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1 Introduction
In this paper, we consider the Cauchy problem of a fractional Lorentz force equation as

follows:

B oDfu(t)

oDy ) = E(t, u(t) + oD u(t) ® B(t,u(?)), t€(0,T),

1-loD% u()|? (1.1)
u(0) = oD u(0) = 0,

where | - | is the usual Euclidean norm in R3, thﬂ and (DY are the left Riemann-Liouville
fractional derivatives with orders «, 8 € (0,1], ® is the vector product, O represents the
zero vector, E, B € C([0, T] x R3; R?) stand for the electric and magnetic fields, respectively.

Let ¢ stand for a relativistic acceleration operator defined by

$(v) = % veB(),

vl?

B(8) means the open ball of center 0 and radius §.
In recent years, the qualitative theoretical analysis of the following relativistic oscillator

equation has attracted the attention of many scholars, which comes from the classical
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theory of relativity (see [1-3]):

mou’
(%) - F, (1.2)
Ji-%
where F means the restoring force, m, stands for the particle’s rest mass, and ¢ represents
the speed of light in a vacuum. Since the relativistic acceleration operator is a singular
operator, it brings many difficulties during the course of analysis. For example, Bereanu,

Jebelean, and Mawhin [4] considered the existence and multiplicity of radial solutions to
the following Neumann boundary problem by critical-point theory in Minkowski space:

: Vu —
dlv(m) g(|x|:u) on Av (13)
g—’j =0 ondA,

where 0 < R; < Ry, A={x e RN : Ry < |x| < Ry}, g: [R1,R:] x R — R is continuous.
Mawhin [5] made a further study on the multiplicity of radial solutions of a Neumann
boundary condition with periodic nonlinearity by Hamiltonian techniques. Moreover,
Coelho et al. [6] employed the reducing method that converts the singular problem to
an equivalent nonsingular problem to investigate some Dirichlet boundary value prob-
lems with parameters and obtained the existence and multiplicity of solutions by varia-
tional methods. Furthemore, Jebelean, Mawhin, and Serban [7] considered the multiplicity
of periodic solutions to the N-dimensional relativistic pendulum equation with periodic
nonlinearity by a geometric method in critical-point theory. For more papers, we refer the
reader to [8—11] and references therein.

Recently, the famous Lorentz force equation has attracted the attention of many schol-
ars, which is an important equation in the field of mathematical physics and can be used
to describe the effect of an electromagnetic field on the trajectory of a slowly accelerated
charged particle in R%. One of the important questions is the existence of periodic motion
to charged particles. From different perspectives, by different functional methods, Bere-
anu and Mawhin [12] and Arcoya, Bereanu, and Torres [13] established sufficient condi-
tions for the existence of circular motion when the electric field is nonsingular. For the
singular case like a Coulomb electric potential or the magnetic dipole, Garzén and Torres
[14] gave a positive answer by the topological degree method.

Inspired by the above literature, an interesting question naturally arises in the mind. Can
we consider the existence and multiplicity of solutions to a fractional Lorentz force equa-
tion? It should be mentioned that compared to the above paper, fractional derivatives lack
some basic properties such as monotonicity, convexity—concavity, and so on. This brings
many difficulties such as the estimation of inequality and prior bounds. Moreover, as far as
we know, there are few papers investigating the existence and multiplicity of solutions to a
fractional Lorentz force equation. Furthermore, if @ = 8 = 1, the operator th’g (@D u(t)))
reduces to (¢(u'))’, so the fractional-order model is more general than the integer-order
model. Based on the above reasons, the Cauchy problem of a fractional Lorentz force equa-
tion was considered. By the methods of reducing and topological degree in cone, the exis-
tence and multiplicity of solutions to the problem (1.1) were obtained. Also, for the topics
on initial value problems or boundary value problems of fractional differential models,
one can refer to [15—17] and references therein.
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The rest of this paper is organized as follows. To begin with, the basic space, the defi-
nitions and properties of left Riemann-Liouville fractional integrals and derivatives, and
some necessary lemmas are given in Sect. 2. Moreover, based on the methods of reducing
and topological degree in cone, the existence and multiplicity of solutions to the problem
(1.1) are proved in Sect. 3.

2 Preliminaries
Let c represent a vector and R, = [0, +00). Setting C := C([0, T], R®) with the norm ||| oo =
max;eo,r] |4(t)|, define

CcY = {u: [0,T] > R3|ue Cand ¢Dfu e C},
whose norm is |||l = max{||#|| oo, ll0Df %]l 0}

Definition 2.1 ([15, 16]) Let « be a function defined on [0, T'].
(©) The left Riemann—Liouville fractional integral of order « > 0 for a function u is de-
fined by

ol u(t) = ﬁ /Ot(t -5 Yu(s)ds, tel0,T],

provided the right-hand side is pointwise defined on [0, T], where I'(«) is the standard
gamma function.
(ii) If @ = n,n € N, it reduces to the usual definitions

olfu(t) = ﬁ/o (t—s)"Yu(s)ds, tel0,T].

Definition 2.2 ([15, 16]) Let « be a function defined on [0, T'].
(i) The left Riemann-Liouville fractional derivatives of order « > 0 for a function u is
defined by

n

oDY u(t) = %Olf’“u(t), tel0,T],

wheren—1<wo<nmandneN,.
(ii) If @« = n - 1,n € N,, it reduces to the usual definition

oD u(t) = u" L (p).

Lemma 2.3 ([17]) Assume that u € C(0, T) N LY(0, T) with a fractional derivative of order
a > 0 that belongs to C(0, T) N LY(0, T). Then,

ol oDf u(t) = u(t) + t* ot oyt
forsomec; €R,i=1,2,...,N, where N = [a] + 1.

Define P, = {x € P|||x|| < c}, where P is a cone of Banach space E and c is a positive con-
stant.
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Lemma 2.4 ([18]) Let P be a cone of Banach space E and ® : P, — P, be a completely
continuous map. There exists a nonnegative continuous concave functional 0 such that
0(x) < ||x|| for x € P and numbers 0 < a < b < d < c satisfying the following conditions:

(0)) {xeP@,b,d)|0(x)>b} # @ and 6(Px) > b for x € PO,b,d), where P0,b,d) =
{x € PI0(x) > band ||x|| <d};

(ii) || Px|| < a for x € Py;

(iii) 6(Px) > b for x € P(0, b, c) with || Px| > d.

Then, ® has at least three fixed points x1,x5,%3 in P,.

In order to obtain a priori bounds, the following assumption is presented:

(H1) There exist functions A; € C([0, T],R,),i =1,2,3,4 such that for t € [0, T],u € R
B, u)| < 21(0) + Ma(Olul”, e (0,1],
|B(t,u)| < A3(t) + a(®)|ul”, v e(0,1],

F(e+1)I'(B+1)

ﬁTﬂt+ﬁ
If u(t) is a solution of (1.1), by applying the operator 01;3 on both sides of the equation,

where || A2]lo0 + 2]l <

we have

oD u(t) = ¢~ (oIf (E(t, u(t)) + oD% u(t) ® B(t, u(t))) + c1t#™Y),
which together with D?2(0) = 0 imply that ¢; = 0 and

u(t) = o2 (07 (oI} (E(t u(®)) + oD2u(t) ® B(t,u(1))))) + et ™,
which together with #(0) = 0 yield that ¢; = 0 and

u(t) = o2 (67 (oI} (E(t, u(®)) + oD2u(t) ® B(t,u(2))))).

Since |oDYu(t)| < 1, it follows that

|u(®)] < V3ol <¢‘1( (Ix1lloo + 1A3lloo + lIA2lloo ll2ell%, + |Ik4||oo||u||§o)>>

i
F(,B +1)

,fm s lloo + A3 lloo + IA2lloo ll2ellioe + NI Aalloo ll2ell %) )

:ﬁm<

T28
1+ e anloo + lasllos + s llo el + sl 22, )2
i

<[°IQ<F(ﬁ L

- ﬁTa+ﬁ
“Ta+1)I(B+1)

[A1lloc + 123100 + A2lloo I, + ||M||oo||u||§o)>

(121 lloo + 13110 + 22 lloollzellf + 12allooll2ll2)

which together with [[A2]l00 + [[Aa]leo < Ui}l)Ta(f;H

stant r > 1 such that |u(¢)| < r. Thus, the solutions of (1.1) must belong to B(r).

5 J3TP
Let A := ¢7'(B(w)) C B(1), where w = 2{1 (IA1lloe + lAslloo + A2l + lAalloor™).

imply that there exists a positive con-

Moreover, choose o € (0, 1) such that

O >, AcCBw) 2.1)

1-02

Page 4 of 11
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Denote ¥ : R® — R3:

X
—, ¥l <o,
Ylx) = § VIH
—2—, |x|>o0.
Vi-|o|? -

Let U = {u € C|||u|| < r}. By the method of [7], we can obtain the following lemma.

Lemma 2.5 A function u € C* NU is a solution of problem (1.1) ifand only ifit is a solution
of the following system:

oD} (W (oD2u(t))) = E(t,u(t)) + oD u(t) ® B(t,u(t), te(0,T),
u(0) = oD¢u(0) = 0.

(2.2)

Proof On the one hand, if u € C* N U is a solution of problem (1.1), by ¢D%u(0) = 0, we
can obtain that

¢ (oD u(d)) = off (E(t,u(t)) + oD2u(t) @ B(t, u(t))),
which together with |oDu(t)| < 1 yield that

V3T#
rp+1)

o (0D} u(t))| <

(It1llos + 23110 + 22lloor™ + [Ralloor”) = .

Thus, for any ¢ € [0, T, oDYu(t) € A and |oDYu(t)| < o, which implies that ¢(oDf u(z)) =
¥ (oDE(D).

On the other hand, if u € C* N U is a solution of problem (2.2), we just need to show
that |oDYu(t)| < o for any ¢ € [0, T]. If not, we assume that there exists a t, € [0, T] such
that |oDY u(t,)| > o. Since

off (oD (¥ (oD u(0)))) = ¥ (oD u(d)) - c3tP2, (2.3)

which together with (D¢ %(0) = 0 yield that ¢ = 0 and
o

T

which contradicts the definition of 0. Thus, the proof is complete. O

o = [off (oD (¥ (6D (D)) 1=t (2.4)

= | 14 (OD?u(t)) lt=t,

3 Main results
3.1 Existence
Define the operator & : C* — C* by

Du(t) = ol (v (oIf (E(t, u(®) + oD u(t) ® B(t, u(t))))), (3.1)

where

w—l(x) — \/1+|x|2’ - V1-02’
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Letting
= {u e C*NU|u = du and |0D‘t’u| < O’}.

Thus, a function u € I1 is a solution of the problem (1.1). Define
Q= {ueCllul < p),

where p =max{o, 37— a+1 “_}. It follows that Q is a nonempty, convex, closed set. Moreover, if

r(a+1 <1l,wehave Q Cc C*NU.

Remark 3.1 If T* <T'(a + 1), it follows that p = 0.

Lemma 3.2 Assuming that the condition (H1) is satisfied, ® : Q — S is completely con-

tinuous, provided that - — < 1.

oz+1

Proof It is not difficult to obtain that @ is continuous by the continuity of E and B. Based
on (H1), for (¢,u) € [0,1] x €, we have

lolf (E(2,u(2)) + D ult) ® B(t, u(t)))|

V3T#
<
“Ir(Bg+1)

<w,

(It1lloo + 1A3lloo + IA2lloc 0™ + lIAallocp”)

which together with w < ﬁ yield that

and

T oT*

)
[@u0)] = F(oc+1)x/1+w2 [ +1)

<p.

Thus, we have | ®u| < p, which implies ® : Q@ — € is uniformly bounded. For simplicity,
let f(t) = E(¢, u(t)) + oDf u(t) ® B(t, u(t)). Hence, Vi1, € [0, 1], assuming that ¢ < £,, for
any u € , it follows that

loILf () - oIl f (D)

LI | I I e
i |, (s e s g [ i

V31 o + ||A3||oor+( %ﬂw +[Aalloop”) ( /0 (-9 = (- 9P ds

9]
+/ (t, —s)P! ds)
t

_V3lailloo + lla3llo + a2]locp™ + llaalloop”)

TED 2t -t) + 1) - 1)),
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which implies that
|0 Zf(t) olgf(t)| — 0 uniformly as t; — ;.
Moreover, we have

oD (®u(t2)) — oDy (Pua(tr)) |
= [V (I @) =y (oI )]
) ‘ (14 GIF@P — 1+ GIEA@OPIIEL®) + 1+ GILFOPOILS0) ~ oILF (1)
_ J1+ Gl opy1+ <olf;f(t>>2
‘ LS O0I] (O + ol O)GILf (1) — oL (1)
(J1+ QILFO)2 + /1 + L)1+ GIEF(0) \/1+(olfif(t))2

1+ GIEF@2IEF (6) - oILf (£)
s

U Q@21+ GIEf )

— 0 uniformly as t; — t,.

Similarly, we can obtain

[ @u(ty) - Dultr)| = (20t~ 1) + £ ~ 5),

(@+1)

which yields that
|d>u(t2) - @u(t1)| — 0 uniformly as t; — £,.

Thus, @ is equicontinuous on Q. By the Arzela—Ascoli theorem, it follows that @ : Q->Q
is completely continuous. O

Based on Lemma 3.2, we can obtain the following theorem immediately by Schauder’s

fixed-point theorem.

Theorem 3.3 If the assumption (H1) is satisfied, there exists a fixed point u € Q such that
Du = u, provided that T* < T'(« + 1).

Remark 3.4 By Theorem 3.3, we known that the fixed point # € Q C IT, which tells us that
the problem (1.1) has at least one solution on Q.

3.2 Multiplicity

For any u,v € C%, u > v means u; > v;, where u; and v; are components of # and v, respec-
tively, i = 1,2, 3. Let P be a cone of C%, where P = {u € C*|u(t) > 0}. Define a nonnegative
continuous functional 6 on P by

0(du) = [mm DOqu(t) + %mn Dou(t) + %mn D3u(t),

te[r,T-1] 7,T-1] 7,T-1]
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where (?)é T <t < T, ®;u stand for the component of ®u, i = 1,2, 3. Since, for any u,v €
C% and s € [0, 1], we have

0(sPu+(1-s)dv) = t [mlTrl ]{scblu(t) +(1-9)Pyv(t)}

+ min {scbzu(t)+(1—s)d>zv(t)}
telr,T-1]

+ min {sd>3u(t) +(1- s)d>3v(t)}
telr,T-1]

>s( min ®u(t)+ min Pyu(t)+ min  Dau(t))
telr,T-1] tel[r,T-1] telr,T-1]

x(1-s)( min @)+ min Pv()+ min D3w())
telr,T-1] te[r, T-1] telr,T-1]

=s6(Pu) + (1 —5)0(dv),

which implies that the functional 6 is concave. Choose 0 <@ < b <d < ¢ < o < 1 satisfying

a
w1 <
1 l_azr
d
wy < )
1-4d2
_ c
w
3 = ,—1_627
where

J3TF

=——(||A +||A + ||A at + ||a a’),

w1 F(ﬂ+1)(|| 1lloo + 123100 + A2l 00 124l 0 )
J3T#

=——(||A A A dar A d’),

o)) 1"(,8+1)(” oo + [123llo0 + [A2ll0c@” + [ Aallcd”)
J3TF

w3 = m(”h”m + 1A3lloo + IA2llooc” + ||}\4||oocv)'

Moreover, it follows that

a d - c - o
< .
Vi-a?2 V1-d2 J1- V1-02

In order to study the positive solution of the initial value problem in the cone, the fol-
lowing assumptions are naturally required.

(H2) E(t,u),B(t,u):[0,T] x R® — R3 are continuous and ¢(D%u ® B(t, u) > 0.

(H3) E;(t,u) > Abfor (t,u) € [0,T] x [0,d],i=1,2,3,
where E;(t, u) stand for the component of E(¢, u),

Ma+p+1),/1+w3

Lemma 3.5 Assuming that the conditions (H1) and (H2) are satisfied, ® : P, — P, is com-
pletely continuous, provided that T* <T'(x + 1).

Page 8 of 11
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Proof To begin with, by (H2), we can obtain that ®u > 0 for any u € P, and & is continu-
ous. Moreover, for any u € P, in the same way as Lemma 3.2, one can obtain

oD% (Du(t))| < —=2

<c<o

3
1+ w;

and

A

|CI>u(t)| < i <c<o
IMNa+1)

because of w3 < «/LT Thus, ® : P, — P, is uniformly bounded. Similarly, we can also

obtain that ® is equicontinuous on P,. In view of the Arzela—Ascoli theorem, it follows
that ¢ : P, — P, is completely continuous. O

Theorem 3.6 Assuming that the conditions (H1), (H2), and (H3) are satisfied, if d = c,
there exist at least three fixed points uy,uy,us in P, meeting ®u = u, provided that T* =
o+ 1).

Proof By Lemma 3.5, we know that ® : P, — P, is completely continuous. From (H1), in
the same way as Lemma 3.2, it follows that ||®u|| < a for u € P,, which yields that the
condition (if) of Lemma 2.4 is satisfied. Letting

b+d , b+d , b+d
Mo(t)=(Mo,l(t);uo,z(t),Mo,s(t))= 2\/§T‘)‘t ’2«/§T"‘t ’2\/§T°‘t

we have |ug]loc = b;—d < d. Moreover, since 0 < « < 1, one can obtain that for any i €

{1,2,3},
d
oDY ugi(t) = aolg_auo,i(f)
b+d d 1 ¢
_ il F—8) %% d
2¢§Tadt(r(1—a)/o( s S)
=% b+d d ¢ /1 _ >
_ 1_ o Otd
2\/gTadt(r(l_a) 0( §)%s%dgs

_(b+dT(1+a) b+d
23T 23’

which yields that ||oD¢ ugl|cc < # <d. Thus, ||uy|| <d. Since (?)é T <t < T, we have

V3b+d) ,

6(uo) = S Ta

> b.
Hence,
{ueP®,b,d)0(u) > b} #9.
Thus, by (H2) and (H3), for (¢t,u) € [0, T] x [0, d], one has

0(Pu)= min Pu(t)+ min DPu(t)+ min DPau(t)
telr,T-t1) telr,T-t) telr,T-T)
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oIl Ey (s, u(s))
min

1
—_— (¢ —s5)*t ds
" Tl T"]/ 1+ 1of? (E(s,1(5) + oD% 1(5) @ Bls, u(s))

B
+ —— min /(t )2 ols Ex(s, u(s)) N
(@) telr, T-71 Jo \/1 + oI (E(s, u(s)) + Diu(s) ® B w2
B
—— min f (t-s ol? Es(s, u(s)) B
o 1+ 1off (EGs, (s)) + oD uls) © Bls, (o)
3Ab R
>I‘(/3+1) (o )\/mtef?%nﬂ[(f 5)*7LsP ds
= i w a+f

= min
F(ﬂ " l)F(Ol) 14+ wz telr, T-7] F(O{ + ,3 + 1)

3AbrYtP
= t = b.

Ma+p+1),/1+w3

Thus, the condition (i) of Lemma 2.4 holds. If d = ¢, the condition (i) implies (i) in

Lemma 2.4. Then, there exist at least three fixed points us, us, u3 € P, meeting ®u = u. [J

Remark 3.7 By Theorem 3.6, it follows that the fixed points u;,u,,us € P. C I, which
yields that the problem (1.1) has at least three solutions on P.,.
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