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1 Introduction
Let Q be a regular domain in R? occupied by a homogeneous isotropic linear elastic mate-

rials. The elastic displacement vector w in Q2 satisfies the following linear elasticity system:

—divoe(w)=F ing,
w=Uy, onl,, (1.1)

w=0 onl’;,

where

— o (w) = (03j(W))1<ij<a is the stress tensor,

F is the gravitational force,

U, is a given boundary data measured or imposed on the accessible part I', of the
boundary 9€2,

— TI'; is a non-accessible part of 92, such that 92 =T, UT;, T, NT[; =@ and
meas(I",) #O0.
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The stress tensor is given by the Hooke law:

d

oij(w) = 2pe;(w) + A Zekk(W), 1<ij<d,
k=1

where
— &;j is the Kronecker symbol,

— e(w) = (e;j(W))1<ij<a is the strain tensor given by

1/0w; Ow;
eii(W)=_< W+ Y

) 1<"‘<d’
2 ) Sh=

ij Bxi
— p and X are the Lamé coefficients given by

_E . Ev
T 2(1+v) T 1+v)(Q-2v)

u

with E is the Young modulus, and v is the Poisson ratio.
We suppose that the elastic medium 2 contains a finite number of well-separated rigid
inclusions Z;, i = 1,..., m, not close to the boundary d€2. In this work, we assume that each
inclusion Z; is characterized by its center &; € Q, size p; > 0, and its shape Z; with Z; C R3,
which are fixed bounded and smooth domains containing the origin. In other word, the
inclusion Z; can be defined as Z; = &; + p,Z;, i = 1,...,m.
The problem that we consider can be formulated as follows:
+ Given two boundaries data on the boundary I',;: a measured displacement ¢; and an
imposed force g.
+ Find the unknown inclusion Z = | J!"; Z; CC €, such that the displacement field w7 in
the presence of inclusion satisfies the following overdetermined elasticity problem [1]

—dive(wz)=F inQ\Z,

wz =Uy onT,

oclwrn=g onT, (1.2)
wz =0 onl’,

wrz=0 on 0Z,

where n denotes the outward normal to the boundary I',,.
In this formulation, the elastic domain ©\Z is unknown since the inclusion geometry 7 is
unknown. It is well known that this kind of problem is ill-posed in the sense of Hadamard
[2]. The majority of investigation focusing on this type of problems fall into the category
of shape optimization and utilize the shape derivation techniques [3, 4].

In this work, we suggest a new formulation for solving the above inverse problem based
on the reciprocity gap concept [5-7] and the topological sensitivity analysis method [8—
15].

More precisely, let Z; , = £ + pZ be an unknown inclusion, strictly embedded inside the
elastic medium 2. The reciprocity gap functional is a scalar quantity describing the elastic
material response to an imposed force on the boundary 9€2. Related to the presence of the
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inclusion Z¢ ,, this function is defined by

Re,p:  H' (Q) — R

(1.3)
Re,p(u) = / o(u)nw, ds —/ o(w,)nuds,
o) Ele)
where w, is the solution of the elasticity system in the perforated domain Q\Z ,:

—divo(w,) = F in Q\Zg,
w, =U, on Iy,

= “ (1.4)
w, =0 onT',
w,=0 on 0Z¢ .

In the absence of any inclusions, the reciprocity gap functional is denoted by R and de-
fined by:

Ro(u) = / o(u)nwyds — / o (wo)nu ds,
IR aQ
where wj is the solution to the elasticity problem in the entire domain

—divo(wg) =F ing,
wo =Uy onl,, (1.5)

wo=0 onl;.

Our goal is to establish a relation between the boundary data and the unknown parameters
characterizing the inclusion Z¢ ,. To this end, we will develop a higher-order asymptotic
formula connecting the known boundary data and the unknown inclusion parameters; the
location &, the size p, and the shape 7 [16].

This article is organized as follows: Sect. 2 deals with some technical results. A prelim-
inary estimate describing the variation of the reciprocity gap functional with respect to
the presence of an inclusion Z = £ + pZ inside the domain 2 is presented in Proposition
2.1. To derive the expected formula, we start our analysis by studying the influence of
the presence of the inclusion on the elastic displacement vector. In Sect. 3, we calculate a
higher-order asymptotic expansion of the perturbed displacement vector w, with respect
to the inclusion size p. In Sect. 4, we derive a boundary asymptotic formula of high order
for the reciprocity gap functional.

2 Preliminary results

We begin this study by the presentation of some technical results.

2.1 Variation of R¢ ,
We consider the subspace

V={ueH" (Q)divo(u) =0in Q}.
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The restriction of the reciprocity gap functional R¢,, to the subspace V leads to the fol-
lowing estimate.

Proposition 2.1 On V, the variation of R reads

Rep() = Rolu) = /

o(w, —wo)nuds —/ o (u) : e(wo) dx. (2.1)
aTe

Zep

Proof Since divo (1) = 0 in Q\Z; ,, and w, = 0 on 3Z; ,. By Green’s formula, one can check

/ _a(u):e(wp)dx:/ o(u)nw, ds.
Q\Z,p

aIQ

The weak variational formulation of (1.4) implies

/ a(wp):e(u)dx:/ a(wp)nuds+/ a(wp)nuds+/ Fu.
2AV2N a0 0T p Q\Zg

From the fact fﬂ\m o(w,):e(u)dx = fﬂ\m o (u) : e(w,) dx, it follows

Re,p (1) =/ a(wp)nuds+/ ~ Fudx VueV. (2.2)
f)l'g‘p Q\Ig,p
Similarly,

/a(u):e(wo)dxzf o(unwods, YueV,
Q

aQ
/a(wo):e(u)dx:/ a(wo)nuds+/]-'udx.
Q aQ Q
Then,
Ro(u):/]:udx, Yuel. (2.3)
Q

From (2.2) and (2.3), we deduce

Rep(tr) — Ro(u) = / o(w,)nuds — Fudx.
3L p Zep

Using the fact that —divo (wp) = F in Z¢ ,, one can derive

Rep () = Rolu) = /

o(w, —wo)nuds —/ o(wo) :e(u)dx, VYuel. 0
31&-,/)

Ze,p

2.2 Green’s function and related sub-space
Let G be the fundamental solution of the linear elasticity equation in R3, which is given
by:

GO) = (81 +ve,"), 24)
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where [ is the 3 x 3 identity matrix, r = ||y||, e, = y/r, e, is the transposed vector of e, and

A+3u A+

Pesmnorzn T smaGaon

The jth column G; of G satisfies the equation
—divo(Gj) =de¢; in R3,

with (ej)f:1 is the canonical basis of R, and § is the Dirac distribution.
To make relation (2.1) more explicit, we consider the following sub-space of V, defined
by the restriction of the functions G}, (x) = G/(x — 1), n € R®\Q to the domain Q:

V} = {x = G](x_ 77)\9,77 € Rg\ﬁ}'

For each 1 < < 3, we denote by R o the reciprocity gap function associated with the
sub-space V. Identifying each function x > G/(x — n)q with its parameter 7, then R]gy o
can be represented as:

R]é,p(n) = / o (Gj(x - n))nwp ds(x) — / a(wp)nGj(x —n)dsx), VneR:\Q.
a0 Q

)

From Proposition 2.1, one can deduce the following corollary.

Corollary 2.2 Foreach 1 <j < 3, the function R’E , verifies
R, () = Ro(n)

= / o(w, - wo)nG (x — n) ds — / ax(Gj(x - n)) ce(wo)dx, VneR3)\Q.
0Z¢ Ze,p

Next, we will derive a higher-order asymptotic formula, connecting the known bound-
ary data and the unknown inclusion parameters. The proposed approach is based on a
topological sensitivity analysis for the elasticity operator with respect to the presence of

geometric perturbations. To this end, we need some technical results.

2.3 Technical results
Let p > 0, for a function u defined on a given bounded open domain w C R3, we define the

function # on @ := w/p by:
uly) =ulx), y=x/p.
We have the following relations:
o =0 Plilhe  llow = 0*lillos. (2.5)

Let » > 0 be such that the closed ball B(&, r) is included in €2, and E C B(&,r). We denote
by I', the boundary of B(§,7), and we define the domains

Q,=Q\BE,r), D:p=BEr\T, and Q,=\T,.
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Lemma 2.3 Let h € HY?(3T)® and w be the solution to the following elasticity exterior
problem:

—divo(w)=0 inR3>\Z,
w—0 at oo,

w=h on L.
Then, there exists a constant c > 0, independent of h and p, such that

Iwllop; ,ip < co™ Pkl 0z,
Wlog, /o < cp™ 2 hlh2az,
Wi, 10 < cllhllij2,z,
WlLe,e <o hlly20z.

Lemma 2.4 Let p > 0 such that T;, C B(£,r). For a given g € HY*(T')%, and h €
HY(B(&,7))3, let u, be the solution to the elasticity system

—divo(u,) =0 in ),
U,=g onT,

u,=nh on 91 ,.

Then, there exists a constant c > 0 (independent of g, h, and p), and p1 > 0 such that for all
0< p < p1, we have:

luplie, < c(Iglhmr + o] hE +p2)|1)557),
luollone, <c(lghar +o|hE + oD, 7)s

luol1pe, < c(lglhar +p"?||1(E + py) ||1/2,31)'

Remark 2.5 For the proofs of Lemma 2.3 and Lemma 2.4, one can consult [14], where
similar results have been proved for the Stokes problem [17]. The well-posedness of the
exterior elasticity problem and the integral representation of its solution are discussed in
[18,19].

3 Asymptotic expansion
We derive an asymptotic formula for the elastic displacement vector with respect to the
presence of an inclusion Z¢ , inside the domain Q.

3.1 First-order estimate
We derive a preliminary estimate describing the influence of the created inclusion Z; , on
the displacement field w,,.

Proposition 3.1 Let Z; , be an inclusion of size p strictly embedded into Q. Then, the
perturbed elastic displacement vector w, satisfies that there exists a constant ¢ > 0, inde-
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pendent of p, such that
”Wp(x) - wolx) — EO((x - S)/p)}Hl(Q\E) =cp,

where Ey is the leading term of the displacement field variation w, — wy, defined as the
solution to the elasticity exterior problem:

—dive(Eg) =0 inR3\Z,
Ey—0 at oo (3.1)
Eq=-wp(&) on dZ.

Proof Setting
Zep(%) = wp(x) = wo(x) — Eo((x = §)/p), Vxe Q\I,.
From (1.4), (1.5), and (3.1), one can check that z, satisfies

—dive(Zs,) =0 in Q\E’
Zg,=—Eo((x-€)/p) onT,
Zep=-wo+wo(§)  ondZ,.

Using Lemma 2.4, one can justify that there exists a constant ¢ > 0, independent of p, such
that

|Zéyp|1,§z\ﬂ = C{ HEO«x - E)/p) H et '01/2””’0(5 +py) - wo(£) ” 1/2,81} (3.2)
Since divo (Eo((x — §)/p)) = 0 in 2,, by trace theorem [20]

[Eo((x=8)10) | = [ Eo((x=6)10) |,
Using the change of variable: x = & + py, and (2.5):

IEo(Ge-£/0)] g, < VEole= )y, + [En(=£00)],

<p*? ”EO(J’) ”o,sz,/p + 'OI/Z‘EOO’”LQW)‘
Then, by Lemma 2.3, we obtain:
”EO (x-8)/p) ”1/2,r =cp.

Expanding wo(€ + py) = wo(€) + pVwo(xs),x: € I », and using the fact that Vwy is uni-
formly bounded, the third term in (3.2) may be approximated as:

[wo(& + py) = wo (&) 5,57 < cP-
Finally, the combination of the above approximations implies the desired estimate

lIwo (%) = wo(®) = Eo((x ~ £)/ )} 7)< cp- O



Abdelwahed et al. Boundary Value Problems (2023) 2023:101 Page 8 of 16

Corollary 3.2 The perturbed displacement vector w, admits the estimate
w, (%) = wo(x) + Eo((x - §)/p) + O(p)  in Q\T¢,,

3.2 Higher-order expansion
Here, we will give a generalization of the previous estimate to the higher-order case. The
obtained asymptotic behavior is illustrated by the following theorem.

Theorem 3.3 Let1: , = &€ + pI bea given inclusion, strictly embedded in the elastic domain
2. Then, the perturbed displacement vector w, admits the following asymptotic behavior

K
wo(®) =Y p"[Cul®) + Eu((x = £)/p))] + O(p**")  in Q\Te,, (3.3)
n=0

where:
— K € N* is an arbitrary chosen integer, denoting the asymptotic order,
— {Co, Cy,...,Cx} are smooth vector functions, representing the corrected terms. Each
vector function C; satisfies an auxiliary elasticity problem in €,
— {Eo,E1,...,Ex} are smooth functions, solutions to a sequence of exterior elasticity
problems in R\ T.

Proof To construct the terms (C,)o<,<x and (E,)o<us<x of the expected asymptotic expan-
sion, we use an iterative process: Starting from the fact that Cy = wy (see (1.5)), and Ej is
the solution to (3.1).

o The terms C; and E;:

With the help of a single-layer potential on the boundary 9Z, the solution E; can be
defined as (see [18]):

Eo(y) = / G(y-2)So(z)ds(z), VyeR*\T,
0T
where:
— G is the elasticity fundamental solution, defined in (2.4),

— the function Sy € H™2(3Z) is the associated density, defined as the solution to the
following boundary integral equation

/ Gy —2)So(2)ds(z) = —wp(§), Vye L.
3T
As one can observe, for each x € R® \ Z; ,, we have

Eol(s-£/0) = [ Glx=8)p-2)Sa)dsta),

0L

=pf G((x - &) — pz)So(2) ds(z).
0T

Since the inclusion Z; , is not close to the boundary 9<2, one can check that for all z € 9Z,
the function

Dpiz:pr> Pugo(p) = pG((x—&) - pz)
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is smooth with respect to p and admits the following asymptotic expansion

K m
0
cbx—é,z(p) = Z %cbgf;,z(o) + O(pK)’
m=1 :

where &) (0) is the mth derivative of ®,_;, at p = 0. It depends on the mth derivative

x—£,z
of Green’s function G at the point x — &.

Consequently, the function x > Eo((x—z)/¢) satisfies the following asymptotic behavior:

K
Eo((x=2)Ip) =Y p"ES" (x— &) + 0(p"), (34)
m=1

with E" is the smooth function defined in R? \ Z by:

1 —
B - g) = — / o) (0So(2)ds(z), VxeR*\T. (3.5)
m: Ja1 7
Exploiting the developed asymptotic analysis for the function Ey, we choose the terms C;
and E; as follows:
— C; depends on E,, defined as the solution to the following auxiliary elasticity problem:

—dive(C;)=0 in €,
C = —E(()l)(x— &) onT,

with E(()I) is defined by (3.5), when m = 1.
— E; depends on Cy and Cj. It is chosen as the solution to the following exterior
elasticity problem:

—dive(E;)) =0 inR3\ Z,
Ei—0 at oo,

E; =-Ci(§)-DCo(&)(y) ondZ,

where DCy(z) is the derivative of the function Cj at the point &.
e The terms C,, and E,,, n > 2:
Assume that we have already obtained the terms {C;, E;,forall 1 <i < n — 1}, and we
want to construct the terms C,, and E,,.
Due to a single-layer potential [18], for each i € {1,2,...,n — 1}, the term E; can be ex-

pressed as
Ei(y) = / G(y-2)Si(2)ds(z), VyeR3\Z,
9T
with S; € H™12(d7Z) is the corresponding density, defined as the solution to a given bound-

ary integral equation.
Using (3.4), the function x — E;((x — z)/¢) reads

K
E(x-2)lp) =) p"E"(x—£)+0(p"), (3.6)
m=1
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with E" is given by

1 _
EMx—g)= L f o) (0Si(z)ds(2), VxeR*\T. (37)
m! 0T ’
Generalizing the technique that we used for deriving the terms C; and Ej, the terms C,
and E, are obtained as follows:
— The tern C, is constructed with the help of the terms Ey, Ej,..., and E,_;. It is chosen

as the solution to the following auxiliary elasticity problem:

—dive(C,) =0 in Q,
(3.8)
Cy=- Z:’n:lEfK%(x -&) onT,
with E is given by (3.7).
— The term E,, is constructed with the help of the corrected terms Cy, Cj...., and C,. It
is defined as the solution to the following exterior elasticity problem:

—dive(E,) =0 inR3\Z,
E,—0 at 0o, (3.9)
Ey=-Cu@) =Y 1 ZD"Coo(&)(y™) on dZ.

Here, D C;(§) denotes the derivation of order m of the function C; at the point & and
Y= 0rep) € R

e Justification of the developed expansion:

The last step of this proof is devoted to justifying that the constructed terms {C;, E;, 1 <

i < K} gives the expected asymptotic behavior. Posing:
K _
ZE,®) =Y p"[Cal®) + Eu((x = £)/p))] (%), x€Q\Te,. (3.10)

n=0

Our aim is to prove that

From (1.4), (1.5), (3.9), and (3.8), it follows that
—divo(Zf,) =0 inQ\Z,.

The boundary conditions satisfied by the vector function Zg , are defined as follows:

— On the boundary 9Z; ,: Exploiting the equations (3.8)-(3.9), the multi-linearity of

D"C,_u (&), Taylor’s Theorem, and the fact that ||x — &|| = O(p) on 3Z¢ ,,, one can
establish

K K-n
ZE () = an [Cn(x) - Z %D"“Cn(&)((x _ g)”’):| - O(pK*).
m=0 "

n=0
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— On the boundary I': Making use of the prescribed Dirichlet condition in (3.8), the

system (3.9), and the approximation (3.4), one can derive

K-1 K-n
ZE (%) = p"Ex((x - £)/p) Zp [ (x—£€)/p) Zp’”E - 5}
:O(,OKJrl). 0

4 Boundary formula for the reciprocity gap functional
This section deals with a boundary asymptotic formula representing the reciprocity gap
functional variation with respect to the perforation of an inclusion Z¢ , inside the elastic
medium .

It is established in Corollary 2.2 that forall 1 <j <3,

Rl ,(n) - Ry(n)

= / o(w, - wo)nG(x — n) ds — / ax(Gi(x - n)) ce(wo)dx, VneR3)\Q.
0Z¢,p Ze,p

Exploiting the derived higher-order expansion in Theorem 3.3, the variation w, — w reads:

K K
wo®) —wo(®) = Y p"Eu((x=€)Ip)) + Y p"Cal@) + 0(p¥) in T,

Then, R’%’p(n) - ’R{)(n) can be rewritten as:

K
RL) =Ry = 30" [ oulE((x-£)/0)In6 - s
n=0

BIEJ,
K
+ Zp”/ o (C,)nG (x - n)ds (4-1)
n=1 0Z¢,p

- /I ax(Gj(x - n)) ce(wp) dx + o(pK).
€

)

Aiming to derive the expected formula for the reciprocity gap functional R/E ,» We start

our analysis by estimating the integral terms in (4.1).

4.1 Preliminary calculus
We will establish an estimate for each term in the right-hand side of (4.1). The following
lemma treat the first integral term.

Lemma 4.1 The first term in (4.1) satisfies the expansion:

K-1

Zp [ ol €00) s st - D r ) o)

IE/J
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where & > y,;f';(g), 1 <n <K are defined by:

,71(5>—Z / [0y (En-m) 0] [VG (& =) (y™) ] ds(y), VE €Q,

with V" G/ (z) is the mth derivation of G’ at the point z.

Proof By the change of variable x = £ + py,
| olEs- 216 st = | o ENIWGE — 1+ p3)ds)
Z¢ LA

Since n € R*\Q and Z; , C 2, the function y > G/(£ - + py) is C* in the neighborhood
of & — n. One can derive:

1<1m

GE-n+py)=GE-n) +Z VG E -m (") +o(p")
m= 1
K1 o '
= ; %V(”’)G’(E - n)(y"’) + o(pK).

It follows:

/a (B3 £)/0))G - 1) o)
&0

m+1

- Z pm| /;I Uy(En)()’)n(y)[V(m)Gi(é" - n)(y’”)] ds(y) + o(pK).
m=0 :

Therefore,

o [ ol )G - st
0 ¢

P
K-1
n=0

Lemma 4.2 The second term in (4.1) verifies the expansion:

iy L | ROV G - M) o).

mO

K-3

Zp / C,)nG (x —n)ds x)—Z,OVHSZ”] (£) +0(p"),
IEP n=0
where the leading terms & +— Z;’”é(é ), 1 <n < K are defined by:

@)—sz.(q 1 f M, O[T G (€ - n) ()] ds),

g=0 m=0

with M (£)(y) is the matrix [MJ(€)0)] = (V[0 (C)is(€) ™)1 <ig<3-
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Proof Changing the variable x by & + py,
| oConG - mdst) = 57 [ oC)E + pynG s+ o) st
0Z¢ LA

Using the fact that x — G/(§ — n + py) is regular in the neighborhood of £ — 1,

m

K
77+,03’=Z% GE (") +o(p).
m=0

i)

Similarly, for each 1 <i,7 <3,
K o
[0x(C & +09) = 32V o (€] O0™) + o(o"),

m=0

where [0,(C,)];;, 1 <i,1 < 3 denote the coefficients of the matrix 0,(C,).
Hence, we deduce:

/ 0,(C)nG (x — 1) ds(x)
Ze,p

Zp“ Z T

X ]a MOV G E 1)) ds) + ("),

(q- m)‘

where MY (£)(y) is the matrix [M Y (€)(5)] = {V [0 (C,)]51(€) (") }1<i<3- Then, we ob-
tain:

Zp | oConGa-ndsto

IE/)
Zp przm.(q m)l/ ML E)OING).V G (E - ) () ds(y)

+0(p").

Using the Cauchy formula for the product of two polynomials yields:

InG/(
Z /zg,, InG G~ 1) ds(e)
Z =Yy il - m),/ M )0)n - VG (g - ) () ds

n= g=0 m=0
+0(p). O
Lemma 4.3 The third term in (4.1) admits the expansion:
K-3

/I ox(G)(x—n) :e(wo)dx =Y p"3X2(E) + 0(p").
3 n=0

)
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Here, the leading terms & — X:é(f), 1 <n <K are given by:

n

nj 1 m j m n-m n—m
Xn,jz(f)=;m /I Vo (@) (& =) (") : VI elwo) ) () dy

Proof Recall that I; , = £ + pZ. The replacement of the variable x by £ + py implies:

J..c

Since n € R3\ €, and I, is strictly embedded in ©, y > G/(& —n + py), and y > wo (& + py)

0s(G) () : elwo) dx = p / (@) — 1+ py): elwo)(E + py)dy.

0 T

are sufficiently smooth in 7. By the Taylor—Young formula, one can deduce forall 1 <,/ <

3:
K o
e(wo)u€ + py) = e(wo)is(€) + 3~ [ewo)us(©)(") +0(0"),
m=1 '
K o
[0(&)],1& =n+ P9 = 3~V [0u(@)] € = (") +0(0").
m=0

Multiplying the two previous polynomials, one can derive:

K-3

/; 0:(G)(x - ) : e(wo) dx = Zp’“?’){"’ &) +0(p"),
& n=0

0
with

28 = ZW / Vo (G)E - M) : VI ewo) )" dy.

4.2 Asymptotic formula for the reciprocity gap function

In this section, we present a higher-order asymptotic formula, representing the variation
of the reciprocity gap functional with respect to the presence of an inclusion Z¢ , = £ + pZ.
The obtained result is summarized in the following theorem. It follows immediately by
application of Lemmas 4.1, 4.2, and 4.3.

Theorem 4.4 Assume that the elastic medium contains an unknown inclusion of the form
e, =&+ pL. Then, for each 1 < j < 3, the reciprocity gap functional variation Ré'p - R,
admits the following asymptotic formula:

R, () = Rh(m) = > p"WiL(€) +0(0"), ¥neR\Q, (4.2)

where the leading terms W:,’é(é), 1<j<3,1<n=<K aredefined as

Y77 (€) ifl<n<2,

WL(E) =
mI(%‘) y, 3](%_) n 1}(5) XVI 3j lf3<n<1<
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4.3 Concluding remarks and forthcoming works

The asymptotic formula established in Theorem 4.4 can be exploited as the basis for de-
veloping numerical algorithms and identifying unknown inclusions of the form Z¢ , from
boundary measured data. In fact:

— Problem (1.4) cannot be solved in practice since the domain Q\Z is unknown, but
the elastic displacement vector w, and the tracking force o (w,)n can be imposed or
measured on the boundary 9€2.

— Problem (1.5) can be solved, and the solution wy can be approximated in the safe
elastic domain .

— The elasticity fundamental solution G’ is known and can be calculated explicitly.

Then, the variation

B(y) =R ,(n) — Ro(n)

= /asz a(Gj(x - n))n(wp - wo) ds(x) — / o(w, — wo)nG (x — n) ds(x),

Q2

can be used as a measured datum on 3<2 for all n € R3\Q.
Neglecting the term o(pX), Theorem 4.4 provides us a nonlinear system satisfied by the
unknown inclusion parameters: the location &, the size p, and the shape 7:

K
D PWLE) =B V1<j<3V¥neR\Q
n=1

Solving this problem in its general form is not an easy task but first, one can develop a
numerical algorithm for reconstructing the location £ and the size p of the unknown in-
clusion. The shape 7 can be numerically approximated after specifying some geometric
inclusions form. This attractive issue will be discussed further in a forthcoming paper.
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