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1 Introduction
In this paper, we consider the decay estimates for the Cauchy problem of the Liist model
(4]

ur+u-Vu—-B-VB+Vp—uAu=-J-VJ,
B;—AB;+u-VB-B-Vu—-vAB=V X [J]-V]-]xB-u-V]-]-Vu],
V-u=0, V-B=0,

u(x,0) =uo(x),  B(x,0) = Bo(x),

(1.1)

where u, B, and p denote the plasma velocity field, the magnetic field, and the pressure,
J =V x Bis the electric current density, and J x B is called the Lorentz force. The param-
eters 1 and v are the viscosity and the resistivity constants, respectively. In this paper, for
simplicity, we assume v = u.

In [1], Bae and Shin studied the well-posedness and blow-up criterion to the Liist model
with initial data in H3(R3). The authors proved that this solution is defined globally-in-
time and decays algebraically when & := |luo|ly3 + |Bollys + Il/ollg3 is sufficiently small.

More precisely, we show the main results of [1] as follows:

Lemma 1.1 ([4]) There exists T depending on &y such that there exists a unique solution
of (1.1) on [0, T) satisfying

@ e + 1BO s + O + 20 fo (V) + [VBO |}0) ds < CEo
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Moreover, T > 0 is the maximal existence time of the solution if and only if

t
limsup/ (IV x ullgmo + V] lzao) dt = co.
t/"Tx JO

Lemma 1.2 ([4]) If& issufficiently small, T = oo in Lemma 1.1. Moreover, (u, B,]) decays

in time as follows:
| A% B < Col+ 078, k=1,2,3,

where A = ~/—A and Cy depends only on &.

The main purpose of this paper is to improve Bae and Shin’s results on the global well-
posedness and decay estimates for system (1.1).

First, we show the following theorem on global well-posedness. It is worth pointing out
that system (1.1) consists of the 3D incompressible Navier—Stokes equations coupled with
Maxwell equations. Thanks to the convective term, the existence of a global strong solu-
tion without any additional initial conditions is also one of the big challenges in mathe-
matical research. Hence, in order to obtain the global well-posedness for system (1.1), we
also need to provide some assumptions on the initial data. Here, we adopt the pure energy
method [2, 5] and standard continuity argument, assuming the H3-norm of initial data is
sufficiently small, to prove the global well-posedness of strong solutions. More precisely,
we establish the following theorem:

Theorem 1.3 (Global well-posedness) Assume that (ug,Bo,Jo) € HN(R?) with N > 3.
Then, there exists a constant &y > 0 such that if

llollys + 11Bollgs + ol s < €0, (1.2)

then there exists a unique global solution (u, B,]) satisfying that for all t > 0,

t
() 50 + [ B@ 5 + 1O 1 + 200 / (| Vuls) [ + [ VBS) ) ds )
< C(lluoll o + 1Boll 7 + ol Fx-

The time-decay rate of solutions is also an interesting topic in the study of the Cauchy
problem of dissipative equations. Here, we establish the negative Sobolev norm estimates

and show that the solutions of system (1.1) satisfy some negative algebraic decay estimates.

Theorem 1.4 (Decay) Let N > 3 and (1.2) hold. Assume that (uo, Bo,Jo) € HN(R?) N
H(R?) for some s € [0, %). Then, for all t > 0, we have

[A7u@)] o+ [A=BO . + |47 2 = C (1.4)
and

|V ]| s + |V Byt + [ VY |yt < CA+ 87, for1=0,1,...,N. (1.5)
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Applying the Hardy-Littlewood—Sobolev theorem [5], we easily obtain that for p €
[1,2), LP(R?) c H5(R3) with s = 3(}9 - 3) €[0,3). Therefore, Theorem 1.4 implies that:

Corollary 1.5 Under the assumptions of Theorem 1.4, if we replace the H*(R®) assump-
tion by (1o, Bo, Jo) € LP(R®) (1 < p < 2), then, for [ =0,1,...,N, the following decay estimate
holds:

9l g+ 9Bt [ 9] = €Ly G4 16)

Remark 1.6 The decay estimate (1.6) is optimal because it is equivalent to the decay rate

of the heat equation.

2 Main results
2.1 Proof of Theorem 1.3

First, we give the following equality implying conservation of the energy:

| &

(el + IBIZ, + 71172) + (I Vel + I VBII2,) = 0. (2.1)

N | =
QL

t

In addition, for k > 0, Bae and Shin [1] established the following inequality:

1d
5 g ISl + DB + [ A% 1) + (| A% ] + [ A8 )

2.2
< C(IVullzo + VBl + V]Il ) (| A% 7, + [ A¥B[ S + [ A%]2)- -
By using the embedding H2(R3) — L*°(R?) and Lemma 1.1, one has
ld k|12 kpl? kr|? k+1, 1|2 k+1 |2
5 77 Al + | ABl L+ A1) + (A a1, + A8 )
< C(IVullyz + VBl + 19712 (| Akul2, + | AXB] 2, + [ A% ]2) 23)

< Ceo([[ A ull + | A*BIL + | AY ]32)-

Summing (2.3) over k =1,2,3,...,N, and adding (2.1) to the resulting inequality, yields
that

d
— (a2 + IBI2 o + W17 ) + 2 (I1Vuel 2 + VB x
dt( H H H ) ( H H ) (2.4)

< Go&(IVull?y + IVBIZn)-

Thus, (u, B,]) exists globally-in-time when Cy& < 2, and the proof of Theorem 1.3 com-
plete.

2.2 Proof of Theorem 1.4
We will derive the evolution of the negative Sobolev norms of the solution to system (1.1).
In order to estimate the nonlinear terms, we need to restrict ourselves to that s € [0, %]

and s € (%, %), respectively.
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First, taking A™* to (1.1);, by taking the inner product of them with A~y and A~*B,
respectively, we deduce that
L2 a=ul?, + [A=B|% + | A~ A=Vul?, + | A=VB|]
5 A7 ul o+ [A7Bl L + A7) + (A= Vul o+ | I2)

= —f A -Vu)- Audx +/ A™(B-VB)- A *udx
R3 R3

—/ A’S(J-V])-A’Sudx—f A™(u-VB)- A" Bdx

R3 R3

+/ A"S(B-Vu)-A‘Sde—/ A~(J x B)- A™Bdx (2.5)
R3 R3

—/ A‘S(M-Vl)-A‘Sde—/ A - Vu)- A~ Bdx
R3 R3

+ / A(J-V])- A °Bdx
R3

=h+L+- -+

The main tool to estimate the nonlinear terms on the right-hand side of (2.5) is the Sobolev
interpolation inequality. This forces us to require that s € (0, %). If s € (0, %], we have % +
3 <land % > 6. Hence, applying the Kato—Ponce inequality [3], the Sobolev embedding

theorem, Holder’s inequality, and Young’s inequality, we obtain

= | Al | A7 Va0 = ClA ] eVl s
L +

1 1_
< Cl A= pllull 5 1Valle < Cl A= u] L IVull 571 Aul IV ul 2 (2.6)

=l
Wl

< ClIVullz | A~k 20

b= |A=u] 5 |A(B- VB) ], = C|A~u] 18- V53]

1
L

*3

S

% +s
12

-s -s %‘S (27)
< C[A~u] 21BN 2 IVBI 2 < CA™u] LIVBIL I Aull S VB2

< CIVIIZa | A u]

L21
I < |[Au| A0 - V)| o < ClA™u]| 1T - VI 1
L2%3

%+s %—s

< Cla=ul oW1, 31912 < ClA=u] L IVTIS AT 1912 @8

< CIVII2a || A~ ul

>’

1o = |A"B]o| A VB 2 < C|A~B] alu- VB
L

1
5= 2.
| Al I VB 2 29)

1
+

|
wlen

%+s

< C|A™B|xllull 3 VB2 < C|AB L[ Vul

< C(IVul?, +IVBI2%) | A~B|

¥’
I < [A7B| | A~ Vi), < C|A~B] 118 Vull 1

L273
%1’5

1_
2ENABIL | Vul 2 (2.10)

< C[A™B| 511813 IVull;2 < C|A™B] | VBI|

< C(IVBIZ, + IVull%,) | A~B|

¥’
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and

<|A=B| .| A0 x B)|;» < C|A=B| 1] x BI
L

S

M\'—‘
w

< C|A™B| 1Bl 3 ||J||Lz<C||A*SBHL2||VB||2”|AB|| *I1l2

<C|IVB|}. ] A

L

<[A7B] .| A7 VD) n = C[ATB] L llu- VT
L

S

*3

M\'—‘

< C| AB| a3 1V 112 = CIAB o IVals sl 197 i

< C(IVBIZ: +IVull%,) | A~B|

L

Iy < [A7B 5 A70 - V] = C|ATB ol -Vl
La2"*

Wi

1_
< ClA™B|,1Vull 3 12 < C[|A7B] 2 ||Au|| 2NV Aul| 2

< C(IVBIZ + | Aullzp) | AB]

=[A7B| L |A70- VD] = C[ATB] LT V]I

S

1
La*

w

< CIA=B| L0 3 1V 12 < ClA=B] L IVTIS 1T IV 2

< C|VB|}.|A7B| -

Summing (2.5)—(2.14) gives

Ifse(%,

norm estimates in another way. Since s € (%,

1d
5 g 187 ulie + 1A=BI L+ AT 15) + (| a7Val + |A=VB] )

=< C(IVBIlyz + 1Vullye) (| A7u] 1 + [ A7B] 2)-

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

%), we will estimate the right-hand sides of (2.5) and obtain the negative Sobolev
%), we easily obtain % +3<land % € (2,6).

Therefore, using the Kato—Ponce inequality and Sobolev’s embedding theorem, we arrive

at

L < Cl A u pllull 31 Vul2 < Cl A~ ul  llul 7||Vu|| IVl 2,
L < C|A”u] 5Bl 3 IVBIl2 < C||A™u] , 1Bl 2||VB|| CIVBI 2,

I < Cl|A™u] 71 3 1V1l2 < C[ A7 ul 5 IIJIISL_f IVl f;snwan,

< CIIVBIlZ | A~*ul

12’

L < C|A™B| zllull 3 IVBI 2 < C| A™B] ullull 2||w|| VB2,
Is < C|A7B| L1IBI 5 [ Vull2 < C|A7B] L 1IBI, 7||VB|| IVl

Is < C|A™B| L lIBIl 3 I ll.2 < C| A=B| .11l 2 IIVBII VB2,

(2.16)

(2.17)

(2.18)

(2.19)
(2.20)

(2.21)
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_1 3_
L < C|A™B| allull 3 197112 < CAZB| llull,” Vel 19T 2, (2.22)
_1 3_
Iy < C|A7B] I Vull 3Tl < C| A™B| oI Vally, I Auel 5 11l 2 (223
< C(IVul}y + IVBI3:) | A7B]

and

_1 3_
I < C|A™ul I3 1972 < CAB L WIS IV 19T (20
< C|IVB|}.|A7B| ..

Summing (2.5) and (2.16)—(2.24) gives

S (A ulp + [ A7BlG + |47 ]50) + (| A= Vulf + | A7VB]},)
<C(||A* +|AT°B
< c(|A7uls |78l | .
X [||VB||?.,2 + ||VM||?.,1 + (Iloell 2 + ||B||L2)372

5-8

3
x (IVall2 + IVBIl2) 2 (I Vul 2 + VBl ]

Next, by using the negative Sobolev norm estimates (2.15) and (2.25), we establish the
decay estimates for the solution of system (1.1).
First, one considers the case s € (0, %] Define

&) = |Vl + [V'BI L + |V
and
E0) = [ A~ ul, + [ A=B] + | A~ ..

Integrating in time (2.15), and applying (1.3), we obtain

£ <EL0)+C fo (IVBI, + [ Vul20)VEs ()T
< Co(l + sup \/E,S(t)dr>,

O<t=<t

which implies (1.4) for s € [0, %], that is
|A=u@)|| 5 + |A™B®)| 2 + |AT®)] > < Co. (2.26)

In addition, if / = 1,2,..., N, by the Sobolev interpolation inequality, we deduce that

_ L
I+s

2 -

1
1+ﬂ§

[V* ]2 = €[V 2

a7

By this fact and (2.26), we derive that

| V5 @, B |22 = Co|| V!, B |2) 7.

Page 6 of 8
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Hence, by using (2.4), one has

d

i Co(E)Y 15 <0, forl=1,2,...,N,

that is
&)< Co1+8)™"*, forl=1,2,...,N,

which implies that (1.5) holds for the case s € [0, %].

In addition, the arguments for s € [0, %] cannot be applied to s € (%, %). However, ob-
serving that ug, By, Jo € H‘% hold since H* N L2 c H* for any s’ € [0,s], we can deduce
from what we have proved for (1.4) and (1.5) with s = % that

|V, + | VB2, + | V|2 < Col+ )73, fori=0,1,...,N. (2.27)

By (2.25), we have

. 3 s
£ = E.0+C [l IVul*VED dr
0
t
+C / (19ul2, + o)) VEL() d
0
t
§C+C/ (1+r)’%’% dt sup /E_s(t) + C sup /E_s(t)
0

7€[0,¢] 7€[0,¢]

13
<C+C sup E(1), forse <§, 5),

7€[0,t]

which means (1.4) holds for s € (%, %). Moreover, we can repeat the arguments leading to
(1.5) for s € [0, %] to prove that they also hold for s € (%, %). Hence, we complete the proof.
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