Liu et al. Boundary Value Problems (2023) 2023:113 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-023-01802-6 a SpringerOpen Journal

RESEARCH Open Access
()]

Boundary value problems of
quaternion-valued differential equations:
solvability and Green’s function

Jie Liu', Siyu Sun' and Zhibo Cheng'”

“Correspondence:

czb_1982@126.com Abstract

'School of Mathematics and . . ) . . .

Information Science. Henan This paper is associated with Sturm-Liouville type boundary value problems and
Polytechnic University, Jiaozuo periodic boundary value problems for quaternion-valued differential equations

454003, People’s Republic of China (QDEs). Employing the theory of quaternionic matrices, we prove the conditions for

the solvability of the linear boundary valued problem and find Green’s function.
Mathematics Subject Classification: 11R52; 34B05; 34B27

Keywords: Sturm-Liouville boundary value problem; Periodic boundary value
problem; Green’s function; Quaternion-valued differential equation

1 Introduction

In 1843, Irish mathematician William Rowan Hamilton [1] introduced the concept of
quaternion on the basis of complex numbers. In a quaternion set H, the quaternion g
is denoted by

q=4qo+qii+qaj+ g3k,

where qo, 41, g2, g3 are real numbers, and i, j, k satisfy the following operations:

ij=-ji=k, ki = —ik =j, jk=-kj =1

Similar to complex numbers, the quaternion g can be regarded as a four-dimensional real
vector q = (9o, q1,42,43)T € R*. With quaternion vectors, rotations in three and four di-
mensions can be algebraically processed. Thus quaternions show more advantages than
real-valued vectors in physics and engineering applications. But even more important,
quaternions are 4-vectors whose multiplication rules are controlled by a simple noncom-
mutative division algebra. In other words, quaternions are not exchanged regarding mul-
tiplication operations.

To the best of our knowledge, the theory of ordinary differential equations (ODEs) has
been relatively systematic and complete [2—4]. But quaternion-valued differential equa-
tions (QDEs) are a new type of differential equations. Due to the noncommutativity of
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multiplication, many properties in the fields of real or complex numbers cannot be applied
to the field of quaternions directly, which brings a great challenge to the development of
QDEs.
& Qualitative properties of QDEs
In 2006, Campos and Mawhin [5] considered the existence of periodic solutions of first-
order QDE

q =a(t)q + c(t,q)

by using topological degree methods. In 2009, Wilczynski [6] continued to study the
quaternion Riccati equations

q=q"+f(t)

by means of isolating segments and the Brouwer fixed point theorem. In the same year,
Gasull, Llibre, and Zhang [7] studied the first-order homogeneous QDE

q =aq,

in which they described the phase portraits of the homogeneous QDEs and discussed the
periodic orbits, homoclinic loops, and invariant tori at # = 2, 3. In 2011, Zhang [8] studied
the global structure of the quaternion Bernoulli equation

q =aq+aq".

By using the Liouvillian theorem of integrability and the topological characterization of
2-dimensional torus, they proved that the quaternion Bernoulli equations may have in-
variant tori that possess a full Lebesgue measure subset of H. In 2018, Cai and Kou [9]
transformed the process of solving QDEs to an algebraic quaternion problem by Laplace
transformation, which provides a new approach to study the linear QDEs.

Most of the above mentioned works focused on one-dimensional QDEs, and they mainly
discussed the qualitative properties of QDEs (e.g., the existence of periodic orbits, homo-
clinic loops, and invariant tori, integrability, the existence of periodic solutions, and so
on). They did not provide the algorithm to compute the exact solutions to linear QDEs. In
2021, Xia, Kou, and Liu [10] gave a systematic framework for the theory of linear QDEs.
They proved that the set of all the solutions to the linear homogenous QDEs is actually
a right-free module, not a linear vector space. On the noncommutativity of the quater-
nion algebra, many concepts and properties for the ODEs cannot be used. They should
be redefined accordingly. A definition of Wronskian is introduced under the framework
of quaternions, which is different from the standard one in ODEs. Liouville formula for
QDEs is given. Recently, Xia [11] developed the classical method of constant variation and
gave a method for solving linear inhomogeneous quaternion-valued differential equations.
It is worth noting that their research does not involve boundary value problems of QDEs

4" =ft,q.q,....q" "), te],
U(q) = B;

(1.1)

where / C R is a real interval, Be H", f € C(J x H", H]), U : C=V(y, H) — H".
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& Boundary value problems of QDEs
In this paper, we continue to study the general theory of linear QDEs and pay more
attention to boundary value problems (BVPs) of second-order linear QDEs under linear

boundary conditions

q"+a1(t)g +ax(t)g=f({), te],
Ul(q) =Blt UZ(Q) =B2:

(1.2)

where J = [a,b] C R, a;(t),ax(t) € C(J,H), and f(¢), U;(q) € C(J,H), U, U, are linear with
respect to g, that is, U(q) satisfies a linear relationship

U(aq) = all(q), U(qy + q2) = U(q1) + U(qa).

When

f(t)=0, teJ, and B;=B,=0 (1.3)

hold, (1.2) is called the quaternion homogeneous linear BVP; when

ft)=0, te], or Bi=B,=0

holds, (1.2) is called the quaternion semi-homogeneous linear BVP; when (1.3) are not sat-
isfied, (1.2) is called inhomogeneous quaternion linear BVP.

By the application of quaternion matrix theory, we prove the solvability of the boundary
value problem in both the resonant (ddet Q(g) = 0) and nonresonant (ddet Q(g) # 0) cases,
where the definition of double determinant ddet Q can be found in Sect. 3.2.

We also give the Green’s function of homogeneous and inhomogeneous boundary value
problems, and then we verify the properties of Green’s function, which are similar to
ODEs, such as the solution of BVPs can be uniquely expressed as an integral equation.

We will discuss this problem in Sturm-—Liouville type boundary value conditions

qa)+q'(a)=Bi,  q(b)+q(b) =By, (1.4)

and periodic boundary value conditions

qa)-qb)=0,  q'(a)-q(b)=0. (1.5)

This paper is organized as follows. In Sect. 2, we give some basic results on quaternion
and quaternion matrix including but not limited to determinant, rank, right (left) eigen-
value, and Cramer’s rule of linear quaternion algebraic equation. In Sect. 3, we discuss the
solvability of BVPs for second-order linear QDEs in resonant and nonresonant cases. You
will also see some computational examples in this section. In Sects. 4 and 5, we calculate
the Green’s function of second-order BVPs under Sturm-Liouville type boundary value

conditions and periodic boundary value conditions, respectively.
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2 Preliminary

In this section, we give some definitions of quaternion matrix such as the definition of
determinant [12], double determinant [13], inverse matrix [13, 14], and left or right eigen-
values [15—17]. Moreover, we give Cramer’s rule [12, 18, 19] of linear quaternion algebraic
equation, which is used to discuss the solvability of BVPs for second-order linear QDEs.

2.1 Quaternion and quaternion matrix
First of all, we define for the quaternion g € H with

q=4q0+ qii+ q2j + g3k,

where qo, g1, g2, g3 are real numbers and H is the set of quaternions. In addition,
Rqg=q0 and Sq=qii+qj+qsk

denote the real part and the imaginary part of q respectively. And the conjugate is
q=qo—q1i—q2j— g3k =Rq-3q.

For any g and & = hy + i + haoj + hsk, it is easy to check that
qh=hg,  Righ}=Righ),

and

qh = qoho — q1h1 — g2l — q3hs + (610/’11 +qrho + gahz — 6131’12)1

+(qoha — qih3 + gaho + q3h1)j + (qohs + q1ha — q2h1 + gsho)k.
For given g, & € H, we introduce the inner product
(q,h) = qoho + g1 + @by + q3h3,
and the modulus
gl = Viga) = (@} + 4% + 43+ 43) .

After simple calculation, it can be concluded that

lql* = 4, lighll = ligllliAll.
Then
qg'= 4 5 when g # 0.
liqll

At last, we should note that for any g = qo + g1i + ¢2j + g3k € H, it can be rewritten as

q = (qo + q1i) + (g2 + q3i)j,
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that is, for any g € H, there exist Q;, Q; € C such that g = Q; + Qj. Similarly, for any
A € H™”, there exist A;,A; € C"" such that A = A; + Ayj; for any v € H", there exist

V1, V3 € C” such that v = v; + vyj.

2.2 Determinant and double determinant

For any A = (a;)ax2 € H?*2, the determinant based on expanding along the first row is

a1 aiz
rdet = di1d — 12421,
a1 a)

and the determined based on permutation is defined as follows:

ai a1
det = g(01)agan + &(02)anain = axai — dsais,
P \d a

where o7 = (2)(1), 03 = (21), and

£(01) = () =1, g(0y) = (-1)PV = -1,

For
A= (6111 6112) )
as1 4

A" is the conjugate transpose of A4, that is,

At = (6111 tl12> )

an az

where a; is the quaternion. As a result,

2 2 2 2 - — — —
rdet(AA*) = [law " llao2 I + llawzl*llao1 |” = ar2dxnanai — andananais,

dgt(A*A) = lan Pllaxll® + llawl* a2 1> - 124112142 — G22a21a1112.
Remark 2.1 To our knowledge,

A12d22021411 = 411321822012, A120118021 02 = A2d21011412,
that is to say,

rdet(AAY) = dgt(A*A).
Proof Obviously, (2.4) is true, which implies that

2 2 2 2 - -
rdet(AAY) = layll®llax | + laz|* a2 |* - 2R{a12d22a21 411}

(2.1)

(2.5)
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and

dgt(A*A) = lan P laxll® + llazl* a2 1> — 2R{G12a11G21422}
are both real numbers. It is worth noticing that

Rlanaxnaznan} = Rlananazan}
holds under the circumstance of R{quz} = R{qh}. For simplicity, we may take

rdet(AA*) = dgt(A+A) = llan |* a2l + llaral* a2 |* - 2R{@12d20a21 411 }. (2.6)
In conclusion, our proof is complete. O
Definition 2.1 For any A = (a;)2x2 € H**?, the real number

ddetA := rdet(AA+) = dgt(A+A) (2.7)
is called double determinant.

Due to the noncommutativity algebra of quaternion, Cramer’s rule for linear systems of
equations over the real domain no longer applies to quaternion field. Now we introduce
Cramer’s rule for systems of linear equations with quaternion.

Lemma 2.1 (see [12]) For the right linear equations

X + apXs + -+ digxy, = by,

A21X1 + AgoXy + -+ - + dopXy = by,

An1X1 + AppXy + -+ - + Ak = by,
where a;,b; € H, i,j = 1,2,...,n. Denote aj = (alj,azj,...anj)T, A= (ay,a9,...,0,), and B =
(b1, by, ..., b,)T. If ddet A # 0, then there exists a unique solution

1 -

- D, 2.9
YT ddeta ) 29)

where

D; = det s (al,...,ozj_l,an,otj+1,...,an_l,oe/) , j=12,...,n (2.10)

Page 6 of 34
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In fact, invertible matrix in the matrix analysis of real and complex matrices is intro-

duced in the same way for quaternion matrix.

Definition 2.2 (see [14]) A matrix A € H"*" is called invertible when there exists B €
H"™" such that AB = BA = I,,, where I, is the identity matrix. Denote the unique B by A,

Lemma 2.2 (see [13]) The matrix A = (ay)nxn = (@1,Q2,...,a,) € H"*" is invertible if and
only if ddet A # 0. Moreover, A™! = (bjk)nxn> where

1
= 0 j» 1‘:1)2;“-) ) 2.11
daeia ™ * g (&0

+
oy

by

.
wij = d;t !/ (al O Ol ~ot,,_1aj> . (2.12)

2.3 Right (left) eigenvalue of quaternionic matrix
Due to the lack of commutativity in multiplication, quaternion matrices also have left and

right eigenvalues.

Definition 2.3 For a matrix A € H>*?, if
Ax=xA (or Ax = \x) (2.13)

and x is the nonzero quaternion column vector, then the quaternion A is called the right

(left) eigenvalue.

Definition 2.4 For A € H"*", suppose A = A; + A,j with A1, A; € C"". Define the com-
plex adjoint matrix of A

_ A1 Ay
d(A) = (—A_2 A_1> . (2.14)

For v € H", suppose v = v; + vpj with vy, v, € C”, define the complex adjoint vector of v

then denote

o(v)* = (E) :
V1
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Lemma 2.3 (see [16]) For A € H"", v,u e H", and » € C, Av = u + vA holds if and only if
P(A)p(v) = (1) + ¢(v)A holds.

Lemma 2.4 (see [17]) For A € H"", v € H", and » € C, Av = v\ holds if and only if
(A)p(v) = p(v)A holds.

2.4 Rank of quaternionic matrix
Next, we give some results on the rank of quaternionic matrix, the reader will find these
in [20] and [21].

Definition 2.5 Let A be any nonzero m x n matrix on the ring R. Define the order of the
subsquare with the largest nonzero factor in A as the rank of A, and simplify it as rank A.

Definition 2.6 The number of rows of A that constitute the largest possible sub-block
(not necessarily a square) with non-right zero factors is called the left rank of the rows of
A, the column number of the largest possible sub-block of non-left zero factors formed by
the columns of A is called the column-right rank of A.

Remark 2.2 Base on the definition of rank, it is easy to check that:

(1) Both the row-left rank and column-right rank of A are equal to the rank of 4;

(2) For a zero matrix, all the above rank numbers are defined as 0;

(3) The above definition naturally applies to the skew field, and the rank of the matrix A
on the skew field is the order of the largest nonsingular sub-block in A.

Proposition 2.5 (see [20]) On the skew field, the sufficient and necessary condition for
AX = B to have a solution is that rank(A, 8) = rank A.

For convenience, we give the following more general conclusion and proof.

Lemma 2.6 (see [21]) Suppose that F is a skew field and A € F"™*". A sufficient and neces-
sary condition for matrix equation

AmxnXnxs = Bmxs (2.15)
to have a solution on F is that

rank A = rank(A4,B) = r,
where 0 < r < min{m, n}.
Proof Suppose rank A = r, then there exist invertible matrices P, Q such that

I, O

PAQ= (o o)

and

rank A = rank(PA) = rank(AQ) = rank(PAQ).
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Let
B
Y=Q'X, PB= ( 1),

where Bj is the r x s matrix and B, is the (m — r) x s matrix, then (2.15) has a solution,
that is,

(92

has a solution if and only if By = Oy,—y)xs. Obviously,

rank(4, B) = rank (P(A,B) (Q O))
O I

=rank(PAQ, PB)
I B
=rank 0 5 .
O O B
From this, we can obtain By = Oy« if and only if rank(A, B) = r = rank A. O

3 Solvability of BVPs for second-order linear QDEs
In this section, we consider the solvability of boundary value problems (BVPs) of second-
order linear QDEs under the linear boundary conditions

q' +ai1(t)q +ax(t)g=f(t), te],
Ui(g) = By, U>(q) = By,

where J = [a,b] C R, a;(t),a,(t) € C(J,H), and f(t) € C(J,H). For convenience, we give
some basic theory of linear QDEs, which can be found in [10].

3.1 Some lemmas
Consider the linear system

dx
P A@)x(t), (3.1)

where x(¢) € H", A(¢) is an n X n continuous quaternion-valued function matrix on the
interval I = [a,b], I CR.
Suppose that x;(¢), X2 (t), . .., X,(£) are solutions of linear system (3.1) if
x1(B)ry + Xo(B)rp + -+ - + X, (), =0, r;eH

implies that

rn=---=r,=0, tel,

Page 9 of 34
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then x;(2),x5(2), ..., x,(t) is said to be right independent. Otherwise, x;(£),X2(), ..., X,(t) is
said to be right dependent. Denote

M(t) = (x1(8),%2(8), ..., Xu(2))

211(8)  x12(8) ... x1,(2)
~ x1(8)  x22(2) ... X2(2)
X () Xp(t) o Xun(t)

is a solution matrix of (3.1), if x1(£), x2(£), ..., X,(t) are right independent, it is said to be a

fundamental matrix of (3.1).

Definition 3.1 The Wronskian of solutions x;(£),X2(%), ..., X,(t) is defined by
WopE(t) = ddet M(¢) = dgt(M*(t)M t)).

Remark 3.1 When n = 2, we can obtain
Wope(t) = ddet M(t) := rdet(M(£)M* (2)) = dlgt( H(OM(D)).

Lemma 3.1 (see [15]) Suppose that x;(t), Xa(t), . . ., X, (t) are solutions of linear system (3.1),
then x,(t),X2(£), ..., X,(t) are right independent on interval I if and only if Wqpe(t) # 0.

Lemma 3.2 (see [15]) If q(¢) is differentiable and if q(t)q (t) = 4'(t)q(¢t), it follows from that

[expa(t)] = [expa(®)]q(®) = 4 (O)[expq(®)], (3.2)

00 qn(t)

where expq(t) = ), T is the exponential function of q(t).

Lemma 3.3 (see [17]) Let ®(t) be a fundamental matrix of homogenous equations (3.1).

Any solution ' (t) of linear homogenous equations

dx_

- A(t)x(t) (3:3)

can be represented by
V(o) = 20,
where q is a constant quaternionic vector.

Lemma 3.4 (see [11])( Variation of constants formula) The general solution of nonhomoge-

nous equation

dx

i A@)x(2) +f(2) (3.4)

Page 10 of 34
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is given by
t
V0 = Dlog+ 0) [ @66 ds
to
where ty € [a, b), q is a constant quaternionic vector.

3.2 Solvability of BVPs

From now on, we analyze the homogeneous equation
4" +a1(t)q +ax(t)g=0

and the inhomogeneous equation
g +a1)q +ax(t)q =f(2).

By the transformation

qu =49,
qi2=¢,

equations (3.6) and (3.7) can be converted into

q11 ,= 0 1 q11

q12 —ax(t) -ai(t)) \q12 ’

qn /: 0 1 qn N 0
q12 —-ay(t) -ai1(t)) \q12 ® )’

respectively. Simultaneously,

0 1 0
A(t)_<—ﬂ2(f) —m(t))’ F(t)_</(t)>'

Because g1(t), g2(t) are linearly independent solutions of equation (3.6), define

q:1(t)  q2(2)
d(2) = =(D¢(¢), D .
© (qi(t) qé(f)) (1(0), 2:(0)

Proposition 3.5 ®(¢) is a fundamental matrix of equation (3.8).

(3.5)

(3.6)

(3.7)

(3.10)

Page 11 of 34
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Proof 1t is easy to verify that ®/(t) = A(£)®1(2), Dy(t) = A(£)P2(¢). Therefore, &(¢) =
(P1(t), 2(2)) is a solution matrix of equation (3.8). And more importantly,
WQDE(t) = ddet ®(¢)
=rdet ®(r)d*(¢)

et [0O 2@\ (@) (@)
7,8 q5@)) \@=(t)  g5(2) (3.11)
= [a@ |40 + laol el

- 20750 q, (a1 (1) — q1(D)7, ()5 () qa(2)

= @’ |a®)]* + |4, 20| - 2R{q:(6)&; (£)a5£)@2(8) ).
For convenience, we can assume that

q1(t) = ao(t) + ar ()i + ax(2)j + az()k,

qa(t) = bo(t) + b1 (2)i + ba(8)j + bs(t)k.
Therefore,

B2(8)75(0) = (o) + b1 (D)i + ba(2)j + ba(£)k) (by(£) — B ()i — by (8)j — b (0)k)
=Ao(t) + A1 ()i + Ax(8)j + As(D)k,
2(D75()q,(t) = (Ao(8) + A1(0)i + Ax(0)j + A3(0)K) (ap(£) + a) (1)i + a5 (2)j + as(D)K)
= By(t) + B1(8)i + By (2)j + B3(t)k,
203,07, ()71 (8) = (Bo(t) + B1(£)i + Ba(8)j + B3(£)k) (ao(t) — a1 ()i — ax(1)j - as(D)k)
= (Bo(t)ao(t) + B1(t)a1(2) + Ba(t)as(t) + Bg(t)a3(t))
+ (=Bo(t)ay(¢) + By (t)ao(t) — By(t)as () + Bs(t)ax(t) )i
+ (=Bo(t)ax(t) + By(D)as(t) + By (t)ao(t) — B3(£)as (t));
+ (=Bo(t)as(t) — Bi(H)ax(t) + By(t)ay (t) + B3 (t)ao(t))k

with

Ao(t) = bo(O)by(8) + br(, (2) + ba (£ (0) + b3()b3(2),
Ay(8) = =bo()by (£) + br(£)by(8) = ba(£)5(0) + b3 ()by(2),
A (8) = =bo(t)by(2) + br(£)b5(2) + ba ()b (£) — b3 () (),
Asz(t) = —bo(£)b5(8) — br(8)by(2) + ba(2)D(2) + b3(£)by(2),
Bo(t) = Ao(t)ay(t) — A1(D)a) (£) — Ax(t)ay () — As(t)as(b),
By (t) = Ao(t)d, (£) + A1 ()aly(t) + Ay (D)a (£) — As(D)al(2),
By (t) = Ao(8)ay(t) — A1 (t)ag(t) + Az (£)ag(t) + As(t)a (),

Bs(t) = Ao(t)as(t) — Ay ()an(t) — As()a) (£) + As(t)ay(t).

Page 12 of 34
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Through a series of calculations, we are able to obtain Wpg(t) # 0, which implies that

®(t) is a fundamental matrix of equation (3.8). O

Proposition 3.6 The inhomogeneous equation (3.7) has a solution
1 t
t)= — t)w t)w ds. 3.12
z(t) et () /a (q1(®)@21(5) + g2(£)d22(5))f (5) (3.12)
Proof From Lemma 2.1, Lemma 2.2, and Lemma 3.4, it easily follows that
t
z(t) = ®(¢) / 1 (s)F(s) ds (3.13)

is a solution to the inhomogeneous equation (3.9). It should be noted that

RN w11(t)  @(f)
* O e s <cau<r> m(x))’

then
Lo o1 ! onls) @a(s)) [ 0
o0 [ o R0 ds= goioes [ o (Ms) 5)22(5)) (/(s)) @
1 /t a(t) @) (duls) @a)) [0
ddet ®(2) Jo \q1(t) q5(8)) \@d1als) @als)) \f(s)

1 / E (g1 ()21 (5) + 2 (£)na(8))f (s) ds
ddet ®(¢) J, \ (g} ()01 (s) + g5 (£)ina(s))f (s)

The first component of the above equation gives the solution to equation (3.9), that is,

et o) /a (q1()@21(5) + g2 (D) (5))f (5) ds, (3.14)

where

+

w1 (t) = dlﬁ;«t <®Z;(t)> <<I>2(t) cI)l(t)>

et (2O O (220 @

P\ 0 1 ) \a@(®) 44 (3.15)
_ det (12201 + 12O G201 + 3(0)q1 (1)

P 0 (1) 4,(0)

= |24, ® - 2 OROQ @),

Page 13 of 34
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2

() = det (cbf)) (dn(t) <1>2(t))

- det ait) g\ [q1(1) qa2(t)

P\ 0 1 AGERAG) (3.16)
_ det (11O + 17O 1(Da>(®) + 41 (D)5 (0)

P q,(t) q5(t)

= @) |’ %0 - 4,07 (£)ga2)-

The special solution of the inhomogeneous equation (3.7) can be obtained by taking the
conjugate of equations (3.15) and (3.16) into equation (3.14). d

Substituting ¢q1(£), g2(f) separately into Ui(q), Ux(q), we get Ui(q1), Ui(g2), Ua(q1),
UZ (6]2), let

_[(Ui(qr) Ui(g2)
Q(q)‘<uz(ql> uz(q2)>’

then

ddet Q(q) = dgt(Q+ (@)Q(q))
- |thig) | tatan | + | tiaa@) | i)

— Ui (q2) Ur (q1) Un(g1) Ua(q2) — Ua(q2) Ua(g1) Ui (q1) Un (g2).

If ddet Q(gq) # 0, we say that BVP (1.2) is a nonresonant boundary value problem. BVP (1.2)
called the resonant boundary value problem when ddet Q(g) = 0.

3.2.1 Nonresonant problem
Theorem 3.1 If ddetQ(q) # O, then the quaternion semi-homogeneous linear boundary

value problem
q" +a\(t)q +ax(t)g = £ (), (3.17)
Ui(q) = Ux(q) =0,
and
q" +a1(t)q +ax(t)q =0, (3.18)
Ui(q) = B, U(q) = By,
all have a unique solution, respectively
1 - -
p(t) = m[m (O)D; + q2(t)Dy + ddet Q(q) - 2()], ¢ € [a, ], (3.19)
1 - -
v(t) = M[éﬁ(t)Ds +q2(t)Dy),  t€la,b]. (3:20)

Page 14 of 34
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Further,

1

40 = oo @ lq

1()Ds + g, (t)Dg + ddet Q(q) - z(t)], t €la,b), (3.21)

is the unique solution of inhomogeneous BVP (1.2), where z(t) is given by (3.12),

D1 = |th(@) | (@) () + | Ua(q) | U (g2) U (2)

(3.22)
— W (q2) U (q) Un (q1) UL (2) — Un (q2) Un (q1) Us(q1) Us(2),
Dy = || Uh(@2) | Ua(qD) Us(2) + | Uz(q2) | T (gD U (2) .
~ @) (@) T @)U () - Ui @)U (@) (@) U 2), '
Ds=—| U1(611)||2U2(Q2)32 - Uz(q1)||2U1(qz)Bl
(3.24)
+ Uz (q2) Uz (q1)U1(q1)B1 + Ui(q2) Ui (q1) Ua(q1)Ba,
Dy=—| Ul(Q2)||2U2(Q1)Bz - Uz(qz)||2U1(611)Bl (325)
+ Un(q1)Ua(q2)Un (q2)B1 + Ui (q1) U1 (92) Uz (q2) B, ‘
Ds = - |Ui(q0) | *ta(@2) (B: - Ua(2)) - | Ua(qn) | *Un(g2) (B1 - Un(2) 526
+ Uy (q2)Ur (q1) Ua(q1) (B2 — Un(2)) + Un(q2) Un(q1)Us (q1) (Br — Us(2)), '
Ds=—| Ul(fh)”zUz(%)(Bz - Uy(2)) - | Uz(q2)||2U1(611)(B1 - Uy(2)) (327)

+ Us(q1) Ua(q2)Us (q2) (B1 — Uy (2)) + Un(q1)Un (92) Ua(g2) (B2 — Un(2)).

Proof Suppose that the general solution of a second-order nonhomogeneous quaternion-
value linear differential equation

q"+ay(t)g +ax(t)g =£(1)
is

q@t) = q1(Dc1 + ga2(t)ea + 2(2). (3.28)
From U;(q) = Us(q) = 0, we know that

Ui(q1)er + Un(g2)cs + Uz (2) = 0,
Us(g1)e1 + Un(ga)er + Un(2) = 0.

In other words,
Q@)C=8

with

_[(Uilq) Ui(g2)\ _
)= (uz(ql) Uz(‘]z)) “(n )

Page 15 of 34
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Therefore,

C1 _ 1 Dl
c,] ddetQ(q) \D,)’

where

+

"

D, = dpet <ﬁ+> <)/2 Vl)

1T ) (w07 i)
P \-Ui(z) -Ux(2)] \Uz(q2) Ua(q1)
= | th(@) |"TL@Us(g2) + | Ualqn) | Th @D Ui (95)
— U (@)U (q1) Ua(q1) Us(q2) — Un(2)Un(q1) Un (1) Ui (q2),
Dy = | Ul(ql)”zmuz(z) + | Uz(ql)HZqu)Ul(z)

— Us(q2)Us(q1) Un (q1) U1 (2) — Un(q2) Ui (q1) Ua(q1) Ua(2),

D, = dpet (;{) ()/1 Vz)

=det(quZ) @) <U1(6h) Ul(@))

P \~Ui(2) -U2)) \lU(q) Ux(g2)
= | th(@2) |"TL@Us(q1) + | Ua(go) | Th @D U (q1)
— U (@)U (q2) Un(q2) Us(q1) — Un(2) U (q2) U (q2) U (1),
Dy = |t (@) | (@)t @) + | Un(g) | " Th{gn) th 2)

— Us(q1) Uz (q2) Un (q2) U1 (2) — Un(q1) Ui (q2) Ua(q2) U (2).

Hence,

@(t) = q1(t)cr + g2 (t)ca + 2(8)

- @[mmbl + 4a(0)D + ddet )=(0)].

Page 16 of 34

(3.29)

According to the above discussion, the unique solution of the boundary value problem of

semi-homogeneous differential equation (3.17) can be obtained.

The proofs of the remaining two conclusions are analogous to the proof above. Suppose

that the general solution of a second-order homogeneous quaternion-value linear differ-

ential equation

q" +a(t)q +ax(t)g=0
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is
q(t) = q1(t)cr + qa(t)ca. (3.30)

In this case, let

Ds = det thiq) Wq)) (thig) Uilq)
P\ B By Us(q2)  Ua(q1)
= ul(‘h)HZEUZ(fh) | Uz(qﬂ”ZB_lUl(qz)

+ B_1U1(611)U2(611)U2(6]2) + B_2U2(611)U1(611)U1(6]2),

Ds=—| Ul(Ql)quz(QZ)Bz - U2(41)||2U1(612)Bl

+ Un(q2)Ua(q1)Un (q1)B1 + Ui (q2) Ui (91) Uz (q1) B,

Dy = det thig) UWg)) (thiq) Ui(g2)
P\ B By U(q1) Ux(q2)

= — |th(qo) | Balla(qr) - | Un() | *Br L (q1)

+ B1U1 (q2) Ua(q2) Un (q1) + Bala(q2) U (q2) Un (q1),

Dy=—| Ul(@)”zuz(ﬂh)Bz - | U2(42)||2U1(611)Bl

+ Un(q1)Ua(q2)Un (q2)B1 + Ui (q1) Ui (92) Uz (q2)Bs.

Furthermore, suppose that

q(t) = q1(t)cy + g2 (t)cy + 2(t)

is the general solution of BVP (1.2). At the moment, let

D- = d U (q1) U (q1) Ui(g2) Ui(q1)
5 = det
» \Bi—-U(z) By-Uh(2)] \Ua(q2) Us(q1)

= - [th(@) | B = L@ Ua(g0) - || (@) | "By = Ui @)L (40)
+B1 — Uh(2)Ur(q1) Ua(q1) Ua(q2) + By — U (2)Ua(q1) Un (q1) Un (q2),
Ds = — | U (q0) [Tl (B2 - Ua(2)) - | Uk T g2) (B — U (@)
+ Uy (q2) U (q1) Un(q1) (B2 — Un(2)) + Un(q2) Un(q1)Us (q1) (B1 — Us(2)),

De = d U (q2) Us(q2) Ui(q1) Ui(q2)
6 = det
P \By-U(z) By-Uh(z)] \Ua(q1) Us(q2)

=—| Ul(q2)||232 - W (@) Ur(q) - | Uz(q2)||231 - Ui (2)Ua(q1)
+ By — U1(2)U1(q2) Ua(q2) Us(q1) + B — Us(2) Uz (q2) Ur (g2) U1 (q1),
Do - Jusla | T B2 - o) - | sta | T 5 - s 0)

+ Us(q1) Un(q2) U1 (q2) (B1 — Ur(2)) + Un(q1) Un(92) Ua(gq2) (B2 — Un(2)).

From this point of view, we completed the main proof process. d
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Remark 3.2 If Theorem 3.1 studies the problem of boundary value over the domain of
real numbers,equations (3.19), (3.20), (3.21) will be written in the form of a determinant
expression. Owing the noncommutativity of the quaternion algebra, many properties of
ordinary differential equations are not valid for quaternion-value differential equations,
resulting in the complex form of the solutions of Theorem 3.1.

Remark 3.3 Theorem 3.1 only gives the method of solving when ddet Q(g) # 0. Obviously,
(3.19)~(3.21) do not hold when ddet Q(gq) = 0.

On the basis of the above conclusions, we give some examples to solve the semi-
homogeneous boundary value problem.

Example 3.1 Consider the following QDEs:
q"+jqd +(1-kig=0, tel01]. (3.31)

Setting q11 = g and g1, = ¢/, the equation can be converted to

(‘111)/ _ ( 0 1.> (%1)1 (332)
q12 k-1 —j/ \q12

where
0 1 0 1 0 0
= . = =+ J
k-1 —j -1 0 i -1
Then
0O 1 0 O
-1 0 i -1
A =
o) 0O 0 O 1
i 1 -1 0
and
|AE - ¢(A)| =2*+32% +2=0, (3.33)

hence, A1 =1, A2 = /21, A3 = —i, As = —+/2i.
According to Lemma 2.4, we can see that the eigenvector of A; =1iis ¢(v1) = (0,0, 1, 7.

Then we get

The eigenvector of Ay = v/2i is ¢(vy) = (1,+/2i,—(1 + v/2)i,2 + +/2)7 and

_ 1-(1++/2)k
27\ Vai- @+ v2))

Page 18 of 34
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Let
o0 et (51 G0 B30
then
¥ (£) = ( e . ke . )
1+ 1+ VDR VH (=2 + (2 + V/2))e v
and from (3.11) we have
Wope(t) = ddet d(2) = rdet(D()D* (£)) = 4 + 2v/2 #0. (3.35)

Consequently, ®(¢) is a fundamental matrix of (3.32), and —je’, (1 - (1 + ﬁ)k)eﬁit are

two linearly independent solutions to (3.31).

Example 3.2 Consider the following QDEs:

q +jqg +(1-kyg=it, te€][0,1],
Uy (q) = Us(q) = 0.

(3.36)

From Proposition 3.6 and its proof, we can discover that

@21 (2) = (4 + 23/2)(1 + K)e ¥,

wn(t) = [—(«/i +1)i+ j]e—ﬁit'

In addition,

1 t . ,
z(t) = / [-(4 +2v/2)je ) + (4 + 2¢/2)jeY2]is ds
4+242 Jo
; (3.37)
= f ksel=9) _ kseV2i(t=) (g
0

is a solution to (3.36). At this time,

Ur(q1) = 1(0) =—j, Ui (q2) = q2(0) = 1-(1++2)Xk,

Us(q) = (1) = —je,  Un(gs) = go(1) = (1 - (1 + V2)k)eY?,

2-42 1
2

.1 )
j+ =k—ke'+ “keV,
2 2

Ui (2) = z(0) = 0, Uh(z) =2(1) =

then

(- 1-(1++/2)k
Qq) = (—jei (1-(1+ ﬁ)k)eﬁ1>
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and
<man0=§dowme»=M+2J®@—ewim—é”ﬁﬂ#o. (3.38)

As pointed out in Theorem 3.1, we soon show

- < 3(1++/2) 31<> <1+ﬁ V2 2-42 1 ) »
Dy=|-——+— )+ +—i- ji—=k|e
2 2 2 2 2 2
+ 1-F\/E—lk Wi
2 2

+ ( +4/2 _ £i+ ‘/_j + —k)e—ﬁl + (142 - K)el-v2i
Dy= —(6+3V2)i+ (=2 + 2+ V2)i)e + (2 + v2)ieW2 i
+ (2 -2+ \/i)i)e_‘/ii +(4+ Zﬂ)ie(l_ﬁ)i,

Finally, the solution of BVP (3.36) can be obtained by substituting the above two equations
and (3.37) into (3.19).

3.2.2 Resonant problem
In the case of resonance, the difficulty with BVP (1.2) is that given the general solution
(3.28) to this equation, substituting into boundary conditions and having

Ui(q1)er + Un(ga)er + Ui (2) = By,
Us(qr)er + Ua(g2)co + Un(2) = B,

(3.39)

which is a question to find the solutions of ¢j, ¢;.
Based on what we already know about linear algebra and Lemmas 2.5 and 2.6, the con-

dition for the above equation to have solution for ¢y, ¢; is

rank (ul(ql) ul(Qz)) - rank (Ul(lh) Ui(q2) Bi1-Ui(2)

:=rank Q*(¢). (3.40
th(q) (o) w@)%m>&—%@)erW)< )

Case I: If rank Q(g) = 0, then the two conditions for cj, ¢; to have solutions are
Uy (z) = By, Us(z) = Bo. (3.41)

Case 2: If rank Q(g) = 1, assuming that U;(q1) # 0, then ¢; and ¢, have solutions, which
requires that

Ui(q1) B1 — U (2)

=0 (3.42)
Uy (q1) By — Us(2)

under the circumstance that above all elements commute with each other. So now we

introduce the following theorem.

Page 20 of 34
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Theorem 3.2 Supposing that ddet Q(gq) = 0, if rank Q(gq) = rank Q*(g), then BVP (1.2) has a
solution.
If Case 1 is true, for Vey,c, € H,

q(t) = qi(t)er + qa(t)ca + 2(¢) (3.43)

is a solution to BVP (1.2); when one of the conditions in (3.41) is not true, BVP (1.2) has no
solution.
If Case 2 holds, for Vc € H,

U1(611)U1(612)]C fa1(0) Ui (q1)(B1 — Ui (2)
1L () 112 ! 1L (q0)112

q(t) = |:Q2(t) - q1(?) +2(t) (3.44)

is a solution to BVP (1.2); when one of the conditions in Case 2 is not satisfied, BVP (1.2)
has no solution.

Proof Based on the above analysis, it is obvious that BVP (1.2) has a solution when Case 1
is true. Now we turn our attention to formulating the main result of Case 2.
From the first formula in (3.39), it easily follows that

o1 = [Uh(g)] ' [B1 - th(2) - U (qa)es]. (345)
Let ¢p = ¢, then (3.43) can be denoted by

40 = (O (Ur(q0) " [B1 - Ui (2) - Ur(go)c] + ga(O)c + 2(8)

= [2200) - 0 O (Ui (@) " Ui (g2)]e + @ O[Un(g)] ™ (B1 - Ui (2)) + 2(0)

B B Ui(q1)Ui(q2) Ui(q1)(B1 - Ui (2))
- |0 -0 S e w0 BT 0 (349
This is the end of the proof. d

4 Green's function of Sturm-Liouville type boundary value problem
Green’s function plays an important role in the study of boundary value problems. With
the help of Green’s function, the unique solutions for the boundary value problem

q"+a1(t)g +a,(t)g =), te],
Ui (g) = Ux(q) =0,

and

q"+a1(t)q +ax(t)g=f(t), te],
Ui(g) = By, U(q) =B,

can be expressed in the form of an integral with respect to f(¢) at ddet Q(g) # 0, thus pro-
viding a convenient way to study the connection between the solution g(¢) and f(¢) and
laying the foundation for the study of nonlinear boundary problems. We will discuss each
of them in two parts.
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4.1 Semi-homogeneous boundary problem
In this section, we are going to discuss the semi-homogeneous BVP (3.17)

q" +ai1(t)g +ax(t)g =f(t),
Ui(q) = Us(q) =0,

and Green’s function.
When ddet Q(gq) # 0, according to Theorem 3.1, the solution ¢(f) can be written as

p(t) = a1 @[] Ua(q) || Ur(q2) - Ua(q2) Un(q1) Ui (qy) | Ui (2)

1
ddet Q(q)

1 - -
+ m%(ﬂ[“ Ul(Ql)“zUz(@) - Uy (q2) U1 (q) U (q1) | Ua(2)

1 -
+ mﬂh(ﬂ[” Us(q2) ||2U1(611) — U (q1)Us(q2) U (q2) | U1 (2)

1 - -
+ m@(ﬂ[“ Uy (q2) ||2U2(Q1) - Ui (q1)U1(q2) Un(q2) | U (2)

1
+ m ddet Q(q) . Z(t). (4.1)

Due to
1
Ui(z) =y 20(t),
j=0
namely,

1 ‘ 1 ;1 . ‘
Ui(z) = FZOZ(’)('H) = M/; jzo[q(f)(tl)@m(s) + q(zl)(tl)d’ﬂ(s)]f(s) ds,

1 . 1 ¢t 1 . ‘
Uy(z) = ;ZU)(,;Z) = 3o /; ;}:[q(f)(tz)@m(s) + qg)(tz)d)zz(s)]f(s) ds.

Let

1
() = > [ Ua(a) | TUh(g2) - Ua(g)Ua(q) Ur (gD [a) (1) @21(5) + 43 (1) ionas)]

Jj=0

1
[ th@) | ) - Ui (@)U (q)Ua(g) |[a) (82)dn () + 2 (E2)ans (s)],
=0

~.

1

hy(s) = Z[” Us(q2) ||2U1(611) - Uz(ql)uz(qz)ul(éh)][QY)(h)@zl(S) + qg)(fl)ébzz(s)]
=0

1
+ > [th(@)|| talar) - Ur(q1) Ui (92)Ux(g2) ] [qgj)(tz)ébm(s) + qg)(fz)d)zz(S)],
-0

~.

g(t,8) = q1(t)021(s) + g2 (t) 02 (s).
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In consequence, we get

1 1
~ ddet Q(¢) ddet d(¢)

(2) { / i[ql(t)hl(s) + q2(D)hy(s)]f (s) ds
+ / ddet Q(g) - g(t,s)f (s) ds}.

When s € (a, ), Green’s function G(¢, s) is defined by

m m(m(t)m@) + qa(t)ha(s)), a<t<s<b, @)
ddellQ(q) ddetldb(t) (q1(®)1(s) + q2(E)ha(s) + ddet Q(q) - g(¢,8)), a<s<t<b.
Then the unique solution of BVP (3.17) is expressed as an integral form
b
o0 [ G690 @3)

Obviously, G(t,s) is only concerned with homogeneous linear boundary value problem

q" +ai1(t)q +ax(t)g=0, te],
Ui(q) = Ux(q) =0

(4.4)

not with the nonhomogeneous term f(¢), G(¢,s) is the Green’s function for homoge-
neous boundary value problem (4.4). The role of Green’s function G(t,s) is to express the

unique solution to the semi-homogeneous BVP (3.17) as integral form (4.3) in the case of
ddet Q(g) #0.

Proposition 4.1 Evidently, Green’s function has the following properties (P):
(P1) G(t,s) is continuous on [a,b] x (ti_1,t;), 28 g

B 52 exist and continue on the [a,b] x
(ti1, ) U (L, 1);

(P2)
0G(t,s) 0G(t,s) B (63);
at |_. ot t:s,_dde@(t)g 8
(P3)
92G(t, aG(t,
ag ) 4 a® a(i ) (OG-0 ifs 4t

(P4) Any given t; 1 <s<t;,
Lll(G(.,s)) = Uz(G(.,S)) =0.

The function G(t,s) on [a, b] x [a, b] satisfying property (P) can also be defined as Green’s
function of homogeneous BVP (4.4).
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Proof Taking the derivative of (4.2), when a <t < s < b, we can observe that

G 1 1 / /
9 = ddetQlg) det o (41 (Dh1(s) + @y (Dha(s)), (4.5)
02G 1 1

F = ddet Q(q) ddet Cb(t) (q/ll(t)hl(s) + q/z/(t)hZ(s))7

and

902G 0G
el + tl1(t)5 +ay(t)G(t,s)

1 1
~ ddet Q(g) ddet(b(t)(
1 1
+ (
ddet Q(g) ddet ®(¢)

4,0 + ar(t)q(8) + a2 () (£)) 1 (s)

45 (t) + a1(6)qy(t) + ar()qa(t)) ha(s)

=0. (4.6)

Whena<s<t<b,

G 1
at  ddet Q(q) ddet ®(¢)
G 1 1 (
9tz ddet Q(g) ddet ®(¢)

(4, (O (s) + @y (Oha(s) + ddet Q(g) - £'(¢,5)), (4.7)

4, ) (s) + g5 ()ha(s) + ddet Q(q) - ' (8, 9)),
then

9’G G
e + al(t)a +ay(t)G(t,s)

1 1
~ ddet Q(g) ddet ®(¢)

1 1
+ ddet Q(q) ddet b (2) (g5 (2) + ar (D)) (2) + ax(t)ga(£)) a(s)

(41(6) + a1 (D)4 (2) + a2()q1(£)) a (s)

1
* qdera( & 69+ m0g (15) + ax(t)g(t,s)

- ddet1d>(t) {[qlll(t) +a1(t)g, (¢) + ﬂz(t)ql(t)]c?)zl(s)

+ [45(8) + a1 (g (2) + ar(D)q2 () | (5) ]
=0. (4.8)

In brief, (P1) and (P3) are true.
In the next moment, we give the proofs of (P2) and (P4). From (4.5) and (4.7), as we soon

show,

0G(t,s)
ot

0G(t,s)
ot

= daecod &Y (4.9)

t=st t=s~
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Owing to U, U, being linear with respect to g and U;(q) =0, whena <t <s<b,

1

Ui(G(t,S)) = ddet Q(q) ddet o (2) (Uz’(ql)hl(s) + Ui(qz)hz(S)) =0. (4.10)
Whena<s<t<b,
(G(t )) ddetlQ(q) ddeth)(t) [Ui(Ql)l’h(S) + Ui(g2)h3(s)) + ddet Q(g) - Ui(g(t,s))]
= M(Ui(m)cbzl(s) + Ui(q2) 0 (s))

=0.

Above all, it is clear from the analysis of ¢(t) that there is a function G(t,s) satisfying (P)
for ddet Q(g) # 0. O

Theorem 4.1 Suppose that BVP (4.4) satisfies ddet Q(g) # 0, G(¢, s) satisfies properties (P),
then the unique solution of BVP (3.17) is written as an integral form

b
o(t) = / Gt,9)f (5) ds. (4.11)

Proof The conclusion that BVP (3.17) has a unique solution is guaranteed by Theorem 3.1.
Just prove that (4.11) satisfies both the differential equation in BVP (3.17) and the bound-
ary conditions.

Since G(t,s) is discontinuous at ¢, integral (4.11) is divided into two integrals from 4 to
¢t and from ¢ to b, and then differentiated separately to obtain

0G 0G(¢,
¢(t) = G(t, )f (5) s + / (& S)f()d G s + / a(i 9 f(s) ds
(" 3G(t,s)
- / 0 f9) s,
. ts) 22G(t, ts) 02Gl(t,
()= f<>m+/a o rsyas - X g / o s

b82G(t,s) 1
- [0 & e G0,

Let L(D) = D? + a1(t)D + ay(t), since L(D) is linear, then

L(D)g(t) = ¢"(t) + a1(t)¢' (t) + ax(t)p(t)
/b [ 92G(t, s) G(2,s)
= + dy
; ot

o +ai(t)

G 1 ,
(t) (t, S)i|f(t) ds + Wg (t, S)f(t)

From (3.15) and (3.16), we know that

gy ()@ () + g5 (£) D22 (2)
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= 4,07,0)| 20| - 1.0 O20750) + 4,07 )| 01 0)]*
- 0, ()7:(t)q: ()7, (2)

=022 + |0 |0 ®|” - 2R {4, ©)@ D925 (2) ). (4.12)

Comparing the above formula with (3.11), we can find

R{q,(07:(0)q2(075(®)} = R{aq1(6)7, (£)q5(6)72(2)}.

therefore, 175 det o0 =g ()21 (2) + g5(t)w2(t). To be more precise,

1
L(D)g(t) = et o) ————— (41 (O)@21(8) + g5 (D) (1)) () = £ (2). (4.13)
Meanwhile,
b
i) = [ UGt ds=o. (.14
Based on the above discussion, the conclusion is valid. O

Then some examples are presented to verify the validity of the above theory.

Example 4.1 Consider Green’s function for the following BVP:

q' +jqg +(1-kK)g=it, tel0,1],
Ui (g) = Ux(q) = 0.

Based on Example 3.1 and Example 3.2, after a series of complex calculations, we have

I Uz(ql)qul(qZ) ~ U (q2)Un(q1) Ui (q1) = (L + (1 + V/2)K) (1 - e(lfﬁ)i),
I Ul(ch)quz(éh) ~ Ui (g Uh (q1)Ua(q1) = (1 + (1 + v/2)k) (e_ﬁi —e™),
| Us(@2) | *Th(@)) - Ua(q) Us(q2) Ui (g2) = (4 + 24/2)j(1 — V2D,

|t (qo) | Talan) - Ui (@0 Ui (@) () = (4 -+ 2/2)j e — e %),

and

1
Z 611 (t1)@n1(s) + g5 (t1)w22(3))

j=0
= (71(0) + 4;(0)) @21 (s) + (2(0) + g5(0)) d22(s)

=—(4+2V2)(-Ke ™ + (4+2V2)(1 +j - K)e Vs,
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1
(qY)(tz)szl(S) + q(zj)(tz)d)zz(s))
j=0

= (q1(1) + 4;(1)@21(5) + (22(1) + g5(1)) d2a(s)

= —(4+2v2)( - K)e ™ + (4 + 2v/2)(1 +j — k)eV2iV7s,

then
Bi(s) = (44 2V2)(2 + V2 — i+ + V2K) (2 — 17V - V2D o2 (4.15)
Ba(s) = (24 + 16+/2)(1 + i) (2 — eV — elV2 D)7l (4.16)
2(,5) = (4 + 2v/2)j(eV29) — i), (4.17)

By taking advantage of these results and (3.38), (3.43), Green’s function can be obtained
in the following form.
WhenO<t<s<l,

1
G(t,s) =
(&:9) 4+22

+(1+i-(1+V2)G+ l<))ei(‘/§"5).

(1-+2i— 2+ V2)j - k)elt-v®

WhenO<t<s<1,

G(ts) = (1-V2i— 2+ v2)j - k)elev>

1
4+242
+(L+i=(1+V2)( +1))elV2) 4 j(ev2E) _eilt-9),

Example 4.2 Consider Green’s function for the following BVP:

q” +jq/ :f(t’q)r te [01 1],
Ui(q) = Ua(q) = 0.

(4.18)

By conversion, the above equation is transformed into

quy) _ [0 1. Q) 0 , (4.19)
q12 0 —j/ \qn (t,q)

where
0 1 0 1 0 0
A= = + j.
0 —j 0 0 0 -1
Then
01 0 O
0 0 0 -1
A) = s
o) 0 0 0 1
01 0 O
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and
|AE-¢(4)| =A*(A*+1) =0, (4.20)
thus, )\1 = )\.2 = 0, )\,3 = i, }\.4 = —1i.

When A; = 0, we can arrive at ¢(v;) = (1,0,0,0)” and v; = (1,0)T. When A3 = i, we can
arrive at (1) = (1,i,-i,1)7 and vy = (1 = k,i—j)T. Let

D(t) = (et vyet?t) = ((1) ((11:11;)::) (4.21)

then

¢+(t)=( R )
(1+k)e™ (-i+je™

and from (3.11), we get
Wope(£) = ddet d(¢) = rdet((£)d*(¢)) =2 #0. (4.22)

As a consequence, ®(t) is a fundamental matrix of homogeneous equation, and 1, (1 —
k)e'’ are the two linearly independent solutions to the homogeneous equation of (4.19).
After the same calculation as Example 3.2 and Example 4.1, we get the following results:
—it

w21 (t) = -2j, wx(t) = (-i+j)e™,

and the solution of (4.18) is

2(t) = % /0 tzj(e“f—” ~1)f(s,q)ds. (4.23)

Moreover,

Ui(q1) =q1(0) =1, Ui(q2) =q2(0) =1k,

Uy(q1) =q:1(1) =1, Us(q2) = g2(1) = (1 - k)e',

then

1 1-k
Qlg) = (1 (1- 1<)ei) ’
and
ddet Q(g) = d;t(Q*(q)Q(q)) =2(2-€ -e™) 0. (4.24)

In addition,

| ts(q) | Ui (g2) - Ua(g2)Us(g1)Un(q0) = (1 + 1) (1 - e7),
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|t (1) | Talqa) - Ur(g2) U (q1) U (gy) = (1 + 1) (e = 1),
| U () | Ui (qr) - Ualq) Un(g2) Ui (g5) = 2(1 - &),

|t () | *Us(qr) - Ui (g Ui (g2)Un(go) = 2(1 — &™),

and
1
Z q1 (t1)@21(s) + g5 (tl)wzz(s))
j=0
= (q2(0) + 7,(0)) @21 (s) + (42(0) + 45(0)) d2(s)
= =2j+ (2 +2j)e",
1
Z 6]1 (tz)wm(S +4; (tz)wzz(s))
j=0
= (q1(1) + g;(1)@21(5) + (q2(1) + g5(1)) d22(s)
= =2j+ (2 +2j)e ",
then
hi(s)=2(1-i+j+k)(2-e" —e')e™, (4.25)
hy(s) = —4j(2 - €' —e™), (4.26)
g(t,s) = 2j(e) —1). (4.27)

Based on all of these calculations, we can write out the form of Green’s function, which is

La-i+j+ke™ —(@+jet, 0<t<s<l,
Gitys) < {2 T RET e = (4.28)
%(1 —i+j+ke™ —(i+jel +jE-1), 0<s<t<l1.
So the solution to BVP (4.18) can be uniquely expressed as
1
o= [ Giss.a s (.29)
0

Corollary 4.1 From what has been discussed above, it is not difficult for us to show that

the Green’s function of

q" +a1(t)q =f(t,q) (4.30)

can also be obtained, and (4.29) is the solution of (4.30).

Page 29 of 34



Liu et al. Boundary Value Problems (2023) 2023:113

4.2 Inhomogeneous boundary value problem
In the following content, we continue to consider the inhomogeneous boundary value
problem

q"+a\(t)q +ay(t)g=f(t), te],

(4.31)
Ui (q) = By, Us(q) = Bs.

Similar to the method for the semi-homogeneous boundary value problem, when
ddet Q(g) # 0, the solution ¢(¢) can be denoted by

1 -
q(t) = m%(ﬂ[Uz(612)U2(611)U1(611) - Uz(ql)HZUqu)](Bl - U(2))

1 I
+ m‘h(t)[Ul(QZ)Ul(%)Uz(éh) - Ul(@l)quz(éh)](Bz - Us(2))

1 —
+ mﬂ]z(t)[uz(m)w(qz)ul (@) - | U@ | *Ti(q0)] (B1 - Ui (2))

1 I
+ m‘h(t)[Ul(m)ul(%)uz(éh) - Ul(%)HzUz(éh)](Bz - Us(2))

1
+ ddet Q) ddet Q(q) - z(t), (4.32)

where

B~ U@ =By - s / Z 29 (0)im(s) + 40 (0)m () |9 ds,

B U2 = B~ s f qu £)im (5) + 48 (1) 9)]f (5) .

Let

1
h11(s) Z Uy (q2) Uz (q) Ui (q1) - || U ql)” Ui (q2 ][611 (t1)@xn (s )+q(2/)(t1)5)22(8)]
j=0

1
+ Z[U1(42)U1(Q1)U2(f11) —|thi(qn) ”Zuz(éh)] [q(lj)(lh)d)zl(s) + qg)(tz)ébzz(s)],
=0

1
ha(s) = Z [U2(q1) Uz (q2) Ui (q2) - || U @)” U 41)][% (t1)on (s )+q(21)(’f1)5)22(5)]
j=0

1
+ 3 [ha)th (a2)Ux(g) ~ | U (4) | Taa)|[4) (2)ioan 5) + 43 (622 ()]
j=0

and

h3 = [Ux(g2) Un(q1)Un (q1) - || Uz(Q1)||2U1(612)]31

+ [U(@) U (@) () - |Uh (@) ] *Ta(g2)]Ba
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ha = [Ux(q) Us(g2) U (q9) - || Un(q) | T (q1)]B:

+ (U (q) Ui (q2) Us(gs) - | U1(612)||2U2(ql)]32,

g(t,8) = q1 ()21 (5) + g2 (t) w22 (s).

Then

1 1
" ddet Q(g) ddet ®(¢)

4() {— / [0 Ohi(s) + 22 Ohn(s)]f () ds

(4.33)

+ / ddetQ(q) - g(t,s)f (s) ds} + [ql(t)hg + qz(t)h4],

1
ddet Q(gq) ddet ®(¢)

and Green’s function Gy(Z,s) is defined by

m m[—fh(t)hu(s) ~ q2(t)ha(s)], as<t<s<b,

(4.34)
m m[—m(f)hu@) = q2(O)haa(s) + ddet Q(q) - g(t,9)], a<s<t=<b.
Therefore the solution of BVP (4.31) can be expressed as a form of

1 1
ddet Q(gq) ddet ®(¢)

b
q(t) = / Ga(L,s)f (s)ds + (q1 ()3 + qz(t)h4). (4.35)

Remark 4.1 It can be seen from the above that not all solutions of boundary value prob-
lems can be written in the form of integral of Green’s function, but they can be expressed
in the form related to Green’s function.

5 Green's functions for periodic boundary problem

In this section, we introduce Green’s function for periodic boundary problems and use
the Green'’s function to transform differential equation into integral equation. Due to the
noncommutativity of quaternion algebra, we cannot easily find the Green’s function for
second-order quaternion differential equations. If a(¢) is a real function, then the commu-
tativity will be satisfied, and Green’s function will be obtained. After that, we consider the
Green’s function for second-order quaternion differential equations with the real variable
coefficients.

Let us take the following equation as an example:

q' =a*t)qg+f(tq), t€[0,T],
q(0) = q(T), q'(0) =4'(T),

(5.1)

where a(t) : [0, T] - R, A(t) = fota(s)ds: [0,T] - R,and f(t,q): [0, T] x H— H.
By using the reduced order method, we convert the above second-order differential

equation into the following two first-order differential equations:

q'(t) = alt)q(t) + q1(8), (5.2)
q,(t) = —a(t)q1(t) +f (¢, q). (5.3)
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The solution of quaternion differential equation ¢'(¢) = a(t)q(t) is
q(t) = [epr(t)]C, CeH,tel0,T], (5.4)

and satisfies ¢'(¢t) = a(t)[exp A(£)]C = a(t)q(t). Using the constant change method, we can
obtain the solutions of (5.2), that is,

q(t) = [exp A()]C(®). (5.5)
Differentiating the above equation, we get

q(t) = a(t)[epr(t)]C(t) + [epr(t)]C/(t).
According to this, we find that

C'(0) = [expA®)] " qu(2),

C(t) = C(0) + / [epr(s)]_lql(s) ds.
0

Due to q(0) = g(T), using (5.4), as we soon show,

C(0) = [expA(T)]C(T),
and

T 1
C(T) = C(0) +/ [epr(s)]_ q1(s)ds
0
T -1
= [eXpA(T)]C(T) + /0 [epr(s)] q1(s) ds.
In other words,
[T 1
C(T) =[1-expA(T)] / [expA(s)] q1(s)ds,
0
a fr -1

C(0) = [exp A(T)][1 - expA(T)] /(; [expA(s)]™ qu(s) ds.

On account of the above equations, we have
(T 1
q(t) = epr(t){epr(T)[l —epr(T)]_ / [epr(s)]_ q1(s)ds
0
+ / [epr(s)]flql(s) ds}
0
= epr(t){[l - epr(T)]_1 /t[epr(s)]_lql(s) ds
0

T
+[1 —epr(T)]_1 epr(T)/ [epr(s)]_lql(s) ds}
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:/O epr(t)[l—epr(T)]_l[exp(—A(s))]ql(s)ds

T
+ / epr(t)[l - epr(T)]_1 exp A(T) [exp(—A(s))]ql(s) ds

t eA(t)—A(S) T eA(t)—A(s)+A(T)
:A mql(s)d5+l qu(s)ds.

It is easy to say that the Green’s functions of (5.2) and (5.3) are

Ay, 0<s<t<T,

ait,s) = QAW-AE)+A(T) (5.6)
AT 0<t<s<T,
AO-AWB+A(T)

(t,5) = AT 0<s=<t=T, (5.7)

&)= aw-a0 :

ST 0<t<s<T.
Hence,

T
10- [ aIn0ds
T
7= /0 ot (5.q() ds.
Combining the two formulas above, we have
T T
10 [ @) [ anara) dsdr

T pT
= /0 /0 &t 1)g(t,9)f (s,q(s)) dsdr
T T

:/(; [/0 gl(t,s)gz(s,r)ds}/(r,q(r))df
TF pT

=f [/ gl(t:T)gz(f»s)dr}/(s,q(s))ds.
o LJo

We define the Green’s function of the second-order quaternion differential equation as

T
Galtys) = f (6 0)g(ns) dr. (5.8)
0

Remark 5.1 If we replace a(t) in the example above with 4 and a € R, we are going to get
a simpler form of Green’s function like this

T
Galtys) - / (6, 7)ga(,5) dr,
0

a(t—s)
)i 0=s=<t=T,
gg(t’ S) T ) ealt-s+D)
o 0<t<s<T,
a(s—t+T)
S 0=s=t=T,
g4(t! S) T ) eals-t)
0<t<s<T.

erl'-1’
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Proof Using the same method as in the example above, this proof is analogous to that of
the proof above. O
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