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with periodic/anti-periodic boundary conditions for:
1. The nonlinear multi-order fractional differential equation

LD)P(g)=0(5.0(5) ¢ce f=[0d]>0,
where

LD) =Y D + Yot “D¥ - 49, D 4 9D,
weR (=01,23....w), Yw 70,

0<68p<81 <8< +-<8yq<8,<1;
2. The nonlinear multi-term fractional delay differential equation

LD)O(s)=0(5,0()0(-1), ce 7=I[0d]4>0
0(c)=0(s), ¢el-1,0],

where

L(D):yWC'Dsw‘i'wa] CD(SWJ +_..+.y] CD5] +VOCD80,
weR (0=0123...m),  yu#0,

0<68p<81 << -+-<8yq<d,<1;

moreover, here “D? is predominantly called Caputo fractional derivative of order §.
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1 Introduction

The field of fractional differential equations (FDEs) has gained recognition and signifi-
cance in recent years as a result of its practical implications with physics, ecology and
banking [1, 2]. It is commonly known that classical calculus can be used to model and
analyse important and complicated phenomena across many different scientific fields.
However, FDEs can provide a deeper examination of many complex natural systems. Dif-
fusion for picture restoration, the spread of viral diseases and other situations fall under
this category. In the overwhelming of the aforementioned situations, such types of de-
scribed anomalous techniques have macroscopically complicated dynamics, and regular
derivative frameworks are inadequate to characterise actual behaviour. Therefore, frac-
tional differential equations are preferred over the use of ordinary differential equations
[3]. While many conventional methods do not necessarily require explicit mention of frac-
tional differential equations, some research results for fractional differential equations can
be attained in a similar manner. As a result, new methods and scientific discoveries are cre-
ated specifically for fractional differential equations. In light of this, many academicians
concentrate on initial and boundary value issues involving various derivative types, such
as Atangana—Baleanu, Caputo—Fabrizio and Caputo. The amount of research conducted
on the subject has significantly increased over the last few years, with a range of fascinating
and useful results (see [4—16]).

The very first statement to the fixed point theory was in a paper proving the existence
result. Subsequently, this technique was enhanced as a successive approximating method,
and in the context of complete normed space, it was shown and given as a fixed point
theorem. It offers a rough technique for precisely characterising the fixed point. It also
ensures that a fixed point will exist and be unique. This approach allows us to guarantee
that it provides a solution to the initial problem by specifying the conditions that apply
when a fixed point resists a particular function. In many different fields of mathematics,
the existence result is analogous to the fixed point existence for an applicable function
in a variety of mathematical challenges [17-24]. Fixed point results are some of those
mathematical notations that show that at least one point still remains fixed when a set’s
points are adapted into points of the same set.

Scientific theories of fixed points are very useful in determining whether an equation
has a solution. The differential operator, for instance, in differential equations transforms
one function into another. It is possible to find the solution of a fractional derivative for a
function that has not experienced a substantial progress.

The exponential function e? is significant to the theory of differential equations with

integer orders. Its one-parameter extension, the function that is presently depicted by [25]

was exemplified by Mittag-Leffler in his research articles [26—28].

In particular, Agarwal [29] is credited for the development of the two parameter Mittag-
Leffler type function, which is fundamental to the fractional calculus. Humbert and Agar-
wal [30] explored a variety of correlations for this function by employing the Laplace trans-
form method. The Agarwal function might have been a better name for this function.
The two-parameter function is now known as the Mittag-Leffler function, while Humbert
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and Agarwal cordially left almost the same representation as used for the one-parameter
Mittag-Leffler function.
The two-parametric Mittag-Leffler function is defined by (see Podlubny [31])

o )
a/
Esola) = Z —, §>0,0>0.
‘= Tis+o)

The Laplace transform for Mittag-Leffler function in two parameters is presented as
€i(a,1;68,0) = af‘s*g’lé';{;(laa) along with the derivatives given by (refer to Podlubny [31])

Llar el (wieh) = ST R
e Py ’

where &) (y) = LE500) = Yoo el j=0,1,2, ...

A similar conceptual study can be found in [32] and [33].

The novelty of this article is to explore the connections between fractional Green’s func-
tions, multi-term fractional order differential equations and metric fixed point theory. We
prove the existence of a solution and the uniqueness of nonlinear multi-order fractional
differential equations via nonlinear cyclic orbital (¢ — F)-contraction. An interesting fea-

ture of our result is that continuity is no longer needed.

2 Nonlinear contractive mappings
Definition 2.1 [34] Let X be a set that is nonempty. Consider ¢ : X x X — [1, +00). The
mappingr : X x X — [0, +00) is said to be a controlled rectangular metric if the following
conditions hold:

e r(xy)=0&x=y;

o r(x,y) =ry,%);

o r(%,9) = S @)rx, o) + & (o, pr (e, ) + S (poy)r (145 9)
for all x,y € X and for all distinct points &, ju € X, each distinct from x and y respectively.
As in [34], (X, r) denotes a controlled rectangular metric space (for our convenience, it is
called CRMS). The topological properties such as Cauchy, completeness and convergence
of controlled rectangular metric space can be seen in [34].

Definition 2.2 [35] 7 : BUC — B UL issaid to beacyclicmapif 7 (B) C Cand F(€) C
B, where 9B and € are nonempty closed subsets of a complete metric space (X, r).

Definition 2.3 [36] With respect to a complete metric space, represented by X', let A and
B be nonempty closed subsets. Using the distance function 4 and the cyclic mapping ),
there are some k; € (0,1) such that

d(9°"x,9) < ked (57", ).
Then ¢ is called a cyclic orbital contraction.
Property-F*: Let F* be the family of all functions .% : (0,00) — R and & : (0,00) —

(0,00). We say that F* satisfies Property-F* if the following conditions hold:
« F isstrictly increasing;



Panda et al. Boundary Value Problems (2023) 2023:91 Page 4 of 35

« For every positive sequence {b,} € R, we have lim,_, o b,, = 0 ift
lim,,_, o -F (b,,) = —00;

« There exists z € (0, 1) such that lim,_, g+ b*.% (b) = 0;

o liminf,_, + &(u) >0 forall v > 0.
The above-mentioned conditions can be seen in [37] and [38, 39]. In very recent years,
Wardowski [37] introduced a novel perspective of contraction and established a fixed
point theorem that, in comparison to earlier research findings, generalises the Banach
principle of contraction. The conditions mentioned above are a few of the prerequisites
that writers must meet in order to formulate statements of specific F-contractions and
are also used as key strategies to achieve at fixed point problems (see [40, 41]). The ele-
gance of the .% -contraction is noteworthy; all that is needed is a complete metric space
and an easily verifiable nonlinear condition. The .% -contraction also has an impact on
how conventional methods are modelled. The .% -contraction continues to be a topic of
extra motivation and research due to its broad range of application and usefulness, which
constitutes for the emphasis to its generalisations. This illustrates why mathematics has
so many implementations in other fields.

We now present our next concept.
Definition 2.4 Suppose that B and € are two nonempty subsets of the CRM-space (X, )

and F* is the family of mappings satisfying the property-F*. Assume that % is a cyclic
mapping from B U € to 9B U € such that, for some x € B,

E(x(7*x,y)) + F(x (W%, Wy)) < F (x(# " 'x,y)) (1)
for all w e N and y € 8. Then # is called a nonlinear cyclic orbital (§ — .F)-contraction.
Theorem 2.1 Let (X,r) be a controlled rectangular metric space. Suppose that B
and € are two nonempty closed subsets of (X,r). Let # be a nonlinear cyclic or-
bital (¢ — .%)-contraction. For xo € B, take x,, = #™"xo. For x € X, lim,,_, o ¢ (%, %),
limy—, 100 £ (%, %) and limy,, o0 ¢ (X, X,) exist and are finite for all w,m € N, w # m. Then

W has a unique fixed point in B N €.

Proof Let x = xy € ‘B. Define
X = WV x0.

Since {xy} in B and x,,,; € € for w > 0.

From (1), we have
F(x(W %, W %)) < T (x(W x,x)) - & (r (¥ x,%)).
This can be written as follows:

y(ﬂ"(xz,xl)) = y(ﬂ“(xbxo)) — &(r (x1,%0))-
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= T (VW (W)

< (W, V%)) —&(c (W5 W 7%))
r(x1,%2)) — & (£ (%1, %))

S T (rlanx2) < F(r ey ) - £ (e x)).

&3

Similarly, we have

F (11“ (7/4x, V/Sx)) =F(r (7/2 (”//Zx), W (7//2x))
F (W (#72x), 9 °x)) = & (e (W (#*x), W *x))
<F (W% W %)) -&(x (W%, W %))

F (r(x3,%2)) — & (r (x3,%2)),

IA

which implies .7 (r(x4,%3)) < .7 (r(x3,%2)) — & (r (%3, %2)).
By repeating the same process, we get

Lg.(]r’(xw;xwﬂ)) =< y(r(xw—l:xw)) - S(r(xw—l:xw))

< ﬁ(r(xw_l,xw)).

2)

Since .7 is increasing, then r(xy, %y1) < F(xw_1,%,) for all w € N, that is, the positive
sequence {r(x,,x,.1)} is decreasing. Therefore it converges to a limit » > 0. Inequality (2)

becomes

(]r(xw:xw+1)) S (]r(xw l;xw)) E(T(xw—bxw))
= 9\(11“ (xw—2¢xw—1)) - 5(11" (xw—Z:xw—l)) -& (11“ (xw—hxw))

®3)

w-1
If’(xo,xl) ZE ﬂ“(xb,xbu)
b=0

Since liminf, _ 4+ £(0) > 0, we have liminf,,_, o & (r (%, %w+1)) > 0. Thus there exist wy € N

and a > 0 such that, for all w > wy, &(r (x,,%,.1)) > a. Hence (3) becomes

wo—1 w-1
9(T(xw’xw+1)) =< ﬂ(]r‘(xo,xl)) - Z S(T(xbixMI)) - Z E(T(xbrxml))
b=0 b=wp
“ ()
< y(r(xo,xl)) - Z a
b=wg

= f(lr’(xo,xl)) —(w—wp)a.
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For all w > wy, taking limit as » — oo in (4), we get

lim ﬁ(rr(xw,xwﬂ)) < lim [ﬁ(lr(xo,xl)) —(w- wo)a],

w— 00 wW—00

which gives lim,_, o Z (r (%, %w+1)) = —00, and hence condition (2) of property-F*,

lim r(x,,%41) = O. (5)
w— 00

By using condition (3) of property-F*, there exists k € (0, 1) such that

l)i_)rr()lo[r(xw,xwﬂ)]ky(lf(xw,xwu)) =0.

From (4), we get
[r G s0)]" 2 (1 s 21) = [ G 000) ] [ (£ k0, 01)) = (= wo)a],
and hence,
[ @ i) | [F (£ @ i) = F (£ (50, %1)) ] < =[G 1) ] (w = wo)a < 0.
Taking limit as 2 — 00, we get

lim [r(xw,xw+1)]k(w —wp)a = 0.
w— 00

Then there exists w; € N such that, for all w > w,

(6)

]r(xwxxwﬂ) = 1
[(w — wo)al*

Now we shall prove that lim,_, o T (%, %42) = 0.
For all w,m € N, we assume that x,, # x,,. Consider the possibility that x,, = x,, in the
case of some w = m + y, where y >0, thus #'x,, = # x,,.

Consider

F (2 oy Xma1)) = F (F (s K1)

= g\(ﬂn(xw—hxw)) - E(Hﬁ(xw—lrxw))'

Since liminf,_ ¢+ £(0) > 0, we have liminf,,_, oo & (r (x_1,%y)) > 0.
Thus (7) will become

g(r(xm’xmﬂ)) =< g(ﬂﬁ(xw—l»xw)) - E(T(xw—hxw))
< F (-1, %w)).
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By continuing this process, we get
(11*’ (xm,xm+1)) < (11“ (xm,xm+1)) a contradiction.

Therefore, for all m, w € N, r(x,,,x,,) > 0.
Now we will prove lim,,_, o I (%, %42) = 0.

In order to this, let us suppose

F (xe1,x3) = F (¢ (x331))
F (W2 %),V )

F (0 0),2)) (e (F 7 2,5))
F (e (0 202)) (£ (#7x,5))

F (1 (x2,%0)) — & (r (2, %0)).

| /\

This can be written as

F (1 (%1,%3)) < F (r(x0,%2)) — & (r (%0, %2)).
Again,

F (v (x2,%4)) = F (T (54, %2))

F(W (W), W Wx)

F O 0. 70) 66 (0 (), 774)
F(w(Wx, W x)) - E(x (W x, W %))

T (r(x3,%1)) — & (r(x3,21)).

IA

This can be written as

9(3’(762,?64)) = E(T(xbxs)) - f(ff’(xhxs))~
By repeating the same process, we get

ﬁ(r(xw,xwﬂ)) =< y(r(xw—l:xw+l)) - s(]r(xw—lyxw+l))
= y(r(xw—% xw)) - g(r(xw—%xw)) - é(r(xw—l:xwﬂ))
®)

w—-1
< Z (r(x0,%2)) E £ (r (x5, 542))
b=0

Page 7 of 35
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Since liminf,_, 4+ £(0) > 0, we have liminf,,_, o & (r (%, Xw+2)) > 0. Thus there exists wy € N
and b > 0 such that, for all w > wy, &(r(xy,%xy.2)) > b. Hence (8) becomes

wo—1 w-1
y(lf(xw,wi_z)) = 5[(11“(960»%2)) - Z ’E(T(xb)xb+2)) - Z E(r(xb¢xb+2))
b=0 b=wp
w-1 9
<.F(r(xo,42)) = Y b )
b=wp

= Z (r(x0,%2)) — (W — wo)b.

For all w > wy, taking limit as w — oo in (9) and by using condition (2) of property-F*,
and doing the same process as we did for (4), we get

lim r(x,, %y.42) = 0. (10)

wW— 00

Now our aim is to prove that {x,,} is a Cauchy. In other words, it is represented as

lim r(x,,x,) =0, VYw,meN.
W,M—> 00

Denote r, = r(x,,%,.1) for all p € N. Now split it into two cases.
Case 1: Assume that m = w + 2 + 1 with A > 1. By hypothesis, we have

P (X Xm) = T (K Xws2041)
< (s X )T (Hs Bs1) + & K1, X4 2)T (K15 Xy 2)
+ & (Xa2s Xws 224 DT (K20 X 2041)
= C0ws Xus 1 )T (B 1) + § B 1, B 2)T (B 15 Xw2)
+ & (w2 B 2201)C (K2, B 3)F (K42, X013
+ & (w2 X211 (K435 B )T (K43, Xp14)
+ & (12 X224 1)C K ds X 224 DT (B Xy 2041)
= CO0ws Xus )T (B 1) + § B 1, B 2)T (B 15 Xwa2)
+ & (w2 B 2201) (K2, B 3)F (K2, X013
+ & (w2, X 2141)C (K435 B )T (K43, K14
+ & (125 X4 224 1) K Bra2241)E K B 5)T (Krppds X 5)
+ & (w12 X422+ 1)C K s X4 2241)E K155 X4 6)T (Xri5, Xpi6)
+ & (X2 X 2201)C Bwrar Bw+2041) (K65 X200 1)T Kws6) X42241)
< & X 1)T Xy Xpi1) + & (K15 X 2) T (X1, Xp12)
+ & (w2, Bws2141)C (K2, X 3)T (K42, X13)
+ £ (Rws2s Xus2201) 8 (X3, X2 )T (K13, Xiwa)

+ ; (xw+2¢ KXw+2)+1 )C (xw+4) xw+2k+l)§ (xw+4: xw+5)r (xw+4’ xw+5)

Page 8 of 35
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+ £ (X2 X+ 22401)C Kwsds Xiwa2241)E (K155 X6 T (Ks55 Xir6)

+ & (w2 B 21010 Bwras Bwr2041) X -+ X & (Ks22-2, Xws2141)
X [C(xw+2x-2,xw+2x+1)ﬂ°(xw+2x-2,xw+2x+1)
+ ¢ (Ks21m1 K22 )F (K221 K22 |
+ & (w2 X 21410 (Kwas Bwr2141) X -
X & (X 2122 B+ 2241)C (K200 X234 (20 Xw123.41)
< E(®ws X 1) + & (a1, Bw2) Tl
+ & (w2, Xws2101)8 (K2, Xw3) T2
+ & (w2 Xwe2241)8 (K43, Xwra) T3
+ & (w2, Bwe2001) K ds X2 11)E Ko ar Xp15)Fwa

+ & (X420 X+ 2241) (Bwrds Biv42241)C K55 Xip6) P 5

+ ;(xw+2,xw+2}\+l) X X ;(xw+2)\—21xw+2)\+1)
X [§ (Xws21-2) Xw12241)Fws2n2 + & (xw+2k—lyxw+2k)rw+2A—1]
+ ;(xw+2¢xw+2)\+1)z(xw+4) xw+2k+l) Xoeee

X & (Xr2n-25 Bws2241)C (K205 X224 1) P25,

Thus,

I (Xys Xpr)

< é-(xw»xwﬂ)% + ;(xw+1:xw+2);l
[(w —wo)a]k [(w+1) —wo)a]
1

+ £ (K20 Xws2241) |:§(xw+2, Kw+3) 1
(W +2) —wo)a] &

1
+ ¢ (Xwa3s xw+4)—1:|
[((w +3) —wo)a]k

+ ; (xw+27 xw+2)\+1)§ (xw+4: xw+2A+1) e ; (xw+2k—2r xw+2k+1)
1
[(w + 22 — 2) — wo)al F

X |:§' (Xw422-2> Xw420-1)

1
+ & (Xwe21-15 Fws21) I ]
[((w+21=1) —wp)a] *

+ { (xw+27 xw+2)\+1)§ (xw+4: xw+2A+1) e ; (xw+2k—2r xw+2k+l)§(xw+2)u xw+2k+1)
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1
X |:; (xw+2)nxw+2)\+1) 1
[((w +21) — wo)al®
1
+ ;(xw+2)\+1’ xw+2k+2) 1 ]
[((Ww+ 21 +1) —wg)a]
1 1
[(w —wo)a]k [((w+1) —wo)a]
w2 b
+ Z 1_[ ¢ (%), Xws2141) |:€ (0, %p+1) T
b=w+2j=w+2 [(b - Wo)ﬂ] k
1
+ é‘(xb+1;xb+2)—li|'
(b +1) —wo)a]®
We simply utilise that ¢ (x,y) > 1.
Assume
z = 1 1
Sz = C(xj:xw+2x+1)[;(xb:xbd)i + C(xb+1,xb+2)—:|«
gﬂ [(b — wo)alt [((b +1) ~ wo)al k
Following that, we are able to express (11) as
1 1
]r(xwrxm) = g(xW’xw+l)71 + C(xw+1:xw+2)—1 + Sm—l - SW+1'
w—wo)alk [((w+1) —wo)a] &
Now, let
i 1 1
ap = n;(xj:xm)[g(xbrxml)il + ((xbn,xmz)—l]
=0 b — wo)al [((b+ 1) —wp)al
Since0< k<1, L and 1

T r converge, which yields a, converges.
[(>-wo)al k (o+1)-wo)al k
Thus the series

w42k b

1 1
Z H f(xpxwﬂ}wl)|:§(xb:xb+l)71 + C(xb+1;xb+2)—1]
b=w+2 j=w+2 [(b - WO)“] k [((b + 1) - WO)“] k
converges.

On the other hand, ¢ (%, %,+1) 5 & K15 Xiws2) !

1
lw-wo)a] k [(w+1)-wp)a] k
From (11), we conclude that lim,,,;— oo I (%, X,,) = O.

Case 2: Take p = 2)\ (A > 1), thus

converges as w — OQ.

(X, Xw423) < & Xy B4 2) T (K Xip12) + & (X2, Xe3)F (K12, Xp43)
+ & (Kwa3s X420 )T (X435 Fu422.)
< & (s X4 2)T (Xs X2) + & (g2, X43)T (K2, Xy 3)
+ & (Ke3s Xs22) [C 3 Xurea) T (Krp35 Krpa)

+ é‘(xw+4: xw+5)]r(xw+4’ xw+5) + C(xw+5: xw+2k)]r(xw+57xw+2}\)]

(11)

Page 10 of 35
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= $(®ws Xw2)T (s Xip42) + & (X2, X43)E (X2, Xwr3)

+ 8 (%ws3> X422) 8 (B3, X4 )T (43, X4

+ & (X135 Xws21) S (K ds X 5)T (K445 X5

+ & (w43, X422 ) (K55 X 20T (B 5, X422
< & (@ws X 2)T (X Xp42) + & (B2, X1 3)T (X2, Xp43)

+ §(xw+3;xw+2x)[C(xw+3:xw+4)ﬂ°(xw+3»xw+4)

+ (S X5 )T (K Xops5) + £ (Bua5) X2 )E (Kup55 Xs22) |
= S (ws Xupa2)T (K Xwr2) + & (K2 B 3)E (B2, X 3)

+ & (X3, X422 ) (X435 Xwsa)T (K43, K1)

+ § (%13, %422 ) (w4 X4 5)T (K44, Xy 5)

+ §(xw+3;xw+zx)§(xw+5:xw+2x)[§ (w55 Xw16)T (Xwi5, Xw16)

+ & (Xwr6) Xus7)T (Kws6, Xws7) + C(xw+7»xw+2x)ﬂ°(xw+7:xw+2x)]
< S (0ws Xupa2)T (K Xwr2) + & (Fs2) B 3)E (B2 X 3)

+ & (X135 Xw421) § (K4 3s X )T (K43, Xi1)

+ & (%13, X422 ) (s X4 5)T (K45 X 5)

+ & (w13, %422 )C (K45, Xw420)E (K455 Xws6)T (X5, X 16)

+ 8 (%ws3> %w122)E B 5, X0422) 8 (Bw1.6) Xw47)T (X165 Xw47)

+ & (X135 Xwa 22 ) (K55 X020 (B 7 X 20T (Krg7, K21
= S (0ws Xupa2)T (K Xwr2) + & (B2 B 3)E (B2, X 3)

+ & (Xe3s Xs22) [ S 30 X a)E (Krp35 Krpa)

+ & (st Xus5)F (K Xa5) |

+ §(xw+3;xw+zx)§(xw+5:xw+2x)[§ (w55 Xw16)T (Xwi5, X16)

+ §(xw+6»xw+7)[f(xw+6»xw+7)]

+ é‘ (xw+3: xw+2)\)§ (xw+5’ xw+2)\)§ (xw+7, xw+2)~)lIn (xw+7r Kw+21 ) .

Repeating this process and using the hypothesis, we get

r (xw7 xw+2)\)

1
=< ;(xwr xw+2)]r(xw: xw+2) + g(xw+27 xw+3)—1
[(w+2—wp)a]*

1
+ é.‘ (xw+37 xw+2k) |:§ (xw+3: xw+4) 1
(W + 3 —wp)a]k

1
+ {(xw+4r xw+5)—11|
W+ 4 —wpa]x

1
+ ; (xw+3r xw+2k)§ (xw+51 xw+2k) |:§(xw+5: xw+6)—1
[(Ww+5—wp)a] &

Page 11 of 35
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-

1
+ ;(xw+6)xw+7)—j| FR
[(W +6— W())&l]

+ (w30 w4220 K45 K20 )E K7 Xuwran) + -+ £ (Kwa22-35 Fw422.)
1
[(w+2A -3 —wp)al

X |:C (Xwr22-3 Xw422-2)

=

1
+ ;(xw+2k—2r xw+2k—1) ]
[(w+2A1 =2 —wp)a]

=

+ £ (w3 Xw+22)C K45 K20 )E K7 Xwran) -+ - § (Kwa22-35 Fw422.)
1
[(w+2x1-1- wo)a]%

X C (xw+2k—lr xw+2k) |:§ (xw+2k—1: xw+2)\)

1
+ g(xw+2)u xw+2k+1) 1 ] (12)
[(W+ 2% — wp)a]k

Thus we conclude

1
(% Xim) < & (Kws B2 )E (K Xr2) + & (K425 Xpa3)

i

[(W+2—wp)a]

b=w+2A-1 n=b

+ Z l_[ g(xnrxw+2)u)|:§(xb:xb+l); (13)

1
b=w+3 n=w+3 (b - WO)“] k

1
+ C(xb+lrxb+2)—1:|'
[(b+1—-wo)a]*

We simply utilise that ¢ (x,y) > 1.
Assume

b=Z n=b 1 1
Sz = Z 1_[ C(xn:xw+2x)|:é' (%o, Kpy1) ———— + g“(xb+1,xb+2)—:|.

= -0 (> — wo)a] t [(b+1-wo)alt

Then we have

1
F (X Xm) < T (X Xp2)E (s Xwa2) + {(xw+21xw+3)—1 + S — Sy
(w+2—=wpa]k

Now let

=

b
1 1
by = HC(xn,xm)[C(xb,xm)[il + §(xb+1,xb+2)—]~

=0 b —wp)al [(b+1—-wp)a]
With the help of (5), we can say that b, converges. Thus the series
b=w+2A-1 n=b

1 1
Z H C(xmxwm\)[f(xb,xbu)— + C(xml,xmz)—]

[(b — wo)al ¥ [(>+1-wo)a]

i

b=w+3 n=w+3

converges.
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From (10), ¢ (%, Xy42)T (X, Xy42) converges as w — o0o. Thus, from (13), we can write

lim r(x,,x,)=0.

w,m— 00

We conclude that the sequence x,, is a Cauchy sequence in the complete controlled rect-
angular metric space,

which yields BN € # @, as #"x — o, whereo € BNC.

Now we prove # o = o. From nonlinear cyclic orbital (§ — .F)-contraction, we have

5(11“ (sz_lx, O')) + f(lr’ (szx, 7/0)) < ﬁ(lr‘ (7/2w_1x, o)).
Applying lim,,_, o, to the above inequality, we get

lim .7 (r (szx, Vﬂo)) J_)rrolo[ﬂ(r(”fﬂzw’lx,o)) —&(r (sz’lx,o))],

w— 00

lim f(r (V/zwx, 7/0)) = —00,

w— 00

and hence from the property-F*, we have

lim r(#*x# o) =0
w— 00

= r(o,#0)=0

= o=¥o.

Finally, we show that o is a unique fixed point of . Suppose on the contrary that there
exists a point 8 € 6 N € such that o # B and #'B = B.

ﬂ(n‘(ﬂ,o)) = ﬁ(r(Wﬁ,G))
= Wll)rrolO F (e (7%, W B))

<[F@@* 'x,B)) -&(x(#* 'x,B))] (14)
= Z(r(o,B)) -£(r(o,B))
<Z(r(o,B)),

which is a contradiction. Hence o = 8. This completes the proof. O

Theorem 2.2 Let B and € be nonempty subsets of CRMS (X, r) with property F*. Sup-
pose that W is a cyclic mapping from B U € to B U C such that

Foreveryxe€ B andy e C, E(n‘ (x,y)) + ﬁ(r(”f/x, V/y)) < ﬁ(r(x,y)). (15)
Take xo € B and x, = #W"xo. For x € X, limy,_, 00 £ (X, %), limy,_s 00 &(x,%,) and

limy—, 100 § (X, %) exist and are finite. Then there will be a fixed point that is unique in
BNEC.
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Proof Take xy € B U €. Moreover, define x,, = #"x,. Thus, for xg € B N €, £(r(x0,%1)) +
F(x (W %0, W %1)) < F (r(%0,%1)),

ie, Z(r(#x1,x)) < .ZF(r(xo,%1)) — & (r(x0,%1)).

We can determine that, by induction,
F (0 (W 2 %u1)) < F (£ (50,%1)) = Y & (r(®,1,%,)) forallw>0.
b=1

By using the same pattern as in the above theorem, one can prove that {#"x} converges
to some point ¢ € B U €. Note that an infinite number of terms of the sequence {# "}
lie in B and an infinite number of terms lie in €. Thus ¥ € BN . So B NC # ¢.

Since % is cyclic, # (B) C € and #(€) C B lead to # : BN € — B N <. Thus (15)
implies that % restricted to B N € is a cyclic .% -contractive mapping. Hence the defined
contractive mapping applies to # on B N €. Hence one can easily prove that #  has a
unique fixed point in B N €. g

3 Connecting fixed point elements to nonlinear multi-order fractional
differential equations

We utilise our Theorem 2.2 to investigate the existence and uniqueness of solutions for

the nonlinear fractional differential equation of multi-order. An interesting feature about

our result is that continuity is no longer needed. The nonlinear multi-order fractional

differential equation is studied in the current section:

LD)o(s)=0(s,0(5)), € _#=[0,14>0. (16)
Here,

L(D) = ¥, D> + 1,1 D1 4 -« 4 9, D% 4 3D,

weR (b=0,1,2,3,...,w), Yw 70, 0<8p<81<8<--<8_1<by<1,
with the periodic boundary condition

0(0) =6() (17)
and the anti-periodic boundary condition

0(0) = -0(). (18)
Theorem 3.1 Under the following assumptions, boundary value problem (16)—(17) and

(16)—(18) has a unique solution.
(Aq). Forall ¢ €[0,4], we have

of
wmsl G (s, 300 (4 p()) doc (19)
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and

of
o(c) > /0 D (g, 300 (569 (0) doe. (20)

(Ay). For all s € [0,97], 0 is a decreasing function, that is, x,y € R, x > y = 0 (35,x) <
o (s5,%).

(A3). SUP (0.0 fod G (c,7)dsx <1.

(A4). Forall 5 € 10,97, for all x,y € R with (x < @o and y > o) or (x > Yo and y < ¢p)
for Yo, 00 € R x R.

(As). [0(5,3) ~0(5,0)| < Lly—xle757 %,y € R, where 9 = sup{ ;" 19(s, )| d>x, s €
[0, 71}; here the function ¢ € [0, /] fod |9 (¢, )| ds is continuous on [0, o/ ].

(As). The mapping o from Z x R to R is continuous.

(A7). Define the set C = {6 € C([0, 7 ])/vy <0(s) < ¢ forall ¢ € [0, /]}.

Proof Let C(_#,R) represent the set of all continuous functions from ¢ = [0, .2/] into R
with the norm

lel =sup{|6(s)|;s € 7}, o >0.

C”(_#,R) represents the set of all functions characterised on _¢# = [0, 2/], & > 0.
Applying periodic boundary condition:
Case-1: w=1and v = 0.

The nonlinear fractional differential equation (16)—(17) reduces to
1 D0(5) + nb(s) = o (5,0(5)), (21)

se 7 =00, >0,v, 7 € R,y #0,theboundary conditions that are periodic 6(0) =
0(=7) yield the equation for the fractional integral

of
Q(g):/o Y (g, 7)o (3,0(>)) dx,

under which ¢(¢, ) is the subsequent Green function

551:1(_;_(1)§81) ]I(sz )81—15 ( }/0(52{ )81)
1_561,1(_%"2{81) ﬁ - 81,01 _H -

Y (g, )= + y—ll(g—%)51‘1551,51(—%(5‘—%)51), for0<x<cg,
551,1(’)};_(1)§81) 1 51-1 Yo 81
W]ﬁ(ﬂ—%) gglygl(—z(%—%) ), f0r§§%<v52{.

Case-2: w > 2.

The nonlinear fractional differential equation (16)—(17)
L(D)A(s)=0(s,0(5)), ce f=[0,414 >0,
where

£(D) =VYw CDSW + Yw-1 CDSW’l + CD51 + 70 CDSO,
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weR (b=0,1,2,3,...,w), w #0, 0<8p<81 <8< -<8y_1<8,<1,
the boundary conditions that are periodic

6(0) = 6()

yield the equation for the fractional integral

o
= / Y(c,x)o (%, 9(%)) dx,
0

under which ¢(¢, ») is the subsequent Green function:
ForO<sx<g,

b7
Zq O(YZ)Z, 0 ,, Zaog{;;jwzz =r(r; a0, d1,42; ..., Aw-2)

—Zqzo(ﬁ—i)Zko , Zaogig“,;jw{z =r(r;a0,a1,a2; ..., Aw-2)

g(g’%) = |:
1

l—l (Vb)ab Sr+o— lg,g( Vng):|
( )ﬂbdﬁﬂg lg ( %%5)

1o (1
X — Z (r;ﬂ(),ﬂl,(lz,...,ﬂw_z)

1
Yw r=0 Y agtal+etay_o=r
ap>0,...ay_2>0

w-2 ap
X (&) (JZ{ _ %)(SHAI‘SB(;)\( Yw-1 (527 %)6)
o \Vw Yw

b

1 (Y
=y Y. (haganas,....ay-)

1
Yw r=0 r ag+al++ay_o=r
a9>0,...ay_2>0

w—2 y ap
X (_b) (§ %)5r+k—155(f’; (_M c- %)5) )
Yw Yw

For¢ < x< .,

Y
Zq O(VZ/) Zr 0 I Z“Ogiloj' ’;:l”zg r(}", ap, a1, a, .. rﬂw—Z)

1- Zq:O )Zr 0 r‘ Za0+a1+ Ay 207(7', ag, a1, a,. .,ﬂw_z)

a9>0,...ay-2>

%(g’%) = |:

Yw Yw

X
1—[ -2/ Y — Yw—
;v:O Yw )ﬂh ‘Qj&r @ 15(3,@( ;wl ﬂs)

1 ¢ (1)
X _Z 1 Z (r;aOrﬂlyﬂZ)'“1aw—2)
Yw =0 r.

apg+al+---+ay-_2=r
a0=>0,...ay-2>0

w-2 ay
% n(%) (% _ %)6r+k—1€(s(fi< y;/wl (ﬂ ) )

b=0

o (L) ghre-l g0 (- usl b }
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where the terms (r; ag, a1, as, ..., a,_2) are the so-called the multinomial coefficients; here,

moreover,

§=8u—bu1,  0=0w+ ) (B —8)aj—8+1,

w-2
A= 6W + Z(Sw_l — 8/‘)611‘.
j=0

Applying anti-periodic boundary condition:

Case-1: w=1,85=0.
The nonlinear fractional differential equation (16)—(17) reduces to

1 “D0(s) + nb(s) = o (5,0(5)), (22)

se 7 =10,41, 4 >0,%, 1 € R, y1 #0, the boundary conditions that are anti-periodic

0(0) = —6(f) yield the equation for the fractional integral

o
9(g):/0 Y (g, 7)o (3,0(>)) dx,

under which ¢(¢, ) is the subsequent Green function:

(-1)Es (-2
[ﬁl L = )1 Es 5, (I = )
Y (c,) = (g %)51‘185151(— (g 2#)%), for0<sx<g,

(1)5 (
[Mﬁw]l(d 3N 5y (L —3)), forg << .

Case-2: w> 2.
The nonlinear fractional differential equation £(D)0(s) = 0(¢,0(<)), the boundary con-

ditions that are anti-periodic 8(0) = —-6(27) yield the equation for the fractional integral

P
9(5‘):/0 Y (g, 7)o (3,0(5)) dx,

under which ¢(¢, ») is the subsequent Green function:

ForO<sx<g,

(—1)23:0(%)220 2] Zﬂoggb+ ;jwzzor(i”,ﬂo,ﬂl,tlz, oy Gy2)

() = [
1+ Zq 0()},/:1‘/)2,« 0 r‘ Za0+a1+ taw-2= V(r1u0,a1,ﬂ2, waw—2)

>0,..,4y—2>

o (L) ghre-l gl (- Yusl b }
2 »
w=0 (%)abdﬁwrg—lgég(_%%é)

1o (1
X Z (r;ﬂ(),ﬂl,(lz,...,ﬂw_z)

r!

ag+al+--+ay_3=r

r=0
ap>0,...ay_2>0

Page 17 of 35



Panda et al. Boundary Value Problems (2023) 2023:91

w-2 a,
x H(%) (DQ{—%)(SH)‘_I&S(T)( Yw- 1(&( %)3>
b=0

w

L&y
+_Z Z (r;a0,a1,az,...,4,_2)

r!
r=0 " aptar+et+ay_=r

a9>0,...ay_2>0

w=2 ap
x (&) (5 - 5 1€ (_ Yool (o _ %)5).
b=0 N 1w Vw

For¢ < x< .,

( l)zq O(Vq)zr 0 rl 2“0“11* Hay- Zor(r:ﬂO)abf'lZ) »;aw—Z)

ap>0,...ay_2>

1"
1+ Zq:O(}J//_Z) Zr:O r!) Zaogzl& ;aWZ—Z V(r; ag, a1, a; ... ;ﬂw—Z)
,,,,, W

g(g,%) = |:

—Z(ﬁ)ab Sr+o— lg ( leg)
o (o) e el (- %M)}

1o ()
X — > (nagaya...,au-)

1
Yw r=0 Y aptaytetay_o=r
ap>0,...ay_2>0

w-2 ay
X (&) (JZ/ _ %)5”)»—15;2 (_ Yw-1 (427 _ %)6>
b=0 N V¥ Vw

1
= Y (nagaran...ay-)

1
Yw r=0 r ag+al++ay_o=r
ap>0,...ay_2>0

w-2 ay
Vo - Yw-1
x ]—[(—) (g - ) E]) (-W—(g - %)5),
b0 N W 4

w

where the terms (r; ag, a1, as, ..., a,_2) are the so-called the multinomial coefficients; here,

moreover,
w=2
§=8u=8u1,  0=8w+ ) (Buor—8)aj—8;+1,
j=0
w-2
=8+ Y (w1 -5y
j=0

Now consider the fractional integral

o
9(5‘):/0 g(g,%)a(%,@(%))d%,

where (17) and (18) are the boundary conditions and ¥ (¢, ) is the Green function refer-
ring to those ailments accordingly, as given above, and the function o : [0, /] x R - R
is continuous.

Let X = C([0,.47]) be the set of real-valued continuous functions from _# = [0, <]
into R. We endow X with r(g, k) = SUP ¢ # lg(s) = h(<)? = llg(s) — k()| forall g, h € X.

Page 18 of 35



Panda et al. Boundary Value Problems (2023) 2023:91 Page 19 of 35

Define ¢ : X x X — [1,00) by

3+sup.c 4 161(s) = 023l if £1(5) # La(s),

¢ (61(6), 62(9)) = ’
3, if ¢1(s) = &2(s).

It is clear that (X, r) is a CRMS.

Let us define . : (0,00) > R and & : (0, 00) — (0,00) by .Z (z) = logz,z> 0 and £(¢) = %,
teR*.

Let (8,0) € X x X, (80,00) € R x R such that

S0 <é8(s)<o0(s) <0y forallge 7. (23)
Define the closed subsets of X, 95 and € by

B = {9(5‘) e X/0(c) < Q} and
¢= {G(g) e X/6(c) > 8}.

Define the mapping & : C(_¢#,R) — C(_Z,R) by

0(c) = /Od%(g,%)a (%,0(%)) ds forall ¢ € [0, <7].
We shall prove that
H(B)C € and F(€)CB. (24)
Let 6 € B, that is, 0(sr) < o(3¢) for all s € [0, 27]. By using (A;) of our assumption, we get
Y (s, )0 (3,0(5)) = 9 (s, )0 (,0()) forall g, € [0,4], (25)

as 9Y(¢,s) > 0forall ¢, € [0,4].
The above inequality with hypothesis implies that

o of
/ Y (g, »)o (%,9(%)) dx> / Y (s, 7)o (36,0(3)) dax > 8(5)
0 0
for all ¢, »c € [0, &].
Thus &76 € €.
Similarly, let 6 € €, that is, 6(3c) > §(x¢) for all s € [0, &7]. By using (A3) of our assump-

tion and since ¥(c, ») > 0 for all ¢, s« € [0, &7], we get

Y (c, »n)o (%, 9(%)) <¥Y(c,x)o (%, 8(%)) forall ¢, > € [0, 27]. (26)
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The above inequality with hypothesis implies that

o o
/ 94 (g, 7)o (36,0(5)) d%f/ g(g,%)o(%,B(%)) d» <68(g)
0 0
for all ¢, »c € [0, 1.

Thus &760 € B.
Hence &7 (B) C € and 7 (€) C B.
Now, let 6 € B and u € €, that is, for all ¢ € [0, .27],

6(c)=ols),  uls)=8(s).
This implies that for all ¢ € [0, <7],
0(c) <00,  n(s)=do.
Now, by using conditions (A3) and (As),

[(6)() - (Zw)(s)|

2

o o
/0 g(g,%)a(%,@(%))d%—/o %(g,x)o(%,,u(%))d%

2

o
/0 Y(c, %)[a (%, 9(%)) -0 (%, u(%))] dx

2
|0 (%,9(%)) -0 (%, /L(%)) |2

IA

o
/ Y(c,x)ds»
0

1
e 10()-pu(>)?

IA

‘ 2

o
f Y(c,x)ds»
0

2]
@‘9(%)—11(%)

2

IA

o
sup/ Y(c,x)dsx
0

! 2 “Spee g WA
—— sup 0(c)—n(c)|e Peec g 10()-1(s
(©)? gej’ |
52 1 1
< (@) ——r(0(c), u(c))e TE@ N
G (6(s) ()

<t (0(6), u(s))e T,
which implies
sup|(76)(s) - (/)| = & TTDTT 1 (6(6), ().
Thus,
F(6, 5 ) < & TSI L (9(5), u(s)).
Applying log on both sides, we get

log[lr’(;afé, ﬂu)] < log[e_r<"(§§'“(5)) r (9(5‘)» H(S‘))]

= log[r(«#/6,a/ )] <log[r(0(c), u(s))] + log[e_m]
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1

= log[r(e/6,/0)] < log[r (05) ()] - o

> F(e(r6,o0) < F(e6.) - - (el,m
1 or or
= 6.0 + 7 (r(0, 1)) < F(r(0,1))
= £(r@,pn)+ ﬁ(r(%@,%u)) < ﬁ(r(@,u)).

A similar method can be used to demonstrate that the inequality mentioned above is true
if we take 6 € € and u € B. Thus, by our Theorem 2.2, &7 has a unique fixed point, as it
satisfied all the conditions of Theorem 2.2. O

We deduce that <7 has a unique fixed point 6* € B8 N € =C, that is, * € C is the unique
solution to boundary value problem (16)-(17) and (16)—(18). More importantly, we have
utilised our fixed point result to demonstrate the existence of solution to nonlinear multi-
order fractional differential equation with boundary conditions that are periodic/anti-

periodic in the context of CRMS without considering the property of continuity.

Theorem 3.2 Under the following assumptions, boundary value problem (16)—(17) and
(16)—(18) has a unique solution.
(C1). Forall ¢ € 10,47, we have

of
V(o) < fo G (s, 590 (2, 0(2)) doe 27)

and

o
o(6)> /0 (¢, 0 (34 ¥ (52)) do. (28)

(Cy). Forall sz € [0,97], 0 is a decreasing function, that is, x,y € R, x > y = 0 (35,x) <
o (55).

(C3). SUP,cior) [ (s, 30 dse < 1.

(Cy). Forall > €[0,4], for all x,y € R with (x < @o and y > ) or (x > Yo and y < ¢q)
for Yo, 900 € R x R.

(Cs). There exists a strictly increasing sequence (£,,)wenujoy Satisfying wo =0, £, > 1, £,, —
ly1 <1forallweN, ¢, — oo such that, for any w € N,

lo(s,9) -0l < ly —xI?

(@)2 ev—lw-17

Sforallx,y e Rand ¢ € ¥ suchthat |y—x| < xwe” where d = sup{fod |Y (¢, )| d s,
s €[0,41}.

(Co). o is a mapping from ¢ x R to R is continuous.

(C7). Define the set C = {0 € C([0,/])/¥ <6(s) < ¢ forall ¢ €10, .27]}.

Page 21 of 35
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Proof Let C(_#,R) represent the set of all continuous functions from _# = [0, <] into R
with the norm

lol =sup{le(s)|s € 7}, o >o.

C"(_7,R) represents the set of all real-valued functions characterised on ¢ = [0, /],
&/ > 0 consisting of continuous derivatives.

Applying periodic boundary condition:

Case-1: w=1and ¥ = 0.

The nonlinear fractional differential equation (16)—(17) reduces to

1 D10(s) + 10(s) = o (5,60(5)), (29)

se 7 =00, 9 >0,y €R, y1 #0, with boundary condition that is periodic 6(0) =
0(<7) and is equal to the fractional integral

o
9(5‘):/0 %(g,%)a(%,@(%))d%.

The following Green function, where ¢ (b, »), is used:

E51(-726") 1
1-E5,1(- 2 27°1) 11

(o - %)51’1551,51(—%@7 - 3)’)
g(g’ %) = + %(5‘ - %)5171551,51 (_%(5‘ - %)Bl)r fOI' 0 <x< S
1o (A =)y 5y (2 (e = 39)M), forg <3<

551,1(—%%51)
1-Esp1(- fl’ 1) y1

Case-2: w> 2.

The nonlinear fractional differential equation (16)—(17)
LD)(s)=0(5,0(5)), se F=[0,],4>0;
here,

L(D) = ¥4 D + Yyt D1 1 - 4 1, “D1 4 3 D,

weR (b=0,1,2,3,...,w), w #0, 0<8p<81 <8< +-<8y_1<8,<1,
with boundary condition that is periodic
6(0) = 0(7),
equal to the fractional integral
P
0(s) = / G (g, )0 (3,0(50)) d>e,
0

where ¥ (¢, ) is the following Green function:
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ForO0<sx<g,

Zq O(Vq)zr o r' Z“0+“1+ ay-2= r(r,olo,dl,dz, v Gy_2)

e =| o ot
) =
1- Zqzo(y—:l/) > & = Zaogig a2 zor(ryﬂo,ﬂl,ﬂz, )

nb— (% )ﬂb Sr+o— 15 'Q( Yw— 1§ ) :|
1—[ J/:/ )ab%SHQ—lg&g(_%%b‘)

1 o (-1)
X V_ Z r‘ Z (r;a0,a1,a0,...,0,2)
W r=0 :

apgtal+---+ay-_2=r
a9>0,...ay-2>0

w-2 ap
() -2

b=0 w

1o~ (1)
=y — > (nagana,...,au)

Yw r=0 re ap+ay+-+ay_2=r
a0=0,...ay-2>0

w-2 ap
<T1(2) (- mrtef (-2 -0).

boo \ YW W
For¢ < x< .,
Zq 0(:[1 ) Zr 0 = Zao+a1+ tay 9= r(}", ap,ai, a, .. ,ﬂw_z)
i [ T2 ey
’
1- Zq:O )Zr 0 r‘ Za0+a1+ Aty = r(r, ag, a1, a,. .,dw_z)
ap>0,...ay_2>0

b=0 Yw

X
1—[ -2/ Y — Yw—
;v:O Yw )ﬂb 42{5}" @ 155,9( lA}//wl ﬂs)

1 ¢ (1)
X _Z 1 Z (V;ﬂ(),ﬂl,ﬂz,...,aw,z)
Yw =0 r.

ap+ai+-+ay_2=r
a0>0,...ay-2>0

w-2 ay
<[] (Vﬁ) (o — 32 1EL) <— ”;’1 (o - %)5),
h=0 w w

where the terms (r; ag, a1, as, ..., a,_») are the so-called the multinomial coefficients; here,

W2( )abgﬁrw lg ( Mgﬁ) i|

moreover,
w-2
8=8u=8u1,  @=8ut ) (Bu1—8)aj=8;+1,
j=0
w-2
A= 5W + Z((Sw_l - (Sj)ﬂj.
j=0

Applying anti-periodic boundary condition:
Case-1: w=1,8,=0
The nonlinear fractional differential equation (16)—(17) reduces to

1 D0(s) + nb(s) = o (5,0(5)), (30)

Page 23 of 35
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se 7 =[0,41, >0,y y1 € R, y1 #0, has a boundary condition that is anti-periodic
6(0) = —0(2/) and equivalent to the fractional integral equation

o
9(g):/0 Y (g, 7)o (3,0(>)) dx,

where ¥ (¢, ») is the following Green function:

(-1)E&,
[g—dl L(of = 1L i (2 (S — 3)
()= +50(g =" Ey s (- 2(s - %)51), for0<sx<g,

O AT L (o7 i1, (-2 (e —5)), for 6 < 36 <

[ 1+&5)1(- VO o/%1)
Case-2: w > 2.

The nonlinear fractional differential equation L(D)0(s) = 0 (s,0(¢)) with the boundary
value condition that is anti-periodic 6(0) = —0(7) is equal to the fractional integral

of
= / Y (¢, x)o (%, 9(%)) dx,
0

where ¥ (¢, ») is the following Green function:

ForO<sx<g,

V
130G )Y S Zﬂg;gg ';jrfzgor(r;ﬂO;ﬂlyﬂzy )

%(g,%) = |:
1+ 30 o (2) 30720 S Yagraresa,- 2=r(r;40,@1,2, . G)

r=0
" 4020,y >

1—[ (Vb )@ 5r+g—15§2(_%§5) :|
Vo Ny, oy Sr40-1£W) (_Yw-1 ;75
Ry e € e )

1 o (1)
x _Z 1 Z (r;ﬂOrﬂlyﬂz,...,aw_z)

apg+al+---+ay-_2=r
a9>0,...a,_2>0

w-2

% ( W ) %)(SH-)L—1(.;:5(,1‘})L <_ Yw-1 (,527 _ %)5)
b=0 Yw
1 o (-1

+ _Z 1 Z (r;d01a11521~~raw—2)
Yw r=0 L ap+ai+-+ay_2=r

a0>0,...ay-2>0

) ap
X (&) (c - %)8r+)u—165(;t (-%(5‘ _ %)8)'

3

b=0 VW ”
For¢c <»x< 4,
(—1) Z;o(;_q)Zf:o ! Zao+a1+ Hay_2= r(i’,do,al,az, ¢aw—2)
g(g,%) = |: il 0>0,....4,_2>0
1+ Zq 0( Yq ) Z, 0 ,, Zaomﬁ ray2=r(r; g, A1, @2, . . ., Gyy—3)
a0>0,...a,_2>0

b=0

w21/r>,l r+ Yw-1
( )bdﬁ ng ( J/ywlﬂﬁ)

b=0 \y,,

w—( )ab Sr+o— 168 ( %5‘6) i|
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x—i(_l)r Z (r;a0,a1,a Ay_3)
l y A0y UL, U2y e vy U2

1
Yw r=0 Y agtal+etay_o=r
ap>0,...ay_2>0

w-2 ap
<T1(2) (o - spef) (e -0y
. Yo

1 (Y
=y — Y. (haganas,....ays)

Yw r=0 r ag+ay +e+ay_g=r
a9>0,...ay_2>0

w-2 ay
x (;—b) (s - Ey) (— Pl(o- K)S),
w

b=0 w
where the terms (r; ag, a1, as, ..., a,_2) are the so-called the multinomial coefficients; here,
moreover,
w-2
§=8u—8u1,  0=0w+ ) (Bwa—8)aj—8+1,
j=0
w=2
A= 8W + Z((Sw_l — Sj)ﬂj.

j=0

Now assume the fractional integral equation

o
Q(g):/o Y (g, 7)o (3,0(>)) dx,

where ¥ (g, 5) is the Green function corresponding to the boundary conditions (17) and

(18), respectively, as given above, and the function o : [0,.2/] x R — R is continuous.
Let X = C([0, &/]) be the set of real-valued continuous functions from _# = [0, #/] into

R. We endow X with the r(g, ) = SUP ¢ # lg(s) = h(<)? = llg(s) — k()| forall g, h € X.
Define ¢ : X x X — [1,00) by

3+supce 4 101(s) = L)l if 41(s) # a(s),

C((l(s‘): C2(§)) = )
3, if £1(s) = (o).

It is clear that (X, r) is a CRMS.
Let (8,0) € X x X, (80,00) € R x R such that

do=d(s)<0(s) <o forallge 7. (31)
Define the closed subsets of X, 95 and € by

B = {(9(5‘) e X/0(c) < Q} and
¢={0(s) e X/0(5) = 8}.
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Define the mapping &7 : C(_#,R) — C(_#,R) by

o
d0(g) = / Y (¢, »)o (%,0(%)) dsx forall ¢ €[0,47]. (32)
0
We shall prove that
A (B)C € and F(€)CB. (33)

Let 6 € B, that is, 6(sr) < o(x) for all s € [0, .2/]. By using (C;) of our assumption, we get
Y (¢, n)o (%, 9(%)) >Y(c,»)o (%, Q(%)) forall ¢, » € [0,.7], (34)

as 9(¢,s) > 0forall ¢, € [0,57].
The above inequality (34) with hypothesis implies that

o o
/0 G (s, )0 (000 doe = /0 G (c, )0 (3 0(2)) dox > 5(c)

for all ¢, »c € [0,.27].
Thus &70 € €.

Similarly, let 6 € €, thatis, 6(3r) > §(x¢) for all 5 € [0, &7]. By using (C) of our assumption
and since ¥(g, ») > 0 for all ¢, s € [0, &7], we get

G (s, 2)0 (36,0(30)) <9(5,3)0(,8(3)) forall g, €[0,4]. (35)

Inequality (35) with hypothesis implies that

o o
/ g(g,%)o(%,@(%)) d%f/ g(g,%)a(%,S(%)) dx<68(c)
0 0

forall ¢, » € [0, <].
Thus 270 € B.

Hence we proved (33), that is, &7 (8) C € and &/ (€) C B.
Now, let @ € B and u € €, that is, for all ¢ € [0, &1,

0(s) <o(s), u(g) = 8(s).

This implies from the hypothesis that for all ¢ € [0, .27],

0(s) < 0o, n(g) = do.

A fixed point of the operator <7 in (32) will be the solution of (16)—(17) and (16)—(18), i.e.,
nonlinear multi-order fractional differential equation with periodic/anti-periodic bound-

ary conditions.
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Let us define .% : (0,00) — R by F(a) = loga for a > 0 and & : (0,00) — (0, c0) by

-c+41, O0<g<¥y,
&(s) =

—c+Lly, Lly1<c<ly,w>2.

Fix w> 2.
For any 6(¢), u(s) € C(_#,R) such that £,,_; < 10(¢) — t(s)| < Ly.
By using (C3) and (Cs),

o 2
PMMQ—&ﬂMQVS‘A G(c, ) ds| |0(6(2)) -0 (36 1(0)

! 1
0 - o)’

o
/0 G(g, x)dx (G)2 etw

=

5o 1 1
= s gt 19 - n@f

1 2
Sm|9(§)—ﬂ(§)‘

———10 -l

= 2
o2

16 - ul?
elw—10-ul?"

Thus,

16 — ul®
elw—w—lﬂz

N R 0 - nl?
T 0(s) - A u(s)l?

16— pl?
|76(s) — o/ u(s)?

= w10 - u* +log|e/6(c) - o u(s)|” <log |6 - |

|76(s) - o u(s)|” <

= 0, -10-ul*<log

= £(10-ul) + Z (10— A pP) < F(10 - ),
E(r,w) + .7 (r(0, 1)) <.F(r6, 1) (36)

forall 0, u € C(_7,R) satisfying £,,_; < |0 — u| < £, when w > 2 for w = 1.

One can easily prove as above that (36) is satisfied for all 6, u € C(_#, R) such that 0 <
10—l < £y

Thus all the conditions of Theorem 2.2 are satisfied. Hence ./ has a unique solution, i.e.,
nonlinear multi-order differential equation with periodic/anti-periodic boundary condi-

tions has a unique solution. d
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4 Connecting fixed point elements to nonlinear multi-term fractional delay
differential equations

In this section our Theorem 2.2 is used to investigate the existence and uniqueness of

solutions for the nonlinear multi-term fractional delay differential equations:

LDW(S) =0(5.0(6),0(c-1), e 7 =[0. >0 (37)

0(c)=0(s), ¢el[-t,0]
Here,

L(D) =y, D + y,_1 D1 4« 4 1 “D 4 1D,

weR (b=0,1,2,3,...,w), Yw #0, 0<8p<81<8p<-+-<8y1<6,<1,

and D’ denotes the Caputo fractional derivative of order 8. Moreover, o : [0,.27] x R x

R — R and o6 : [-7,0] — R are continuous with the periodic boundary condition

6(0) = 0(<) (38)
and the anti-periodic boundary condition

0(0) = -0(). (39)

Problem (37)—(38) is equivalent to the integral equations for w = 1 and §p = 0 as well as

w>2.

12 9(g, )0 (54,0(),0(x— 1)) d3, ¢ €[0,4],
6(§)’ g € [—T,O].

0(s) =

The Green function for problem (37)—(38) when w =1 and §p = 0 is

Syt -1 % 51
ﬁ:ﬂw@mw’m Ex i (<12 = 30)M)
(s, = * _(5 )1 Es 0 (=02 (6 = 5™, for0<sx<g,

"
12 ( = 30)171E5 5, (- yo(%—%)‘sl), for¢c <x< .

Es (-1 " L))
1-Es)1(- 1{? 1) y1

The Green function for problem (37)—(38) when w > 2 is, for 0 < » < ¢,

Zq o(ij)z, 0 ,, Zaoggg ;;sz r(r;a0, 1,2, ..., Ayw—2)

() = [
1

- Zq:O( )}’/_jv) Zr:O 7! Zaogiloin,;fwz—Z r(}", ag, a1, az; ..., ﬂW—Z)

-2 _ "

(L) gorreslgl) (~ tusl b }
) »

W=0 (%)ﬂbdﬁﬂg—lgég(_ y}/wl %)

1o (1
X — Z (r;ﬂ(),ﬂl,(lz,...,ﬂw_z)

1
Yw r=0 Y agtal+etay_o=r
ap>0,...ay_2>0
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w-2 ay
x ]‘[(%) (o - %)5”*-15;3( ’”;” Lo - mé)
b=0

1o -1y
+_Z 7l Z (r;a0,a1,az,...,4,_2)

Yw r=0 * aptayt-tay_p=r
a0>0,...ay-2>0

w=2 ap
x (&) (5 - 5 1€ (_ Yool (o _ %)5).
boo \ YW Yw

For¢ < x< .,
v
Y [ ZZ:o(y—Z)ZfZO E Zﬂoggg e =r(r;a0,a1,a, ..., aw-2)
)= | i T N g0 m
1- Zq 0( Vq)Zr 0 Za0+a1+ 2= r(r,ao,al,aQ, .,Llw,z)

a9>0,...ay-2>0

:/—0( )ab Sr+o— 15 ( %gﬁ) i|
ST

1 o~ (L
X _Z 1 Z (r;aO)alyabu-,ﬂw—Z)
Yw i

ap+al+-+ay_o=r
a0>0,...ay-2>0

-2 ap
x (;’_b) (o = s)Pri-tel) (— ”;“‘1 (o - %)5>,

r!

E

o
Il
(=]

where (r;ag, a1, ay,...,ay_2) = —;are the so-called the multinomial coefficients;

here, moreover,
8=8u=8u1,  @=8ut ) (w1 —8aj =8+ 1,

w-2
A= 5W + Z(Sw_l - 8/)611'.
j=0

Problem (37)—(39) is equivalent to the integral equation for w = 1 and §, = 0 as well as for

w>2.
9(5‘) _ fodg(S‘?%)U(%ﬁe(%))e(%_T))d%, (SIS [O,ﬂ],
6(§)7 g € [—T,O],
where
(-1E
et L (o = 5 (1207 =)
9, 7) = o (s - %)6171551 51 (_m(S' - %)51), for0<sx<g,
(1€
ua;alll—mml]l( ) Es 5y (D ~5)), forg =<
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The Green function for problem (37)—(39) when w > 2 is, for 0 < > < ¢,

(—1)23:0(%)220 2] Zﬂwg; amwzz =r(r; a0, A1, a2, ..., Aw_2)
----- W—

1+ Zq 0())’/31/)2'" 0 r‘ Z“O*‘ﬂ* +“14/—20”(7”1 ap, 1, Ay, .. ;aw—Z)

a0>0,....ay_2>

g(g’%) = |:

l—l (Vb)ab 6r+g15 ( les.):|
H W)abﬂﬁﬂg—lgayg(_%%é)

L
X — Y. (haganas....ay)

1
Yw r=0 Y oagtaltetay_o=r
ap>0,...ay_2>0

w-2
Xl—[(yb) (% )5r+k lg < le(% ))

b=0

1 (Y
=y — Y. (haganas,....ay)

Yw r=0 r ag+ay +e+ay_o=r
a9>0,...ay_2>0

w-2 ap
x (&) (c - %)arm—lga(:\) (_ Yw-1 c— %)5)'
b Yw Yw

For¢ < x< .,

(_1) Z:; O(Vq)zy 0 s X:a()Jrﬂl‘L Haw-2= r(r;a01alta2) ¢aw—2)

a9>0,...ay_2>0

1+ ZZ ()( X ) ZOO ( 1 Z‘m*“l* - 2Or(r’ ag, a1, az, .. ,ﬂW,Q)

a0>0,....ay_2>!

g(g’%) = |:

A %gﬁ)}
o Gy e e (Bt )

1 o~ (1
X — Z (r;aO)alraZr“-;ﬂw—Z)

1
Yw r=0 r apg+ay+-+ay_o=r
a0>0,...ay-2>0

w-2 ap
X (&) (o — %)5r+A—lgts(rz (_ Yw-1 (of - %)6)
h=0 \ VW ' Yw

1o (1)
=y Y (nacaian...ay-)

1
Yw r=0 r ag+ay +e+ay_g=r
a9>0,...ay_2>0

w-2 ap
x (&) (g - 32 1gl) (——yw‘l = z)“),
b Yw Yw

=0

r!

where the terms (r;ag, a1, as,...,d,_3) = — are the so-called multinomial coef-

ﬁcients; here, moreover,

w-2

8=8u=8u1,  @=8ut) (Bu1-8)aj-8;+1,
j=0
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w-2

A= (SW + Z<8W_l - 5]‘)&1}.

j=0

Theorem 4.1 Under the following assumptions, boundary value problem (37)—(38) and
(37)—(39) has a unique solution.
(Dy). Let G = sup{fo”‘z{ |9 (g, )| ds,c € (0,971}, where the function ¢ € [0, 4] >
fO”Q{ |9 (¢, )| ds is continuous on [0, .o/ ].
(Dy). Define the set C ={0 € C([-1, )/ <0(g) < ¢ forall ¢ € [-t,]}.
(Ds3). The functiono : _# x R x R — R is continuous.
(Dy). Forall ¢ €[0,47], we have

of
W) < /o G5, 390 (54, 9(2), 92— 7)) doe (40)

and

of
o(c) > /O G (s, 590 (32, (), ¥ (52— 1)) . (41)

(Ds). Forall s € [0,47], 0 is a decreasing function, that is, x,y € R, x > y = o (31,x) <
o(s2,9).

(De). SUP,cpor) fo ()30 dse < 1.

(D7). Forall » € [0, 7], for all x,y € R with (x < @o and y > ) or (x > Yo and y < ¢o)
for ¥ro, 00 € R x R.

1
(Ds). Assume that |o(g,x1,y) — 0 (5, %2,9)| < |x1 — xp|eF12] (—;_.

Proof Let C([-1,.27], R) denote the set of all continuous functions defined on [, .2/] into
R with the norm |0 ||, = sup{|8(¢)|?/¢ € [-7, %]}, & > 0.

Here, C([-7,7],R) = {0(¢)/0 : [-1, /] — R}.

Let X = C([-1, 4], R), we endow X with

r(a,b) = sup |a(g)—b(g)|2:Ha(g)—b(g)”w foralla,b € X.

sel-1,4]

Define ¢ : C([-7, 2], R) x C([-7, /], R) — [1,00) by

) 3+ SUP el ror1 161(6), 82(S)],  if 81(5) # Ca(s),

£(61(s), 62(s) ‘
3, if £1(<) # &2(s).

It is clear that (X, r) isa CRMS. Let us define % : (0,00) > Rand &£ : R* — R* by Z(s) =
logs, s>0and &(z) = %, zeR".
Let (8,0) € X x X, (80, 00) € R x R such that
So=é(s)<o(s)<go forallge 7. (42)

Define the closed subsets of X, 95 and ¢ by

B = {O(g) e X/0(c) < Q} and
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¢= {G(g) e X/6(c) > 8}.
Define the operator &7 : C([-1, ], R) x C([-7, /], R) as

fo”d Y (¢, n)0(52,0(5),0(c—1))ds, forall ¢ €[0, ],
a(s) s €[-1,0],

A0(g) =

where ¥ (¢, ) is the Green function of the corresponding boundary value problem.
We shall prove that

H(B)CC and F(C)CB. (43)
Let 6 € B, that is, 6(3r) < o(x) for all ¢ € [0, &7]. By using (D,) of our assumption, we get
G (s, #)0 (36,0(5),0(5c—1)) = 9, 5)0 (3,0(%),0(3¢~7)) forall ¢, € [0, /] (44)

as ¥ (c,») > 0forall ¢, € [0,47].
The above inequality with hypothesis implies that

o o
/0 9 (g, )0 (5,0(5),0(3¢ - 1)) d%Z[O Y (s, )0 (3,0(3),0(5c — 7)) d = 8(5)
forall ¢, » € [0, &].

Thus &70 € €.
Similarly, let 6 € €, that is, 6(3¢) > 8(5¢) for all s € [0, o7]. By using (D5) of our assump-
tion and since ¥(¢, ) > 0 for all ¢, > € [0, &/], we get

Y (c, »n)o (%,9(%),9(%—1)) <¥9(c,x)o (%,8(%),8(%—7:)) for all ¢, »c € [0, &7]. (45)

The above inequality with hypothesis implies that

4 o
/ %(g,%)a(%,@(%),@(%—r))d%5f g(g,%)a(%,S(%),(S(%—r))d%fS(g)
0 0

for all ¢, »c € [0, &].

Thus &70 € B.
Hence &7 (B) C € and &7 (€) C B.
Now, let 6 € B and u € €, that is, for all ¢ € [0, <71,

0(s) < o(s), u(s) = 8(s).
This implies that for all ¢ € [0, 27],
0(s) < 0o, u(s) = do.

Let6(¢c) € B and u(c) € €.
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By using conditions (Dg) and (Dsg),

|6(5) - 7 u(s)|?
2

of o
:/0 g(g,%)a(%,@(%),@(%—t))d%—/o g(g,%)o(%,,u(%),u(%—r))d%

2

o
= ‘/0 G (g, )[0(56,60(5),0(5¢ — 7)) — 0 (56, p(30), (3¢ — 1)) | d e

o
= </0 %(g,%)[a(%,@(%),@(%—r))—o(%,u(%),@(%—r))
)2

o
= (}/o |9(s,50)|[0 (56,0 (0), 0.5 = 7)) = 0 (3¢, ju(50), 03¢ - r))‘

o (%, w(),0 (3 — 1:)) -0 (%, (), (o — r))] dsx

2
+ [0 (52 1105), 82 = 7)) = 0 (35, 1 (52), 152 - r))|]|)

2

1
< Go)-uGa)?

of
fo ery

|

2 1
1 -
—— sup ’9(%)—M(%)|2€ Sup¢ [0, a7 10(>)-1(>9) 2
9)? celo,o7]

=

of
sup / G (e, ) dre
0

S R e

= 1(60), ()¢ TR,
which implies
sup| 7 0(c) — o 1u(g)[* < & TR T (8(32), u(52)).
Applying log on both sides, we get
F(r(0, 9 1)) +£(r0, 1) < Z(r6, ).

Using the same technique, we can show that the above inequality holds also if we take

0 €Cand u €B.
Hence o7 has a unique fixed point 6* e BN € =, i.e.,0* € C is the unique solution to
(37)—(38) and (37)—(39). O

5 Conclusion

In this article, we developed connections between a number of concepts, including Green’s
functions, multi-term fractional order differential equations and metric fixed point the-
ory. We provided the results of fixed point of nonlinear cyclic orbital (¢ — .%)-contraction
under controlled rectangular metric space. With the aid of these results, we were able
to derive the existence and uniqueness theorems for fractional boundary value problems
in terms of Green’s function for various multi-order fractional differential equations. We
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shall attempt to use the techniques described in this article in further work, which may
serve as some kind of inspiration for using fixed point theory and fractional calculus in

neural network algorithms and machine learning systems.
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