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1 Introduction
Damping describes transformation of the mechanical energy of a structure that is sub-
jected to an oscillatory deformation to a thermal energy and its dissipation per cycle of
motion. Passive damping is used to reduce vibrations and noise resulting from a failure of
one of the components of the material which has led many authors to study these kinds of
problems.

In this paper, we consider the following viscoelastic Kirchhoff-type equation with

velocity-dependent density and nonlinear boundary damping-source interaction:

U] Ug —(@+b|Vul3) u+ Olg(t -9 u(9ds— uy =0, in x (0,+00),
u=0, in o x (0,+00),
(@+blVul}) 4+ - Tgt-9-4Sds+ Ju™ 2y, (1)
= |ulP~2u, in , x (0, +00),
u(0) =up(x),  u(0) = uy(x), in ,
where is a bounded domain of R" (n > 1) with a smooth boundary = oU ; such

that ¢N 1=0, ,aband >0 arefixed positive constants, and we denote by and —
the outward normal and the unit outer normal derivative to  respectively. m>2,p> 2,

and g is a positive nonincreasing kernel function.
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Problem (1) with b = 0, without nonlinear boundary damping and source, has been
extensively studied, and results concerning existence, asymptotic behavior, and blow-up
have been established. Cavalcanti et al. [8] considered the following equation:

t

Ut — U+ gt-9 u(gds+aX)u;+bjul u=0, in x(0,00), (2)
0

where > 0. By supposing the relaxation function g(t) decays exponentially, they estab-

lished an exponential decay result of solution energy. Berrimi and Messaoudi [2] studied

(2) with a(x) = 0, established a local existence result, and showed that the local solution

is global and decays uniformly if the initial data are small enough. Later, Messaoudi [31]

studied (2) with a(x) = 0 and b = 0, and they established a general decay result that is not

necessarily of exponential or polynomial type.

Park et al. [36] considered the following equation:

Ug — U+ tg(t -9 u(9ds+h(u;) = [ulP?u (3)
0
and proved the blow-up result of solution with positive initial energy as well as nonpositive
initial energy under a weaker assumption on the damping term. Messaoudi [28] studied (3)
with h = u¢|u;|™2 and proved the blow-up result of solutions with negative initial energy
and p > m > 2. Messaoudi [30] studied (3) with h = 0 and established a local existence
result, showing that the local solution is global and decays uniformly if the initial data
are small enough. Song and Zhong [39] studied (3) with (h(u;) = ut) and established the
blow-up result of solutions with positive initial energy.
Cavalcanti et al. [6] considered the following nonlinear viscoelastic equation:

t
Ul ug — u+ gt-9 u(©ds- u - ug=0 (4)
0

and established the global existence of weak solution and uniform decay rates of the en-
ergy. Messaoudi and Tatar [33] investigated the behavior of solutions to the nonlinear
viscoelastic equation given by [6] with = 0 and Dirichlet boundary condition. In ad-
dition, they considered a nonlinear source term that is dependent on the solution u. By
introducing a new functional and using the potential well method, they showed that the
viscoelastic term is enough to ensure the global existence and uniform decay of solutions
provided that the initial data are in the same stable set. Later, Wu [43] studied (4) with

= 0, nonlinear source, and weak damping terms. He discussed the general uniform de-
cay estimate of energy solution under suitable conditions on the relaxation function gand
the initial data.

In 1883, Kirchhoff introduced a model given in [20] as a generalization of the well known
d’Alembert’s wave equation

0 P E Lt ou? 2y

dx — =0 5
2 h T2, t X2 ©)

for free vibrations of elastic strings. The parameters in the above equation have phys-
ical significant meanings as follows: L is the length of the string, h is the area of the
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cross section, E is Young’s modulus of the material, is the mass density, and Py is the
initial tension. This type of problem has been considered by many authors during the
past decades, and many results have been obtained, we refer the interested readers to
[9, 14, 17, 27, 34, 35, 40, 46, 55] and the references therein. For the viscoelastic Kirchhoff-
type equation, the following equation

t
Ug —M [[VUll3 u+ h(t-9 u(9ds+h(u)="f(u), (6)
0

has been considered by many authors. Wu and Tsai [47] investigated the global existence,
asymptotic behavior, and blow-up properties for (6). Yang and Gong [51] studied (6) with
M(=1+bs (b>0, >0,5>0),h(u)= U, and f(u) = |u|P~tu. Under certain assump-
tions on the kernel gand the initial data, they established a new blow-up result for arbitrary
positive initial energy. Guesmia et al. [15] studied (6) with h = g= 0 and investigated the
well-posedness and the optimal decay rate estimate of energy. Recently, Draifia [12] con-
sidered the following nonlinear viscoelastic equation with the Kirchhoff-type damping:

t
lu ug— o+ 1lVUl; u+ glt-9 u(9ds=0, ?)
0

where >0, o, 1 >0 are positive constants. He studied the intrinsic decay rates for the
energy of relaxation kernels described by the inequality g'(t) < H(g(t)), t > 0, we also refer
to other works [4, 5, 13, 16, 18, 19, 37, 38, 42].

In recent years, the viscoelastic wave equation with boundary damping and source terms
has been studied by many authors. In the case that (g = 0), Vitillaro [41] studied the fol-
lowing initial boundary value problem:

Ug — u=0, in  x (0,00),

u(x,t) =0, on ¢ x (0,00), ®)
u =—Jug™2u; + [ulP2u, on ; x (0,00),

u(x, 0) = ugp(x), u(x,0) =ui(x), xe

He showed that the superlinear damping term —|u¢|™2u;, when 2 < m < p, implies the
existence of global solutions for arbitrary initial data, in contrast with the nonexistence
phenomenon that occurs when m = 2 < p. Zhang and Hu [54] proved the asymptotic be-
havior of the solutions to problem (8) when the initial data are inside a stable set, the
nonexistence of the solution when p > m, and the initial data are inside an unstable set.

In the presence of the viscoelastic term (g # 0), Cavalcanti et al. [7] considered the fol-
lowing problem:

Ug — U+ Otg(t -9 u(9ds=0, x (0, +00),
u=0, o X (0, +00),
-~ - Otg(t—s)—t‘, ds+ h(u;) =0, 1 % (0, +00),

u(0) =up(x),  U(0) = Uo(x),

They proved the existence of strong and weak solutions by using the Faedo—Galerkin
method, and assuming that the kernel function g is small enough, they proved uniform
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decay. Messaoudi and Mustafa in [32] established the general decay rate of solution of
(9) without strong conditions on damping term. Wu [44] considered the following initial
boundary value problem:

Ut — U+ Otg(t -9 u(s)ds=alulPlu, x (0, +00),
u X,t :0, 01 ’

( )t o0 X (0, +00) 10)
A ot -9 ds+h(u) = bjul*u, 1 % (0, +00),

u(0) = up(x), ut(0) = uy(x),

Under appropriate assumptions imposed on the source and damping terms, he established
both the existence of solutions and uniform decay rate of the solution energy. He also
exhibited the finite time blow-up phenomenon of the solution for certain initial data in
the unstable set. Liu and Yu [25] studied (10) with a = 0, b = 1, and h(u;) = |u;|™2u;. They
obtained a general decay result for the global solution under suitable assumptions on the
relaxation function gin two cases: m = 2 and m > 2. Furthermore, they proved two blow-
up results: one is for certain solutions with nonpositive initial energy as well as positive
initial energy in the case m = 2, and the other is for certain solutions with arbitrary positive
initial energy in the case m > 2.

Di et al. [11] considered the following initial boundary value problem for a viscoelastic

wave equation with nonlinear boundary source term:

[ui| ug — U+ Otg(t—s)dszo, in  x (0,00),

u(x,t) =0, on ¢ x (0,00),

t (11)
4 Og(t_s)_udszf(u): on ;X (O’OO)y
u(x,0) = Uo(x), ut(x,0) =ui(x), Xe

They obtained the global existence of a weak solution under some assumptions on gand f.
They supposed that | (Up) > 0 and E(0) = d, and when I (Up) < 0 and E(0) <, they estab-
lished the blow-up in finite time. Later, Di and Shang [10] studied (11) with f (u) = 0, non-
linear boundary damping, and internal source terms. First, they proved the existence of
global weak solutions by using a combination of Galerkin approximation, potential well,
and monotonicity-compactness methods. They also established decay rates and finite time
blow-up of solutions under some assumptions on g and the initial data.

For the viscoelastic Kirchhoff-type wave equation with nonlinear boundary damping,
Wu [45] considered the following viscoelastic equation with Balakrishnan—Taylor damp-

ing term and nonlinear boundary/interior sources:

U —M() u+ ,9(t-9 u(@ds=[ufP'u, in x(0,+00),

u=0, on ¢ x (0,+00), (12)
M) Y- jgt-9-Yds+h(u)=[u"u, on ;x(0,+00),
u(x, 0) = Up(x), Ut (x,0) = u1(X), in

where M(t) =a + b||Vu()3 + Vu.Vu; dx. This model was introduced by Balakrishnan

and Taylor in [1] to study the inherent damping problem in flutter structures. In the prob-
lem at hand, Wu discussed the uniform decay rates by imposing usual assumptions on
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the kernel function, damping, and source term. Zarai et al. [53] studied (12) with h=u;
and without a source term (Ju|P~'u). They proved the global existence of solutions and a
general decay result for the energy by using the multiplier technique.

Li and Xi [22] considered the following nonlinear viscoelastic Kirchhoff-type equation
with acoustic control boundary conditions:

ug —M(|VUll?) u+ Oth(t—s) u(s)ds+ ajuy|m2u

= |u|P2u, in  x (0,400),
u=0, t on 1 x (0,+00), (13)
M(IVul3)-¥ - ;h(t-9-ds=y, on ¢ x (0,+00),
U+ X+ y=0, on ¢ x (0,+00),
u(0) = up(x), Ut (0) = U1 (X), in ,

where a > 0, m > 2, p > 2. By using multiplier techniques and under certain conditions
onM,h, , ,and on the initial data, they demonstrated that the rate at which the energy
of the solution decreases over time as t — +00 is determined by the characteristics of
the convolution kernel h at infinity. Later, Li et al. [23] studied (13), proved the finite time
blow-up of solutions, and gave an upper bound of the blow-up time T*.

Motivated by the previous works, our objective in this work is to examine the global
existence, general decay, and the finite time blow-up of solutions. So, to achieve this goal,
we organized our paper as follows: In Sect. 2, we give and recall some preliminaries and
lemmas and put the necessary assumptions. In Sect. 3 we obtain global existence of the
solution. In Sect. 4, we establish the decay rates of solution. In Sect. 5, we prove the finite
time blow-up of solutions.

2 Material and assumptions
In this section we give some notation for function spaces and preliminary lemmas. We
denote by ||u]lp and [[u]lp, , to the usual LP( ) and LP( ;) norms, respectively. For Sobolev
space H}( ) norm, we use the notation

Ul = IVUll2.
Let

Hlo( )= ueHl( )|u|0=07

and C,, G, be the Poincaré-type constants defined as the smallest positive constants such
that

lulle < GlVulla, YueH'( ), (14)
and
lullp, ; <clVully, YueH' (). (15)

To state and prove our results, we need the following assumptions:
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(Gy): The kernel function gis a decreasing C!-function satisfying for $> 0

+00

g(s) >0, g <o, a- g(9ds=1>0.
0

(Gy): There exists a positive differentiable function such that
g =<- (9909 Vs>0.

(G3): The constant p satisfies

4<mcp, ifn=1,2, and 4<m<pc< ifn>3.

2(n-1)
2

Assume further that g satisfies

+00 a( /2-1)
ds< — 2~
0 9 ds< =7

Now, we define the energy associated with problem (1) by

1 o 1 t b 1
Et) = lull 53+= a- g9ds IIVUI|§+Z—LIIVUII§+§(90VU)(U

) 2 0
1
2 p
5 IVula = BIIUIIp, .

Lemma 2.1 Let u be a solution of problen(l). Then

, 1 1
EM) <-lully, | - Eg(t)nVun% t5 govu@®=o.

(16)

(17)

(18)

Proof Multiplying the first equation in (1) by u; and integrating it over , we get (18). O

Next, we define the following functionals:

t
b
I =1u® = a- g9ds [Vulz+IVul3 +(@o VWO - llully ,
0

and
t

1
2

(19)

1 b 1
ID=Ju®) = a- g9ds [Vulz+lIVullz+ (goVu)(t)—BnunS, (20
0

Then, by (19) and (20), it is obvious that

1 2
Et) = 5 Il ot S IVur 115+ (t).

(21)

Lemma 2.2 ([29]) Suppose that < Zﬂ—j holds Then there exists a positive constantCl

depending only on such that
lully < C Va3 + llullf

foranyue H}( ),2<s<p.

Page 6 of 19
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As in [29], we can prove the following lemma.

(n-1)

Lemma 2.3 Suppose that p< 27—

pending only on ; such that

holds then there exists a positive constantCl de-

2 p
Ul | <C. IVl + ulf, |

foranyueH' (), 2<s<p.

Now, concerning the study of local existence, we will just state the theorem below and
the proof can be found in [3, 21, 24, 26, 48—50, 52].

Theorem 2.4 Assume thalG,) - (Gs) hold. Then, forany uy e H' ( )andu, e H' ( )N
L™( ;) be givenThen there exists a unique local solution u of problgf) such that

UGLOO [O;T];Hlo( )1 utel—oo [O)T];Hlo( )ml—m( 1)
for some T> 0.

3 Global existence

In this section, we prove that the solution established in problem (1) is global in time.

Lemma 3.1 Assuming that(G;)..(Gs) hold, and for any (up,u;) e H' () x L*( ) satisfy

BY 2p 5
1(0) >0, =7 -2 E(0) <1, (22)

then
[(t)>0, Vt>O0. (23)
Proof Since 1(0) > 0, then by the continuity of u(t), there exists a time T, < T such that
I(t)>0, Vte[0,T,). (24)
Let ty be such that
I(to) =0, and I(t) >0,VO<ty< T, . (25)
This implies that, for allt € [0, T,),

p-2 !

b
- a- g(9ds [Vul}+ 19ul} +(go VU0 +%l(t>

)
-c ‘

t . (26)
a- g(9ds IIVUII§+EIIVUII%(goVu)(t) .
0

©
|
\®)

v

[\*}
©
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Hence, from (G;), (26), (21), and Lemma 2.1, we obtain

t
IVul3 < a- g(9ds |Vul3
0

2 (27)

< P < P

E(t
=52 02 (t) <

2E(O), vVt € [0,T,).

By exploiting (15), (27), (22), and (G;), we obtain

p-2

< 2 T
P_E0)  1)vu2

T 1(p-2)
t
= l|Vull3< a- g(9ds Vu(to)
0

lullp, , < Ivulls <
(28)

2

Y Vtelo,T.).

Hence, we can get
| (to) > 0.

which contradicts (25). Thus, I (t) >0 on (0, T,).
Repeating this procedure and using the fact that

< 2 &
. Y
T pogyt OO = <h

T, is extended to T. O

Theorem 3.2 Assuming that the conditions of Lemm@a1 hold, solution (1) is global and
bounded

Proof It suffices to show that || Vu||3 + || Vu]|3 is bounded independently of t. It follows
from (18), (21), and (26) that

1
E(0) > E(1) = — llut] ot S Ivuell3 +30

D2 1 (29)
- 2
= 50 VUl + — el 5+ Sl Vs,
Therefore,

IVUll3 + V3 < KE), (30)
where K is a positive constant. The proof is complete. 0

4 Decay of solution
This section is devoted to the study of the stability of the solution of problem (1). So, to
prove our main results, we put the following functionals:

1
M=—7 Iul wudx+  VuVudx (31)
+
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and

t
(t):—L [ufl ur gt —9 u(t)—u(s dsdx

+1
o (32)
- Vu;  glt-9 Vu(t) - vVu(9 dsdx
0
Next, we define the following functional:
L) =NE®) + @©)+ (). (33)
Then, we have the following lemmas.
Lemma 4.1 For small enough and choosing N large enougle have
1E(t) < L(t) < E(t) (34)
holds for two positive constants; and .
Proof By using Holder’s, Young’s inequalities, and (14), we get
L(t) -NE(t) < c flull HIVulla+ ¢ VUl +[Vugl3
t
+c gt-9 u)-u@ ,dsjul
0
t
+C git -9 Vu(t) - Vu(s ,ds|Vul (35)
0
< ¢ lludll 5+ IVUl + I Vuell3
+C luell 35+ 1Vuel3 + (@o Vu)(t)
<c( )E(),

where Cis a positive constant dependent on and E(0). If we take to be sufficiently small,
then (34) follows from (35). O

Lemma 4.2 The functional (t) de“ned in (31) satis“es

1 2
‘)< — gl 2t IVudl; - kol Vull - bl vull;

acl (36)
+ @ vu®) +killullg,  + udly,

where k and k; are positive constants dependent on

Proof Differentiating (31) with respect to t and using equation (1), we get

1
/(t):T”ut” o IVuell3 - allvull3 - bl vull + ull® ,
t (37)
+ Vu gt-9vu(®dsdx— |u|™uud .
0

1
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Employing Holder’s and Young’s inequalities and Lemma 2.2, we estimate the third and
fourth terms on the right-hand side of (37) as follows:

t

—1
Vu  gt-9vu(9dsdx<( +a-1)|Vul;+ a;—(go Vu)(t) (38)
0
and
lug™Puud < c()lully, , + lluedly,
1 (39)
<c()C |Vull3+ IIUIIS, L el -

A substitution of (38)—(39) into (37) yields (36). |

Lemma 4.3 The functional (t) de“ned in (32) satis“es

, 1 t . t
(t) <- g9 ds— ks full - g9ds—  [Vull3
+1 0 0

+ a+2@-0?* [Vul3+ b||Vull5+k (go Vu)(t) (40)

k
-5 Govu ®+c) fully  +luliy, | -

Proof Differentiating (32) with respect to t and using equation (1), we get

t

‘t)=— u ug Ot-9 u(t)-u(s dsdx
0

1 t

- g9ds  |ul dx
+1
1 t

- Ul U dt—-9 ult)-—u(s dsdx
+1 0

t
- Vug gt —9Vu(t)ds dx
0

t
Vuy  d({t-9 Vu(t)-vu(s dsdx
0

t
- Vuy gt —9 Vu(t)—vVu(9 ds dx
0

t

= a-b|Vul3 Vu g(t-9 Vu(t)-Vu(s dsdx (41)
0
t t
- gt —s)Vu(s)ds gt —s) Vu(t) - Vu(s ds dx
0 0
1 t
———  u] U dt—-9 u(t)—u(s dsdx
+1 0

t
Vuy  dt-9 Vu(t)-vu(s dsdx
0

+

t
lu™ Uy gt -9 u(t)-u(s dsd
0

1
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t
- |uP%u  gt-9 ut)-u(9 dsd
1 0
1 ) t
- ——ludl S+ IVud3 g(s)ds
+1 0
1 +2 2 !
=h+-leg— ——luell 5+ [IVull; g(9ds
+1 0

Applying Young’s and Holder’s inequalities, we obtain for >0

t
= a+b|Vul3 Vu gt-9 Vu(t)-Vu( dsdx
0

—

(42)
<a [Vulz+b [Vuli;+

©@-Dgovun

and

t t
Iy = gt —s)vVu(s)ds gt —s Vu(t) - vVu(s ds dx
0 0 (43)

<2 (@-D*vull3+ 2 +4i (a-1)(go Vu)(t).

By using Young’s, Holder’s inequalities, (G;), (15), and Lemma 2.1, we obtain the following

estimates:
t
3= Ju™?u;  glt-9 u(t)-u(s dsd
1 0
t
<cO)ull  + dM@a-h™  gt-9 VuE-vu@) Tds (44)
0
<c()luelly, | + ks(go Vu)(t)
and
t
li= UuP?u gt-9 uM)-u@® dsd <c()lully , + ki(goVu)t),  (45)
1 0
where ks, K4 are positive constants, which depend only on E(0), m, and p.
Since 0 < — Ot g(9)ds< g(0), we have
1 t
Is<— lulu dt-9 ut)-u( dsdx
+
O(O)C,Z) (46)
kS +2 g
- =—"® govV
= —glul 2- ) goVu (t)
and
‘ 9(0)
lg = Vur  gt-9 Vut)-Vu(® dsdx< ||V - e g oVu (t), (47)
0

where ks is a positive constant, which depends only on E(0) and



Page 12 of 19

Saker et alBoundary Value Problems  (2023) 2023:58

A substitution of (42)—(47) into (41) yields

t t
g ds— ks [lugll 72— g9ds—  [Vu?
0

/t <__-
= +1
+ a+2@-0?* [Vul2+ b||Vull5+k (go Vu)(t) (48)
k
-5 Govu®+c) ful , +luliy,
where

+ . OJ

and k6 =g(0)
+1

R

4
Lemma 4.4 Assume that(G,)..(G;) hold. Let uy e H' ( )and u; e H' ( )NL™( ,) be
given and satisfy22), then, for any t; > 0, the functional L(t) veri“es

L'(t) <— 1E(t) + 2(go Vu)(t) (49)
forsome >0, (i =1,2).
Proof From Lemmas 2.1, 4.2, and 4.3, we have
Ut <———(@— ks )llull 22
= +lg)_ 5 — tll 42
~ ko— a+2@-1)?* [Vul3-b( - )IVul;
b ) (a-1) (50)
+ kitc() lully = (@- = )lIVudly;+ k + (go Vu)(t)
N k
WY goVu (t)- N-C()- luly ,»

where @ = Oto g(s) ds First, we choose to satisfy

®- ks>0, ®»- >0.

is fixed, we pick N to be sufficiently large such that (34) remains valid and

When
N-C()>0, —>0.
Once and N are fixed, we select such that
»- ks— >0, - >0, kh— a+2@-1)72% >0,
- - >0, N-C()- >0,
which yields for {>0,i=1,2,
(51)
O

L'() <= - 1EM®) + 2(go Vu)(t).
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Theorem 4.5 Assume thatthe conditions of Lemmig4 hold. Then there exist two positives
constants k  such that for each > 0, the energy of the solution to proble(n) satis“es
t
E(t) <kexp - (9ds . (52)

to

Proof Multiplying (51) by (t), we get

ML) <- 1 ME1M) - 2 goVu ()
<-1 (HEW) -2 ,E1),

(53)

which implies
(OL'(t) +2 2E'(t) < - 1 (DE(). (54)
We define the Lyapunov functional as follows:
F(t) = (tL(t) +2 oE(t).

It is easy to show that F(t) is equivalent to E(t) because of (34). Using the fact that ’(t) <0,
we obtain

F(t) <-—— (t)F(). (55)
2

Then, by performing a simple integration of Eq. (55) over (to,t), we get

t
F(t) < F(to) exp (9ds .

to
Therefore, (52) is obtained. g
5 Blow-up of solution

Theorem 5.1 Suppose thatG;) —(Gs3), (16), +2<p,and E(0) <0 hold. Letuy e H 10( )
and u; € Hlo( )NL™( 1), then the solution of problen(l) blows up in “nite time.

Proof Let

H(t) = -E(), (56)
then (18), (17), and (56) give

H() > udm | (57)
and

mmsHms%wwd. (58)
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Next, we define
- 1
O=H" O+ — |l wudx+ Vuvu, dx, (59)
+

where is a small constant and will be chosen later, and

p-m 1 1

pm-1) +2 p 0

0< <min

Taking a derivative of (59) and using (1), we obtain

t)=(1- H @H)+ lul 5+ VU2 = blIvuls— allVuli3

+1

¢ (61)

+ fullp, | + Vu gt -9Vu(s dsdx— lug|™2uud .
0 1

Applying Young’s inequality, for , >0, we obtain
t t

Vu gt-9Vvu(gydsdx> 1- % g(9ds Vul5 - (go Vu)(t)
0 0

and

m
m-1
-2
lug|™*ueud SFHUHQ, +
1

- -1
Ml

< —Julp |+ M (¢).

m
m
Then inequality (61) becomes

W= (- H - "

_ -1 2 2
mmLH(t) + udl 35+ IVUull3

+1
1 t
- bVu|3- a- 1—4— g9ds [[Vul2- (go Vu)(t) (62)
0
m

p
+ Ul - — i, -

It follows from (17) and (56), for constant > 0, that

1

M= (1- H - mT‘ ML) lug | 2

+1 +2

+

—+1 ||Vu?
3 Vuelly

t

1
a—-1 - ——1+— 9ds ||Vul? (63)
+ 7 F~l+y 0g() [Vull;

+

4 p
b 41 IVUIE+ 5= @ VWO+ 1= fulf,

+

m
m
HO - — I, .
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Using (63), we find that, for some number 0 < < 5,

/ - m-1 - — /
M= (1= H O~ —— WML )+ alludl B+ el Vul?

+ GlIVUl3+ clVulls+ cs(go Vu)(t) (64)

m
p
+ Gluly ¢ HO- —julp

where 4 < < pand

1
G=a —-1 - ——1+4— g(sds >0.

=__1 0, = — — 0, =1—_ 0.
Gy 4 G 5 > Co p>

Therefore, by taking = (mm—_ﬁH(t)’ )‘%, where K is a positive constant to be specified
later, we can obtain
‘M= (1- )= kH OH'O+ alul 5+ alVuld+ clvul}
+ Gl Vull3+ c(go Vu)t)+ Gsllullp (65)
+ HM) - k""gH ™Dl

where ¢; = (m/m —1)1-" > 0.
Since m < p, and from (58), (60), and Lemma 2.3, we deduce

(m-1) (m-1) Cin m+ p(m-1)
H DO, , < cnH TYOIIE, < Sm g
(66
GCe )
< S VU + G
fors=m+ p(m-1) <p. Combining (66) with (65), we get

M= Q- )- kH OH®+ cllull 5+ GlIVudli+ clvull;

+ G(goVU)() + o —ck!™ VUl (67)

+ G—Ck'™™ Jlullp ,+ H(),
where Cg = Cypc"(“Tc_*l). First, we choose k > 0 large enough such that
C — Gk ™™ >0, Cs — Gk ™™ > 0.

Once K is fixed, we select small enough such that

1- )- k>0
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and

1
(0)=H" (0)+ — lup| ujupdx + VuoVuy dx.

Thus, we obtain
‘O fudl 3+ 1VUl + (o VW) + [VUlld + VU3 + HE®) + ul® . (68)

where is a positive constant.
On the other hand, we have

A 1
- -

%(t) <C; H()+ [ut] ugudx + VuVu, dx . (69)

Using Holder’s and Young’s inequalities, we have

= 4l 1 o+l a1
[ug| ugudx < uell "5, Iull 5, < cilluell 5, lullg
(70)
q(_+1) O
<G llull 3 +lullp

1, 1 _ ; _ (1-)(+2) O _ +2
for a + q—* =1. Tal(lng gq= 1 > 1, then by (60) we have o) = o #2=( +D <Pp.

Applying Lemma 2.2 and (30), we get

1
1-

lu wudx  <c fugll 5+ VUl + ullf
(71)
<Cs llugll 35+ IVul3 + vul}
<c flugll 33+ Vi3 .
Similar to (70), we have
— )
Vuvuedx < Vw3 + VUl
1 H(@t) (72)
< Vu |2+ KE@O) T2 —=
<G |Vul? © ™50
<G [IVull3 + H(t) .
Therefore, from (71) and (72), we get
1
F() < HEO + udl 5+ 1IVUll? + Va3 . (73)

Combining (68) and (73), we find that

(OERR= () (74)
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where is a positive constant. A simple integration of (74) over (0,t) yields

1
- (t)> —F—, 75
0= — g (75)
which allows us to deduce that (t) blows up in finite time T*, and
1-
Tr<e—— (76)
= (0)
O
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