Zhan Boundary Value Problems (2023) 2023:92 @ BOU nda ry Va I ue PrOblemS
https://doi.org/10.1186/513661-023-01780-9 a SpringerOpen Journal

RESEARCH Open Access
()]

The fundamental solution and blow-up
problem of an anisotropic parabolic equation

Huashui Zhan'

“Correspondence:
huashuizhan@163.com Abstract

'School of Mathematics and . . . . . .
Statistics, Xiamen University of This paper is devoted to the study of anisotropic parabolic equation related to the

Technology, Xiamen, 361024, China pi-Laplacian with a source term f(u). If f(u) = 0, then the fundamental solution of the
equation is constructed. If there are some restrictions on the growth order of u in the
source term, the initial energy £(0) is positive and has a super boundedness, which
depends on the Sobolev imbedding index, then the local solution may blow up in
finite time.

Mathematics Subject Classification: 35K15; 35B35; 35K55; 35G31

Keywords: Fundamental solution; Anisotropic parabolic equation; Initial energy; The
growth order; Blow-up

1 Introduction
An anisotropic parabolic equation

N

ad
ue—y o (") =f(), - (1) €Qr=0x(0,7) (1)

i=1 ¢
with the initial value condition
u(x,0) = up(x), x€Q, (2)
and the Dirichlet boundary value condition

ulx,t)=0, x€dQ2x(0,7), (3)

is considered in this paper, where & C RY is a bounded domain with smooth boundary
92, T is any given positive constant, p; is a positive constant, i = 1,..., N, and the function
f(s) is continuous. As usual, we call problem (1)—(2)—(3) the (first) initial boundary value
problem. We denote

p+ :max{pl,pZ’---;PN}: pizmin{pl’pZVHrpN}r

and assume that p~ > 1.
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Equation (1) appears in several places in the literature. For instance, in biology, it acts
as a model describing the spread of an epidemic disease in heterogeneous environments,
and in fluid mechanics, it emerges as a mathematical description of the dynamics of fluids
with different conductivities in different direction; one can refer to [1, 4, 5] for details.

People are more familiar with the evolution p-Laplacian equation with a source term
u, = div(|Vul’ > Vu) + f(u). (4)

As is well known, equation (4) arises from non-Newtonian fluids as a fast diffusion equa-
tion if p < 2, and a slow diffusion equation if p > 2. When p = 2, equation (4) becomes the
classical heat conduction equation. When f(u) < 0, it is called an absorption term, equa-
tion (4) may have a global solution. While f () > 0, it is called a source term, and equation
(4) generally only has a local weak solution. This kind of equation has important physical
significance and has received much attention for a long time. Sometimes, the divergence
div(|Vul?~2Vu) is replaced by >N, 8x

Consider the slow diffusion equation

(7. zux ). Some details are given in what follows.

N5

= Z a_ |ux,' |p_2uxl~) +f(u,x, t). (5)

When f(u,x,t) = f(x,£), Nakao studied the existence of periodic solutions in [16]. If

f(u,x,t) = |u|“u, then the energy functional is set as

2+a?

Jw) = ;IIWIIZ L
the potential well is defined as

W = {ue Wy(Q) | I(u) > 0,](u) < d} U {0},
where

L) = | Vulh - llul3e

2+a

and

d= inf supJ(Au),
ueW,”? (Q)u#0 +0

which is called the depth of potential well. By the potential well theory it means that we can
study the existence of the global solution and the blow-up of local solutions to equation
(5) by means of analyzing the relationship between I(x) and J(u).

Under the assumption

Y
2<p, p<2+a<oo ifN<p and p<2+a§N—p if N>p, (6)

-p
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and ug(x) € W, that is, J(uo) < d and I(up) > 0, Tsutsumi [23] showed that equation (5)
admits a global solution. While, for the case of negative initial energy J(u) < 0, the solu-
tions of equation (5) can blow up in finite time [23]. If () > 0 or I(ug) =0, 0 < J(up) < d,
Liu and Zhao [13] showed that problem (5)—(2)—(3) admits a global solution. If /() > d,
then using the comparison principle and by the variational method, the global existence
and finite time blow-up of solutions were approached by Xu in [25]. Along this way, i.e.,
by the potential well theory, Liu, Yu, and Li made a new progress in the study of the finite
time blow-up phenomena to equation (5) with the subcritical initial energy and the critical
initial energy in [12] recently. The excellent insights into the theory of blow-up of solu-
tions to parabolic equations with constant nonlinearity can be found in the monographs
[9, 14, 19]. In these monographs, instead of the energy function, the proofs of the main
results are based on the reduction of the problem to the study of a nonlinear ordinary dif-
ferential inequality for a suitably chosen function associated with the solution. It happens
so that every function satisfying such an inequality becomes unbounded in a finite time,
which yields the finite time blow-up of the corresponding weak solution.

Let us come back to the anisotropic parabolic equation (1). For its stationary case, i.e.,
if u(x, t) = u(x) satisfies the following degenerate elliptic equation:

N
0
Z a(luxi |Pf—2uxi) =M(u,x,t), p~ =2, 7
i=1 ¢

then there are many papers devoted to its multiple solutions under different conditions of
f(u,x,t), one can refer to 7, 8, 10, 17, 18] for details. Here, A > 0 is a constant. Naturally,
there have been some important results of the anisotropic parabolic equation (1) itself in

recent years. For example, if @ C {x € RN| - < x; <}, by denoting m = ||uo | 1),

p-1
m:{Mem,oo)]f<M+m><(p*—1)(%> }

and
M, =infm,

the solvability of the initial boundary value problem (1)—(3) was approached in [20] by
Starovoitov and Tersenov, provided that the function f : R — R is continuous, |[f(§)| <
f(n) for all £ and 5 such that |£| < n, and m # {. Moreover, if f is a Lipschitz continuous
function, then the solution u# € L*(Qr) N V(Qr) N C([0, T]; L*(K2)) is unique, where s €
[1,00) and V(Qr) is a Banach space; one can refer to [20] for details. At the same time, we
have noted with pleasure that the well-posedness of the initial boundary value problem of
an anisotropic parabolic equation with the exponent variables was studied by Antontsev
and Shmarev in [2, 3] and by Alkis S. Tersenov and Aris S. Tersenov in [21].

However, different from the evolution p-Laplacian equation, the fundamental solution

of the anisotropic parabolic equation

N

0
b= () <0, e, ©

i=1 g
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cannot be found in the references at our hand. So in this paper, we first discuss the local
solutions of initial boundary value problem (1)—(3) and give a fundamental solution of
equation (8), and then we pay our main attention to the blow-up phenomena of weak
solutions to equation (1).

To describe the methods used in this paper, we prefer to give more information about
the existence and nonexistence of global weak solutions to equation (4). If

1 4p-1)
E(O) ':I;/Q|Vu0|pdx—AF(uo)dx§—m/;zué(x)dx, (9)

then the weak solution may blow up in finite time, this is an innovative work by Zhao
[28] in 1993. Here and in what follows, F(u) = fou f(s) dx. After 2000, by setting the energy

function
1
E(t) = —f |Vu|pdx—/ F(u) dx,
b Ja Q
imposing the conditions
sf(s) = rF(s) > |s|", r>p>2, (10)
and
E(0) < Eq, Vol > a1, (11)

Liuand Wang [11] showed that the weak solution of problem (4)-(2)—(3) blows up in finite
time. Here, o1, E; are two constants defined as

r

o :BIW, (12)

B, is the usual Sobolev embedding constant, and

1 1\ -2 1 1
Ei=(=-=)B,""=Bj(--=)a]. (13)
p T p T

The latest progress can be found in [6] by Chung and Choi, in which f(u) satisfies the
condition

(Cp):a/()uf(s)dsfuf(u)+,3up+y, u>0

for some o, 8, >0, where 0 < 8 < ( and A, is the first eigenvalue of p-Laplacian.

0‘_17))‘1,17
»

In this paper, we give a new energy functional matching up with an anisotropic equation,
employ some different techniques to study the blow-up phenomena of weak solution to
equation (1). Since p; # p; when i # j, although we are using some ideas of [3, 11], how to
constructed a suitable functional becomes more difficult, how to obtain the corresponding
inequalities to obtain the maximum value becomes a very complicated analysis.

The paper is arranged as follows. In Sect. 2, the definition of weak solution and the main

results are given. In Sect. 3, the existence of the local solution to equation (1) is described
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and the fundamental solution to equation (8) is given. In Sect. 4, some lemmas related to
the initial energy are provided. In Sects. 4 and 5, the theorems on blow-up phenomena are

proved.

2 The main results

For simplicity, sometimes we denote that ||u,, || 17i () = ||y, ||, - - ., and so on.
Lemma 1 Ifp; is a constant, p; > 1,let 1 <r < 1\% and % =% > 1% when N —q >0, and
i

it is true for all r > 1 when ¢ > N. Then WOI";(Q) — L'(RQ) and ||ul|, < M(Hfil ||uxi||pi)%

forallue Wol’ﬁ(ﬂ), where M is a constant independent of u, p = {p;}.
This lemma can be found in [15, 22, 27], and Wol’ﬁ(Q) ={u: luylly, <ci=12,...,N,

ulae = 0}.
As [3, 11], let F(u) = [;' f(s) ds, and

inf{/ Fu)dx: ||ull, = 1} >0. (14)
Q

Then, combining Lemma 1 with (14), similar to the Sobolev embedding inequality, we can
show that

1 N N
(/ rF(u)dx> §B<l_[”uxi”pi> ) ueWol’i’(Q), (15)
2 i=1

where r € (1, %) and 1% = ]%] Zfil Pii’ and B is the optimal constant satisfying

g anp Tl lsl)™
ueWOI‘i’(Q) (fQ rE(u) dx)V'"

The weak solution is defined as follows.

Definition 2 Function u(x, £) is said to be a weak solution of problem (1)—(3) if

ueC([0,7),L2(Q) NL®Qr),  u €L*Qr),

iy, € L7(Qr) N W2 ([0, T); L*(R)),

N
// ”“"d"d”// > (It P gy + f W) dxdE =0, Vg € CH(QD),
Qr Q

T i=1

the initial value condition (2) is true in the sense

lim/ ’u(x, t) — uo(x)’ dx =0,
Q

t—0

and the boundary value condition (3) is true in the sense of trace.
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From this definition, let

N .
|24y, P
=Y | i-dx- 1)) dx.
E(t) > /Q P /Q F(u(x,t)) dx (16)

Then, obviously, we have
E(t)=~llul; <0, t=0. (17)

Now, for a given u being a solution of the initial-boundary problem (1)—(3), we define
N
A= A) = gy, A=AW) =) Al

i=1

We set the constant «; by

_opt L)Z 2(1—p+)(N—1) )2\ N"
rp+p (2+_(p)>_ (18)

% = + - B’
4 p

and define here and in what follows

B +\2\ —1 1
E - A7<<2p+ _ (1;__)> - ;>a;, (19)

By these definitions, we have the following.

Theorem 3 Let u be a solution of initial boundary value problem (1)—(3). Suppose that
f(s) in C(R) satisfies (14)—(15),

2(1—P+)(N—1) +3)2 N’
(Zp" - ®") )— >1, (20)

p+ P Br

+12

20~ -p*>0, r>2p" - Q, (21)

p

and there exist positive constants o, r, and oy such that oy > o1, and
s|” < orF(s) <sf(s), l<p <p'<r, (22)
a P\

UV—p+—F<W—7)a—£>O. (23)

If the initial energy satisfies
E(O) < El,

as well as

N
> letow,llp; > ecr,
i=1

then the solution u(x, t) of problem (1)—(3) blows up in finite time.
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Here, condition (20) assures that «; > 1.
If ; < 1, then we define

B /1 1
PRLAE) o9
N"\p* r

and let 19 be a constant satisfying

—_pt ot . Nr
ajf =207 1>§. (25)
Theorem 4 Let u be a solution of initial boundary value problem (1)—(3). Suppose that
f(s) in C(R) satisfies (14)—(15), and there exist positive constants o, r, and oy such that
a0 > (g, inequality (22) is true. If

1 1\ of
or-p* —p*r(i - —>a—i0 >0, (26)
2pt—p. 1)y
p+
erax{p+<2—E),p+}, (27)
B /1 1
v(o-7)=t 8)
N'\pt r

and the initial energy satisfies

1 . 1
_+2(1—p JN-1) _ G B <E(0)<E,, @9)
P r

as well as

N
> " lttox,llp, > o110,
i=1

then the solution u(x, t) of problem (1)—(3) blows up in finite time.

Here, condition (28) assures that o; < 1. Also, one can see that condition (21) is in op-
position to condition (27).

In fact, besides conditions (10) and (11), by setting (12)(13), Liu and Wang showed that
the solution u(x, ) of equation (4) blows up in finite time [11].

One can see that if p* = p~ and o = 1, then the growth order condition (22) is just the
same as (13). However, in our paper, o can be less than 1. So our paper improves the results
of [11]. Actually, the blow-up phenomena shown in [13, 16, 19, 24, 25, 28] also arise in the
anisotropic equation (1). If the readers are interested in these problems, to generalize the
results in [13, 16, 19, 24, 25, 28], they will find that the complexity mainly reflects in the
index relationships just like our theorems obtained in this paper.

3 The fundamental solution and the existence of weak solution

About two years ago, my graduate student Miss Yang first constructed the fundamental
solution of equation (8) in her master thesis [26]. Since it has not been published in any
magazine, we extract a part of [26] here.

Page 7 of 19
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Proposition 5 There is a fundamental solution of equation (8).

Proof Let us choose

i-1

N 1 |x<—x9| 1% ii‘z
d>f,a(x,t,xo,to):21<is‘Ai(t>{a—[ T } } :

i=1 S (t) *

Here, T and « are any given nonnegative constants, x = (x1, %, ..
x%) € R, to >0, and

Lan) € 2,40 = (19,49,

S@E) =t +(E-1to),

—
—

Pi—

i —2\72i2 (1 i—2
a=(50)T G
i A
A =2(p; - 1).
We have
9P al | Iy — 0| 7T | 2
< f sl [
ot s S (2) .
N 50 pfil pi2 7t —x9 Pfil
> —Lkis 1(t){ —[lx‘lx‘] } ('xt xl|>
o Mipi—2 S (£) . S (£)
(30)
N i — 20| 7T | 52
netole [521°)
i=1 S%i(¢) +
N — 0BT ) B [ g — 20\ BT
3G M_l(t){a—[mlx"} } (—'xl x') :
i-1 S () + S*i (t)
where
pi-1 ri-1
i —2\7i2 (1 i—2
HF(” )p ()"
Pi )"l

1
- 72/ 1\ r—2
pi }Li

Moreover, we have

i—1

p, P27
0P _ A(t){ [le xl] }
axi p S*i (t) n

<|x; - xol) T (i -a?)
X 1
S%(2) |x; — x91S% (2)

pi -2 |x-—xQ| P ) |x; — 9| T (x; — )
-2 siwd Je Nt/ el

ST

Page 8 of 19
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Then
i GG S T
0X; 0x; ox;
i=1
N pi _ pi-1
d 1  —x0| 71 ) pi2
=—Z—{His 1(t){a—["‘ 1’“'] } (xi—x?)}
o O S H(t) +
N 1 .40 ,% ﬁé:;
=—ZHi5‘M‘1(t){a— [—'x‘l x"] }
i=1 S (t) +
N 072 Zi5-1
i i i — X | |pit1 | pi2
P H P s l(t){a— ['x : xl'} } (31)
o pi—2 S (t) +
Ixi —x?| I%_l (xi —x? 2
“\ L T
§%i() i = 17171 (1)
N 01752 \ 45
_1_ i — x| |71 | Pi2
- S HsH l(t){oz—[lx : xl'] }
i=1 S () +
N 01725 Y 7 0\ 2
e P — X pi-1 | pi-2 i — X pi-1
+ZG,-S hi l(t){a—[|xlx’|j| } (|x1x1|> .
i=1 S*i(¢) + S*i(¢)
At last, by combining (30) with (31), we have
0D, i 3 (|0 [P20D,, )
ar — dx; \| 0x; ax ) 5

Remark 6 1If (x,ty) = (0,0), then @, ,(x,£,0,0) is the solution of equation (32) with the

initial value condition
cD‘E,ot (x) 01 O) O) = M5(x),

where §(x) is the Dirac function and M = || ® (-, £,0,0)||; gv. Moreover, by choosing two
suitable constants 71, a7 such that M = 1, the corresponding &, o, (%, £,0,0) is the funda-

mental solution of equation (32).

Now, consider the regularization equation

N 3 Pi;z
w2 g () ") eh0 Goean (33)

with the initial boundary value conditions

ulx,t)=0, xe€dQx(0,7), (34)

u(x,0) = ugy(x), x€, (35)
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where f, € CH(R), |f.| <f.f: — f uniformly on bounded subsets of [a, b], and |f ()| < g(u);
ug, € C§°(R2) and || ug,ll o) < lluollzoo@)s 140, l7i @) < llttox, || 12i (), and

Ugn(x) = up(x), in W()l'p+(Q).

By a similar method as that in [28] and using the classical weakly convergent method, we
can prove the following existence theorem.

Theorem 7 Let f(s) € C(R) and there exist a function g(s) € C*(R) such that |f(s)| < g(s),
p~ > 2,and ug(x) € WOI";(Q) NL*(RQ2). Then the initial boundary value problem (1)—(3) has
a solution u € L*°(Qr,), where Ty is a small positive constant. If f(s) is a Lipschitz function,
then the local solution is unique.

For simplicity of the paper, we omit the details of the proof here.

4 Proof of Theorem 3
By the mathematical induction, we easily show the following inequality:

(Bu+ Bat -+ ) <207 VND(BF 4 Py BR), (36)

wherep>1,8;>0,i=1,2,...,N,N > 2.
Now, we define two functions g; : [0,00) — R, i=1,2, by

1 _@H? 1
_ 1-p")(N-1) 20" -5 ror
&ila)=—2 o - Bl

and

arla) = 20Dt _ L pror
pt N'r

Let o; be defined by (18). One can see that, when « < a1, then g («) > 0. While « > oy,
g1(x) < 0. Accordingly, we have

Ei =gi(0q) = max gy (o). (37)
At the same time, let a1y be defined as (25), i.e.,

+ N"
r=p 1-p*)(N-1
ol =20 )B"

One can see that when « < ajg, g3() > 0; while & > o1, g () < 0. According to (26), we
have

B /1 1
Ey = go(on0) = max g (@) = N (I; - ;) (38)

Since %(Zp" - %,)2) <1, we know that the inequality

+12
r=2p*+ (pp) r-p
o =y

+
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is always true. By (20)

91-p")N-1) (217* (p+)2)N’

- > 1
pt p- Br

we have a; > 1. Now, we define

olw), a<l,
gla) =
gl(a): a > 1.

Then g() is a continuous function on [0, c0) and has the following properties:
(1) Itis a differential function except at the point & = 1;
(2) Itisincreasing for 0 < « < a; decreasing for @ > as;
(3) gla) > —o0 as @ — +00;
(4) glen) = Er = maxg(@).

Lemma 8 Ifu(x,t) is a solution of problem (1)—(3), regarding g(A) as a composite function

of variable t, we have
E(t) = g(A). (39)

Proof By (14), (15), and (36), when A > 1, we have

r

N 5
|2ty [P
E(t) > ——dx - —B’ ll2tx; 11 p;
i-1 Q PDi 1_[ pi
N
1 + Al‘ r
z A Z( [,_> ——B (1"[ ||ux,||p,)
i=1 “APi
N + N
1 . A\ .
> —+Ap Z( I ) --B (1_[ ”ux,”pl)
p i=1 “APi i=1
N r* N r
> iz(lpr’)(N*l)Af (Z Ai) _ 1 Br(ZAi) (40)
p i=1 AP~ N'r i=1
1 )2 N r* 1 N r
— 2 AP Al -—PB A;
Q- 28 1 g,
p N'r
=g1(A)
= g(a).
When
N
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A;<1, i=12,...,N.

By (14), (15), and (36), we have
it ¥
Z f ol g 1 (H ™ ||p,)

LN 1 N N
> — |ty e = =B ] ] Nt
p* 121:/9 X r [1[ % 1l p,

1 X [ [P 1 (& g
> — i AVidx - ~B 2t |l p:
= p+ ;./Q Az i r !:1[ Xi 1 pi
(Z 24, ||p,)

1 ¢ (41)
zZ Z ”sz ”pl - ( |uxl ||pl)

1 N '
B; (Z sy ||pi)
NT i=1

1 N p* N r
= — 207N (Zm) - (Z s ||pi<x>)
i i=1

- a1 gy
pt N'r
g

Combining (40) with (41), we obtain inequality (39). Here and in what follows, we use the
denotation g(«) to replace g(A) if we regard g(«) is a function defined on « € [0, +00). [

Lemma 9 Suppose that u(x,t) is a solution of problem (1)-(3), the initial value satisfying
E(0) < Eq,aswellas ZL |40, | i) > 1. Then, for any t > 0, there exists a positive constant

oy, Qy > Such that

N
Z ”uxl ”p,‘ > o, vt = 01 (42)
i=1
and
1/r
(N’/ F(u )dx) > Basy. (43)
Q

Proof As we have said before, the function g(«) gets the maximum value at «;, moreover,
g(oq) = E;. Since E(0) < Ej, then there is o > 07 such that g(a;) = E(0).
Let ag = Zf\il |0, l| ;- Then, by (39), we possess g(ao) < E(0) = g(a2), and s0 atp > ar3.
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Next, inequality (42) can be proved by contradiction. If there is f > 0 such that
Zﬁl ll22x, (-, £0) |l p; < 02, then according to the continuity of Zﬁl ll2£x, (-, )1l 5;» we can choose

appropriate £, such that Zf\il ll22x; (-, 20) I p; > t1. On the premise of (39), we have

E(to) >g(Z||Mx,( L‘o)“ ) g(aa) = E£(0).

i=1

This contradicts the decreasing function E(¢). So we have (42).

Again, as (39) shows, when A > 1, we have

»f(zl+

Z/ |ty [P dxx > —2“-1’ DA%

Now, since (42), we know A > a5 > o3 > 1. Then the definition of E(¢) (16) yields

N
1
/F(u)dx: E /—|uxi|pidx—E(t)
& i1 e Pi

> Louerin 42055 _ )
p (44)
1 . ot @D
> — 20 -0 P g(ay)
p
1 r_r
= Nr aj.
So (43) is true. O
Lemma 10 Let
Hi(t)=E,-E(), Vt=O0. (45)
Then there holds
0< Hi1(0) <H1(t) < / F(u)dx, Vt=>O0. (46)
Q

Proof Since E'(t) <0, t > 0, we have H;(t) = —E'(¢) > 0, and
Hl(t)zHl(O)ZEl—E(O)>0, VtzO.

At the same time, by (16), we know

N
1
Hy(t)=E, - E /—|ux,.|1”'dx+/F(u)dx,
L JePi Q
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and from Lemma 9, there holds

N1
El— /—|ui|pidx
; Q Pi *

<E;—glo)

1
<Ei-glon)= —WC;“{

<0.

Thus,

Hl(t)ng(u)dx, t>0.
Q

(47)
O
By these lemmas, we are able to prove Theorem 3.
Proof of Theorem 3 Let
1 2
G@t)== | u*(x,t)dx. (48)
2Jq

By (16), (45), and (46), equation (1) yields

G’(t):/ uu, dx
Q
N
), [Z o (") 1 “‘)} "

N
=/Quf(u)dx—/9i=21|uxi|pidx (49)
S un
=/Quf(u>dx—;/gpi i ds

z/Quf(u)dx—p*/S;F(u)dx+p+H1(t)—p+E1.

Then, since (18)

r—2p++%_)2_2(1_17+)(1\[—1) ot (p+)2 N’
e G

by the definition of E; (19), E; = g(o1), and Lemma 9, we have

B . (p+)2 -1 1 .
p*E1=p*N,(<2p T - )

Page 14 of 19
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. p- 1\ B" .

p|——-- )= 50

p<2p*p‘—(p*)2 r>N’a1 G0
B .o

+ p 1
= - - o
p 2ptp~ —(p*)? r /)N’ 20{5

p'p p*)ai /
<rl————-—)— [ F(u)dx.
(219*10‘ -p)? r)ayJg

Then, by combining (23)(22), (49) with (50), we have

' + r'pr AR Yl .
G(t)Z(Sr—p —r(W—7>a—%>/QF(u)dx+p Hl(t)

(51)
> C*/ F(u) dx,
Q

P _pY
(2p+p—,(p+)2 r )015 > 0.

Moreover, we need to make an estimate of G''2(t). By inequality (22) and the Holder

where C* =§r—p* —r

inequality, we can obtain

1 r/z r r—. r =
G2(¢) = (5/ uz(x,t)dx> <27|QT |lull < 25|97 f Flu) dx. (52)
Q Q
Combining formulas (51) and (52), we have
G'(t) = nG™ (1), (53)

where n = C*/(r272 |Q|%).
By integrating (53) over [0, £], we have

1

G () > . 54
= G-2(0) — (r/2 - 1)nt (54)
Accordingly, G blows up at the time of £* < G"'271(0)/[(r/2 - 1)n]. O
5 Proof of Theorem 4
In this section, we use a similar method to prove Theorem 4.
+12
Since [%(Zp* - (’;—,)) <1, by assumptions (27) and (28), we know
r—2p*t+ (pt)z rep* B’ 1 1
o o< O‘lop = _(_ - _) <1 (55)
N'\p* r
and so
o] > 1, 10 < 1.
Lemma 8 yields
E@t) > g(A), tel0,T), (56)

is still true. Now, the function g(«) has the following properties.
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(1) When « € [0,a10], g(r) = g2(e) is increasing; when o € [a19, 1], g(ar) = go(e) is
decreasing.

(2) When « € [1,a1], g(@) = g1(@) is increasing; when « € [a1, +00), g(ar) = go(w) is
decreasing.

(3) gla) > —o0 as @ — +00;

(4) g(a10) = glao) = Ex = maxg(a) > glen) = g1(a1) = Er.

Since (29),

1 + 1
g(1) = —20PIWN-D _ __p" ¢ F(0) < E,,
pt N'r

by the above properties of g(«), there are two points 8; < 1, i = 1,2, such that g(8;) = £(0).
We now choose the larger one and denote it as ay, i.e., then there is 1 > oy > 19 such
that g(a0) = £(0).
Let g = Zf\il |04, Il ;- Then, by Lemma 8, we possess g(ao) = g(A(0)) < E(0) = g(ero).
By these facts, similar as Lemma 9, we can show the following lemma, and we omit the
details.

Lemma 11 Suppose that u(x,t) is a solution of problem (1)—(3), and the initial value sat-

isfies (29) as well as Zf\il |0, || pi(x) > t10. Then, for any t > 0, we have

N
D ekl = 20 (57)
i=1

and

1/r
(N’/ rF(u) dx) > Bayy. (58)
Q

Now, let us introduce the following function:
Hy(t) =E, - E(t), Vt>0. (59)
Similar as Lemma 10, we have the following.

Lemma 12 H(t) satisfies
0< Hy(0) < Hy(t) < / F(u)dx, Vt>0. (60)
Q

After these preparations, we can give the proof of Theorem 4.

Proof of Theorem 4 Let

G(t) = %/Quz(x, t) dx. (61)
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Then, from (60) and (61), we have

G’(t):/ uu, dx
Q
N

- /Q u|:Z %qui Py, +f(u):| dx

i=1 ¢

N
:/Quf(u)dx—/SZ;|uxi|pidx (62)

N |t [P
= | uf(u)dx - f i dx
/sz 4 ; szp bi
2/ uf(u)dx—p*/F(u)dx+p+H2(t)—p+E2.
Q Q
Moreover, since (26)

T
r-p* 1-pv-n N
" =202 )F

’

by (22) and Lemma 11, we have

pTE,=p* iz(l—p*)(N—l)AP+ — LBVAF
pt N'r

1 1\B
=p(=-2)=a, (63)
p+ r NY’

1 1 r
SPW(———)“—iO/F(u)dx.
pt r)ay Jo

Thus, by conditions (22),(26) and using (62) and (63), we can obtain

1 1 r
G(t) 2p+r<— - —) a—io / F(u)dx + p* Hy(¢)
pt r)ay Jo 64)

zC*/F(u)dx,
Q

ar
where C* :p*r(}% - %)ﬁ > 0.

Once more, we want to give an estimate of G"2(¢). By inequality (22) and the Holder
inequality, we can extrapolate that

1 2 P P
G'(t) = (5[ uz(x,t)dx> <2771Q'T ul < r275Q'T / F(u)dx. (65)
Q Q
By (64) and (65), we have
G'(t) = nG"(1), (66)

where 5 = C*/(r2-2|Q| 7).
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By integrating (66) over [0, £], we have

1
Gr/2—1 £ > ,
= G2(0) — (r/2 - 1)nt
which implies that G blows up at the time of £* < G"'>71(0)/[(r/2 — 1)n]. a
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