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1 Introduction

Recently, there has been considerable interest in equations involving the biharmonic oper-
ator A2, A particular feature of the biharmonic operator is that it is conformally invariant.
In this work, we are interested in the generalization of the Paneitz operator [15] to higher
dimensions, which was discovered by Branson [7]. More precisely, let (M, g) be a smooth
compact Riemannian n-manifol, # > 5, S; be the scalar curvature of g, and Ric, be the

Ricci curvature of g. The Paneitz—Branson operator is defined by

. . n—4
Pgu: Aéu—dlvg(zangg+bancg) du + 5 qu,
where
- (n-2P+4 4
T 2n-1)n-2) " n-2
1 n® —4n® + 161 - 16 2

(A P—, 2_ Ric,|?.

Q 2m-1)"%%" 8(m-12m-2)? "¢ (n—z)2| ¢l

If g = u*" g is a metric conformal to g, then for all ¢ € C**(M) one has

7 _ . (n+4)/(n—4) pn
Py(ugp) =u Pz (p)
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and

n—4 _
Py (u) = 5 Qau ¥/, (1.1)

Regarding this equation, it is normal to consider the problem of prescribing the Paneitz
curvature, that is: given a function K : M — R does there exist a metric g conformally
equivalent to g such that Qg = K? This problem is equivalent to finding a smooth solution

of the following equation,
71 n-4 (n+4)/(n-4)
Pg(u): TKM , u>0onM. (1.2)

In the case of the standard sphere (5", g), n > 5. Thus, we are reduced to finding a positive

solution u of the problem
Pu:Azu—anu+dnu:Ku%‘i, u>0o0nS", (1.3)

%(n2 —-2n-4),d, = %Ln(n2 —4), and K is a given positive function defined on

where ¢, =
S

In the last decades, many interesting works have been devoted to study problem (1.3).
In [6, 8, 9], the authors treated the lower-dimensional case (# = 5,6). In [10], Felli proved
a perturbative theorem and some existence results under the assumptions of symme-
try.

The special nature of problem (1.3) appears when we consider it from a variational
viewpoint. Indeed, the Euler—-Lagrange functional associated to (1.3) does not satisfy the
Palais—Smale condition, that is, there exist noncompact sequences along which the func-
tional is bounded and its gradient goes to zero. This fact is due to the presence of the
critical exponent. Hence, for the study of problem (1.3), it is interesting to approach it by

the following family of subcritical and supercritical problems:
(See)Pu=A%u—c,Au+du = Ku%‘iﬂ, u>0o0nS"

and we need to study the asymptotic behavior of the solutions (u.) as ¢ — 0 (if they exist).
Observe that, for ¢ > 0, problem (S_.) always has a positive solution (i, ). In [13], the author
proved some existence and nonexistence results of solutions that blow up at one point for
a subcritical and supercritical approximation of a harmonic equation in the unit ball in
R”.

In the present paper, we aim to give sufficient conditions on the function K such that
both subcritical and supercritical approximations (S+.) admit or do not admit a positive
solution. Our approach follows the ideas introduced first by Bahri, Li, and Rey [4] when
they studied an approximation problem of the Yamabe type on domains. This idea has
been used by many authors to construct some solutions for different problems. Since our
problem is different from the problem studied in [4], we will take account of the new esti-
mates in order to use this method.

To state our main results, we need to introduce some notations.
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For K = 1, the solutions of (1.3) form a family g(m) defined by

n-4
A2

Ny Vn
8(an (%) = =1 (1.4)

7 (1+ ’@T‘l(l - cosal(a,x)))%L ’

where a € §”, A >0 and v, = (n — 4)(n — 2)n(n + 2))"-978,
After performing a stereographic projection r with the point —a as a pole, the function
F(SV(M) is transformed into

Ao\
oy = | —=— )
o y”(1+x2|y|2)

which is a solution of the problem (see [11])
Ay = u%t, u>0,onR",

Note that we will use the stereographic projection to collect some technical estimates of
the different integral quantities that occur in the paper (see [3]).
The space H3(S") is equipped with the norm:

lul?® = w,u)p = | Puwu= |Au|2+c,,/ \Vul®>+d, | u>
NG NG Sn NG

Our first result deals with construction of single-peaked solutions for the subcritical ap-
proximation of the problem (S_.) with & > 0. More precisely, we have

Theorem 1.1 Assume that y is a nondegenerate critical point of K satisfying AK(y) < 0.
Then, there exists &y > 0 such that for each ¢ € (0, &y), the problem (S_.) has a solution (u.)

of the form
Ue = UeS(xo i) + Ver With v, € Eqy, ;) and as € — 0, (1.5)
o —> K(y)%; lvell = O;x. — y and Le — +00, (1.6)
where

~ 33 35,
Egu, ) = \W € H3(S")/(w,9) = 0 Vo € Span{ 8, 1), Toleete) M;]‘ <ngi.
A o/
In the second result, we give a sufficient condition on the function K to ensure the
nonexistence of single-peaked solutions of (S_,) with & > 0.

Theorem 1.2 Let y be a nondegenerate critical point of K with AK(y) > 0. Then, there
exists €g > 0 such that for each ¢ € (0, &), problem (S_,) has no solution (u.) of the form
(1.5) satisfying (1.6).

In view of the above results, a natural question arises: are equivalent results true for
slightly supercritical exponents? The aim of the next result is to answer this question. In
[14] and [12], the author proved some nonexistence results of sign-changing solutions for
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a biharmonic equation involving slightly supercritical exponents in a bounded domain of
R”. Note that, in the supercritical case, problem (S, .) becomes more delicate since we lose
the Sobolev embedding that is an important point to overcome.

In contrast to the subcritical case, we have the following nonexistence result for the
supercritical problem.

Theorem 1.3 Let y be a nondegenerate critical point of K with AK(y) < 0. Then, there
exists &g > 0 such that for each ¢ € (0, &), problem (S..) has no solution (u.) of the form
(1.5) satisfying (1.6) and |u.|%, is bounded.

Remark 1.4 For the subcritical problem (S_;), the assumption that |u,|%, is bounded is al-
ways satisfied. To remove it in the supercritical case we should adapt the proof established
in [5] when the author studied a supercritical problem in a bounded domain of R”, but it
is too technical to discuss this in the present paper. Note that this assumption allows us to
recover the Sobolev embedding.

The present paper is organized as follows. In Sect. 2, we set up the variational structure
and recall some known facts. In Sect. 3, we provide the proof of Theorem 1.1, while Sects. 4
and 5 are devoted to the proofs of Theorem 1.2 and Theorem 1.3, respectively.

2 Variational structure and some known facts
In this section we recall the functional setting and its main features in the subcritical case.
For ¢ > 0, we define the functional

1
15(u>:—/ |Au|2+cn/ Vu?
2 Sn SVI
1

+d,,/5nu2— > /K|u|%'€, ueH%(S”). (2.1)

n—4 —& Jgn

The positive critical points of I, are solutions of (S_;).
First, we give the following remark that is established by [16] when S” is replaced by a
bounded domain of R3,

Remark 2.1 Let 8, be the function defined in (1.4). Assume that ¢ log  is small enough.
For £ > 0, we have

F(Sv(;fk)(x) =1-¢logdy + O(s*log*1) in S™.
Now, we collect some expansions of the gradient of the functional /, associated with the

problem (S_;) that will be needed in Sect. 3. Explicit computations, by Remark 2.1, yield
the following propositions. For the sake of simplicity, we will write § instead of E(x,,\).

Proposition 2.2 For u = ad(.;) + v with v € E(y), we have
5)=as wa e o(el L e
(Vls(u)f}:a W(1-am1°K(x)) + Ol & 0gk+ﬁ+|lv|| ,

2
where S, = [on 86
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Proof We have
(VI h) = / Puh—- | K h. (2.2)
sn sn
A computation similar to the one performed in [2] shows that

Py = ] = / 52 =, (2.3)
S}‘l 'n Rn

For the integral, we write
md_ o T ko nd o T o 2
Kuni7¢§= | K(ab+v)mt78 = nt Ké&w17¢ + O([v]?). (2.4)
"n S” Sﬂ
Expanding of K around x, we obtain
~on ~2m 1
f K§n-2 5:/ K§n-a S:K(x)Sn+O(slogk+ﬁ). (2.5)
n Rn

Combining (2.2)—(2.5), we easily derive our proposition. d

Proposition 2.3 For u = ag(x,k) + v with v € E,), we have the following expansion:

35 n+ S,,I( 4(n — 4 AK
VI3 22\ 2 g sd-e [ 50K | Aln - de; AKw)
oA " p 2
elogh 1
+O<8210g)\,+ A’Z +F+ ||V||2),
where

1 254
Cy = % An |x| 8(0’1) dx.

Proof Observe that (see [2])

~ 35
<5’)‘ﬁ> -0 (2.6)

and

~ntd a5 ~ntd . 08
/ K§n-4 8)»—:/. Kén=a=¢ ) —
" oA R oA

- T Ha AR onf i
n A2 n )
1 clogh
+O<s2log)\+ e A—f’) (2.7)

Combining (2.2), (2.6), and (2.7), we derive our proposition. O
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Proposition 2.4 For u = a8, + v, with v € E ), we have

~ n+4

1096 n-1~¢c3 VK log x

Vi, L2 2 L« c3 VK (x) +of log
A 0x A A

1
|VK(x)| + = ||v||2).

Proof An easy computation shows

~ 138
5,——)=0
A 0x

and

~nss_, 108 s 138 VK(x) 1,
Kénma""—— = K§n2™"—— =¢3 +O0| = +¢"logh ).
A9 . A dx A 22

Using (2.2), (2.8), and (2.9), we have our proposition.

3 Proof of Theorem 1.1
Let

M, = {m = (a, h,x,v) € R x RY x 8" x Hy(S") : v € Egepy, [IVIl < vo,
8 1
’anf‘%]((x) - 1‘(vo,k)—,elogk < vo},
Vo
where vy is a small positive constant. Let us define the function by

V.1 : M, — R; m= (o, A, %, V) > Ig(ag(x,x) +V).
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(3.1)

Asin [4], using the Euler—Lagrange coefficients, we easily obtain the following proposition.

Proposition 3.1 Let m = (o, A, x,v) € M 1. m be a critical point of V. if and only if u =
ad+visa critical point of I, i.e., if and only if there exists (A, B, C) € R x R x R” such that

the following hold:

I,

(E,) —=L_o, (3.2)
Ja

(Ey) 8\-118,1_3@1/ +iC»ﬁv (3.3)

Yo \e2 T e Nawan [ '

AW, , 3% ‘ 3%

E) —2=B ) C{——,v), 3.4

B o <8k8x V>+§ 1<8x/8x V> (34
IWe1 o~ 08 . 08

E, 1 A3 +B— Ci—. 3.5

&) = TP +]21: iy (3:5)

The results of Theorem 1.1 will be obtained through a careful analysis of (3.2)—(3.5)
on M, ;. As usual in this type of problem, we first deal with the v-part of #, in order to

show that it is negligible with respect to the concentration phenomenon. The study of

(E,) yields.
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Proposition 3.2 There exists a smooth map that to any (&,a, \, x) such that («, A, x,0) in
M, 1 associatesV € E;) such that ||v| < vo and (E,) is satisfied for some (A,B,C) € R x R x
R". Such a v is unique, minimizes W, 1(c, A, %, v) with respect tovin {v € Ey )/ ||V < vo}, and

we have the following estimate

_ VK@) 1
] = O<8 + . + 2 ) (3.6)
Proof Expanding I, with respect to v € E,,), we obtain
~ 1
I(ad +v) = cla,x,\) + EQ(V, v) —f(v) + R(v), (3.7)

where Q(.,.) is a quadratic positive-definite form, f(.) is a linear form, and R(v) satisfies
R(v) = o(|[V]1*), R'(v) = o(||V]}), and R"(v) = o(1).

Since Q(v,v) is positive-definite, we derive that the following problem
min{Ig(a8~+ v),v € Eyy and ||V < vo} (3.8)
is achieved by a unique function v that satisfies ||V|| < c||f||. Now, following [6] we obtain

the estimate (3.6). Since v is orthogonal to the functions {8,05/31,058/04, j < n}, there exist
A, B, and C such that

a\ps,l — ~ ~ 83 " 85
™ (a, X, %,v) = VI (ad + V) = AS +Bﬁ+j=21q@. (3.9)
The proposition follows. d

Proofof Theorem 1.1 Once v is defined by Proposition 3.2, we estimate the corresponding
numbers A, B, C by taking the scalar product in H3(S") of (E,) with 8,08/, 05/0x and

38/0x, respectively. Thus, we obtain a quasidiagonal system whose coefficients are given

by
2 06 2 Fl 1
IV8|? =S, V6V — =0, v - lio(=),
R” R 8)\. R” }\2 )\.3

38 _ 08 1 38| ) 1 38
vZlvZ_o(~), =M+ 0( - ), VéV— =0,
R# oA Ox A3 R” A R” ox

v
where I';, ', are positive constants. The other side is given by

aé
ar

0x

’

o av o OA v 9 v ax

W1 [9We1 <\ 190W,1 [9%,1 98
- ’ N o 0x

10V, oW, 95
- ’1:< 1 > (3.10)

Using Proposition 2.2, some computations yield

AV
Jdo

8
=———8.B8+ Vale,a,1,%), (3.11)
n—4
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where g =a — 1/K (y)%L and V,, is a smooth function that satisfies
Vo=0( 8+ clogh + 2 (3.12)
«=0| B +¢elog +?+|x—y| . .

Now, using Proposition 2.3, we obtain

oW, , 1 <sSn 4(n—4)cy AK(x) 1

=\ — — T a V ’ ;)\-; ’ 313
Ko\ T n KW )\3>+ e a2 %) (3.13)

where ¢; and c3 are defined in Propositions 2.3 and 2.4, and V; is a smooth function sat-
isfying

11 |x-y? slogh 1
VA:O[X(ﬁ-F = +&%logh + = +(B+1x- y|) T3 (3.14)

Lastly, using Proposition 2.4, we have

3‘1181 —C3
e WO VK (x) + Vy(e,a, )\, x), (3.15)

where V, is a smooth function such that

1
Vx:O(X+(,3+elog)x+|x—y|2)|x—y|). (3.16)

Note that these estimates imply

v 1
80?1 = O(,B +elogh + 2t |x—y|2>,

oV, 1 ¢ A\ 1
=0l =+-), =0 |lx-yl+—-).
A A3 A ox A

The solution of the system in A, B, and C shows that

A=0(B+elogh+ = 2 B=0( = +en c-ofE A, L
=0| B +¢log +}\2+|x—y| , +8 = 2 +A3 .

This allows us to evaluate the right-hand sides in the equations (E;) and (E,), namely

328 & 328 1 ly — x|
B{—,v i\ ——v)= - 3.17
() Rlar ) oG5 57 )m) G17
9% - 3% 1
B v (22 )= —rea+lx—y )17l ), 3.18
<ax&xv>+2;643ﬂaxv> O((A+8 +lx yOHwO (3.18)

where we have used the following estimates

ofa) |

828

0x?

328
0xoA

=O(1);

2
H35 _o(2).

A2
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Now,we set
1 1
X=82A(1+§); x=y+§,

where ¢ € R, § € R” are assumed to be small and A = A(y) verifies

S_n . 4(n—4)c,y A2 AK(y) _o.
n n K(y)

With these changes of variables and using (3.11), (E,) is equivalent to
B =Vale, B,,6) = O(B* + el loge| +[€%). (3.19)

Now, using (3.13), we show by an easy computation

Sy 4(m-4)c; AK(y+§&) 1
K-F n K(y+§€) 23

) 83/25nA(1 N {)
n
4(n—4) AK(y) VAK(y)
N n - 6283/2A3(1+3§)< K(y(;’ + K(y)(y 5) +O(83/2(§2+‘§2))
_ 83/2[8(;4 —4)cy A3 AK(y)] N 83/2[4(;4 —4)cy A® V(AK)(y)]
n K () n K@)
+ 0(83/2(4“2 + “;‘2)).

This implies that (E, ) is equivalent, on account of (3.14) and (3.17), to

8(n —4)ca A3 AK(y) 4(n —4)ca A3 V(AK)(y)
[ n 1<(y>}+[ " K() ]

= V,\(s,,B,g,E)zO(,32+§2+§2+51/2). (3.20)
Lastly, using (3.15), (3.16), and (3.18), we see that (E,) is equivalent to
D*K(9)é = Vile, B,¢,E) = O(e"* + B* + £2 + £7). (3.21)

We remark that V,,, V;, and V, are smooth functions. This system may be written as

:3 = V(E‘,,B,{,E),
L(;:E) = W(&ﬁ;frf),

(3.22)

where L is a fixed linear operator on R”*! defined by (3.20) and (3.21) and V, W are smooth

functions satisfying

Ve, B,5,8) = O + B> + I£17),
W(e B,5,6) = O+ |BI” + 1> + €.
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Moreover, a simple computation shows that the determinant of L is not equal to zero.
Hence, L is invertible, and Brouwer’s fixed-point theorem shows that (3.22) has a solution
(Be» &e» &e) for € small enough, such that

B1=0E)  lal=0(") el =),

Hence, we have constructed m, = (o, A, %) such that u, := oesg(xsy)\g) + V., satisfies
(3.2)—(3.6). Therefore, by Proposition 3.1, u, is a critical point of I, i.e., u, is a solution of
(S_¢). Hence, the proof of Theorem 1.1 is thereby completed. d

4 Proof of Theorem 1.2
The proof of Theorem 1.2 will, by contradiction, suppose that the subcritical problem (S_;)
has a solution of the form (1.5) and satisfying (1.6).

First, we show that A — 1 as ¢ — 0. For this, multiplying (S_.) by 8(xe1,) and integrating
over S”, we obtain

n+4

@182 = / Klad +v,| 7425 = aFf‘S/ K575 1+ O(|[v, ). (4.1)
From (2.3) and (2.5) we derive

nd e
Qg K(x:)S,

00 Sy, = T(l +0(1)) +o(1), (4.2)

where o(1) — 0 as ¢ — 0. Since a, — K()¥"* and x, — y as ¢ — 0, we deduce from
(4.2) that A — lase — 0.
Secondly, we find the estimation of v,. Multiplying (S_;) by v, and integrating, we have

3 4 n+d 4
”VSHZ = / K(x)|(x58+v5|%‘5v5 2015(4 8/ ( )8%_81/5
s o1

n+4 %_5/ ~ 8 _ m
+ —¢& |at K(x)5m2 Ve || MinG 727 )
(555 e )ars™ [ Ktz o o)
ntd ~n+ n+4 L ~
= '3/ K(x)ari-sver( 4—s> -4 (xg)/ §iae v2+o([lvell?).
sn n—

According to [1], there exists a p > 0, such that

n+4 —& ~ 8 _
||vs||2—(n 4—8) = 1<(x8)/ §wa=v]
- .,

n+4 ~ 8
= |lvell® - . f 5517V +o([Ivell?) = pllvell*. (4.3)
-4 Jgn

For the other term, expanding the function K around x, and using Holder’s inequality, we
obtain

n+4

al f K(x)§wi—ry,

VK 1
<6 VK@ 1Y (4.4)
Ae 22
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Combining (4.3) and (4.4), we obtain

VK 1
[[vell = O 8+7| Kxe)| +—.
Ae 12

We turn now to the proof of the theorem, multiplying (S_,) by A,88/32, and integrating,

we derive

BN
e

Y ~ ne
a8<5,x5—>—/ K(x)|ed + ve |73 A — = 0. (4.5)

e

Arguing as in the proof of Proposition 2.3, we easily arrive at:

AK log A, 1
S, K(y) + ¢y )\2()/) + O<82 log A, + £08% + ) =0,

: AN
where we have used the previous estimate of v, and the fact that A — 1, 0, — K ()82,
Thus,
AK(y) 1
eS,K(y) + ¢ =ole+ — |,

which is a contradiction with the assumption of Theorem 1.2.

5 Proof of Theorem 1.3

Arguing by contradiction, suppose that (S,.) has a solution as stated in Theorem 1.3. We
start by showing that A — 1 as & — 0. Indeed, multiplying (S,.) by 8, ;,) and integrating
over §”, we obtain

a. 18] =/ K(x)|aed + v8|%41*55
Sn

ntd ~ 2n ~n+4 ~ n+4
=t K(x)8ﬂ+8+0</ 5ﬂ+8|v|+[ 8|v|ﬂ+8)
Sﬂ N N

n+d n—4 n—4
o +e 21 €5 qntd £ S1- n+d
=t K(x)§74%¢ + O A 2 Sty + Ag 2 S|y nate
Sn Sn NG

n+4

st /5 K(x)§wate 4 o(xi% vl + 257 vl ), (5.1)
As in (2.5), we have
/S KR = K(w)s,a T (14 o(), (5.2)
Consequently, by (2.3) and (5.2), we obtain
S, = b K () S0 (1 4 0(1)) + o(1), (5.3)

where o(1) — 0 as ¢ — 0. Since o, — K(y)¥"¥ and x, — y as ¢ — 0, we deduce from
(5.3) that A5972 — 1 ase — 0.
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Remark 5.1 We remark that:
(i) Since Af — 1as e — 0 itis easy to derive that ¢ log(1 + A2|x — x.|?) tends to 0 as & — 0
and therefore we obtain:

8°(x) — AL = O(elog(1 + A2|x — x:|*)) inS™

(ii) We also point out that it follows from the assumption that |u.|%, is bounded and
AL = 1las e — O that |v,|5, is bounded — a fact that is used in the proof of Lemma 5.2.

Next, we are going to estimate the v,-part of u, in order to show that it is negligible with
respect to the concentration phenomenon. Namely, we have the following estimate.

Lemma 5.2 The function v, defined in (1.5), satisfies the following estimate

IVK(x.)] 1
llvell :O<8+k—s+k_§ . (5.4)

Proof Multiplying (S,.) by v, and integrating, we obtain
n+4

~ +
||v€||2:f Klogd + v iy, = a2 | KEw**y,
sn sn

n+4 &
+<n 4+s)a:-4”/ 1<6n4*8v2+0<||vg|| +f 2 )
therefore
n+4 22 S
Ivell® - (— +e)a;-4”/ Kp)3wey?
n-4 s

n+4 ~ . "
- ol ’3/ K&wy, + O([lv, | "C0)). (5.5)
SVI
Observe that
4
||va||2—(’”4 e) /K(y) Frarey?
n
4 -
el (’” ) Kwo) [ 57500
Sﬂ
4 -
= e —('” ) W“’ZK(x)/ 5710 + o([[ve ). (5.6)

Since o, — K(y)¥" ™, x, — y, and 15" Y2 — 1 as ¢ — 0, it follows from [1] that there
exists a positive constant p > 0 independent of ¢, such that

n+4 8 ~
[lvell* - (n 1 +s) A e D2p () [ 52 > pvel 2. (5.7)
B -

Also as in (4.4), we have

n+d nt VK (x, 1
al " K(y)anl*” =O(s+'xﬂ+ﬁ)nvgn. (5.8)

Combining (5.5), (5.7), and (5.8), we obtain the estimate (5.4).
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Now, we turn to the proof of Theorem 1.3. Multiplying (S,.) by 1,35/, and integrating

over §”, we derive

~ a8 ~ ned 38
0{8<5, }\-s 8_M> - /S,, K(x)laszs + V£| n=4 )\,88—)\8 =0. (59)

Arguing as in the proof of Proposition 2.3, we easily derive:

AK(y) elog A 1
S, K(y) — ca )Lz(y + O(tfszlogk‘E + Tg + F) =0,

where we have used the previous estimate of v, and the fact that A — 1, &, — K(y)®¥ (n=4),

Thus,
AK(y) 1
S, K(y) — ¢ 22 = o(s + A_g)’
which is a contradiction with the assumption of Theorem 1.3. d
Funding

This work was carried out with the aid of a grant from UNESCO-TWAS and the Swedish International Development
Cooperation Agency (Sida). The views expressed herein do not necessarily represent those of UNESCO-TWAS, Sida or its
Board of Governors. Project 2021 RGA No. 21-159 RG/MATHS/AF/ACJ-FR3240319490, The World Academy of Sciences
(TWAS) and UNESCO.

Availability of data and materials
The institute provided a working place and granted access to the internet and to library facilities.

Declarations

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare no competing interests.

Author contributions
A.B.and C.D. wrote the main manuscript text and E.F. prepared Figs. 1-3. All authors reviewed the manuscript.

Received: 12 April 2023 Accepted: 3 October 2023 Published online: 23 October 2023

References
1. Bahri, A:: Critical Point at Infinity in Some Variational Problems. Pitman Res Notes Math Ser, vol. 182. Longman, Harlow
(1989)
2. Bahri, A Aninvarient for Yamabe-type flows with applications to scalar curvature problems in high dimension. A
celebration of J. F. Nash Jr. Duke Math. J. 81, 323-466 (1996)
3. Bahri, A, Brezis, H.: Non-linear elliptic equations on Riemannian manifolds with the Sobolev critical exponent. In:
Topics in Geometry, Progr. Nonlinear Differential Equations Appl, vol. 20, pp. 1-100. Birkhauser, Boston (1996)
4. Bahri, A, Li, Y, Rey, O.: On a variational problem with lack of compactness: the topological effect of the critical points
at infinity. Calc. Var. Partial Differ. Equ. 3, 67-94 (1995)
5. Ben Ayed, M. Finite dimensional reduction of a supercritical exponent equation. Tunis. J. Math. 2(2), 379-397 (2020)
6. Ben Ayed, M, El Mehdi, K:: The Paneitz curvature problem on lower dimensional spheres. Ann. Glob. Anal. Geom. 31,
1-36(2007)
7. Branson, T.P: Group representations arising from Lorentz conformal geometry. J. Funct. Anal. 74, 199-291 (1987)
. Djadli, Z, Hebey, E., Ledoux, M.: Paneitz type operators and applications. Duke Math. J. 104, 129-169 (2000)
9. Djadli, Z, Malchiodi, A, Ould Ahmedou, M.: Prescribing a fourth order conformal invariant on the standard sphere,
part I: a perturbation result. Commun. Contemp. Math. 4, 1-34 (2002). Part Il: blow up analysis and applications. Ann.
Sc. Norm. Super. Pisa 5, 387-434 (2002).
10. Felli, V.: Existence of conformal metrics on S" with prescribed fourth-order invariant. Adv. Differ. Equ. 7, 47-768 (2002)
11. Lin, CS.: A classification of solutions of a conformally invariant fourth order equaequation in R"”. Comment. Math.
Helv. 73, 206-231 (1998)

[ee)



Ould Bouh Boundary Value Problems (2023) 2023:103 Page 14 of 14

12. Ould Bouh, K.: Sign-changing solutions of a fourth-order elliptic equation with supercritical exponent. Electron. J.
Differ. Equ. 2014, 77 (2014)

13. Ould Bouh, K:: Existence and nonexistence of solutions for a harmonic equation with critical nonlinearity. Acta Math.
Sci. 36B(5), 1305-1316 (2016)

14. Ould Bouh, K.: On a biharmonic equation involving slightly supercritical exponent. Turk. J. Math. 42, 487-501 (2018)

15. Paneitz, S.: A quartic conformally covariant differential operator for arbitrary pseudo-Riemannian manifolds. SIGMA 4,
1-4 (2008)

16. Rey, O.: The topological impact of critical points at infinity in a variational problem with lack of compactness: the
dimension 3. Adv. Differ. Equ. 4, 581-616 (1999)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Existence and nonexistence of solutions for an approximation of the Paneitz problem on spheres
	Abstract
	Mathematics Subject Classiﬁcation
	Keywords

	Introduction
	Variational structure and some known facts
	Proof of Theorem 1.1
	Proof of Theorem 1.2
	Proof of Theorem 1.3
	Funding
	Availability of data and materials
	Declarations
	Ethics approval and consent to participate
	Competing interests
	Author contributions
	References
	Publisher's Note


