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1 Introduction
Throughout the paper, X and 9t will stand for the set of natural numbers and real numbers,
respectively, while k will stand for a fixed natural number. For a nonempty set 3, by P(f3)
we will denote the collection of all nonempty subsets of 3.

Let (8,d) be a metric space and T: 8 — 8 be a mapping. A point b € 3 is said to be a
fixed point of Y if Y(b,b,...,b) = b. Consider the following nonlinear difference equation
of k™ order:

Dpsk = Y0y b1i1s .+ sbnsike1), whereb, € Bforall m e R. (1)

A point b € {3 is called an equilibrium point of (1) if it is a fixed point of T (see, [3]).

In 1965, when considering the problem of convergence of the sequence {b,} defined by
(1), Presic [4, 5] generalized the famous Banach contraction principle on product spaces by
proving a fixed point result for the mapping Y ': 8 — Band proved the convergence of the
sequence {b,}. He established that if the mapping T satisfies some particular conditions
and f3 is complete, then such a sequence is convergent and its limit is a fixed point of Y.

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-023-01748-9
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-023-01748-9&domain=pdf
mailto:rshukla@wsu.ac.za
http://creativecommons.org/licenses/by/4.0/

Shukla et al. Boundary Value Problems (2023) 2023:59 Page 2 of 21

The mapping Y is called a Presi¢ operator if there exist constants ¢; € [0,1) such that
Zle ¢; <1and

k
d(T(bl) bZr ooy bk)) T(b27 bf‘)) ey I)k+1)) < Z §id(bi: bi+1) (2)

i=1

forallb; e 3,i=1,2,...,k+ 1. If § is complete, then Y has a unique fixed point which is an
equilibrium point of difference equation (1) (see, [4, 5]).

The mapping Y is called a Presi¢-Ciri¢ operator if there exists a constant g € [0, 1) such
that p <1 and

d(Y (01,0250 Y (02,03, .., brsr)) < @ max{d(d;,bi1): i=1,2,...,k} 3)

forallb; € 8,i=1,2,...,k + 1. Ciri¢ and Presi¢ [1] showed that every Presi¢-Ciri¢ operator
on a complete metric space has at least one fixed point. The result of Presi¢ is a gener-
alization of famous Banach contraction principle in product spaces and has theoretical
importance as well as several applications (see, e.g., [3, 6—9] and the references therein).

On the other hand, Nadler [10] considered the set-valued mappings and gave a set-
valued version of Banach contraction principle. Shukla et al. [11] generalized and unified
the results of Presi¢ and Nadler and proved some common fixed point results. The study
of fixed point theorems on metric spaces equipped with binary relations was introduced
by Alam and Imdad [12]. They established a relation-theoretic version of Banach contrac-
tion principle. Shukla and Lépez [2] extended the result of Alam and Imdad for set-valued
mappings and proved a relation-theoretic version of the result of Nadler [10].

Initial and boundary value problems are an essential part of the study of physical sys-
tems, e.g., in the study of solid mechanics, thermoelasticity, exponential decay, theory of
elastic bodies etc. (see, e.g., [13-18] and the references therein). On the other hand, dif-
ferential inclusion problems are considered as an interpretation of discontinuous initial
and boundary value problems which occurs in the study of mechanical systems, power
electronics, and in the theory of heat conduction in metals, etc. (see, e.g., [19, 20] and the
references therein). The fixed point results in the spaces equipped with binary relations
are very useful in solving a verity of initial value and boundary value problems. While, the
relation-theoretic version of result of Nadler may be useful in solving the differential in-
clusion problems and not investigated yet in the product spaces, which is the motivation
for the work presented here. In addition, the relation-theoretic version of result of Nadler
makes us able to find the equilibrium point of a difference inclusion as well.

The purpose of this work is to prove a relation-theoretic set-valued version of the re-
sult of Ciri¢ and Presi¢ [1], which generalizes and extends the results of Ciri¢ and Presi¢
[1], Shukla and Lépez [2], Shukla and Radenovi¢ [3], Nadler [10], Shukla et al. [11], Alam
and Imdad [12] and several other fixed point results in metric spaces equipped with an
arbitrary binary relation. The existence of solution of a differential inclusion problem is
considered and with relation theoretic approach the existence of solution is established.
The new approach provides freedom to use Shukla and Lépez’s method with a weaker
contractive condition. Another application of the main result to the existence of equilib-
rium point of difference inclusions has been established and the nature of the equilibrium
point has been determined. Specifically, the results proved here can be used in the prob-
lems where the solutions are in form of the fixed point of a mapping, which satisfies the
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contractive condition governed by the relational structure associated with a suitable space.
The contractive condition we have used is different and weaker than that used by Shukla
and Radenovi¢ [3]. We point out that the results of [2] are applicable in establishing the
existence of differential inclusion problems, while the results of [3] establish the equilib-
rium point and its globally asymptotically stability of a difference equation, and the results
proved here can be used for both such problems with weaker conditions. In particular, our
results are a unification of both these results. For illustration and justification of new re-
sults and concepts some examples are presented.

2 Preliminaries
We first state some known definitions and results, which will be used throughout the pa-
per.

Let (3,d) be a metric space and CB(f3) denotes the set of all nonempty closed and
bounded subsets of 8. The distance between a point b € f§ and a set P C f§ is de-
fined by d(b,P) = inf{d(b,p): p € P}. A function H: CB(3) x CB(3) — [0,00) defined by
H(P,Q) = max{D(P, Q), D(Q, P)}, where D(P, Q) = sup,pd(p,Q), D(Q,P) = sup,.,d(q,P)
for all P, Q € CB(f3) is called the Pompeiu-Hausdorff metric on CB(f3). Note that H is in-
deed a metric on CB(f3).

Remark 1 (Ali and Kamran [21]) Let P,Q € CB(f3) and % € (1, 00) be given. Then for p € P
there exists g € Q such that d(p,q) < hH(P, Q).

Definition 2.1 (See, [22]) Let 3 be a nonempty set. A subset R of 8 x 3 is called a binary
relation on 3. Notice that, for each pair by,b, € 3, one of the following conditions holds:
(i) (b1,b2) € R, which amounts to saying that “b; is R-related to by” or “b; relates to b,
under R”. Sometimes we write by Rb, instead of (bq,b,) € R.
(ii) (b1,b2) ¢ R, which means that “b; is not R-related to by” or “b; does not relate to by
under R”.
Trivially, 8 x 8 and @, being subsets of 8 x 3, are binary relations on f3, which are re-
spectively called the universal relation (or full relation) and the empty relation. Another
important relation of this kind is the relation Ag = {(b,b) : b € 3} called the identity relation
or the diagonal relation on £3.
Throughout this paper, R stands for a nonempty binary relation, but for the sake of
simplicity we write only “binary relation” instead of “nonempty binary relation”

Definition 2.2 Let 3 be a nonempty set and R be a binary relation on 8. A sequence {b, }
in 3 is called termwise related (R-preserving) if (b, b,,1) € R forall m e K.

Definition 2.3 (Alam and Imdad [12]) Let 8 be a nonempty set, R be a binary relation on
3, [ € X and by,by € 8. We say that there is a path {vi}ﬁz% of length [ from b; to by if there
existvi e, i=1,2,...,0+1such that v! = by, v*! =by and (V,v"*) e R,i=1,2,...,I. The
element b, € f8 is called /-connected to b; € 3, if there exists a path of length / from b; to
by. Denote by P(b1, ) the set of all b, € 3 such that there exists a path of length / from b; to
Do, i.e.

P(b1,1) = {b, € 3 : there exists a path of length [ from b; to by}.

We now discuss our main results.
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3 Main results
We first establish concepts and some definitions and results, which will be needed in fur-
ther discussion.

Definition 3.1 Let 8 be a nonempty set and Y: 85 — P(B) be a mapping. A se-
quence {b,} in 3 is called a trajectory of Y with initial points b;, i = 1,2,...,k, if b,k €
Y(bny b}’H—l’ IR bn+k—1) forall m e R.

Definition 3.2 Consider a metric space (8,d), a mapping Y : 8K > P(B) and a binary
relation R on f3. The set of all Cauchy sequences in 83 is denoted by £¢ and the set of all
termwise related sequences in 3 is denoted by £z, while the set of all trajectories of Y
with initial points in 8 is denoted by £~. Then, {3 is complete if every sequence in £¢ is
convergent to some point in 3. We say that 8 is R-complete if every sequence in £¢c N ¢r
is convergent to some point in 3. While, 83 is said to be R-Y-complete if every sequence
in £c N € N £y is convergent to some point in f3.

We denote the set of all fixed points of Y by Fix(Y), ie., Fix(Y) = {p e 8: b €
Y (b,b,...,0)}.

Definition 3.3 Let R be a binary relation on a nonempty set 3, d be a metric on
B and T: 8 — CB(B) be a set-valued mapping then the mapping Y is called a set-
valued relation-theoretic Presi¢-Ciri¢ operator (set-valued RPC-operator) if for every
path {b;}**! in R the following conditions hold:

(RPC1) there exists g € [0,1) such that

H(T(bl, b2, ..., bk), Y (ba, b3, ..., ka)) =0 {Ei’;{{d(bn bi+1)};

(RPC2) ifbg1 € Y(b1,Dg,...,bx) and bry € Y (Do, b3, ...,bxs1) are such that d(b,1,brs2) <
max; <;<x{d(b;,bis1)}, then (bri1,bii2) € R.
The constant g is called the contractive constant of Y.

Theorem 3.1 Counsider a metric space (§,d) equipped with a binary relation R and a
mapping Y : f* — CB(f) such that (8,d) is R-Y -complete. If Y is an RPC-operator with
contractive constant o and the following assertions hold:
(A) thereexistb; € f$,i=1,2,...,k + 1 such that (b;,b;,1) € R foralli=1,2,...,k and
brs1 € Y(b1,D2,...,D1);
(B) if a termwise related trajectory {b,,} €[5 of T converges to b € 5, then (b,,b) € R for
all n e X,
Then, there exists a termwise related trajectory {b,} C f$ of Y such that lim,_, oo b, =b* € f§
and b* € T (b*,b*,...,b%).

Proof Suppose,b; € 3,i=1,2,...,k+1suchthat(b;,b;;1) € Rforalli=1,2,...,kand by, €
Y(b1,bs,...,b). As, T: 85 — CB(8), we have Y (by, bs,...,br.1) € CB(B) and by Remark 1,

for h = ﬁ > 1 there exists bg,o € Y(by,bs,...,br,1) such that

1
AOri1,br2) < —=H (Y (01,02, ..., D), Y (b2, b3, ..., Dg)).
Ve
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As (b;,biy1) € R for i =1,2,...,k and Y is a set-valued RPC-operator with contractive
constant o, it follows from (RPC1) and the above inequality that

A(Bks1,bis2) < ‘/Egi%({d(bi’ bis1) }-
As o < 1, it follows from the above inequality that
d(bis1,brs2) < {E%{{d(bn biv1)}-

By (RPC2) and the above inequality we have (bx,1,brs2) € R. Thus, (b;,b;41) € R for all
i=12,...,kk+ 1. Again, since Y(b3,D4,...,bxs2) € CB(f3) by Remark 1, for 4 = % >1
there exists bg,3 € Y(b3,b4,...,Drn) such that

1
A(ri2,bi3) < —=H (Y (b2, b3, .. gs1), Y (03,045 .., bs2)).
Ve

As (b;,bi;1) e Rforalli=1,2,...,kk+ 1 and Y is a set-valued RPC-operator with con-
tractive constant g, it follows from (RPC1) and the above inequality that

d(ks2,bre3) < /@ _max {d(by,bis1)}.

2<i<k+1

As o < 1, it follows from the above inequality that

A(brr2,Pre3) < max {d(b;,bin1)}.
2<i<k+1
By (RPC2) and the above inequality we have (bg.2,br+3) € R.
The above process yields a termwise related trajectory {b,} of Y with initial points
b1,Da,...,bx € 18 such that

d(bn+k: b;'1+k+1) = \/E ml?X l{d(bi: bi+1)} forall m e R. (4')
We now prove that the trajectory {b,} of Y with initial points by, bs,...,br € 3, is a Cauchy
sequence.
We define a number g as follows:

d;,b;
[3) =max{¥: i= 1,2,...,/(},
where ; = 0'/?X. By using the mathematical induction we prove the following inequality:
db,,bu) <gpj" forallmeR. (5)

Then, by the definition of g it is clear that the inequality (5) is true for n = 1,2,...,k. Let
the k inequalities d(b,,,b,.1) < ©", d(bpe1,bus2) < 9" .., dOnik-1,Pnek) < 7" be
the induction hypothesis. For every # € R, it follows from (4) that

d(bn+kxbn+k+l) = \/E max {d(bn bz'Jrl)}

n<i<k+n-1
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<Jomax{p;"" " i=1,2,...,k}
= Jop]"
— 6/;)]}’1+k (as] :Q]/Zk < 1)'
Hence, the mathematical induction is complete. Now, for n,m € R, m > n, using (5), we
obtain
d(bm bm) =< d(bm |7r1+1) + d(bn+17 bn+2) L d(bm—l: bm)
<) +p)

<) (1+5+,2+)

0"
1-y

1/2k

As j = 07/** < 1, the above inequality yields that

lim d(bp,by) = 0.

n,m—> 00

Therefore, the trajectory {b,} of Y is termwise related Cauchy sequence in 3. Thus, {b,,} €
CcNlr iy,
By R-T -completeness of f3, there exists b* € {3 such that

lim d(b,,b*) = 0.

n—00

Thus, we have obtain the termwise related trajectory {b,} C f3 of Y such that lim,_, - b, =
b* € 3. We shall show that b* € T(b*,b*,...,b*), i.e. b* is a fixed point of Y.

Since (B) holds, we have (b,,b*) € R for all j € R. Because, for each n € X we have
(by,b,41) € R and b, € Y(b,y, 04155 byik-1), hence

d(p*, T(v*,...,0%)) < d (0", bpsk) + d(Pnsr Y (b%,...,0%))

< d(0%, b)) + H(X O Dsts s Deo)s Y (0%, b%))

< d (0" bpik) + H(Y O busts s Diakc1) Y Oty o Dako1,0™))
+ H(Y (Osts s Pak=1,0%), X (Orszs - D1, 0%, 0%))
+ oo+ H(Y (Ppak-1,0%,...,0%), T (0%,...,b%))

< d(b%,buk) + @ max{d(®n,bys1)s - AOpik—2,Ppik-1)s
A(buek-1,0%) } + @ max{d (i1, Dna)s - o AOmak2, brin),
A(bnrk-1,0%)} + -+ + 0d(busi1,b7).

Letting n — oo in the above inequality and using the fact that lim,,_, », b, = b*, we obtain
dp*, T(b*...,b*)) =0, that is, b* € T (b*,...,b*). Thus, b* is a fixed point of Y. O

Remark 2 Inthe case k = 1, condition (B) of Theorem 3.1 can be replaced by the following

weaker condition:
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(B’) if a termwise related trajectory {b,} € 8 of T converges to b € f3, then there exist a
subsequence {b,,j} and jo € N such that (b,,j, b) € R for allj > jo.

Example 1 Consider 83 = [0, 00) with the usual metric d(by,b;) = |by —b,| for all by, b, € 8.
Denote by Q* the set of all nonnegative rational numbers and 25@ the class of all nonin-
creasing sequences of nonnegative rational numbers converging to zero, i.e.,

Sgy = {{bn} SQ": byy1 <b, foralln e R,b, - 0asn — oco}.
Obviously ilé)@ # . Let R be the binary relation defined on {3 by
R = {0 bre1), (0.0): {0, € £F ).
Then, it is clear that R is nonempty. For a fixed 2 > 1 define a mapping Y : 8* — CB(8) by

0, mulrialy gy by € QF;

max{bj,ba} :
{0, Tmax by b P] }, otherwise.

T (b1,bq) =

Then, we observe that for k = 2 all the conditions of Theorem 3.1 are satisfied. We have
the following:

(I) (RPC1) is satisfied with aiz <o < 1. Letby,by,b3 € B8 are such that (by,b,), (b2, b3) € R.
Then, the following cases are possible:

Case (i): Suppose by,b,,b3 € Q* and by > by > b3 > 0, then:

H((b1,b), Y (b,b3)) = H({O, %} [0, MD

a2
by by
(o))
. by b1 1
max | sup{ min 0,—2 ,min —2,—2|b1—b2| ,
a a’ a
. by . [ba 1
sup{ min O’E ,min ;,;|b1—b2|

1 .
= max {sup{0, min{by, by —b,}},

sup{0, min{bs, by —by}}}

1 .
=~ max {by — by, min{by, by —bs}}
a

1
a?

(b1 —b3)

1
= ;d(bbbz)

IA

o max{d(b1,b),d(b2,b3)},

where uiz <o«<l1.
Case (ii): If b1,by, b3 € Q* and b, = 0, then:

H(T(bl: bZ)) T(bZ: b3)) = H(T(bl) 0)7 T(O’ b'a’))
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(=)
(o)
s spfinfo il 2, Lo
o)

1
== max{sup{O, min{bl, by = b3|}}»

sup{O,min{bg, [by — b3|}}}

0 max{O b3} })

§|w

1
= ;max{min{bl,ﬂal—b3|},min{b3,|b1 —bsl}}
< omax{by, b3}

= gmax{d(by,bs),d(ba,b3)},

where aiz <o<l.

Case (iii): If b1, by, b3 € Q* and by # 0, then two subcases are possible: (a) by =0, by > b3 >
0; (b) b1 = 0, by > b3 = 0. In both subcases, the left-hand side of desired inequality becomes
zero, hence the inequalities hold trivially.

Hence, (RPC1) is satisfied.

(I) (RPC?2) is satisfied. Suppose that (b1,by), (3,03) € R, b3 € T (by,by) = {0, M2l
and by € Y (by,b3) = {0, %} Then, we consider the following cases:

(a) ifb3 =by=0;0rbz = %, bs = 0, then, since for every nonincreasing sequence
{b,,} which is eventually constant and has limit 0, we have (b,,b,,1) € R for all n € R,
hence we have (b3,bs) € R.

(b) Ifb3 =0, bs = %, then by definition of R we have (b3,bs) € R.

(c) Ifbs = maxzbzl’bz}, by = maxifzz’b“, then if by = 0 we must have b; > b3, while if by #0,
then by the definition of R we must have b; > by > bs > 0. In both the cases there

exists a nonincreasing sequence of nonnegative rational numbers which converges

to zero and has two successive terms b3, by, and so, (b3,bs) € R.
Hence, T is a set-valued RPC-operator with contractive constant o such that a% <o<l1l
(III) Condition (A) of Theorem 3.1 is satisfied. For every b € Q*, we have {b,} € £Q+

max{baﬂ for all # € X. Hence, we have b,.,5 € T (b,,b,.1) and

where by =by =b and b5 =
(byybys1) € R forall m e R,

(IV) Condition (B) of Remark 2 is satisfied. Suppose that {b,} is a termwise related tra-
jectory of T converging to b € 3. As, {b,} is a termwise related trajectory of T we must
have bz € Y(b1,bs), and so, the sequence {b,} is either an eventually Constant sequence
21 for all

converging to 0, or it is given by: by,,; = max{ 21 and Dy.0 = max{

a2n’ a2n a2n+2 4 aZn

n € X. In each case, the sequence {b,,} converges to 0 and (b,,0) € R forall m € K.
Thus, all the conditions of Theorem 3.1 are satisfied, hence Y must possess a fixed point.
Indeed, the set of all fixed points of Y, i.e., Fix(T) = {0,v/2}.

We next consider a generalization of the closedness of set-valued mappings in product
spaces and a weaker version of this generalized closedness, which provides an alternate of
the condition (B) of Theorem 3.1.
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Definition 3.4 Let (8,d) be a metric space equipped with a binary relation R and
T: 85— P(B) be a set-valued mapping. Then the set &(7T) is called the graph of T and

S(T) = {(bo,b1, ., bx) € B 2 by € T (b, b1, ..., by1) ).

We say that Y is a closed mapping if for every collection of convergent sequences {b,},
i=0,1...,kin {3 such that (bg,b}l,...,bﬁ) € &(Y) forall # € X we have (b, b1,...,bK) € &(Y),
where b’ € 8,i=0,1,...,k are the limits of the sequences {b’},i=0,1,...,k respectively. It
is obvious that Y is closed if and only if () is a closed subset of Rk We say that Y is
R-closed if for every convergent sequence {b,} € £r such that (b,,b.1,...,0uk) € B(Y)
for all n € X we have (b,b,...,b) € B(T), where b € § is the limit of the sequence {b,}.

Remark 3 Suppose that {b,} € £x is a convergent sequence with limit b in 8 such that
(O byt - -, Purk) € B(Y) for all n € R. Define the sequences {b'}, i =0,1,...,k by {b} =
{busi}, i=0,1,...,k, then each {b} is convergent to b and we have (b},b2,...,bk"1) € &(T)
for all n € R, hence the implication “Y is closed = 7Y is R-closed” holds. The reverse
implication of the above does not hold (see the example below).

Example 2 Let f§ =N, d is the usual metric on {3 and Sé,@ be the class of all nonincreasing
sequences of nonnegative rational numbers converging to 0. Consider the relation R on
3 defined by R = {(by,by41) € R2: {b,) € 2?} and a mapping Y ': 8% — P(83) defined by

0, 22y if b1, by are nonnegative rationals;
Youom) =1 2! . ’
{0,b1 +by + 1}, otherwise.

Note that if {b,} is a sequence of irrational numbers converging to 0, then (b, b1, b}q) €
&(Y) for all # € R, where b}, =b, +Db,1 +1forall e N and (bn,bml,b},) — (0,0,1) as
n — oo. While 1 ¢ Y(0,0)(= {0}), and so Y is not a closed mapping. On the other hand, if
{b,} € £1 such that (b,,b,,1,b,,2) € B(Y) for all n € }, then we must have {b,} € S?, and
so, if the sequence {b,} converges, it must converge to 0. As 0 € Y(0,0), i.e., (0,0,0) € &(Y),
hence Y is R-closed.

Proposition 1 If (8,d) is a metric space, R is a binary relation on f§ and Y : f* — CB(f5)
is an R-closed mapping. If there exists a termwise related convergent trajectory of Y, then
Y has a fixed point.

Proof Let {b,} be a termwise related convergent trajectory of Y and b, — b as n — oo.
Then, by definition, we have {,,} € £, 0y, bys1,...,burk) € B(Y) forall m € R. Since b, — b
as n — 00 by R-closedness of T we have (b,b,...,b) € &(Y), ie., b e Y(b,b,...,b). Hence,
Y has a fixed point b. O

In the next theorem, the condition (B) of Theorem 3.1 is replaced by the R-closedness
of T.

Theorem 3.2 Consider a metric space (§,d) equipped with a binary relation R and a
mapping Y : X — CB(fS) such that (,d) is R-Y -complete. If Y is an RPC-operator with
contractive constant o and the following assertions hold:
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(A) thereexistb; €f5,i=1,2,...,k + 1 such that (b;,b;11) € R foralli=1,2,...,k and
brs1 € Y(b1,b2,...,b4);
(B) Y is R-closed.
Then, there exists a termwise related trajectory {b,,} C f§ of Y such that lim,_, ., b, =b* € f§
and b* € Y (b*,b*,...,b*).

Proof Similar to the proof of Theorem 3.1, we obtain a termwise related trajectory {b,}
of Y with initial values by, b, ..., D such that the sequence {b,} converges to some b* € f3.

Now, using Proposition 1, we obtain that b* is a fixed point of Y. 0

Corollary 3.3 Consider a metric space (f$,d) equipped with a binary relation R and a
mapping Y : 5 — CB(f) such that (8, d) is R-Y -complete. If Y is an RPC-operator with
contractive constant o and the following assertions hold:

(A) there existb; €5,i=1,2,...,k+ 1 such that (b;,b;11) € R foralli=1,2,...,k and

brs1 € Y(b1,b2,...,b4);

(B) Y isclosed.
Then, there exists a termwise related trajectory {b,,} C f§ of Y such that lim,_, .o b, =b* € f§
and b* € Y (b*,b*,...,b*).

Proof The proof follows by using Remark 3 and Theorem 3.2. g

In the next section, we present several consequences of our main results.

4 Consequences
We derive several fixed point results as corollaries of Theorem 3.1 and Theorem 3.2.

Let (3, C) be a partially ordered set. A pair (b1,b;) of elements of 3 is called comparable
if by © by or by C b;. Define a binary relation R¢ by:

RE = {(bl,bz) S BZ: bl C bz}

Replacing the relation R by R in Theorems 3.1 and 3.2, we obtain the following gener-
alized and unified set-valued version of results of Ran and Reurings [23] and Nieto and

Lépez [24] in product spaces.

Corollary 4.1 Let (§,C) be a partially ordered set, d a metric on § and Y : ¥ — CB(f) be
such that (§,d) is Rc-Y -complete. Suppose that Y is an RcPC-operator with contractive
constant ¢ and the following assertions hold:
(i) thereexistb;€f5,i=1,2,...,k +1such that (b;,b;y1) € Re foralli=1,2,...,k and
brs1 € YT (b1,D2,...,D0);
(ii) at least one of the following conditions is satisfied:
(@) Y is Re-closed;
(b) if a termwise related trajectory {b,} C f§ of Y converges to b € 3, then b, T b for
alln e R.
Then, there exists a trajectory {b,} C f§ of Y such that b, T b, for all n € R and
lim,_, oo by = b* € f§ and b* € Y (b*,b%,...,b*).
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Remark 4 Define:
Ra = {(bl,bz) eR?:i by C bl}; and R. = {(bl,bz) e 8%: (b1,by) is comparable}.

Then, similar to the above corollary, we can deduce the corresponding fixed point results
for RoPC-operators and R PC-operators.

The following corollary is a set-valued version of the result of Ciri¢ and Presi¢ [1].

Corollary 4.2 Let (8,d) be a complete metric space and Y : f* — CB(f) be a set-valued
Presié-Ciric type contraction, i.e., the following condition holds:

H(T(blr bZ, [ERS] bk): T(bZ: bSr ceed bk+1)) =0 1n<1,a<)3<{d(b” |71’+1)}
forallby,by,...,bis1 €8, where 0 < o < 1. Then, Y has a fixed point in fS. Moreover, for arbi-
traryby,bo, ...,bx €8, there exists a sequence {b,,} in 8 such thatb,,x € Y0y, Dps1s -+ Pusk-1)
foralln e R and {b,} converges to a fixed point of Y.

Proof Consider the universal relation R = 3%. Then, it is easy to see that all the conditions

of Theorem 3.1 are satisfied, hence the conclusion follows from Theorem 3.1. O

A mapping Y: B — 8 is called a relation theoretic Presi¢-Ciri¢ operator (RPC-
operator) if for every path {b;}X*! in R the following hold:
(RPC1’) there exist ¢ € [0, 1) such that

d(T(blr b2; ceey bk)¢ T(b21 bS’ ey bk+1)) <0 lngzagi{d(b” bi+1)};

(RPC2) ifbr1 =Y (by,by,...,bx) and bryo = Y (bg, b3, ..., b,1) are such that d(D,1,brsn) <
maxi<;<k{d(0i,Dis1)}, then (bry1,bii2) € R.

The constant g is called the contractive constant of Y. A sequence {b,} in §3 is called a PP-

sequence of Y with initial values by,bs,...,bx € Bif b,k = Y (0, bys1s ... bysko1) forallm € R

(see, [25]). The mapping Y is called P-R-continuous at b € 83 if for every PP-sequence {b,}

in £% such thatb,, — b as n — oo we have Y(b,;,b,41,...,Pnsk-1) = Y (0,b,...,b) as u — o0.

The mapping Y is called P-R-continuous on {3 if it is P-R-continuous at every point of f3.

Remark 5 For a given single-valued mapping Y: 8¥ —  we define its corresponding
set-valued mapping Y: gk — P®) by Ys(b1,bo,...,bx) = {Y(1,b2,...,bk)} for all by, b, ...,
bx € 8. Since H({b1}, {P2}) = d(b1,b2), hence we observe the following:
(a) If T is an RPC-operator with contractive constant o, then Yy is a set-valued
RPC-operator with contractive constant ¢ and vice-versa.
(b) A termwise related PP-sequence of Y is a termwise related trajectory of Y5 and
vice-versa.

(c) If Y is P-R-continuous, then Yy is R-closed and vice-versa.

The following corollary is a relation theoretic version of the main result of Ciri¢ and
Presic¢ [1].
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Corollary 4.3 Let (8, d) be a complete metric space, R a binary relation on f§ and Y : 5 —
8 be an RPC-operator with contractive constant o. Suppose that the following assertions
hold:
(i) thereexistb;€fS,i=1,2,...,k +1such that (b;,b;1) € R foralli=1,2,...,k and
brs1 = Y (b1,02,...,01);
(ii) at least one of the following conditions is satisfied:
(") for any PP-sequence {b,} C [ of Y which converges to b € f§, then (b,,b) € R for
all n e R;
(b') Y is a P-R-continuous mapping.
Then, there exists a PP-sequence {p,} C f§ of Y such that lim,_,..b, = b* € f§ and b* =
Y (b*,b*,...,b*).

Proof We consider the corresponding set-valued mapping Y of Y. Then, by using Re-
mark 5, one can easily verify that: (i) Y is a set-valued RPC-operator with contractive
constant g; (ii) condition (i) implies condition (A) of Theorem 3.1; (iii) condition (a’) im-
plies condition (B) of Theorem 3.1 (iv) condition (b’) implies condition (B) of Theorem 3.2.

Hence, the result follows from Theorem 3.1 and Theorem 3.2. O

Let (3, d) be a metric space and A = {(b,b): b € 8}. Let E be a directed graph (see [9] and
the reference therein) with V(2) = 8 and E(Z) C 82 and E has no parallel edges. Then, we
say that f3 is endowed with the graph E. For b!,b? € 3, a path in E from b! to b2 of length
N € R U {0} is a finite sequence {bi}f\io of N + 1 points (vertices) such that by = b?, by = b?
and (b;_1,b;) € E(E) for i = 1,...,N. A sequence {b,} in £ is called a termwise connected
sequence if (b, b,41) € E(E) for all m € N.

The following corollary is the main result of Shahzad and Shukla [9].

Corollary 4.4 Let (f$,d) be a complete metric space endowed with a graph E and Y : ﬁk —
CB(f3) be a set-valued E-Presic operator, i.e., for every path {b;}**! of k + 1 vertices in & the
following conditions are satisfied:

(EP1) there exist nonnegative numbers ¢;'s such that 0 < Zle gi<land

k
H(T(blf bZr ceed bk)! T(bZr bB: e bk+l)) =< Z gjd(bi; |)i+1);

i=1

(EP2) ifbrs1 € Y(b1,bo,...,0xk) and biya € Y (02,03, ..., bks1) are such that d(Dis1,Pre2) <
max; << {d(0;,bi41)}, then (bis1,bii2) € E(E).
Suppose, the following conditions hold:
(@”) there exists a path {bi}fjll of k + 1 vertices in 8, such that bi,1 € Y(b1,ba,...,br);
(b”) for any termwise connected sequence {b,/} convergestob € f,and b,k € Y (by,Dpi1,- .-,
busk-1) for all n € R, then (b,,b) € E(E) for all n € R.
Then, Y has a fixed point in fS. Moreover, there exists a termwise connected sequence {d,}
in f§ such that b, x € Y (01,0141, ---,Pusk-1) for all n € R and {b,} converges to a fixed point
of Y.

Proof Consider the binary relation Rz on # defined by Rg = {(b1,bs) € B%: (b1,bs) €
E(E)}. First, note that Zle cid(b;,bis1) < [Zf=1 gilmax<;<x{d(b;,bi41)}, and so condition
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(EP1) implies condition (RgPC1). Also, it is easy to see that condition (EP2) implies con-
dition (RgPC2). By definition of R 5, the conditions (a”) and (b”) imply the conditions (A)
and (B) of Theorem 3.1. Hence, the existence of sequence {b,} with desired properties fol-

lows from Theorem 3.1. O

Remark 6 The existence results for set-valued Presi¢ type operators in ¢-chainable spaces
(see, [26] and [9]) and the existence results for a single-valued cyclic-Presi¢ operator (see,
[25] and the references therein) can be derived in a similar way, here we are omitting the

detailed proof.

5 Applications
In this section, as applications of our main results, we establish existence of solution of a
particular differential inclusion problem and prove the existence and stability of equilib-

rium point of a difference inclusion.

5.1 Application to the solution of a differential inclusion
We first consider a differential inclusion problem for a solution under some suitable con-
ditions.

Suppose that @ > 0 and [ = [0, ]. By C(/,?) we denote the space of all continuous
real-valued functions on I under the supremum norm || - ||, while AC(Z, i) denotes the
space of all absolutely continuous real-valued functions on / with same norm. For r > 0 and
b e C(I,N) we define a subset B[b,r] of C(I,R) by: Blb,r] = {p1 € C(I,N): ||b —b1lec < r}.

Consider the time-dependent differential inclusion problem of the following form:

b'(¢) € A(t, b(t)) +g(t) forae.tel, ©
6
b(0) = € N,

in which A: I x R — P(N) is a set-valued mapping considered with some suitable condi-
tions, and g: I — 9 is a continuous function.
Suppose that €1} (b) represents the set of all Lebesgue integrable selections of A(-,b(-)),

ie.,
QL0)={veL',N): v(t) € A(t,D(2)) forace. t € I}.
We assume that Q1 (b) is nonempty and closed.

Definition 5.1 A function b € AC(I, ) is called a solution to (6) if there is v € Q) (b) such
that b/(¢) = v(¢) + g(¢) for a.e. t € I and b(0) = «. On the other hand:
(i) afunction by € AC(I,R) is said to be a lower solution of (6) if there is a vi, € QX (br)
such that by (£) < vy () + g(¢) for a.e. t € I and by(0) < ;
(i) a function by € AC(I,) is said to be an upper solution of (6) if there is a
vy € Q4 (b u) such that b’ (£) > vy(t) + g(t) fora.e. £ € I and b y(0) > «.

Theorem 5.1 Suppose that the following conditions are satisfied:
(2) QL) #0 forallb e C(I,N);
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(b) ifb € C(,N) is fixed and {v,} is a sequence in Q2 (b), then there exists a subsequence
{vi;} of {vu}, which converges at almost every pointt e [ toa v € LYI,®) such that
fot Vp,(8) ds — fot v(s)ds, as i — oo foreveryt € I;

() A(t,b) is closed for all (t,b) € I x N and for each fixed b € C(I,R) we have A(-,b(-)) is
bounded on I,

(d) thereexist0 < <1andr>0suchthat, ifby € C(I,N), by € Blby, r] with by(t) <by(t)
forallt el, then

’Vbl (£) = vy, (t)‘ < [bz(t) - bl(t)], forae.tel (7)

g|=

Jorall vy, € Q4 (1), vy, € Q4 (b2);
(e) ifby € C(I,M), by € Blby,r] with b1(t) <by(t) forall t € I, then

Voo (£) = vy, (£) =0, forae.tel, (8)

for all vy, € 24(b1), v, € 24 (b2) with d(f vo, (5)ds, [ Vo, (s)ds) < d(b1,b2).
If there exists a lower solution (or an upper solution) by (or b ;) of the differential inclusion
(6) such thatd(by, u) < r wheneveru = a + fot[v(s) +g(s)ds, tel,ve QL) (ord® yu) <r
whenever u = o + fot[v(s) +g(s)lds, t € I, ve QL (b)), then there exists a solution of (6).

Proof Let 3 = C(I,R) (complete metric space with the supremum norm) and define a set3-

valued operator Y on f by
t
T(b) = {u efl:ult)=a+ / [v(s) +g(s)] ds,tel,ve Q}\(b)} for allb € 3.
0

Then, Y is well-defined, since Q}\ (b) # @ for all b € f3. Now, it is obvious that the differential

inclusion (6) is equivalent to the following inclusion:
() e T(b(8), tel,

i.e., b € T(b). Therefore, the solutions to the differential inclusion (6) are the fixed points
of the operator Y. Define a binary relation R on {3 by:

R = {(b1,b2) € B%: by € Blby, 7],b1 <Dy},

where b; < b, means by(£) <b,(£) forall £ € I.
We observe that 3, T and R meet all the conditions of Theorem 3.1 with k = 1. In fact:
(I) YT: 88— CB(B).
Note that, 2} (b) # ¥ for all b € §3, this shows that YT (b) # for all b € 8. We show
that Y (p) is closed and bounded in {3 for each b € 3. Suppose that b € 3 is fixed {u,,}
be a sequence in Y (b) and u,, — u € 3. We show that u € Y(b). Then, by definition,

there is a sequence {v,} in Q1 (b) with

u,(t) =+ tvn(s)+g(s) ds, tel.
JACCRC)
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By (b) there is a subsequence {v,,} of {v,} such that {v,,} converges at almost every
pointt el towards veLY(I,M) as i — oo and
fo V(s ) ds — fo[vs)+g( s)lds, as i — oo for every t € I.

Since each vy, is in A(¢,b(¢)) which is closed for all £ € I, hence v(£) € A(t,b(¢))
for a.e. t € I which with the fact v € L}(1, %) shows that v € Q1 (b). Moreover,

t
u(t) = lim u,,(t) = + / [v(s) +g(s)] ds, foralltel.
1— 00 0
This shows that z € Y(b) and so Y'(b) is closed in f3.
Further, since A(+,b(-)) is bounded on I for each fixed b € {3, there exists a

number M > 0 such that |v(t)] <M for a.e. t € I. Since g: I — % is continuous,
hence for all # € Y (b) we have

t
sup‘u(t)’ < |a| + sup/ ‘v(s) +g(s)’ds
tel tel JO

t
< |a|+/ [M + goup] ds
0

<laf+ [M"'gsup]w

where gqp = sup,.; g(t). Therefore, T has bounded values in f3.

(I) Y is a set-valued RPC-operator.

Let by, by € 8 with (b1,b2) € R, then we have by € B[bq,r] and b1 (¢) < b,(¢) for all
t € I. Then, we have

D(Y(b1), Y(b3)) = sup d(u, Y (b2))

uy €Y (1)
= sup inf  d(u,,,u,)
tp) €Y (b1) b €Y (b2) .

= sup inf sup|u91(t) ubz(t)|
ET(bl)uDZET(b2) tel

5 sup inf sup / |V, () = v, (5)| dis,

eT(bl) Upy €T (2) ter

for some v,, € Q1 (b1), v, € Q1 (b2). By use of (7) the above inequality yields:

D(T(bl),T(bz))fﬁ sup inf sup/ |b1(s) = ba(s)| ds

Dy €Y (by) Uy €Y 02) tel

IA

ﬁal(bl,bz) sup inf sup/ ds
w

by €Y (b1) ¥02 €Y(M2) ter

pnd(by,bs).
By a similar calculation, one can obtain D(Y (b2), Y(b1)) < ud(b1,bs). Hence,

H(Y (1), Y(b2)) = max{D(Y(b1), Y (b2)),D(Y(b2), T (41)) }

< nd(by,bs).

Page 15 of 21
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(111)

(Iv)

Hence, (RPC1) is satisfied. Now suppose that (b1,by) € R, b € T(b1) and
b3 € Y(b2). Then, we have by € B[by,7] and b1(£) < b,(t) for all £ € I. Hence, by
definition, there exist v, € Q}\(bl) and v, € Q}\(bz) such that

t t
by(t) = o + / [v5,(s) +g(s)]ds and b3(t)=a + / [vh,(s) + g(s)]ds, tel
0 0
Therefore, using (d), we obtain:

t

d(by,b3) = d(a + /0 [Vbl(s) +g(s)] ds,a + /0 [vbz (s) +g(s)] ds)

= d(/otvbl (s)ds,/otvbz(s)ds)

t
< sup/ ‘vbz(s) - Vbl(s)| ds
0

Hence, we have b3 € B[b,, r] and with the help of property (e) we obtain:

b3(t) — by (t) = /Ot[vbz(s)—vbl(s)] ds>0, tel

Hence, (b2,b3) € R, and so, (RPC?2) is satisfied.

Condition (A) of Theorem 3.1 is satisfied. By hypothesis, there exists a lower
solution by, of the differential inclusion (6) such that d(by, u) < r for all u € Y(br).
Hence, there exists vi, € Q1 (br) such that b (£) < v.(¢) + g(¢) forae. t €1,

b1.(0) < «. This shows that

(0 <000+ [ [0 +g]ds
0
<as [ T+ g@)ds = @), tel,
0

and y;, € Y (by). Further, since u;, € Y(by) by hypothesis we have d(by,u) <r, ie,
u;, € Blby,r]. Hence, (b1, ur) € R and u;, € Y(br). So, the condition (A) of
Theorem 3.1 is satisfied.

Condition (B’) of Remark 2 is satisfied. Suppose that {b,} is a termwise related
trajectory of Y that converges to b € 3, then b,.,; € T(b,) and b, <b,,;; for all

n € R. By definition of Y(b,), there exists a sequence {v,} in 1} (b,) such that

b1 = + /:[vn(s) +g(s)] ds

Page 16 of 21
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and by condition (b) there exists a subsequence {b,,} that converges to some

ve L'(I,N) with fot Vi, () ds — fot v(s)ds, as i — oo for every ¢ € I. Therefore,
b=a+ fot[v(s) +g(s)] ds and we can find iy € ¥ such that d(v,,,v) < - forall i > io.
Also, since b, < b, for all # € 8, we must have b,, <b for all i € R. Finally, for all

i > iy we have:
d(bni! b) = sup‘bni(t) - b(t)‘
tel

< sup/t}vni(t) —v(t)|ds
0

tel

t
<d(vy,v) sup/ ds
0

tel
<r

Hence, (b,;,b) € R for all i > iy, and so, the condition (B’) of Remark 2 is also

satisfied for k = 1.
Therefore, the existence of a fixed point of T, i.e., a solution to the differential inclusion
(6) follows by Theorem 3.1 and Remark 2.

On the other hand, it is easy to see that a similar conclusion can be drawn in case of

existence of upper solution of (6) by choosing the relation R accordingly. O

The next example validate and illustrate the above theorem.

Example 3 Consider the following differential inclusion problem:

b'(t) € A(£,b(2)) +sint  forae t€l=[0,1],

b(0) =1,

where A: I x R — P(R) is given by

{ab,yb}, ifb e Q;

A(t,b(2) =
{xb}, otherwise
and 0 <x < 1, y € N are fixed real numbers. Then, all the conditions of Theorem 5.1 are
satisfied with @ =1, g(¢) = sin¢, £ € I, r = ¢ and u = «x. In fact, we have:

(a) Ifv(t) = «b for all £ € I, then v is a Lebesgue integrable selection of A(-,b(:)).
Therefore, Q1 (b) # ¢ for all b € C(I,R).

(b) For any fixed b € C(I,R) if {v,} is a sequence in Q} (b), then by definition of Q1 (b)
there exists a subsequence {v,,} = {xb} of {v,,} which converges at almost every point
teltov=abeLY(I,N) such that fot Vy,(5) ds — fot v(s)ds, as i — oo for every t € I.

(c) By definition, A(z,b) is closed for all (¢,b) € I x N and for each fixed b € C(I,R) we
have A(-,b(-)) is bounded on I;

(d) Here, w =1.1fby,by € C(I,R), by € B[by, €*] with by (¢) < by(£) for all £ € I and
Vo, € Q24 (b1), W, € QL (b2), then for 0< w =x < 1 and r = €* > 0 we have

[ () =1, (0] = = [2(6) = 01(0)], forae.tel.
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(e) Ifb; € C(I,R), by € B[by,€*] with by(£) <by(¢) for all £ € I, then
Vpy (£) = vy, (£) =Dy —xb; >0, forae.tel,

for all v, € Q4 (b1), v, € 24 (b2) With d( [y vo, () ds, [y Vo, (s)ds) < d(b1,).
Observe that bz (£) = € for all ¢ € [0,1] is a lower solution of inclusion problem (9), as
b/ () = xe™ < & + sin¢ for a.e. t € [0,1] and b.(0) = 1. Also d(by,u) < r = ¢ whenever
u=1+ fot [v(s) +sins]ds, t € I, v € @} (br). Hence, by Theorem 5.1, there exists a solution
of (9).

5.2 Application to equilibrium point of a difference inclusion
We now consider the problem of obtaining an equilibrium point of k-th order nonlinear
difference inclusions and its weak stability and global attractivity.

Suppose that © is a subset of a real Banach space 8 and || - || denotes the norm on f3. Let
Y: ©F — P(®) be a mapping, with nonempty values. Let by,b,,...,b;x € ® and consider
the k-th order nonlinear difference inclusion on ©:

bn+k € T(b}’l’bn+1""’bﬂ+k—1)’ n=12,.... (10)

A function 7: X — O is called a solution of (10) (see, [9]) if foreveryn € X, t(n+k) = T4 €
Y (Tu> Tus1s - - -» Turk-1)- We say that b € © is an equilibrium point of (10) if, b € T (b,b,...,b).
Obviously, an equilibrium point of (10) is a fixed point of T and vice-versa. An equilibrium
point b € © of (10) is said to be weakly stable if, given & > 0, there exists § > 0 such that
for at least one solution of (10) with initial values by,bs,...,br and ||b; = b|| + |2 = b]| +
-+ + ||bg = b|| < & implies ||b,, — b|| < & for all # € R. While the equilibrium point b is said to
be weakly asymptotically stable if it is weakly stable and lim,,_, o b,, = b, and b is said to be
global attractor if for every bq,b,,...,br € ® we have lim,_, o b, =b.

Theorem 5.2 If © is a closed subset of § and Y : X — CB(0) satisfies the following con-
dition:

H(Y (b1,b,...,b8), T (b2, b3, ..., bei1)) < E%({d(bi, bis1)}

forallby,by,...,brs1 €S8, where 0 < o < 1. Then for every set of initial conditions by,b,...,
bx € O the difference inclusion (10) has an equilibrium point b € ©. Furthermore, the equi-
librium point b is weakly asymptotically stable and a global attractor.

Proof By Corollary 4.2, the set-valued mapping Y has a fixed point in ®, which is an equi-
librium point of (10). Also, by the method used in the proof of Corollary 4.2, we observe
that for all by,b,,...,bx € © the trajectory {b,} converges to b, therefore, b is weakly asymp-
totically stable and a global attractor. O

Example 4 Consider the real Banach space it with usual norm, and the following nonlin-
ear difference inclusion of order 2:

o +b2

7"“], (11)

bus2 € |0,
n+2 [ §+b%[
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where 0 < o < ¢ and ¢ > 2. Then the difference inclusion (11) has an equilibrium point
in b € [0, 1/2]. Furthermore, the equilibrium point b is weakly asymptotically stable and a
global attractor.

Proof Let 3 = N with the usual distance and © = I = [0,1/2] and define a set-valued map-
ping Y: I> — CB(I) by:

b2
Y1,b5) = [0, 22| forallby,by 1.
c+b

1

We show that Y satisfies the contractive condition of Theorem 5.2. Then, for all b, b5, b3 €

I we have:

o+b3 o +bl
H(T(bl)bZ);T(bz,bB)) _ = 2 3

¢ +b? o+ b2

(0 +b3)(03 = b3) + (5 +b})(b3 - b3)
(s +bD(s +b3)

bl + bg bz +

bs
by —Dby| + by —D
§+b%|1 2 §+b%|2 3

IA

2
Emax{|b1 — Dol by — b3|}

< omax{|by —bs], |by — b3},

where o < % < 1. Hence, Y satisfies the contractive condition of Theorem 5.2. Therefore,
by Theorem 5.2, the difference inclusion (11) has an equilibrium point b, . € I which is
weakly asymptotically stable and a global attractor. Indeed, the global attractor b, . will
depend on o and ¢ and infs¢[g ] bo,c = 0. O

6 Conclusion

In this paper, we have considered a relation-theoretic set-valued generalization of the re-
sult of Presi¢ and established the existence of fixed point of mappings under suitable as-
sumptions. The main result of this paper is a unification and generalization of the results
of [2, 3, 10, 12]. More importantly, this unification permits us to use the techniques of
[2] and [3] with weaker contractive conditions. The results have been successfully applied
to the differential inclusion problems and to obtain the equilibrium points of difference
inclusions. The result proved here can be further generalized and extended, e.g., more
weaker types of contractive conditions can be used, more than one mapping can be in-
volved in the contractive conditions, so that the scope and applicability of the results can
be broaden. We point out that the contractive condition and the method of proof used
here may not be compatible with the structure of a graphical metric spaces (see, [27]). It
is worth investigating under which assumption(s) the result of this paper can be further
generalized in the generalized setting of graphical metric spaces.
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