domain with
multipoint boundary conditions. The multipoint boundary conditions, as we can see, are
cyclic in nature and occur in a variety of nonlocal areas. As a result, our findings are more
general and have a considerable impact on current research. Existence and uniqueness
results can be obtained using fixed point theory. The Hyers—Ulam stability study is also
performed.

The rest of the paper is organized as follows. In Sect. 2, we discuss several fundamental
definitions and lemmas of fractional calculus. Additionally, we prove an auxiliary lemma
involving a linear function of (1), which is necessary for obtaining the main results.

Section 3 summarizes the main results. We obtain the existence of a solution to the
problem at hand using the Leray—Schauder alternative and also verify the existence of a
unique solution using Banach’s contraction mapping principle.

In Sect. 4, we prove that the proposed problem (1) is Ulam—Hyers stable under certain
conditions.

In Sect. 5, we provide examples to illustrate the theoretical results.

2 Preliminaries
Here we recall some notations and definitions of fractional calculus [7-10, 37, 38].

Definition 1 The fractional integral of order o with the lower limit zero for a function f
is defined as

PN T AR S))
I“f(¢) = F(a),/o EE ds, ¢>0,a4>0, 2)

provided that the right-hand side is pointwise defined on [0, 00), where I" is the gamma
function defined by I'(@) = [~ ¢*'e™s ds.

Definition 2 The Riemann—-Liouville fractional derivative of order « >0, n — 1 < o < 1,
n € N, is defined as

1 a\" (¢
e A At A L) ®

where the function § has absolutely continuous derivatives up to order (n — 1).
Definition 3 The Caputo derivative of order r € [n — 1,#) for a function f: [0,00) — R

can be written as

n-1

k
Dy, f(s) = Dy, (f(g) - Z %f(k)(0)>, c>0n—1<r<n. (4)

Note that the Caputo fractional derivative of order r € [n — 1, n) exists almost everywhere
on [0, 00) if f € AC"([0, 00), (R)).

Remark 1 1f § € C"[0, 00), then

‘D, }(s) = ! / -1 ds =I""§"(c) 0,n—-1
0+ ]38 _F(n—r) 0 (g—s)”l*” $= S, &>Un <r<mn.
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Now we are ready to present an essential solution we obtained for (1).

Lemmal Let Ql, Qz, Qg € C[0,1] and Y #0. Then the unique solution of the system

(D" + D" Np(s) = Gi(s), 1<n=2,¢€[01],

(D + @ DE () = Gals), 1<& <2,6€[0,1],

(D + 9D e(6) = Gs(s), 2<¢ <3,5€01],

pO)=0,  p(D)=p Y5 walg), 5)
90)=0, (1) =B YL (),

v0)=0, v(0)=0,  t(1)=p5Y b,

0<Q1<EJ'1<,01 <Q2<EJ'2<,02...<Q]<,2<ZD'[<,2</O]<,2<1,

is given by

n(s) = (1 ;;%) 6)

j=S) : (S - M)E72 5
{leﬂls (,312%/ (o < i mgz(u)du) ds
1 o s (S— u)n—Z R
_ (1-s)
/0 - (/0 e gl(u)du) ds)
— 9590, (ﬂzZV,/ o(o; S>( (S 2 1) 6w du>
1 o s (S— u)s-z R
_ (1-s)
e (/o rE-1 gZ(”)d”) ds)
A9 S 9 ey i e G M)"fng du ) d
+23/33]Zl:j/oe (Oml(u)u)s

1 o (S_u)g -2
_ ¢(1-s)
/0 e ( TeoD (u)du) ds)}

° (s)( S(s—u)1? 4 )
+/0 e [ G de) s (7)

_ %S —y)s2 A
0 (s, ){ ZW’/ ([ gy ) s
1 o K (S—I/l)"_z "
_ (1-s) A
/0 e’ ( To-1D) gl(u)du> ds
A A B Z / e~ ?(e=) </ (s —u)t~ 2g (u)du> i
124425 | o1 rE-1) 2
1 o K (s_u)n—z R
_ (1-s)
/0 o < o Ti-1) gl(”)d”) ds)

Page 5 of 29
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-2
_m%%(ﬂzZv/ / ””( (S ”) gS(M)dM)

1 o s (S_M)E—Z R
_ (1-s)
/0 ¢ </o rE-1) gz(”)d”) ds)
k-2

( i T oo ( [ (s—u)"> 5
+ A oAz /33213‘j/0 e v\ /0 mgl(u)du ds

j=1

1 o s (S _ u);—z R
_ p(1-s)
./o ¢ < o I'(c-1) gg(u)du> ds):”

S B B (s_ u)s -2
¢(s-s)
+/(; e (  Te-D (u)du) ds, (8)

(ps—1+e™¥)
Y 2

i o S e ([ o)
_ fo ' e—¢(1—5)< OS (1S“ (_{u_)zl—)z Gs(u) du) ds)

[ (s T ([ T mars
_ /Ole—w(l—s> </ (s - - M_) - Cu(u) du) dS)
L]

° (s)( S s )
+A e ?ls i —F(g“—l) Gs(u)du ) ds,

t(¢) =

)

where

k=2

A 1-¢e*
Qllz( P ), 2(2_—,31214/,

(1-e%9)

k=2 _ow;

. (pwj—1+e¥7) A (1-e)

Az =B E yj—t, Ay = ,
S ¢ ¢

(10)

A (p—1+e?) (l—e‘”pl
Ql:;:T, Ql6=—/33217

T = (220,205 + 20,9203906),
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Loy [ e S(S_”)Hé()dy
1= 1j=1W1 A e ; F(S—l) o\U)au S

1 o K (s _ M)r;—z R
_ ¢(1-s)
/0 e (/0 F(n_l)gl(u)du)ds,
S (s—u)t2

k=2 o
_ . ) >
IZ_ﬂZf-ZlV’/o e[| Tl )as

(11)
1 o s (S—M)E
_ (1-s)
/0 ¢ (fo rE-1 QZ(”)d”) &
k-2 0 s (S—M)n72 R
- ) —¢(pj—s)
Ig—ﬁg,zl:l?]/o e (fo T-T Ql(u)du>ds
[ )
Proof As argued in [9], the solution of FDEs (5) can be written as
p(c) =coe ™ + ﬂ(1 - e_‘pg) + /§ e _S)< owh gl(u) du) ds, (12)
¢ 0 o I'(n-1)
d S S (e_ )2 .
q(s) = doe™*< + 51(1 —e7v) + /0 e ¥(s™ ( /0 %gz(u) du) ds, (13)

t(c) = boe ™ + %(1 —e¥)+ %((pg —1+e¥)

° —<-s>( Te-uw)f s )
+/0 s /0 Ty Gt du) s (14)

Using the condition p(0) = 0 in (12), we get ¢y = 0, and the condition q(0) = 0 in (13) yields
dy = 0, whereas the conditions v(0) = (0) and r'0 = (0) in (14) yield b = 0 and b; = 0. Con-

sequently, we have

-2
p(6) = = (1) + fo evis <0 (Ii( _’"1) gl(u)du)ds,
B B S (S—u)g 2 .
()= 2 (1-e)+ [T (0 2 l)gudu)ds, 15)
_ 2
t(c) = Z (¢s - 1+e‘p§)+/0 e‘”(gs)</0 (Isﬂ(gu)n)gg(u)du)ds

Using the conditions p(1) = f; Z, 1 w,q(g,) q(1) = ﬂzZ: vit(m)), and ©(1) = B3 x
ijl ¥;p(py) in (15), we find that

_ 52
:?{%4%5<ﬁ12w/ / 9(oj-9) ( /0 ;(Eu) 5 (u)du)

1 o s (s—u)”‘2 R )
_ ¢(1-s) duld
[em ([ Sydna) o)
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S(s—u)f? 4
_QlSQ[z (,3221/1/ ( mg (u) dbt) ds

(16)
1 o s (S _ u)E—Z R
_ (1-s)
/0 ¢ ( o TE-D) gz(md”) ds)
(.9 - i —p(0j—s) Ts-w)?
+2122l3</33j21:z9,/0 e </o mgl(u)azu) ds
1 o s (S _ u)(—z N
_ ¢(1-s)
/0 e ( g gg(mdu) ds)},
1 k=2 o o) s (S_u)S—Z R
) m_ziﬂl = ) e ([ Ty ) s
1 o s (S )
_ p(1-s)
/e </0 ro-1 gl(“"”’) *
£-2
|:9[12[4915 <,31 ZW]/ ¢(gj-s) (/ S (slft_) 1) g (u )du) ds
1 o s (S _ u)n—Z n
— o(1-s)
/o ‘ (o Fr-1) gl(”)d”) ds)
. (17)
)C
— Q[19[5Q[2 (ﬁz ZV]/ (‘/0\ ;(gu ) gg(u) du) ds
. S (s — u)f2
_ @(1-s)
/o ¢ </0 rE-1) gz(md”) ds)
R N k=2 0j s _ n-2 n
+Q(19122l3 ('83]:211?}/0 e_‘ﬁ([)j—s)( i (;(nu_) 1) gl(u) dbt) ds
1 o s (S _ u){—Z "
_ p(1-s)
/0 ‘ ( o TE-1) gg(”””) ds)“’
A (0-5) (s—u)" )
:mm <ﬁ32ﬁ/ e <0 T l)gl(u)du
1 o s (S— u)(—Z R
_ ¢(1-s)
[ e[ o) ds)
" k=2 o £2
— |:Q[6Ql4 (ﬂljzﬂzwl'/o e"p(Q]*S ( ; %g ( )du) ds
(18)

1 o s (S— u)n-z R
_ (1-s)
/0 e’ ( ; 7@ ) G1(u) du) ds)

@j ¢-2 A
—%%(/SZZV,/ vl (/0 ;@”) 5 (u)du)ds

Page 8 of 29
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1 o s (S— u)S—Z R
_ ¢(1-s)
/()‘ ¢ ( 0 1 (5_1) QZ(u)du) ds):“,

from which by substituting into (15), we get the solutions (6)—(8)—(9). The converse fol-

lows by direct computation. This completes the proof. O
3 Main results

Let J = C([0,1],R) be space equipped with the norm ||q|| = sup{|q(s)|, ¢ € [0,1]}. Obvi-
ously, (7, || - ||) is a Banach space, and, consequently, (7 x J x 7, ||(p,q,t)||7) is also a

Banach space equipped with the norm [[(p, q,t)||7 = [Ipll + llqll + [It],p,q, v € T.
In view of Lemma 1, we define the operator S : J x J x J - J x J x J by

Sp(s) a(s),t(s)) = (Si1(p(s), a(s), v(5)), S2(p(s), a(s), 1(5)), S3(p(s), a(s), (), where
Si(p(s),a(s),t(s))
1-e7%¢
) ( @Y )
. k=2 o S(s—u)2 .
X {914915 (ﬂl ;Wj/() e ?(0j~9) (/0 (;(SM_) ) Fo (u, p(), (), v(w)) du) ds

1 o s (S _ M)r;—z R )
- (1-s)
/0 e </o -1 Fi (u,P(u), q(u),t(u)) du ds)

n k=2 @j S (s— u)f_z o
= A2, (ﬂzjzzll’j /0 e‘“”"‘”( \ m}'s(u,p(u),q(u),t(u)) du) ds

1 —o(1— § (S - M)E_2 ~
@(1-s) T
'/0 e (\/0 F(E 1) 2(11{, p(u), q(bt), t(u)) du) dS)

L k=2 o s _ -2
+ 223 (ﬂstl:ﬂ, /0 e v < fo %Fl(u,p(u),q(u),t(u)) du) ds

1 o s (S _ M);—Z R
_ p(1-s) 7.
/o ‘ </o re¢-1 3(u’p(u)’q(”)’t(u))du) ds)}

S o s (S ”)n—Z n
( S)
+ /(; e %S (/(; F(n 1) 7:1 (u,p(u), q(u),t(u)) du) ds,

Sa(p(s),q(5), (<))
1-e7%¢
B ( P2 )
k-2 o S (o )2
X iﬁl jzzlefo e #e-9) (/0 (;(;_) ) Fo(u, p(u), q(u), v(11)) du) ds

1 o s (S _ M)n—z R )
- @(1-s)
/0 ‘ </o r(n-1) Fi(w, p(u), q(u), v(w)) dus | ds

1 ~ ~ &
— — | A A
T|:145
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k=2 9 S (s— )52 .
X <ﬂ1 Zw,»/(; e~ 9(0j=9) (/0 (;(;_) ) Fo(u, p(u), q(u), v(11)) du) ds

1 o K (S _ M)q—Z N
_ (1-s)
'/0 e ? ( A Fi(u,p(w), que), v(w)) du) ds)

. k=2 @; ( ) s (s_u)§—2 R
— 2,52, (ﬁzzl:vj/o e @ < oD F(u, p(1), (1), v(w)) du) ds

1 £-2
_/(; e~ #(1-5) < o (;(g”) )]-'Z(u,p(u) ,q(u), t(u)) du) dS)

A k2 S (s—u)12
+ 201,23 (,33 FZI 19]*/0 e"ﬂ(/’/‘fs) (/(; %]—1 (u,p(u), C[(M), t(u)) du) ds

_/Oleq)(ls)( 0 % (u p(u), q(u), t(u)) du) ds):“

ol s( (s—u)f? >
+/0 e ¥s /0 T )}'Z(u (1), q(w), v(w)) du ) dis,

S3(p(s) a(s), v(s))
((pg -1+ e“"g)

(ﬂg Zz? T g9 (/05 (IS“E ' D Fi(,p(w), qu), e(w)) du) s

1 ){ 2
/0 e ¥(1-9) </o T - )]-' 3 (1, p (), q(), v() du) ds)
[ (ﬁIZW,fQ’ vlej-9) (/ -w™ ”)E = ol p), q(u), (u ))du)ds
_A e s)( 0 (;(nu)ril)z a (u,p(u),q(u),t(u)) du) dS>

@; -2
— 2,9 (ﬁzzv, / ol-s ( /0 ;(gf‘) 1y 3P0, 009, ¥0) du) ds

ro S(s—u)f2 .
_ ¢(1-s) 7.
/o ’ </o -y 2Pl <) d”) ds)”

S ;-2
N /0 e-w(g-”( /0 (;(C”) )fg(u,p(u) q(w), t(u))du)ds

We further use the following notations:

C(1-e\ [ o [A-e?) = L (1—e*)
Wl_( 2% ){%%[ wF(n)}%Q{{ﬁ?’Z'ﬁ' 3 ¢l (n) “

Page 10 of 29
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L a-e)
ol (n)’
1-e¥s A ea(l-e) (1-e?)
v= (5 )i%%(ﬁ e o (e e )
(l-e? A (1-e?) A =2 co1 (1—e™7)
ul_( oY ){%9{2[ oI'(0) }%%(&;M'wj oI (@) )|
3 1-e¥%¢ Qtlgtzgig =2 n-1 (1 -e%%) Q’ilﬁz;gtg 1-¢e%)
WZ_( o2 >{ r <ﬂ3/=21|z9,»|p/ oT) )" (</’F(71)>
(l—e
<PF(77
l1-e <ﬂ§ 1-e%9%)
Vo= o {(ﬁlDw,m —TE )

Qlﬂmts 5 “| |51(1—e¢@/)
L2 e ')

J=1

Ql19l49l5|:(1—e ¢) } (l—e ¢)

1-e¥ 2[1%9(3 1 <p 2[12[4Ql5 =2 (1 —e‘“””/)

u - — ’
’ ( o2 ){ (¢F§)> <ﬁ22|’| oI (¢) )}
(s =1+t A ) L (e
W —( 27 )=m4ﬁ1(ﬂ3;|ﬁj|0,n ol ) +914Q[6< ST )},

(s-1rer )\ [ o R, eal—e?)) o ((1-e)
v (T ){9‘@“‘(’31;'”'@" rm) ()
(s —1+e)\ ) o a(l=e?)\ o o ((1-e?)
o= (5 ){m (ﬁzz'v"w e )*Q“Q“*( T Q) )}

. (1-¢)
o)

(19)

Now we provide our first finding, a proof of the existence of a solution to problem (1) using
the Leray—Schauder alternative [39].

Lemma 2 Let €:J — J be a completely continuous (c.c.) operator. Let Y(€) ={qe€T:q=
&(q) for some 0 <y < 1}.

Then either the set Y (€) is unbounded, or € has at least one fixed point (Leray—Schauder
alternative) [39].

Theorem 1 Let Y #0, where Y is defined by (10).
Assume that (Ms) : .7:"1,]:"2,]:"3 :[0,1] x R x R x R — R are continuous functions and

there exist constants ki, i,&; > 0 (i = 1,2,3) and ko > 0, Ao > 0, &9 > 0 such that for all
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p,q,t€Rand ¢ €[0,1],

|Fi(s,p,0,%)| < o + k1 lpl + kealql + k3],
|Fa(s, 9, 0,0)| < Ao + Aalpl + Aalql + Asle],

| Fas,p,q,0)] < 0+ e1lpl + £2]q] + eslel.
Then problem (1) has at least one solution on [0,1], provided that

(W1 + W2 + Wg)l(l + (Vl + Vz + Vg))\l + (Z/{l +Z/{2 +U3)81 <1,
(W] + Wz + Wg)l(z + (Vl + Vz + Vg))\g + (Z/II + I/{Z + Z/{3)€2 <1, (20)
(W1 +Wh + Wg)Kg + (Vl + Vo + Vg))\.g + (Z/ll +Uy + U3)83 <1,

where W, V;,U;, i = 1,2,3, are given in (19).

Proof The operator S:IxIXxT—>TIxTxJis completely continuous since the func-

tions .7-"1, Fz, and ]:3 are completely continuous Next, let 521 Cc J x J x J be abounded
set to show the uniform boundedness. The operator S is also continuous such that

‘-7:—1(5'43( )7 ( rt ))‘S@l;
| Fa(s,0(5),a(s), v(s)) | < 02,
Ifs(g,p(g),q(g»t(g))! <ps (g0 e,

for nonnegative constants g1, g9, and gs. Then, for any (p,q,t) € le,

|S1(p(<), (), ¥(9))|

=(%)

s (s—u)™ 7) S
imms(ﬁlzw, f e >< / TE-D ]fz(u,p(u),q(u),c(u))]du) ds
1 s
+/0 e #1-9) (/0 (F(ﬂu-l(u 1¢7 )q(u),t(u))’du) ds)
k-2 .
P ol S (s—u)t?
. @(@j~s)
+Ql5912<ﬂ2j21:v}/0 e </0 - )|]-'3(u, p(u), q(u), v(u) )|du)
Y e
+/(; e (/0 m|f2(u,p(u),q(u),t(u))|du) ds

A k=2 -2
+ A3 (ﬁg Zz? f e #j=s </ (s—w™ |]—'1 u p(u), (u),t(u))|du) ds
j=1

1 s ;-2
+/0 e #(1-9) (/0 (s (;4) D |]-'3(u p(u), q(u), ¢ u))|du> )}

S S (e_y)1—2
_,_/(; e—w(g—s)(/o %|fl(u,p(u),q(u),t(u))|du)ds
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=<

(

+ {Qtz;gi

1-e%¢
oY
5

k=2
1

~ (1 e
AsA
+= 2ere)

L1
oI (n)
1-¢€

—e %S
<
= (pT

which implies that

11 (p(6) () ()|, = ( -

(2023) 2023:56

£ 1(1 e—lPQ;)
<13le2| wjlo; T (&)
) - 1(1 e
) + 920,25 ,322|V,|w
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k=2

> el

] + 20,23 |:/33
j=1

) (s

k=2

(1-€7)
oI"(n)

(1-e"%7)
oI (n)

)l
o]

J

)(W1@1 + Vign + Urgs),

1-e¥s

>(W1501 + V1o + Ui gs).

Similarly, we can conclude that

_ p¥¢
|S2(p(s) a(e)e(e) | , < (%)(W2@1+V2@2 +Un3)

and

|S3(p(s), a(s), v(s)) |

< sup

cel01] 7288

o k-2 o s
X {Ql19l4 <ﬂ3 Z 19} / e“ﬂ(/’j—S) (/
j=1 0 0

1
.,_/ e #1-9) (/
0 0

+ |:Qt6ﬁ4 (/31
5)

k=2
j=1
1
+/ e - (/
0 0
Vi

(o[

1 s
N / e o(1-9) ( /
0 0

s
+/ e—w(;—S)(/
0 0

(pc—1+e

Qj s
w; / e *(ej—s)
0 0

<ﬂ§)

(s—
I'(n-

IE (1, p00), (1), t(u))|du>

(s—w)f?
-

1 b, 0, 60) ds)

_ )52 .
(;(%_u_) 1) |-7:2(M; P(M), q(u),t(u))|du> ds

(s —u)"?
r'n-

1o 00,00 ds)

s—u)”
r(-1

(0l a0, 00) s dﬂ }

1y 15 e pt), gt t(u))|du>

S ARORORD )|du)

(s—u)é2
re-1)

(s—w)f?
I -
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(ps—1+e%9) (A=) o (-e)
S( > )Hmﬂll(ﬁ32|ﬁ| 3 oI (n) >+m42l6< oI (n) >}
1-e%9) L ((1-e)

{(ﬂlz'w"g @ )%%( oTE )}
k=2 pp—
. e o ra—en|] a-en)
+=9‘22‘6<522'V"’”I’ T Q) )*9“2‘4< o) )”+ oT©)

j=1

— =9
_|lps-1+e*)
S|y

i|(W3501 + Vs + Us3),

which accumulates to

(pg —1+e¥

||53( (s)a(s), t(g)) ||J [ 2T )](WBKJI + V30 + Uz 3).

As a result, the operator S is uniformly bounded, that is,

IS (p(s) ) v ()]

1-e¥ 1-e% (pc—1+e7%)
< + +
To Ang @> Y

+ WL+ Wao + Wa)po1 + (Vi + Vo + Vs)goo + (Us + U + Us) 3.

Next, we show that S is equicontinuous.
Let ¢1, 63 € [0,1] with ¢ < ;. Then we have

|51 (P(s‘z)» q(s2), t(s‘z)) ! (P(s‘l), q(s1), t(5'1)) |
- (e7952 — e ¥s1)
< 7T<p

i%&ls (ﬁl Z w; f ploj—s) ( (S - A ,p(u), q(u), t(u)) du) ds

1 s -2
+/0 e v(1-9) (/O (F( u)"~ )}—1(” ,p(u), q(ue), v(u )) )ds)

4 T2, (ﬂzZV;/ —p(wjs) </0 ;(; w)*” 5 753(u,p(u) q(u), v(u)) du)
1 o (S_ u)s 2
¢(1-s)
+/(; e (/0 (g Y (u,p(u) q(u), t(u)) du> ds)

. k=2 oy S (s— )2 .
+ A A3 (ﬁBZz?jA ew(p;s)< i %}](u,p(u),q(u),t(u)) du) ds
j=1

1 S (e_1)5-2
+/0 o 9(1-9) (/0 %fg(u,p(u),q(u),t(u)) du) ds)}

s o 5 (s —u)"?
9(s2-5) _ pw(s1-9)
/o (e e )(/0 O Fi(u, p(w), q(u), v(w)) du)

+
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s1 ~ S (s ”)'7—2 N
( 2 S)
+ /gz e ?ls (/0 -1 Fi (u,p(u), q(u),t(u)) du) ds

(e —evs) [ . . T(1-e?) R k=2 (1= e
— 1 A A AN
= Ty [ ! 5[ oI (n) ]+ : 3[ﬁ3;| 1P oI (n) “pl
k=2 oo
R (1 —e9) - [(1-¢e7)
+i%%<ﬁlglw"g’g @ >+<%m5[WD}p :

0= oo (et
mgmz[m]mzmg(ﬁszwfl IO )}m

j-1

+

+

/;1 (e—fﬂ(gz—S) _ e—w(gl—S))( s —u)"? du) ds
0 o I'(n-1)
S1 S (¢ _ /)12

+ / e“’(gzs)< (s—u) du) ds
S2 0 F(’I - 1)

In a similar way,

1.

|S2(p(52), 4(52), ¥(52)) = Sa(p(51), a(51), ¥(51)) |
(e7952 — e¥s1)

= o7

k-2 o VP
X {,31 ;wj/(; ) (‘/(; %fz(u,p(u),q(u),t(u)) du> ds

1 S (e_ -2
+/0 o ?(1-9) (/0 (;“(nu—)nl) fl(u,p(u),q(u),t(u)) du) ds
+ % |:Q,[\121\491\5

k=2 . e
X (ﬁl ij/ e ¢(j=s) (/0 %B(u,p(u),q(u),t(u)) du> ds

1 s _ 12
+/0 o919 (/0 (IS*(,,M_) 5 T (, p(), q(u0), v()) du) ds)

k=2 w; S (s u)z—Z
(.9 . ~¢(@j~s) — L
+ A A5, (,82 ]:Zl v /o e ( T F; (u, p(u), q(u), r(u)) du) ds

1 S(e_ )2 .
+/0 e #(1-9) (/0 (;(;_) ) ]—'z(u,p(u),q(u),t(u)) du) ds)

k-2

R R pj S(s—u)"2 4
+ 21 Ap2A3 <,33 Z 19;'/0 e v (/0 %]ﬁ (1, p (1), q(u0), (us)) du) ds

j=1

1 s _ )2
+/(; o919 (/0 %f3(u,p(u),q(u),t(u)) du) ds)i“

S S (e_1y)62 .
_,_/(; e—w(g—s)(/(; (;(;_) D Fo (u, p(n), q(24), v(w)) du) ds,
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+

s o 5 (s —u)s2
9(s2-5) _ pw(s1-9)
/o (e e )(/0 E-D Fo(u, pw), q(u), v()) du)

S2 £-2
¥ fg (e-m-”)( /0 (Ii(;) oy P2 bl ), t(u))du)ds

1
1-e%¢
< Ay )
2, 2,2 = -1 (1 —e"%)
X Pilp;
< ﬁsgl o =

20, 2,205 <(1 - e‘/’)) (1-e7%) }
+ + o1

IA

T oI'(n) oI'(n)

g1 (1—e™9) Ql152l4915 g1 (1—e?9)
!(ﬁlZIW,lQ oI @) ) (/31]21| wjlo; oI ) )

+mlmg[u e«’)” {mlmzms 1- w>)

T el (&) el(¢)

(o
QlIQ(ALQlS ;1(1 e¥
(ﬂzZl L )}@3}
-2

/gl (e—w(gz—S) _e—w(ﬁ—S) ( " du> ds
0
2 ~ (S u)S -2
(52-s)
+/g1 (e )(/0 rE-1 )ds

+

82,

and

|S5(p(52),9(52),v(52)) = S3(p(s1), a(s1), v(s1)) |
- ‘ (p(s2—61) +e7 %2 —e¥1)

728

R k=2 o) s _ g \n-2
X {91@(4(/331':21@«/(; e v(p=9) (/0 %|f1(u,p(u),q(u),t(u))|du) ds

1 s _ )2
+/0 ew(ls)(/o %U—}(u,p(u),q(u),du)ﬂdu)ds)

o k=2 o (S M)
+ |:Q[6§2[4 (,31 le:Wj/O 3_90(91—5 ( i F(E ‘fz(u,p(u) q(u) t(u))|du>

1 s —_ -2
+/0 e ¢(1-5) (/0 (;(nu_) 5 |7y (u,p(u),q(u),t(u))|du> ds)

s — )2
+%9‘6(ﬁ22w / ”’"”( - u) )!fs(u,p(u),q(u),t(m)ldu)ds

o I'c-1

1 s —_ )2
+/0 o #(1-s) (/0 (;(;_) 5 |]-‘2(u,p(u),q(u),t(u))|du) ds>:“
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(s—u)t~

S1 N 2
~¢(52-5) _ ,—9(s1-5) A
/o (e € )(/O TC-1) |f3(u,p(u),q(u),t(u))|du) ds

2 s _ -2
+ /g ) e“”(§2"3)< /0 M|Fg(u,p(u),q(u),t(u))|du> ds

+

. re-1
< } (@52 — 1) + €72 —e7¥1)
< 02T
i s S e e
X 42 ,33;| ilo; o) + 2y 6<W> o1
k=2 eal—eva) gl (1-e)
+ 51/Z=I:|W;|Qj W + 6( goF(S)) &2
k-2 j
A (1 —e*) o (=€)
+ {%%(ﬂz;IV/IWf lw) +2{1214( ol () >]p3]
N A Sl (R )
+/0 (e¢2) — gls ))(/0 %du)ds

S2 S (¢ — )62
+ / e“’(gzs)( & du) ds|gs.
S1 0 F(C - 1)

As ¢1 — ¢y isindependent of p, g, v with respect to the boundedness of .7:'1, .7:'2, and f"g, the

operator S(p, g, v) is equicontinuous. Thus the operator S(p, g, t) is completely continuous.
Finally, we show that the set P = {(p,q,v) € J X J x J : (p,q,t) =vS(p,q,¢),0 <v <1}
t is bounded. Let (p, q,t) € P with (p, q,t) = vS(p, q,t). For any ¢ € [0, 1], we have

p(s) =vSi1(p,q,v)(s),
q(s) =vSa(p, 9, %) (s),
t(c) = vSs(p, 9, v)(5).

Then by (M)

1-e7%¢

In(s)| < (

+ V1(ho + Arlpl + Azlql + Aslel) + Ui (g0 + €11l + £21q] + &3]t])

) +W1(K0 +K1lpl + k2lq] +K3|V|)

1-e¥s
< ( ) + Wik + ViAo + Ur&0
To

+ (Wiky + Vidy + Uier)Ipl
+ Wika + Vidy + Uied)q]
+ (Wiks + Vids + Uy e3)lt,

la(s)] 5(

+ (Wakr + Vohy + User)|pl

1-e¥s

) + W2K0 + Vz)uo + Z/{280

+ (Whako + Vody + Uses)|ql
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+ Waksz + Vads + Uses)|t,

and

—1+e¥s
[t(o)] < [%] + Wiko + Vaho + Useo

+ Wsky + Vs + User)lpl
+ Wsky + Vady + Usea)lql

+ (Wisks + Vsds + Uzes)|tl.
As a result, we can conclude that

1-e7%¢

o(s)| < (

+ Wik + V1A + Unrea)llqll + Wikz + Vidsz + Ures) e,

) + Wiko + Vido + Uigg + Wik + Vidy + Uier) 9]l

1-e**
lats)| = < o2, ) + Wako + Varo +Uago + Wak1 + Vak1 + Uaer)|Ipll

+ (Waky + Vaha + Uaed)llqll + Waks + Vaksz + Uses) | ell,
—1l+e¥
le(o)] = [%} + Wiako + Vaho + Uzeo + (Wsk1 + Vahy + Uszer)|Ipll
+ Wsky + Vady + Usea)llqll + Waks + Vads + Uses)||t]l.

By the previous three inequalities we arrive at

o1+ Nl + el

1-e¥s 1-e¥s (pc —1+e7%s)
< + +
To Aoy >

+ W1 + Wh + Wh)kg + (V1 + Vo + V3)Ao + (UL + U + U3) e

+ [(Wl +Wa+ Walkr + Vi + Vo + Va)at + (Uh +Us +U3)81]||P||
+ [V + Wh + Waliea + (V1 + Vo + Va)hg + (U +Us + Us)es ]Il
+ [(Wl + W2 + Wg)l(g + (Vl + Vg + Vg))\g + (Lll + Z/{z + Z/[g)&‘g] ||t||,

implying that

1T/1—evs 1—e¥s (pg —1+e7%9)
||<p»q’t>||j55[< To )*( o >+[ Y }

+ W1+ Wh + Wh)ko + (V1 + Vo + Va)ho + (UL + Uy + Z/[3)80:|,

where ® = min{1 —[(W; + Wh + Wa)k; + (V1 + Vo + V3)A; + (U + Uz +U3)e;], i = 1,2, 3}. which
means that P is bounded. Thus by the Leray—Schauder alternative [39] the operator S has
at least one fixed point, which implies that problem (1) has at least one solution on [0, 1].
This completes the proof. d
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Banach’s principle of contraction mapping provides the basis for our next results on the

existence and uniqueness.

Theorem 2 Let Y #0, where Y is defined by (10) and (11). In addition, we assume that
(1) ﬁl,ﬁz,ﬁg :[0,1] x R x R x R — R are continuous functions, and there exist non-
negative constants ©1, ®y, and O3 such that for all ¢ € [0,1] and p;,q;,v; €R,i=1,2,3, we
have
|F1(5, 01, 92,03) = Fi(s, 1, 02,03)| < ©1 (Jqn — 11l + a2 — 2] + |q3 — v3]),
| Fo(5, 01, 42,63) = Fals, t1,00,03)| < @2 (Jan — t1] + [d2 — 2] + |q3 — w3]),

‘ﬁs(s‘,m,%,%)—ﬁs(s‘,tbtz,ts)‘ < Os(lqr —t1l + g2 — ta| + |95 — 13])

(Wl + Wz + W3)®1 + (Vl + Vz + Vg)@z + (u1 + Z/{g + Z/{3)®3 <1, (21)
where W;, V;, U; are given in (19). Then system (1) has a unique solution on [0, 1].

Proof Let sup_cjo .7:"1(;,0,0,0) = Q1 < 00, supge[oll]ﬁz(g,0,0,0) = Qy < 00, and
SUP,c(01] F3(5,0,0,0) = Q3 < 00, and let ¥ > 0 be such that

1-e%S 1—e%S _1t+e %S
)+ () + [+ O

"4 ,
T OV + W s Wa)O; — (V1 + Vs + V3)Oy — (U + Uy + Us)Os

where O = Wy + Wy + W3)Q1 + (V1 + Va + V3)Qy + Uy + Uy +Us) Q3.
We will show that SBy C By, where By = {(p,q,t) € X x X x X : ||(p,q,v)|| < ¥}
By assumption (M), for (p,q,t) C By, ¢ € [0,1], we have
Ip(s,p(s) (), v(5))| < |p(s,p(s),a(5),a(s)) = p(5,0,0,0)|
<O1(|p()| +|ale)| + [t()]) + @ (22)
< O1(lIpll + ligll + lItll) + Q1 < ©1¥ +Qy,
la(s,p(s)a(s)e(s))] < |a(s,p(s) a(s) a(s)) - als,0,0,0)]
< Oa(|p(s)| +]a(s)| + [x(s)]) + Q2 (23)
< Oa(lIpll + llgll + lItll) + Q2 < O2¥ + Qy,
[t(s,p(s) (), v(6))| <[t(s,p(5),a(s) a(s)) - t(s,0,0,0)]
<03([p(o)] + [a(o)] + [t(o)]) + Qs (24)
<Os(lIpll + llall + lIell) + Qs < O3¥ + Qs

using (22), (23), and (24), This leads to

’SI ((P: qrt)(g)) |

1-e¥s
<
_< Y )
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fss [ s o S
0= oo =) ], -
fin s o e )
. (1-e)
oI (n)

1-—e%s
5( ¢ )+mu&w+qg+w«hW+Qﬂ+%ﬂ%W+Q9

1—e9s
< < Te<p ) + (W101 + V102 + U1 O3)¥ + W1 Q1 + V1Qa + U1 Q3,

which, on taking the norm on ¢ € [0, 1], yields

1-e¥s
| S1.(ps qrt)”j < <T> + (W10 + V10, + U1 O3)¥
%
+Wi1Q1 +V1Qa + U1 Qs.

Likewise, we can find that

e¥s

1-
|s:a0l5 = (5

) + (W2®1 + Vz@z +Z/[2®3)11/
+ WhQ1 +V2Qy + U Q3

and

(pg—1+e7%)

| S5 (ps q,t)||j < [ T :| +(W301 + V30, + UsO3)¥
+W3Q1 + V3Qa + UsQs.

Consequently,

1—e¥s 1-e¥s (ps—1+e*)
Isoanl, = (557) (5 ) [

+ [(W1 + W2 + Wg)@l + (Vl + Vg + Vg)@g + (Z/{l +Z/{2 +M3)®3]l1/
+ WL+ Wy + W3)Q1 + (V1 + Vo + V3) Qo + (Uy + Uy +Us)Q3

<y.

Now, for (p1,q1,t1), (P2, 92, t2) € J X J x J and for any ¢ € [0, 1], we get

|S1((p2, 92, v2)(5)) = S1((p1,91,t1)(5))|

1-e¥s
<
_< To )

Page 20 of 29
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o= oo S e
g H“[ T () }”‘22‘3[*332"""’7 W“

j=1
x O1(lIp2 = pull + llgz — qull + [tz — e 1)
k=2 .
~ e (l-e™) s [(1-e™)
' %‘Q‘5<’31,._ZI'WJ'Q’ oTE >+<w‘5[ oTE) m

X 92(”132 =Pl + llg2 = qull + [tz —t1||)

. 1-e97] » = — i1 (1-e)
N 9139(2[ T T ]+Ql29l5</32j=21|w’|w1’ W)}}
x O3 (llp2 = pull + lla2 = qull + llea = w1 l) + (10;'?7_7(;)

< W101 + V1O, + U1 O3)(lIp2 = pull + a2 — aull + [tz — v 1),
from which we obtain

|81 (02 42, 2)(5)) = S (1, a1, 11)(6)) |
< W01 + V1O, + Ui O3)(lIp2 = pull + g2 — aull + lle2 — 1 l).

Similarly,

||52((P2,C|2,t2)(§)) - 52((P1,Q1,t1)(§)) ||j
< W01 + V10, + UpO3)(Ilp2 — pull + llgz — gl + le2 — e ll),

and

”53 ((pzr q2, tz)(s‘)) -S3 ((Pl» qi tl)(s‘)) H 7
< (W301 + V30, + UsO3)(Ip2 = prll + a2 — au ]l + [tz — v 1),
|S(p2, d2,t2) = Sp1,qu,11) |
<[V + Wy + W3)O1 + (V1 + Vo + V3)Os + Uy +Us +Us) O]
x (Ilp2 = p1ll + llgz — gull + Itz — v11l).
In view of this inequality and (21), S is a contraction. As a result of Banach’s fixed point

theorem, there exists a unique fixed point for the operator S, which corresponds to a
unique solution to problem (1) on [0, 1]. The proof is complete. O

4 Hyers-Ulam stability
Let us define the nonlinear operators 31, 32, 33 € C([0, 1], R) x C([0,1],R) x C([0, 1], R) —
C([0,1], R) by

D" + gD p(s) - Fils,p(5), a(s), (<)) = 31(p, q,1)(5),
(“DE + °DEN)g(s) - Fals, pls), a(s), t(s)) = 3a(p, 4,1)(5), (25)
(D¢ + D Ne(s) - Fals,p(5),4(5), t(<)) = 33(p, 4, 1)(<)
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for ¢ € [0,1] For some 73, 79, w3 > 0, we consider the following inequalities:

131(p, 0, 0)|| < 71, |32(p, 0, 0)|| < 72, |35(p, g, 0)|| < 7s. (26)

Definition 4 The coupled system (1) is said to be stable in the Hyers—Ulam sense if
there exist K1, Ky, K3 > 0 such that there is a unique solution (p,q,t) € C([0,1],R) x
C([0,1],R) x C([0,1],R) of problem (1) with

(b, a0, 1) = (0,6,%) | < Ky + Koy + Kams

for every solution (p,q,t) belonging to C([0, 1], R) x C([0, 1], R) x C([0, 1], R) of inequality
(26).

Theorem 3 Suppose that (M3) holds. Then the BVP (1) is Hyers—Ulam stable.

Proof Let (p,q,t) € C([0,1],R) x C([0,1],R) x C([0, 1], R) be a solution of problem (1) that
satisfies the main results. Let (p,q,t) be any solution satisfying (26):

D" + D" Np(s) = Fi(s, p(s), a(s), e(9)) + 31(p, 4,0)(5),
(‘D + °DEN)g(c) = Fals, ps), a(s), t(s)) + 32(p, 4, 0)(<), (27)
(D¢ + 9D Me(s) = Fals,p(6),4(6), t(<)) + 33(p, 4,0)(5)

for ¢ € [0,1]. Then

_ p %8S
ﬁ(g):sl(ﬁ,a:?)(gn(l ¢ )
oY

R k=2 0i S (e )62
X {Ql4915 (,31ZW,'/0 le‘/’(gis)( i %32(p,q,t)du) ds
j=1

' —¢(1- § (S — u)ﬂ—2
(1-s) (s—u)"*
+/° o (/o -1 31(P»q,t)du> ds)

S (s—u)i?

k=2 o
0 Y )
+m59[2<,32§1/;/0 e TCoD 33(p,q,v)du ) ds

1 o s (S— u)é—Z
(1-s)
+/0 e’ ( TE-D 32(p,q,t)du> ds)

k-2

A A oo S (,5'—1,{)’7_2
E . (1 s) >~ 7
+%%(ﬂ3 = ﬁ]/o o (/0 F(n—l)f’l(p’q’t)d”>ds

1 o s(S_M){—Z
(1-s)
o[ e (/0 F@_Dm(p,q,t)du)ds)}

S B 3 S(S_u)n—Z
(s-s)
*/o - (0 r(n—l)Bl(p’q’t)d”>ds’

B(s) - S1(0,3.9)(5)]

1-e¥s
<
_< Y )
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o k=2 o s (S _ u)§_2
x { A5 (/31 lzzl:WI/O e—tp(gi—s) (A F(S . 1) Ty dbt) ds
+ /1 e #(1-9) (/s 7(5‘ —u)" m du) ds
0 o I'(n-1)
s -2
(2 [ ([ S )
1 5 (o \E=2
+/ e ¥(1-9) (/ 7(;(;) D Ty du) ds)
0 0 -
o k=2 o S (e 1/\01-2
+ Ap%As (/33 FZI ﬁ;/o e‘p(pfs)< A —(;(nu_) ) b51 du) ds
1 o s (S_u);—z
¢(1-s)
+/Oe (/0 F(;—l)ﬂsdu)ds>}
s s (s—u)"*z
o(s-s)
+/(; e (0 F(n—l)mdu>d5
1-e%¢
< To )
X |:{QI Q[5
|
|
+

IA

(1-e PR - 1 (1-e)

[ oI ( L%w[ﬁ?’;mjlp’n oI (n) }n}
, kZ_Z:| | e (1— %) . (Ql 9% [@]) b4
1 =1 9 ol(§) o ore) 2
(1-e e
[WL%%(&Z'VJ'” 289 >}m}

,(p)
n)

914@5 W,‘

)

A
A

o
3%y
(1-e)
oI (n)

< Whmy + Vimy + Uy mts).

In the same way,

— e %S
a<g>=sz<ﬁ,a,?><g>+(1 ‘ )
@Ay

E-2

Lo (s—u)"2
(1-s)
+f0 e’ (/ To-1D Gﬂp,q,t)(u)du) ds

§-2
+ = |:9119[4le <,31 Z”ﬁ/ #e9) (/0 F(Eu) ) Ga(p, g,v)(u) du)
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1 o S(s_u)n—Z
(1-s)
+/(; e? ( oD Gl(p,q,t)(u)du> ds)
o I'(¢-1)

1 o s (S— u)s-z
¢(1-s)
+/0 e ( TGE-1 Gy(p,q,v)(m) du) ds)

k-2

o k=2 w; S (s —u)t2
+ A1 RAsRAs [ B2 Z ij ew(sz)( ———G3(p, q,v) () du) ds
100

R gy o u)"?
+ Qllgbglg ,33 Z 19]/0 e U ‘/(; mGl (p, q,t)(u) du | ds

j=1

1 o s (S— u);—z
(1-s)
+/(; e ¢ ( oD Gs(p, q,v)(u) du) ds>:| }

S e S (s—u)2
(s-s)
+/0‘ e9(s ( T Ga(p, q,0) () du> ds,

[4(s) - S:(p,4,9)()|
1-e¥
<
B < opies )

2, 20,905 A p1 (1 —e™)
[

j=1
. Qtlgt4gt5 <(1 - e“’)) + (1 - e"p) -
T oI (n) ol [

k=2 : S o k=2 )
e (=) ) A A As e (1-e)
+ {<512|W/|0; oT @) ) t— (ﬂlZ|W/|Qj ST

j=1 j=1

2, 20,205 |:(1 —€_¢)i| 2, 20,905 <(1 —e“"))
+ Ty +
T oI'() T el (¢)
Qtlgi49zt5 =2 L1 (1-e%7) (1-¢e%)
T (ﬂZ,»Zl'V"w’ oT@ )] er®

< Whmy + Vaomry + Usts).

Similarly,

[T(s) - Ss(0, 3, 0)(5)|

<<M)
o k=2 1 (1— %) . . ((1=e?)
: WI(&;W"’)” oI (n) )+mm6( wF(n)> "
k-2 e (l=e?9)\ o . ((1-e)
+ ﬂ1;|W/|Qj G) +Q[2Ql6< ol'(§) ) i
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k-2 ;)
. LA-e)\ oo (1-e?)
+ ii’lﬂls (ﬂzZIVﬂw/{ lﬁ) +9112(4<g01“7f§)) }n3i|

j=1
L1
el (¢)

< Wsmy + Vamy + Uss),

where Wi, Wh, Wi, V1, Vs, Vs, U1, Us, and U are describes in the main results. Therefore
the operator S defined in the main results can be excluded from the fixed point property
as follows. We have

Ip(s) =P(s)| = [p(s) = S1(B,3,D)(s) + S1 (B, G, )(5) - P(5)|
< [81(p, 0, 0)(s) - S1 (B, G, D)(5)| + |S1(B, 5 D(s) - Pls)|
< Whky + V1A +Uier) + Whks + V1A + U &3) (28)
+ Wik + Vids + Uses) | (p,q,t) - (P -G -7)|

+ (Wlﬂ'l + V17T2 + Z/{17T3),

so we obtain

la(s) =q(s)| = [a(s) = 23, D(s) + S, T D(s) - als)|
< |S2(p, 0, 0)(5) = S:B, T D(S)| + [S2 B, T D(s) —T(s)|
< (Whky + Voky + Daer) + Whaky + Vody + Uses) (29)
+ Waks + Vahs +Unes) | (p,q,0) - (B -G -7

+ (Wzﬂl + Vz]'[z + Z/[zﬂg)

and, in the same way,

|t() =T(5)| = [t(s) - Ss(B, G D) + Ss (P, G, D(s) - T(<)|
< |Ss(p, 0, 0)(s) = Ss(0, G, D)(5)| + |S3(,3,D)(5) —Ts)|
< (Wisky + V3hy + User) + Wska + Vady + Uses) (30)
+ Wsks + Vshs + Uses) | (0, 0,0) - -G -7

+ Whmy + Vamy + Uss).

From (28), (29), and (4) it follows that

[(pa,0) - 3,30
< WL + Wh + Wa)my + (V1 + Vo + Vs)ma + Uy + Uy + Us)Tts
+ W1+ Wa + Wa)(k1 + Ay + €1)
+ (Vi + Vo + Vs)(ka + Ao + €3)

+ Uy + Uy +Us) (k3 + A3 +&3) | (0, 0) = (P -T =)

’
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[ 00 - (0,379

< (W] +W2+W3)T[1 +(V] +V2+V3)7T2+(Z/{1 +Z/{2 +Z/{3)713
T 1-((Wr+ Wa+ W)y + A1+ 1) + (V1 + Vo + V) + Ay + 82) + Uy + Uy + Us) (K3 + B3 + £3))

< IKCim1 + KComy + K373

with
Ky
_ (W1 + Wy + W)
1= (W1 + Wh + Wh)(ier + Ay +e1) + (V1 + Vo + V3)(ica + Ag + £2) + Uy +Us +Us) (i3 + B3 + £3))
Ky
_ V1 +Vy +V3)
L= (W1 + Wh + Wh)(ier + A +e1) + (V1 + Vo + V3)(ica + Ag + 82) + Uy +Us +Us) (k3 + B3 + £3))
K3
_ Uy + Uy +Us)
L= (W1 + Wh + Wa)(ir + Ay +61) + (V1 + Vo + Vs)(ka + Ag + 62) + Uy + Us + Us) (k3 + B3 + 63))
Therefore the BVPs (1) is H-U stable. a
5 Example

Example 1 Consider the following coupled fractional differential system:

(D2 + ¢ D3 Np(s) = Fils,p(s),ale)t(s)), 1<n<2,

(D? + D3 N)q(c) = Fals, p(s) als)e(s)), 1< <2,

(D1 + DI e(c) = Fa(s,p(c)als)e(s)), 2<¢ <3,

pO)=0,  p(1)=pB1 Y, walo)), (31)
90 =0,  q(1) =B X, vr(wy),

®0)=0, v(0)=0,  t(1)=Bs> 1, Hpn),

0<01 <A1 <1 <02<Ay<Dy... <Ok2<Apa <D<l

3 3 1 3 6 1 1 7 9 11
Heren=5,§:§,C=1,l31:§,ﬂ2=g,ﬁz;:g,W1:E,W2=m,W3=m,W4=m,
5 7 33 9 1 9 3 17 6 29
Q1=72,02=5,01= 755 04=75 V1=755 V2=7350V3 =55 V4= 3500 P1 =5 D2= 735
21 107 109 111

w3=8, =3, 01= 05, V2= 0, V3= 505, Va = 32, P1 = 25, P2 = 308, P3 = 3005 P4 = 555
With this data, we find that W, = 0.8316369829, W, = 0.1631960492, W; = 0.0482076794,
Vi = 0.1048341679, V, = 0.8246454202, V3 = 0.0008716269, U; = 0.0186054209, U, =
0.0070833630, U3 = 0.2236302088.

(I) To illustrate Theorem 1, we take

A L7 1 es
0,0,8) = — + —pcosq+ —qgsInt+ —rCcos P,
He P BT =350+ 5o 507 100 g [CO%F
Frlerpra,0) 3+ —pian’! ’ L
P,9,¢) = + o+ —ptan + ——=( + —tSs1np,

265 P, 4 SV§ 1897 q *48+§2q Ry (32)
A e s el 1 eS
F3(s,p,q,v) = —p+ q+ —1tcosq.

—+
4 3 c+8 10
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It is easy to check that condition (H,) is satisfied with ko = =, k] = %, Ky = -, k3 = %,

g p SOeS_ 40e’
1 1 1 - - 1 -
r=2,M=15542=5,B3=7,60= ET, £ = %, £2=75,83= 61—0. Furthermore,

(W1 + W2 + Wg)l(l + (Vl + Vz + Vg))\.l + (Z/[l + UZ + Z/{g)é‘l ~0.4292961592 < 1,
(W1 + W2 + Wg)KQ + (Vl + Vz + Vg))\g + (ul + UZ + u?,)é‘z ~0.1705329068 < 1,

(W] + Wz + Wg)l(g + (Vl + Vz + Vg))\g + (Z/[l + I/{Z + Z/{3)€3 ~0.7699169503 < 1.

Clearly, the hypotheses of Theorem 1 are satisfied, and hence the conclusion of Theorem 1
applies to problem (31) with p, g, t given by (32).

Example 2 To illustrate Theorem 2, we take

. -5
Fils,p,q,v) = e—cosp +COS ¢,
V99 +¢2
ﬁz(g,P,q,t) “9: 2 (sinp + ICll) +es, (33)
. e

F3(s,p,q,0) = 5 sint +tan”' ¢.

1

Then condition (:M,) is clearly satisfied with ©; = 1,

O, = %, and O3 = i. Moreover,
(Wl + Wz + Wg)@l + (Vl + Vz + V3)®2 + (Z/{l + Z/{Q + Z/{3)®3 ~0.2080311651 < 1,

Thus the hypothesis of Theorem 2 holds, and consequently there exists a unique solution
for problem (31) on [0, 1] with p, g, v given by (33).

6 Conclusions

We examined the existence and stability of solutions to a linked system of Caputo sequen-
tial fractional differential equations with standard conditions using the Leray—Schauder
alternative, Banach—Kranoselskii fixed-point theorem, and Hyer—Ulam stability. We ob-
tain new results for the given system of three sequential fractional differential equations
under the specified conditions when we apply the combined solution to all three case val-
ues(wj=0,j=1,...,k-2,v;=0,j=1,...,k=2,9;=0,j = 1,...,k - 2) to the series of three
sequential fractional differential equations. In a fragmented research field, it appears that
the first multipoint boundary value problem to be stated in scientific research employs a
triple system of sequential fractional differential equations. This paper discusses original
research that contributes significantly to the body of expertise on the topic.
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