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1 Introduction and main result

Many scholars have investigated the singular second-order equation
X+ V'(x)+g(x) = p(2) (1.1)

with functions V(x), g(x), and p(¢) satisfying certain restrictions. The multiplicity and ex-
istence of periodic solutions for Eq. (1.1) are discussed by utilizing the topology degree
theory [1]. Qian and Torres [2] use the Poincaré—Birkhoff twist theorem to find the dy-
namical features of Eq. (1.1). Jiang [3] employs invariant curves and Moser’s small twist
theorem to discuss the boundedness of solutions for Eq. (1.1). The unbounded and pe-
riodic solutions of Eq. (1.1) may coexist [4]. Assuming that g(x) = 0 and p(¢ + 7) = p(¢),
Capietto et al. [5] consider Eq. (1.1) with

1 1
V(x) = —x2

St " 1, (1.2)

where x, = max{x, 0}, x_ = max{—x,0}, and v > 0 is an integer. Using the Moser twist the-

orem and the Lazer—Leach assumption
1 s
1+ 5/ plto +0)sinfdb >0 VipeR,
0
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Capietto et al. [5] investigated the boundedness of solutions and quasi-periodic solutions
for Eq. (1.1). Following the ideas in [5], Jiang [3] and Liu [6] and Wang and Jiang [7] dis-
cussed the boundedness of solutions for Eq. (1.1) under different conditions.

To clearly understand the objective of our work, we recall the main result about Eq. (1.1)
in Lazer and Leach [8]. Suppose that g(x) is smooth and bounded and that V(x) satisfies
the conditions

2V(x) m?

lim V(x) = +o00, lim = s
x—as x—>+00 X 4

where the domain of V(x) is (a, +00), m > 0 is an integer, and the constant a belongs to
€ (-00,0). Let

2w

2
g*(,o):/o g(p|sin(mt/2)|)|sin(mt/2)| dt, p*(9)=/0 p(t +0)|sin(me/2)|dt.

Applying the analysis of phase plane and topological degree methods, it is proved in [8]
that Eq(1.1) possesses at least one 27 -periodic solution, provided that there is gy € [g},g/]
(g, =liminf, ;00 g:(p),g¢ =limsup,_, , . g«(p)) (i.e.. p. has a regular value of g) and the
number of zeros of p, — gy in [0, 27 /m] is not 2.

In 2019, Ma [9] considered the periodic solution of Eq. (1.1). Suppose that V'(x) =
n2x, p(t) € C*H(R/27 Z), and g(x) € C}(R) with the restrictions

lim x°2 |g(x)| =0, lim x2 |g/(x)| < +00.
|—+00 X—>+00

|x

Ma [9] obtained that Eq. (1.1) possesses at least one 27 solution, provided that

2w )
‘/ p(t)e ™ dt
0

and Eq. (1.1) possesses an unbounded sequence of 27 -periodic solutions if

< limsup

pP—>+00

’

2
/ g(pcos)cosh db
0

2
< min{limsup| g(pcos@)cosbh do,

p—>+00 0

2
/ p(t)e™ dt
0

— liminf
p—>+00

2
f g(pcos@)cos@d@‘ }
0

We observe that the function V(x) is globally defined in R and the function g(x) is un-
bounded or oscillatory in [9]. Note that in [8], V(x) possesses a repulsive singularity at a,
and g(x) is bounded. Also, in [5], V/(x) possesses a repulsive singularity at -1, and g(x) = 0.

When the function V() is of the form (1.2), a natural question is to find restrictions im-
posed on unbounded function g(x) to make Eq. (1.1) have at least one 7 -periodic solution
and possess an unbounded sequence of 7 -periodic solutions. The objective of this work
is to handle this problem. Precisely speaking, we investigate the existence and multiplicity
of periodic solutions of the problem

x4+ V'(x) +g(x) = p(o),
V(x) =322+ —5m -1, p(t) € C3(SY),

(1-a2)V

(1.3)
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where S!' = R/7Z and lim,_, ;o0 X3 g®(x) = 0, k = 0,1. Here we state that the function
g(x) considered in our work is different from those in [5, 8] and is the same as that in [9].
The novelty of our work is that the function V(x) is of the the form (1.2), which is different
from those in [8, 9].
The auxiliary equation of Eq. (1.1) takes the form
X+ V'(x)+gx) =0. (1.4)
The Hamiltonian function of (1.4) has the expression

Hy(x,y) = %yz + V(x) + G(x),

where G(x) = fox g(s)ds. For H > 0, we denote by t(H) the least positive period of the orbit
Th :Ho(x,y) =H,p = [ p(s)e” ds. Set

I'(H) = VH(t(H) - 7). (1.5)

Equation (1.4) possesses the following autonomous Hamiltonian system:

Now we state the main result of our work.

Theorem 1.1 Suppose that g(x) € CL(R), p(t) € C>(R/7Z), and

lim 2 2g0(x) =0, k=01 (1.6)
xX—>+00
Then
(i) Problem (1.3) possesses at least one 1 -periodic solution if
_ 2 .
1P| <\/jhmsupl"(H). (1.7)
H—+00

(i) Problem (1.3) possesses an unbounded sequence of m -periodic solutions if

_ 2 . .
Ip| < —mm[llmsupF(H),—llmmfF(H)}. (1.8)
T H— +00 H—+00
In Sect. 2, we present several lemmas, and in Sect. 3, we provide the proof of Theo-

rem 1.1.

2 Preliminaries
2.1 Action-angle coordinates
To use action-angle variables, we write the auxiliary equations

/

/

oH;

~om (2.1)

B
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with the Hamiltonian function
1,
Hl(x,y) = Ey + V(x).

Let To(h) denote the time period of the integral curve I', of (2.1) with Hy(x,y) = .
Denote by I = I(h) the area enclosed by the closed curve I'j, for # > 0. Assume that
-1 <oy, <0< By satisty V(-ay,) = V(By) = hand

1_(;,):2[0 " 2(h-V(s))ds, T_(h) =2/0 h md&

Thus we have

Io(h) =mh + 2fah V2(h=V(=s))ds=mh+IL(h), (2.2)
0

To(h) =1

! _ h 1 _
oh) =m + 2/0 42(}[ =) ds=m + T_(h). (2.3)

For conciseness in the following discussions, we always use c or C to represent positive
constants.

We acquire cv/i < I_(h) < Cv/h. Let h = hy(I) be the inverse function of I = Iy(h). Using
the expression of V(x) and the definition of Iy(%), we derive that

dd<hol)<CIL,  |I'HP D] < ChI) fork=1,2.

Lemma 2.1 [3] Forn=0,1,2, we have

T () a@n-Dt V2 1 I
-V T s o\ Geen ) o
where
3-..-(2n-1), n>1,
@n-1)l=

For (x,7) € (-1, +00) x R, we define the transformation W : (x,y) — (6,1) by

RE)] (—T'z(h) + arcsin 2;(”)) ifx>0,y>0,
s (B8 4+ — arcsin —=£—) ifx>0,y<0,
O(x,y) =4 "M Vi) 04

g X 1 .
To(hx)) (e, V2o 11527 ds) ifx <0,y >0,

m(TO(h(xxy))_f_xah dS), x<07y<0)

1
2(h(x,y))+1-(1-s2)77
and
B
I(x,y) = Io(h(x,y)) = 2/ Z(h(x,y) - V(s)) ds.

—ay
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Note that the first equation in (1.3) possesses the Hamiltonian system

_0H ,  OH
T oy’ ox

x/

associated with
1,
H(x,y,t) = Ey + V(x) + G(x) — xp(2).

In the new variables (0, ), we write the Hamiltonian systems of (1.3) and (1.4) in the forms

, O0H .,  0H
0'=—, I'=—— (2.5)
ol a0
and
JH, JH,
=220 -2 (2.6)
al a0
respectively, where
H,1t) = why(l) + nG(x(I,Q)) —mx(1,0)p(¢) (2.7)
and
Ho(0,1,8) = who(I) + mG(x(I,0)). (2.8)

For x > 0, using (2.4) gives rise to

0-——=).

2 (2.9)

- (2, L)

Using formulas (2.5)—(2.9), we want to obtain estimates of the function G(x(Z,0)). We
need the following lemma.

Lemma 2.2 [3] For sufficiently large I, if x > 0, then

I <CVI, k<2.

ok x(1,0)
aIk

For sufficiently large I, if x < 0, then

ok x
]

Ik

1,0
(Ik )‘fC(1+x)§C, k<2.

To transform the first equation in problem (1.3) into a nearly integrable equation, we
introduce the transformation ¥, : (1,0, t) — (H, ¢, n),

H®,1,t) =mho(I) + nG(x(I,Q)) —mx(l,0)p(¢), Y=t n=60,

that is, the time and energy are the new angular and action variables, respectively.
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As I — +00, from (1.6), (2.2), and Lemma 2.2 we conclude that H/I — 1 and % > 0.
Applying the implicit function theorem, we derive that there exists a function Ry(H,t,0)
belonging to C? with |R,| < H/27 such that the function

IZIO(; +R2(H,t,9)) (210)

satisfies (2.7). Thus, under the transform W,, the Hamiltonian function (2.7) is trans-
formed into the Hamiltonian function (2.10).

Note that the inverse function of Iy is /1y. Using (2.7), we acquire

Ry(H,t,0) :x<10(g +R2),9)p(t) - G(x(fo(g +R2>,0)). (2.11)

Utilizing (1.6), Lemma 2.2, and |Ry| < H/27w gives rise to
’RZ(H) t19)| < 6(]—1)1_[%$

where (here and further) € (H) stands for a nonnegative function satisfying limg_, , € (H) =

0.
Similarly, we can prove that there is a function R;(H,#) in space C* with |R,| < H/27w
such that
I:IO<%[ + Ry (H, t)) (2.12)
satisfies
H =mho(l) + 7 G(x(1,6)). (2.13)

Thus we have

Rl(H,G)Z—G<x(Io(1;—1 +R1),9>) (214)

and
IRy(H,0)| < e(H)H?.

Let Z={0 eS': sin(TOT(h)Q - T*T(h)) = 0}. Obviously, by Lemma 2.1 the measure of E is

Zero.

Lemma 2.3 Ifthe function R(H, t,0) belongs to C* and |R(H, t,0)| < e(H)H, provided that
h=%1R(H,t0), then

Jlim (V2h)3g® («/ﬂ sin( Lok, _ —T‘(h))) sin* ( Tk, —T‘(h)> =0

T 2 T 2

fork=0and 6 € S' and fork =1and 6 € S' \ E.
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Proof From (1.6), for any € > 0, there exist constants My > 0 such that

1
xk‘ig(k)(x) <€, x>M;.

Since limpy_, 00 #(H, t,0) — +00 uniformly for ¢ and 6 \ E, there exist positive numbers
My > 0 such that for H > My,

X |xkg(k)(x)| <E€.

1
ma
2 Ixl<My

Thus, for [«/2h sin(TOT(h)O - T*T(h))l > M, we have

Bt (TR - T (8 L)

T 2 T 2

and for |+/2h sin(TOT(h)G - T‘T(h))l < My, we have

‘(@)k%guo (msin(ToT(h)g - T_(h)>> Sink<To(h)9 B T_(h))‘

2 T 2

I Ox)| <e,

- J_ I

which ends the proof. O

For r € R, when H > 1, we write u = u(H,t,0) € C*(r,¢) if |8,k{u| < e(H)H"* for k =
0,1,2 and |3k d,u| < CH? ™ for k =0,1.

Lemma 2.4 Leth = + u(H,t,6) with u € C(3,€). Then
’g(k)(x(lo(h)’9))(31196(10(}1),9))“1! < e(H)Hi~*+D (2.15)
fork=0,1and6 eS'\ E.
Proof When x > 0, by a direct computation we have
8(x)dpx
=g(«/ﬂsin( T‘;ih)e - T‘Z(h))) \/1_ (l + aHu> sm(T‘ih)e - T‘T(h)>
so{(sn(By TN e (B9, T.0)

T’ (h)

x [lT(;(h)e ]— + Optt)
T T

and

g (x)(3x)?

2
- g(«/ﬂ sin< Tojih)e - —T‘z(h)» % <% + 8Hu) sin® < T‘;fh)e - —T‘Z(h ))

Page 7 of 20
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+g,(\/ﬂsm<To(h)9_ T-_(h))>2hcos2<To(h)9 ~ T_(h))
T 2 T 2

’ 2 2
X |:1T6(h)9 + T‘(h)] (l + aHu)
T 2 T

2
+ 2g/<«/ﬂsin< TO(h)Q - —T_(h)>) <l + aHu) sin( TO(h)O - —T_(h))
T 2 T T 2

OS<M9 - T_—(h)> . |:1T6(h)(9 + T/(h)].
b 2 b 2

From (2.3), Lemma 2.1, and Lemma 2.3 we obtain (2.15). When x < 0, using Lemma 2.2,
we acquire that (2.15) holds. The proof is finished. d

Lemma 2.5 Foralle >0,t,and 0 € S'\ B, as H — +00, we have

|0k Ry(H, £,0)| < e(H)HI™  fork <2,

|0kl Ry(H, £,0)| < CH3 ™ fork+1<2,I> 1.

Proof (i) When k + [ = 0, the conclusion follows from (1.6), (2.2), (2.11), and Lemma 2.2.
(ii) When k + [ = 1, define

H H
A=1- 8196(10(— + Rz),@) T()(— +R2>p(t)
T b4
H H
+g(x)81x<10(— + R2>,9> To(— + R2>
b4 T
For |A| > % and H > 1, we get
1
A - OyRy(H,t,0) = —— (A -1), (2.16)
T
H /
A - 0:Ry(H,t,0) = x(10<— +R2>,9>p (®). (2.17)
b4
Using Lemma 2.2 and (1.6) yields

‘—l(A— )| <e(H)HI
T

Applying Lemma 2.2 gives rise to

H
x<10 (; + Rz), 9>p/(t)

Thus [0 Ro(H, ¢,0)| < e(H)H ' and |9,Ry(H, t,0)| < CH?.
(iii) When k + [ = 2, differentiating both sides of (2.16) with respect to H and ¢, respec-

tively, we acquire

<CvVH.

1
AN - IRy + ARy = —— A,
T

Page 8 of 20
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1
81:A . 8]—[R2 + AaHatRz = ——3tA
T

Differentiating both sides of (2.17) about ¢ gives

2 H H ’
SZA . Bth + Aat R2 = 81x I() — + R2 ,9 T() — + R2 atRzp (t)
/g T
H Z
+x(10(— +R2),9>p (¢).
T
A direct computation yields
) H ,(H 1
ogA = 8,x Iyl —+Ry ),0 TO — +Ry — + 0y Ry p(t)
v g v
H H 1
+ alx(l(,(— +R2>,9>8HT_<— +R2> (— + BHR2 H t, 9))]9
T T g
) H H
+g (x([()(— +R2>,9))(81x<10<— +R2> <— +R2)> (— + 8HR2>
" /g
H , (H 1
+4\x Io —+R2 ,0 (8196(10 —+R2 TO —+R2 —+3HR2
T T A
H H H 1
+g<x(10(— +R2),9>)(31x(10<— +R2>8HT<— +R2> (— + 3HR).
e b/ v g

From Lemmas 2.1-2.5 we have |0y A| < e(H)H~ i and |0y Ry (H, t,0)] < e(H)H"l.
Similarly to the above estimates, we have

|02 Ry (H, £,0)| < e(H)HT™,  |99,Ry(H, ,0)| < CH? ™,

|02 Ry (H, £,0)| < CH3 ™.
The proof is finished. O
Using (2.14) and (2.15), similarly to the proof of Lemma 2.5, we acquire the conclusion.

Lemma 2.6 Foralle >0,t,and 0 € S'\ B, as H — +00, we have
|0k Ry (H,0)| < eH)HI™  fork <2. (2.18)

Next we rewrite (2.5) with new variables as a nearly integrable system. To handle this
process, we apply

R12 = RZ(Hr t; 9) _RI(H’ 9), Rp. = l“LR2(H7 t,@) + (1 - M)RI(H) 9);

H H
h1:—+RM(H,t,9), hy = — + vRy(H, t,0)
T M4

to express

R(H,t,0) :Io(%[ + Ry (H, t,9)> —Io<%[ +R1(H,9)> —ﬂx<10<g),9>p(t). (2.19)
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Thus we obtain

R(H,t,0)

e () (2 s m0n0) ()Yt
B m)e) o)) oo 0))
ol ) (2] (2

=R\ (H,t,0) + R*(H,t,0) + R*(H,t,6),

where

1
n[ / (1o (12),0) To )Ry du}p(t)
0
1
”/ g(x 6))dx(Io(h1),6) To(h1)Ry2 dpe,
0

1
R3=f T_(hl)Rlzd/,L.
0

Lemma 2.7 Foralle >0,t,and 6 € S' \ E, as H — +00, the function R(H,t,0) possesses
the property

|0k 0IR(H, £,60)| < e(H)HA™  fork+1<1. (2.20)

Proof (i) When k + [ =0, using Lemmas 2.1 and 2.5 and (2.18), we obtain (2.20).
(ii) When k=1 and [ =0,

1
IR =7 [ / a}x(lo(hz),e)Tg(hz)e - vaHRg)Rz dv:|p(t)
0
! 1
+ 7T |:/0 81x(10(h2),9)Té(h2)(; + UaHRz)Rz d\)]p(t)
1
+ 7T|:/ 3196(10(}12),'9)To(hz)aﬁkz)dl)]l?(t),
0
1 9 1
R =n[ f g (%(Zo(h1),0)) (3 (Io (1), 0) To(h1)) (; +8HR,L>R12 du«}
0
+ 7T

x(lo(l’ll),e 8196(10(]’11),9)71(;(}11)(% + 8HRM)R12 d/J,i|
(

+ 7T

[ atetiotnn.o)
+7 :/Olg(x IO(hl)re))aIx(IO(hl)ye)To(hl)aHRlzdﬂ]
[ alotitin o)

1
x(lo(h),0 31296(10(1’11),9)1"3(1’11)(; + 8HR[L)R12 d,u:|,
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and

1 ) 1 1
BHR3 = |:/ T_(hﬂ(; + aHR,,_)Ru d,lL + / T_(l’ll)aHRlz du]
0 0

We derive (2.20) from Lemmas 2.2 and 2.4-2.6.
(iii) When k=0and [ =1,

1
o,R = n[ / 02x(Io(h2), 0) T2() (v3,Ry)Ry dv]p(t)
0

1
+T A 31x(10(h2),Q)T(,)(hz)(vatRz)Rz dv]p(t)

1
+7 / dx(Io(ha), 0) To(h2) 3Ry dV:|P(t)
0

1
+7 f 3196(10(/42),9)T0(1’12)R2dv]P,(t),
0

1
(R =1 [/o g/(x(fo(hl)ﬂ))[31x(10(h1)»Q)To(hl)]z(atRu)Rn dﬂ]

1
+7 / g(x(lo(hl):9))8Ix(10(h1):Q)T(/)(hl)(atR;L)Rndﬂ]
0

1
i / g(x(lo(h1)>9))3196(10(//11)»Q)To(hl)atRlzdM]

1
+ 7T /(; g(x(lg(hl), 9))81296(10(1’11), 9) Tg(hl)atRMRm d,lL:|,

and

1 1
0 = [T )aR,Radus [ TR du
0 0

We obtain inequality (2.20) from Lemmas 2.1-2.2 and 2.4-2.6.

Now we rewrite (2.5) with the variables H, ¢,6. Utilizing (2.19) yields
H H
1= 10(— + Rl(H,H)) + nx(I()(—),@)p(t) +R(H,t,0)
T T
H -
= 10<— + Rl(H,G)) +x(H,0)p(t) + R(H, t,6),
bid
where

1
R(H,t,0) = n/o 81x<H +ul_ (g),@)p(t)l_ (%[) du +R(H,t,0).

For the new perturbation R, from Lemmas 2.1-2.2 and 2.7 we have

|0k 0IR(H, £,0)] < e(H)HA™ fork+1<1.

(2.21)

(2.22)

Page 11 of 20
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Lemma 2.8 [f(1.6) holds, then
lim H3*%T®H) =0, k=0,1. (2.23)
H—+00

Proof Using (2.12) and (2.13), we get

t(H)-n

T H
:/ 8H10<—+R1(H,9)> d@—r[
0 T

” 1
:/o B + G

b g
1
= f T do —m
0 m (x)81x[1 + ﬂaHRl + 8HI ( + Rl)]

/” 1+7T3HR1+8H1( +Ry)
o 1+g(x)0x[1 + wouR, + 8H1_(; +Rp))?

Applying (1.5), (2.2), and the definition of /y(I) gives rise to

de.

F(H):Jﬁ/ [naHR1+8HI( +Ry) — g(x)9rx[1 + w oy Ry + dyI_ (2 + Ry)]? ]
0

1+ g(x) 91 + w0uRy + 0l (2 + Ry

(2.24)

%/ |:7T3HR1+8H[( +R1) g( )8196[1+7T3HR1+8H1( +R1)] :|d9
0

1+g(x)0x[1 + w oy Ry + Ol ( +Ry)]?

For k = 0, we obtain (2.23) from Lemmas 2.1, 2.4, and 2.6. Note that

) /ﬂ ARy + FL (2 + Ry)(L +0pR))
T =
o 1+g(x)ox[l+mwdgRy + oyl ( +Ry)]?

/ﬂ & ®)(0rx)*[1 + w0y Ry + 0L (2 + Ry)]*
- o {1+g)ox[l+mdyRy + 0l ( + R1)]?)2

T g@)(0Fx) (1 + IRy + Opl_(2 + Ry)J*
_/0 {1+g(x)0x[1 + 7oy Ry + Oyl_ ( +R)]%)2

do.

/” 2[1 + wdy Ry + Oyl ( + Ry)|%g(x)drx [ 03 Ry + 071 ( +R)]
0 {1+gx)ox[1 +moyRy + 8HL(§ + R1)]?)2

Using Lemmas 2.1, 2.4, and 2.6, we get Hi t/(H) < €(H). Thus we obtain

HiT'(H) = %H—i T(H)+Hit'(H) < e(H).

Hence (2.23) holds for k = 1. The proof is finished. (|

Page 12 of 20
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2.2 Canonical transformations
Lemma 2.9 If (1.6) holds, then there exists a canonical transform

W3:H =p, t=1+T(p,0)

associated with T (p,0 + ) = T(p,0) such that the transformed system of (2.21) takes the

form
dp A dt n
—2—31—1 ) 79; — =0,/ ) ;91 2.25
40 (0,7,0) 40 o 1(p,7,60) ( )
where

1(p,7,0) = J(p) + wx(p,0)p(z) + R(p, T,6)

and

/(p):l/ 10<£+R1(p,0))d9.
T 0 T

For the new perturbation R and for all € >0, t,and 6 € S'\ &, if H — +oc and k + [ < 1,
then

050! R(p, 7,6)| < e(p)pt™. (2.26)
Proof Define W3 implicitly by

o=H+09;S(H,1,0), t=1+0yS(H,1,0),
where the function S = S(H, 7, 0) will be determined later. Using W3, (2.21) becomes

1(p,7,0) = 10(%1 +R1(H,9)> +x(H,0)p(t) + R(H, £,0) — g—g.

Now we choose

S= /9 |:10<];I +R1(H,9)) —](H)i| do.
0 4

Therefore p = H. Assuming that T'(H, ) = oy S(H,0), we know that W3 takes the form
H=p, t=1t+T(p,0).

and the function I reads as
I(0,7,6) = J(p) + wx(p,0)p(z) + R(p, 7,6),

where

1
i\)(p,‘[,g) = INQ(p,t + T(p,@),@) + nx(p,@)/o p’(t + MT(,O,G)) T(p,0)du.

By a direct computation, (2.26) is derived from Lemmas 2.1, 2.2, and 2.6-2.8. O



Xing et al. Boundary Value Problems (2023) 2023:110

3 Proof of main result
Now we introduce a small parameter § > 0 satisfying

W,: p=82y, velabl,

where a and b such that b > a > 0 do not depend on § > 0.

In the new variables (v, 7), (2.25) takes the form

Yo e, E-Liwes (3.1)
- =-—1,7,0,0), - =—1\T7,0,0), .
do ot do v

where

1(v,7,0,8) = 82[J (87 + mx(872v,0)p(z) + R(67%v,7,0)].
Denote R(v,7,6,8) = §2R(52v, 7,0). From (2.22) we derive that for k + [ <1,
57050 R(v,7,0,8)| < €(82v)vi™* as s — 0" (3.2)
Because of
) =m s D), ) = 2,
we write system (3.1) in the form

% = —8%(872,0)p/(x) — 8. R(v, 7,6, ),

=1+ %V‘%F(é‘zv) + 827 0,x(87 2, 0)p(T) + 0,R(v, 7,6, ).

(3.3)

Let (v(6, vo, 7o), T(0, o, Tp)) denote the solution of (3.3) associated with the initial data

(V(O! Vo, TO): T(O, Vo, 7:0)) = (V(b tO)‘

Utilizing (3.2), we conclude that if § <« 1, then a solution of (3.3) exists in [0,27] for any
(vo, T0) € [a, b] x [0,7]. Moreover,

0< %a <v(0,vo,T9) <2b VO €]0,27].
Assume that the solution (v(0, vy, 7o), T(8, Vo, To)) is of the form

v(6,vo, To) = Vo + 8F(0, v, T0)), 7(0,v0, T0) = To + 0 + 8F1(8, vo, T0)-
Then the Poincaré map of (3.3), represented by P, possesses the expression

P(VO} TO) = (VO + 8F2(7T,V0, TO): To+TT+ (SFI(T[,VO: TO))'

Page 14 of 20
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Since (v(0, vy, 7o), T(8, vo, To)) is a solution of (3.3), we acquire

ar _

By _ Ly + 8Fy) 2 T(872(vg + 6F3)

+780,x(872(vo + 8F»),0)p(t) + 8710,R(v, 7,6,8),
D = —8x(872(vy + 8F),0)p/ (1) — §718,R(v, 7,6, ).
From (3.2) and (3.4) we derive that

|F1| = C, P2l <C

uniformly in 6 € S\ E.
Lemma 2.9, (3.2), (3.3), and (3.4) yield

Fi(,v0,T0) = /Oﬂ [%(vo +8Fy) 3T (8 (v + 8Fy))
+8md,x (87 (vo + 8F2),0)p(t)i| do +o(1),
Fy(m,vo,10) = -1 /ON 8x(8_2(vo + 8F2),9)p’(r)d9 +o(1).
Thus the Poincaré map P of (3.3) takes the form

P 11 = Tg + T + 811 (g, To, 8) + S0(1),
‘ V1 = Vg + 815 (vo, Tg, 8) + S0(1),

where
1 1 ,
h(vo,70,0) = / ;(Vo +8F5) 2T (872 (vo + 8Fy))
0
+8md,x(87*(vo + 8F2),0)p(r):| do

1 ”
=vo 2T (87w0) + /0 Smdyx(872(vo + 8F2),0)p(t) db + o(1)

1

=v, T'(87%v0) + / 87 0,x(87%v0,0)p(t0 +0) db + o(1)
0
and
I (vo, 70,8) = -1 / 5x(8‘2(v0 + 8F2),6)p/(t)d9
0

=7 f 8x(87%v0,0)p/(to + ) d6 + o(1).
0

Applying arguments similar to those in [5], we obtain the following estimates:

mes{@ € [O,n],x(;—gﬁ) >0} =7 +80(1),

(3.4)

(3.5)

(3.6)

Page 15 of 20
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mes{é) c [O,n],x(;—gﬁ) < 0} = 50(1).

When x < 0, we have that

o5 oo f(3)

When x > 0, from the definition of 0 it follows that

=520(1).

Vo [2p0 . Vo 82 2
x<6—2,0> =V 525, sinf + O(1), 81x(8—2,9) = e sinf + 6-0O(1).

Thus from (3.5) we obtain

ll (VO’ 70, 8)
_1
=v (8 %) + 8 / 3,%(87%v0,0)p(to + 0) dO + o(1)
{6€[0,7]:x>0}
_1 52
= vy 2T (87%vo) + 8 / 572 sin@p(zo + 60) do + o(1)
{0€[0,7]:x>0} TTVo

_1 7 1
=V 2T (87%v0) + / f sin@p(zo + 6) dO + o(1)
0 21V
T T
[F(82v0) + /Ef sinfp(to + G)de] +0(1).
0

Similarly, we derive from (3.6) that

NI

:VO

b(vo, 79, 8) = - / 8x(872vo,0)p (1o +0) dO + o(1)
0

= —718/ x(é‘zvo,e)p’(ro +0)d6 +0(1)
{6€[0,7]:x>0}

2
=-7é,/ # / P (1o +0)sinfdo +o(1)
81 Jigelon)a0)

= —~/27T,00/ P (1o +0)sinfdb + o(1).
0

We conclude that the Poincaré map P reads as

p 71 =To + 7 + 811 (vo, To, 8) + S0(1),
‘ v1 = vy + 8l (vg, To, 8) + So(1).

Using

/ sinfp(zo + 0) d6
0

0+
/ p(s)(sinscos 1p — cos O sintg) ds| < |p|

70

(3.7)

(3.8)

(3.10)
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and noticing (1.7), we acquire

limsupF(H)>\/§|ﬁ|. (3.11)

H—+00

Let w >0 and

. T
w <limsupI'(H) - ./ =|pl.
H—+00 2

Since \/ﬁF/(H) — 0as H — +00, there exists a number H > 1—17 > 0 satisfying

b2 @ } (3.12)

’x/ﬁr/(H” < min{m, 16

for H > H. Utilizing (3.11), we can choose a sequence {H1,}%_, with H < H, — +00 such
that

b
Hyp > —H,, (3.13)

and

3
I'(H,,) > el \/§|p|. (3.14)

Take 81, = (bH}n)‘%. Then we have 81, — 0 as m — +o00. It follows from (3.13) and (3.14)
that

o1 b
Sim(a™ = b l):Hrln<;_1) <H,,,y,

and hence [87267%, 87207 + (@t = b7 Y)o7L] € (87267, 872a7 Y C [HL, HL 1.

m

Forany H € [§;2b71,872b7 + (a! — b™1)8; L], we claim that

m

1 T
I'(H) > L—Lw+\/;|p|. (3.15)

Indeed, suppose that there is HY¥ € [§72671, 87267 + (a~! — b71)81] such that
1 4
T'(H,) <~ —|pl.
(Hy) = qo + \/; p|
Using (3.12), we have

1
Lo < () - T ()|

|0 (4 + (0l HA)| (2~ H1) (e € 10,1)

_ IWH,, + p(H,y: — Hy)U'(H,, + w(H,) — H,,)|(H,) — H,,)
VH} + n(HL - HL)
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(3.16)

biw (@ - b8,
aat - b 1)§ b
w
< 0
4
which is a contradiction. Thus (3.15) holds.
Let
Di={(p,7):pe[85b7 8007 + (@ =b7")5 0]}

Taking B; = {(x,7) : W4 W3 W, W (x,y) C D;} and using the fixed point theorem in Ding [10],
we derive that (1.7) in Theorem 1.1 is a consequence of (3.7)—(3.9) and (3.10)—(3.11).

Considering (1.8), we assume that
.. [2 _
liminfI'(H) < —,/ —|p|.

H—+00 T

Let @ >0 and

2
® < -/ —|p| - liminf T'(H).
I H—+00

Since \/ﬁF/(H) — 0 as H — +00, there exists a number H> % > 0 such that
i
b1)’ 16
> associated with A < H2 —

(3.17)

4(a1 -
(3.18)

’«/ﬁF’(H)’ < min{

for H> H. Combining (3.16), we can find a sequence {H2}%

+00 satisfying
(3.19)

b 2
m+l > ;Hm

and
3, 2 _
F(Hf,,) = _é_Lw - \/;|P|'
Taking 85, = (ben)‘% , we get 8, — 0 as m — +00. It follows from (3.18) that

sh(at -07) < HE (2 -1) <h
a

and hence H € [8;2b71, 85207 + (a™ = b7 1)8;3L] € [H2, H 4 1.
52b71, 85207 + (a7t - b71)5;L ], we claim that

(3.20)

For any H € [§;;,

1, 2
F(H)<—Za)— —|pl.
T
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Indeed, assume that there is H2* € [852b7%,8;2b7! + (a™' — b71)§5, ] such that
1 2
[(H*) > -= —\/j pl.
(Hy) = =37 =\ 1Pl
Then using (3.17), (3.18), and (3.19) we get

& < |P(H,) - T(H,)|

= [0 (i + i (Hy = Hy,)) | (o = H,) (1 € 10,10)

_ IWHR + n(HE - H2)U'(Hp, + w(Hyy = Hy))|(H;, — Hy,)
VHZ + u(HZ —HZ)

_bhaet -phs)
T 4@t -b)s b

=

o) 8

which is a contradiction. Thus (3.20) is valid.
Let

Dy={(p,7): p €[5 850k~  + (a7 = b71)55,]}

2m

and Bz = {(x,y) : \114\1-’3\112\1—’1(96,)/) C Dz}
Now we choose {Hy,,, }1*° and {Ha,,, }7°° such that Hy,,, < Hipys1 < Hopy < Hopye1 and
let

D3 = {(p,f) tpE [SI_V%’Ikb_l’(SZ_r%lkb_l + (a_l - b_l)agr}'lk]}'
Setting B; = {(x,y) : W4 W3W, W (x,y) C D3} and using the twist theorem in Ding [11], we
obtain that inequality (1.8) in Theorem 1.1 is a consequence of (3.10), (3.15), (3.7), and
(3.20). The proof of Theorem 1.1 is finished.

To verify the given conditions and understand our main result, we give the following

remark.

Remark 3.1 Using Lemmas 2.1, 2.4, and 2.6, Eq. (2.24) takes the form
T
T(H) =272 + Jﬁ/ (7 3Ry — g(x)1x) d6 + o(1).
0
Combining (2.14) with Lemma 2.4, we have dyR; = —g(x)d;x + o(ﬁ). Thus we obtain

[(H) =273 - «/17/”(71 + 1)g(x)dx) dO + o(1).
0

By the results in [5], x =/ % sinf + O(1), 9;x = ,/ 27+H sinf + O(%), and

3 1 T [2H . .
T'(H) =27 —E/O (7T+1)g( 751n«9)sm9d9+0(1).
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For g(x) and V(x) in problem (1.3), if g(x) satisfies (1.6) and p(¢) satisfies (1.7), then we
know that the equation

X%+ V' (x) +sin ln(l + xz) =p(?)

has at least one 7 -periodic solutions. Letting p(t) satisfy (1.8), we conclude that the equa-
tion

%+ V'(x) +In(1 +#%) sinln(1 + %%) = p(¢)

has an unbounded sequence of 77 -periodic solutions.
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