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Abstract
In this paper, we consider the existence and uniqueness of solutions for the following
nonlinear multi-order fractional differential equation with integral boundary
conditions

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(CDα
0+u)(t) +

∑m
i=1 λi(t)(CD

αi
0+u)(t) +

∑n
j=1 μj(t)(CD

βj
0+u)(t)

+
∑p

k=1 ξk(t)(
CDγk

0+u)(t) +
∑q

l=1 ωl(t)(CD
δl
0+u)(t)

+ σ (t)u(t) + f (t,u(t)) = 0, t ∈ [0, 1],

u′′(0) = u′′′(0) = 0, u′(0) = η1
∫ 1
0 u(s)ds, u(1) = η2

∫ 1
0 u(s)ds,

where 0 < δ1 < δ2 < · · · < δq < 1 < γ1 < γ2 < · · · < γp < 2 < β1 < β2 < · · · < βn < 3 <
α1 < α2 < · · · < αm < α < 4 and η1 + 2(1 – η2) �= 0. Using a fixed point theorem and
Banach contractive mapping principle, we obtain some existence and uniqueness
results.

Keywords: Multi-order fractional differential equation; Integral boundary condition;
Existence; Uniqueness

1 Introduction
Boundary value problems (BVPs) for ordinary or partial differential equations have re-
ceived wide attention due to their importance in engineering, physics, material mechan-
ics, and chemotaxis mechanisms; see, for example, [1–6] and the references therein.

Since fractional-order models are more accurate than integer-order models, fractional
differential equations, which have profound physical backgrounds and rich theoretical
connotations, have attracted much attention. Recently, many scholars have studied the
properties of solutions to some BVPs of fractional differential equations using the Banach
contraction mapping principle, Leray-Schauder nonlinear alternative, Guo-Krasnoselskii
fixed point theorem, monotone iterative technique, and so on [7–16].

As stated in [17], BVPs with integral boundary conditions have various applications in
applied fields, such as blood flow problems, chemical engineering, thermo-elasticity, un-
derground water flow, and population dynamics. Recent results on BVPs of fractional dif-

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13661-023-01804-4
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-023-01804-4&domain=pdf
mailto:jpsun@lut.edu.cn
http://creativecommons.org/licenses/by/4.0/


Sun et al. Boundary Value Problems          (2024) 2024:5 Page 2 of 14

ferential equations with integral boundary conditions can be seen in [17–22]. However, it
is necessary to point out that all the equations in the papers mentioned above only include
a single fractional derivative.

In 2014, Choudhary and Daftardar-Gejji [23] discussed the antiperiodic BVP of nonlin-
ear multi-order fractional differential equation

⎧
⎨

⎩

∑n
i=0 λi

CDαi u(t) = f (t, u(t)), t ∈ [0, T],

u(0) = –u(T),
(1.1)

where λi ∈ R, i = 0, 1, . . . , n, λn �= 0, 0 ≤ α0 < α1 < · · · < αn < 1. They proved the existence
and uniqueness of solutions to the BVP (1.1) in terms of the two-parametric functions of
the Mittag-Leffler type. It is worth mentioning that the equation in (1.1) is a generalization
of the classical relaxation equation and governs some fractional relaxation processes.

In 2020, Choi et al. [24] investigated the existence and uniqueness of solutions to the
BVP of nonlinear multi-order fractional differential equation

⎧
⎪⎪⎨

⎪⎪⎩

(CDα
0+u)(t) +

∑n
i=1 λi(t)(CDαi

0+u)(t) +
∑m

i=1 μi(t)(CDβi
0+u)(t)

+ σ (t)u(t) = f (t, u(t)), t ∈ [0, 1],

u(1) = μ
∫ 1

0 u(s) ds, u′(0) + u′(1) = 0,

where 1 < α1 < α2 < · · · < αn < α ≤ 2, 0 < β1 < β2 < · · · < βm < 1, 0 < μ < 1, λi ∈ C[0, 1]
(i = 1, 2, . . . , n), μi ∈ C[0, 1] (i = 1, 2, . . . , m), σ ∈ C[0, 1].

Motivated by the aforementioned works, in this paper, we consider the existence and
uniqueness of solutions to the following BVP of nonlinear multi-order fractional differen-
tial equation with integral boundary conditions

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(CDα
0+u)(t) +

∑m
i=1 λi(t)(CDαi

0+u)(t)

+
∑n

j=1 μj(t)(CDβj
0+u)(t) +

∑p
k=1 ξk(t)(CDγk

0+u)(t)

+
∑q

l=1 ωl(t)(CDδl
0+u)(t) + σ (t)u(t) + f (t, u(t)) = 0, t ∈ [0, 1],

u′′(0) = u′′′(0) = 0, u′(0) = η1
∫ 1

0 u(s) ds, u(1) = η2
∫ 1

0 u(s) ds.

(1.2)

Throughout this paper, we always assume that 0 < δ1 < δ2 < · · · < δq < 1 < γ1 < γ2 < · · · <
γp < 2 < β1 < β2 < · · · < βn < 3 < α1 < α2 < · · · < αm < α < 4, η1 + 2(1 – η2) �= 0, λi,μj, ξk ,ωl,σ :
[0, 1] →R and f : [0, 1] ×R →R are continuous.

Remark 1 If we let λi(t) = μj(t) = ξk(t) = ωl(t) = σ (t) = 0 for t ∈ [0, 1] and η1 = η2 = η in
(1.2), then the BVP (1.2) is reduced to the model in [20].

Remark 2 This paper is motivated greatly by [24]. Compared with [24], the existence re-
sults in this paper are established under new and simpler conditions, indicating that our
works are not a trivial generalization of [24].

The main tools used in this paper are the following theorems.
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Theorem 1 (see [25]) Let X be a Banach space. Assume that � is an open bounded subset
of X with θ ∈ �, and let T : �̄ → X be a compact operator such that

‖Tu‖ ≤ ‖u‖, u ∈ ∂�. (1.3)

Then T has a fixed point in �̄.

Theorem 2 (see [26]) Let (X, d) be a complete metric space and T : X → X be contractive.
Then T has a unique fixed point in X.

2 Preliminaries
First of all, for the reader’s convenience, we mainly introduce some definitions and lemmas
of the Riemann-Liouville fractional integrals and fractional derivatives and the Caputo
fractional derivatives on a finite interval of the real line. For details, one can refer to [27,
28].

In this section, we always assume that N = {1, 2, 3, . . .}, μ > 0 and [μ] denotes the integer
part of μ.

Definition 1 (see [27]) The Riemann-Liouville fractional integrals Iμ
0+u and Iμ

1–u of order
μ on [0, 1] are defined by

(
Iμ

0+u
)
(t) :=

1
�(μ)

∫ t

0

u(s) ds
(t – s)1–μ

and

(
Iμ

1–u
)
(t) :=

1
�(μ)

∫ 1

t

u(s) ds
(s – t)1–μ

,

respectively, where

�(μ) =
∫ +∞

0
sμ–1e–s ds.

Definition 2 (see [27]) The Riemann-Liouville fractional derivatives Dμ
0+u and Dμ

1–u of
order μ on [0, 1] are defined by

(
Dμ

0+u
)
(t) :=

(
d
dt

)n(
In–μ

0+ u
)
(t)

=
1

�(n – μ)

(
d
dt

)n ∫ t

0

u(s) ds
(t – s)μ–n+1

and

(
Dμ

1–u
)
(t) :=

(

–
d
dt

)n(
In–μ

1– u
)
(t)

=
1

�(n – μ)

(

–
d
dt

)n ∫ 1

t

u(s) ds
(s – t)μ–n+1 ,

respectively, where n = [μ] + 1.
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Definition 3 (see [27]) Let Dμ
0+[u(s)](t) ≡ (Dμ

0+u)(t) and Dμ
1–[u(s)](t) ≡ (Dμ

1–u)(t) be the
Riemann-Liouville fractional derivatives of order μ. Then the Caputo fractional deriva-
tives CDμ

0+u and CDμ
1–u of order μ on [0, 1] are defined by

(CDμ
0+u

)
(t) :=

(

Dμ
0+

[

u(s) –
n–1∑

k=0

u(k)(0)
k!

sk

])

(t)

and

(CDμ
1–u

)
(t) :=

(

Dμ
1–

[

u(s) –
n–1∑

k=0

u(k)(1)
k!

(1 – s)k

])

(t),

respectively, where

n = [μ] + 1 for μ /∈N; n = μ for μ ∈N. (2.1)

Lemma 1 (see [27]) Let n be given by (2.1) and u ∈ Cn[0, 1]. Then

(
Iμ

0+
CDμ

0+u
)
(t) = u(t) + c0 + c1t + c2t2 + · · · + cn–1tn–1,

where ci ∈R, i = 0, 1, . . . , n – 1.

Lemma 2 (see [28]) Let ν > μ. Then the equation (CDμ
0+Iν

0+u)(t) = (Iν–μ
0+ u)(t), t ∈ [0, 1] is

satisfied for u ∈ C[0, 1].

Lemma 3 (see [27]) Let n be given by (2.1). Then the following relations hold:
(1) For k ∈ {0, 1, 2, . . . , n – 1}, CDμ

0+tk = 0;
(2) If ν > n, then CDμ

0+tν–1 = �(ν)
�(ν–μ) tν–μ–1.

3 Results
Let C[0, 1] be the Banach space of all continuous functions defined on [0, 1] with the norm

‖u‖ = max
0≤t≤1

∣
∣u(t)

∣
∣.

Lemma 4 Let y ∈ C[0, 1] be a given function. Then the BVP

⎧
⎪⎪⎨

⎪⎪⎩

(CDα
0+v)(t) + y(t) = 0, t ∈ [0, 1],

v′′(0) = v′′′(0) = 0,

v′(0) = η1
∫ 1

0 v(s) ds, v(1) = η2
∫ 1

0 v(s) ds

(3.1)

has a unique solution

v(t) =
∫ 1

0
G(t, s)y(s) ds, t ∈ [0, 1],

where

G(t, s) =
[(2t – 1)η1 + 2]α(1 – s)α–1 – 2[(t – 1)η1 + η2](1 – s)α

[η1 + 2(1 – η2)]�(α + 1)
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–

⎧
⎨

⎩

(t–s)α–1

�(α) , 0 ≤ s ≤ t ≤ 1,

0, 0 ≤ t ≤ s ≤ 1.

Proof In view of the equation in (3.1) and Lemma 1, we have

v(t) = –
(
Iα

0+y
)
(t) – c0 – c1t – c2t2 – c3t3, t ∈ [0, 1],

which, together with the boundary conditions in (3.1), shows that

v(t) = –
(
Iα

0+y
)
(t) +

[
(t – 1)η1 + η2

]
∫ 1

0
v(s) ds +

(
Iα

0+y
)
(1), t ∈ [0, 1]. (3.2)

From (3.2), we get

∫ 1

0
v(s) ds

=
2

η1 + 2(1 – η2)

[
1

�(α)

∫ 1

0
(1 – s)α–1y(s) ds –

1
�(α + 1)

∫ 1

0
(1 – s)αy(s) ds

]

. (3.3)

Therefore, it follows from (3.2) and (3.3) that the BVP (3.1) has a unique solution

v(t)

= –
1

�(α)

∫ t

0
(t – s)α–1y(s) ds +

(2t – 1)η1 + 2
[η1 + 2(1 – η2)]�(α)

∫ 1

0
(1 – s)α–1y(s) ds

–
2[(t – 1)η1 + η2]

[η1 + 2(1 – η2)]�(α + 1)

∫ 1

0
(1 – s)αy(s) ds

=
∫ t

0

{

–
(t – s)α–1

�(α)
+

[(2t – 1)η1 + 2]α(1 – s)α–1 – 2[(t – 1)η1 + η2](1 – s)α

[η1 + 2(1 – η2)]�(α + 1)

}

y(s) ds

+
∫ 1

t

{
[(2t – 1)η1 + 2]α(1 – s)α–1 – 2[(t – 1)η1 + η2](1 – s)α

[η1 + 2(1 – η2)]�(α + 1)

}

y(s) ds

=
∫ 1

0
G(t, s)y(s) ds, t ∈ [0, 1]. �

Remark 3 Since G(t, s) defined in Lemma 4 is continuous on [0, 1] × [0, 1], there exists a
constant M > 0 such that

∣
∣G(t, s)

∣
∣≤ M for (t, s) ∈ [0, 1] × [0, 1]. (3.4)

Lemma 5 If y ∈ C[0, 1] is a solution of the equation

y(t) = f
(

t,
∫ 1

0
G(t, s)y(s) ds

)

–
m∑

i=1

λi(t)
(
Iα–αi

0+ y
)
(t)

–
n∑

j=1

μj(t)
(
Iα–βj

0+ y
)
(t) –

p∑

k=1

ξk(t)
(
Iα–γk

0+ y
)
(t)

–
q∑

l=1

ωl(t)
{
(
Iα–δl

0+ y
)
(t) –

2η1

[η1 + 2(1 – η2)]�(2 – δl)
(3.5)
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· [(Iα
0+y

)
(1) –

(
Iα+1

0+ y
)
(1)

]
t1–δl

}

+ σ (t)
∫ 1

0
G(t, s)y(s) ds, t ∈ [0, 1],

then u(t) :=
∫ 1

0 G(t, s)y(s) ds, t ∈ [0, 1] is a solution of the BVP (1.2) in Cα[0, 1]. Conversely,
if u ∈ Cα[0, 1] is a solution of the BVP (1.2), then y(t) := –(CDα

0+u)(t), t ∈ [0, 1] is a solution
of the equation (3.5) in C[0, 1], where G(t, s) is defined as in Lemma 4.

Proof First, suppose that y ∈ C[0, 1] is a solution of the equation (3.5). We prove that the
function u(t) =

∫ 1
0 G(t, s)y(s) ds, t ∈ [0, 1] is a solution of the BVP (1.2) in Cα[0, 1].

In fact, by Lemma 4, we know

(CDα
0+u

)
(t) + y(t) = 0, t ∈ [0, 1] (3.6)

and

u′′(0) = u′′′(0) = 0, u′(0) = η1

∫ 1

0
u(s) ds, u(1) = η2

∫ 1

0
u(s) ds. (3.7)

In view of Lemma 1 and (3.6), we obtain

(
Iα

0+y
)
(t) = –u(t) – c0 – c1t – c2t2 – c3t3, t ∈ [0, 1],

which, together with (3.7), implies that

(
Iα

0+y
)
(t) = –u(t) +

(2t – 1)η1 + 2
η1 + 2(1 – η2)

(
Iα

0+y
)
(1) –

2[(t – 1)η1 + η2]
η1 + 2(1 – η2)

(
Iα+1

0+ y
)
(1),

t ∈ [0, 1].
(3.8)

So, it follows from (3.8) and Lemmas 2 and 3 that

(
Iα–αi

0+ y
)
(t) = –

(CDαi
0+u

)
(t), i = 1, 2, . . . , m, t ∈ [0, 1], (3.9)

(
Iα–βj

0+ y
)
(t) = –

(CDβj
0+u

)
(t), j = 1, 2, . . . , n, t ∈ [0, 1], (3.10)

(
Iα–γk

0+ y
)
(t) = –

(CDγk
0+u

)
(t), k = 1, 2, . . . , p, t ∈ [0, 1] (3.11)

and

(
Iα–δl

0+ y
)
(t) = –

(CDδl
0+u

)
(t)

+
2η1

[η1 + 2(1 – η2)]�(2 – δl)
[(

Iα
0+y

)
(1) –

(
Iα+1

0+ y
)
(1)

]
t1–δl , (3.12)

l = 1, 2, . . . , q, t ∈ [0, 1].
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Substituting (3.9)-(3.12), y(t) = –(CDα
0+u)(t) and

∫ 1
0 G(t, s)y(s) ds = u(t) into (3.5), we get

(CDα
0+u

)
(t) +

m∑

i=1

λi(t)
(CDαi

0+u
)
(t) +

n∑

j=1

μj(t)
(CDβj

0+u
)
(t) +

p∑

k=1

ξk(t)
(CDγk

0+u
)
(t)

+
q∑

l=1

ωl(t)
(CDδl

0+u
)
(t) + σ (t)u(t) + f

(
t, u(t)

)
= 0, t ∈ [0, 1],

which, together with (3.7), shows that u(t) =
∫ 1

0 G(t, s)y(s) ds, t ∈ [0, 1] is a solution of the
BVP (1.2).

Next, suppose that u ∈ Cα[0, 1] is a solution of the BVP (1.2), that is, u ∈ Cα[0, 1] satisfies
the equation

(CDα
0+u

)
(t) +

m∑

i=1

λi(t)
(CDαi

0+u
)
(t) +

n∑

j=1

μj(t)
(CDβj

0+u
)
(t) +

p∑

k=1

ξk(t)
(CDγk

0+u
)
(t)

+
q∑

l=1

ωl(t)
(CDδl

0+u
)
(t) + σ (t)u(t) + f

(
t, u(t)

)
= 0, t ∈ [0, 1]

(3.13)

and the boundary conditions

u′′(0) = u′′′(0) = 0, u′(0) = η1

∫ 1

0
u(s) ds, u(1) = η2

∫ 1

0
u(s) ds.

We prove that the function y(t) = –(CDα
0+u)(t), t ∈ [0, 1] is a solution of the equation (3.5)

in C[0, 1].
In fact, in view of Lemma 4, we know

u(t) =
∫ 1

0
G(t, s)y(s) ds, t ∈ [0, 1]. (3.14)

Furthermore, by the expression of G(t, s), we may obtain

u(t) = –
(
Iα

0+y
)
(t) +

(2t – 1)η1 + 2
η1 + 2(1 – η2)

(
Iα

0+y
)
(1) –

2[(t – 1)η1 + η2]
η1 + 2(1 – η2)

(
Iα+1

0+ y
)
(1), t ∈ [0, 1],

which, together with Lemmas 2 and 3, implies that

(CDαi
0+u

)
(t) = –

(
Iα–αi

0+ y
)
(t), i = 1, 2, . . . , m, t ∈ [0, 1], (3.15)

(CDβj
0+u

)
(t) = –

(
Iα–βj

0+ y
)
(t), j = 1, 2, . . . , n, t ∈ [0, 1], (3.16)

(CDγk
0+u

)
(t) = –

(
Iα–γk

0+ y
)
(t), k = 1, 2, . . . , p, t ∈ [0, 1] (3.17)

and

(CDδl
0+u

)
(t) = –

(
Iα–δl

0+ y
)
(t) +

2η1

[η1 + 2(1 – η2)]�(2 – δl)
[(

Iα
0+y

)
(1) –

(
Iα+1

0+ y
)
(1)

]
t1–δl ,

l = 1, 2, . . . , q, t ∈ [0, 1].
(3.18)
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Substituting (3.14)-(3.18) and (CDα
0+u)(t) = –y(t) into (3.13), we get (3.5). This indicates

that y(t) = –(CDα
0+u)(t), t ∈ [0, 1] is a solution of equation (3.5). �

Now, we define an operator T : C[0, 1] → C[0, 1] by

(Ty)(t) = f
(

t,
∫ 1

0
G(t, s)y(s) ds

)

–
m∑

i=1

λi(t)
(
Iα–αi

0+ y
)
(t)

–
n∑

j=1

μj(t)
(
Iα–βj

0+ y
)
(t) –

p∑

k=1

ξk(t)
(
Iα–γk

0+ y
)
(t)

–
q∑

l=1

ωl(t)
{
(
Iα–δl

0+ y
)
(t) –

2η1

[η1 + 2(1 – η2)]�(2 – δl)

· [(Iα
0+y

)
(1) –

(
Iα+1

0+ y
)
(1)

]
t1–δl

}

+ σ (t)
∫ 1

0
G(t, s)y(s) ds, t ∈ [0, 1].

Obviously, if y is a fixed point of T , then u(t) =
∫ 1

0 G(t, s)y(s) ds, t ∈ [0, 1] is a solution of the
BVP (1.2).

For convenience, in the remainder of this paper, we denote

C1 =
∣
∣
∣
∣

2η1

η1 + 2(1 – η2)

∣
∣
∣
∣

α + 2
�(α + 2)

and

C2 =
m∑

i=1

‖λi‖
�(α – αi + 1)

+
n∑

j=1

‖μj‖
�(α – βj + 1)

+
p∑

k=1

‖ξk‖
�(α – γk + 1)

+
q∑

l=1

‖ωl‖
[

1
�(α – δl + 1)

+
C1

�(2 – δl)

]

+ ‖σ‖M.

Theorem 3 Assume that there exists a constant r > 0 such that

max
(t,x)∈[0,1]×[–Mr,Mr]

∣
∣f (t, x)

∣
∣≤ (1 – C2)r. (3.19)

Then the BVP (1.2) has at least one solution.

Proof Let � = {y ∈ C[0, 1] : ‖y‖ < r}. Then, for any y ∈ �̄, by (3.4), we know

∣
∣
∣
∣

∫ 1

0
G(t, s)y(s) ds

∣
∣
∣
∣≤ Mr, t ∈ [0, 1]. (3.20)

On the one hand, for any y ∈ �̄, in view of (3.20), we get

∣
∣(Ty)(t)

∣
∣

=

∣
∣
∣
∣
∣
f
(

t,
∫ 1

0
G(t, s)y(s) ds

)

–
m∑

i=1

λi(t)
(
Iα–αi

0+ y
)
(t)
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–
n∑

j=1

μj(t)
(
Iα–βj

0+ y
)
(t) –

p∑

k=1

ξk(t)
(
Iα–γk

0+ y
)
(t)

–
q∑

l=1

ωl(t)
{
(
Iα–δl

0+ y
)
(t) –

2η1

[η1 + 2(1 – η2)]�(2 – δl)

· [(Iα
0+y

)
(1) –

(
Iα+1

0+ y
)
(1)

]
t1–δl

}

+ σ (t)
∫ 1

0
G(t, s)y(s) ds

∣
∣
∣
∣
∣

≤
∣
∣
∣
∣f
(

t,
∫ 1

0
G(t, s)y(s) ds

)∣
∣
∣
∣ +

m∑

i=1

∣
∣λi(t)

∣
∣ 1
�(α – αi)

∫ t

0
(t – s)α–αi–1∣∣y(s)

∣
∣ds

+
n∑

j=1

∣
∣μj(t)

∣
∣ 1
�(α – βj)

∫ t

0
(t – s)α–βj–1∣∣y(s)

∣
∣ds

+
p∑

k=1

∣
∣ξk(t)

∣
∣ 1
�(α – γk)

∫ t

0
(t – s)α–γk–1∣∣y(s)

∣
∣ds

+
q∑

l=1

∣
∣ωl(t)

∣
∣

{
1

�(α – δl)

∫ t

0
(t – s)α–δl–1∣∣y(s)

∣
∣ds

+
∣
∣
∣
∣

2η1

η1 + 2(1 – η2)

∣
∣
∣
∣

1
�(2 – δl)

[
1

�(α)

∫ 1

0
(1 – s)α–1∣∣y(s)

∣
∣ds

+
1

�(α + 1)

∫ 1

0
(1 – s)α

∣
∣y(s)

∣
∣ds

]}

+
∣
∣σ (t)

∣
∣

∣
∣
∣
∣

∫ 1

0
G(t, s)y(s) ds

∣
∣
∣
∣

≤ max
(t,x)∈[0,1]×[–Mr,Mr]

∣
∣f (t, x)

∣
∣ +

{ m∑

i=1

‖λi‖
�(α – αi + 1)

+
n∑

j=1

‖μj‖
�(α – βj + 1)

+
p∑

k=1

‖ξk‖
�(α – γk + 1)

+
q∑

l=1

‖ωl‖
[

1
�(α – δl + 1)

+
C1

�(2 – δl)

]

+ ‖σ‖M

}

‖y‖

≤ max
(t,x)∈[0,1]×[–Mr,Mr]

∣
∣f (t, x)

∣
∣ + C2r, t ∈ [0, 1], (3.21)

which shows that T(�̄) is uniformly bounded.
On the other hand, for any y ∈ �̄ and t1, t2 ∈ [0, 1] with t1 ≤ t2, we have

∣
∣(Ty)(t2) – (Ty)(t1)

∣
∣

≤
∣
∣
∣
∣f
(

t2,
∫ 1

0
G(t2, s)y(s) ds

)

– f
(

t1,
∫ 1

0
G(t1, s)y(s) ds

)∣
∣
∣
∣

+

∣
∣
∣
∣
∣

m∑

i=1

[
λi(t1)

(
Iα–αi

0+ y
)
(t1) – λi(t2)

(
Iα–αi

0+ y
)
(t2)

]
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

n∑

j=1

[
μj(t1)

(
Iα–βj

0+ y
)
(t1) – μj(t2)

(
Iα–βj

0+ y
)
(t2)

]
∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

p∑

k=1

[
ξk(t1)

(
Iα–γk

0+ y
)
(t1) – ξk(t2)

(
Iα–γk

0+ y
)
(t2)

]
∣
∣
∣
∣
∣
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+

∣
∣
∣
∣
∣

q∑

l=1

{
[
ωl(t1)

(
Iα–δl

0+ y
)
(t1) – ωl(t2)

(
Iα–δl

0+ y
)
(t2)

]

+
2η1

[η1 + 2(1 – η2)]�(2 – δl)
[(

Iα
0+y

)
(1) –

(
Iα+1

0+ y
)
(1)

][
ωl(t2)t1–δl

2 – ωl(t1)t1–δl
1

]
}∣∣
∣
∣
∣

+
∣
∣
∣
∣σ (t2)

∫ 1

0
G(t2, s)y(s) ds – σ (t1)

∫ 1

0
G(t1, s)y(s) ds

∣
∣
∣
∣

≤
∣
∣
∣
∣f
(

t2,
∫ 1

0
G(t2, s)y(s) ds

)

– f
(

t1,
∫ 1

0
G(t2, s)y(s) ds

)∣
∣
∣
∣

+
∣
∣
∣
∣f
(

t1,
∫ 1

0
G(t2, s)y(s) ds

)

– f
(

t1,
∫ 1

0
G(t1, s)y(s) ds

)∣
∣
∣
∣

+
m∑

i=1

[∣
∣λi(t1)

∣
∣
∣
∣
(
Iα–αi

0+ y
)
(t1) –

(
Iα–αi

0+ y
)
(t2)

∣
∣ +

∣
∣
(
Iα–αi

0+ y
)
(t2)

∣
∣
∣
∣λi(t1) – λi(t2)

∣
∣
]

+
n∑

j=1

[∣
∣μj(t1)

∣
∣
∣
∣
(
Iα–βj

0+ y
)
(t1) –

(
Iα–βj

0+ y
)
(t2)

∣
∣ +

∣
∣
(
Iα–βj

0+ y
)
(t2)

∣
∣
∣
∣μj(t1) – μj(t2)

∣
∣
]

+
p∑

k=1

[∣
∣ξk(t1)

∣
∣
∣
∣
(
Iα–γk

0+ y
)
(t1) –

(
Iα–γk

0+ y
)
(t2)

∣
∣ +

∣
∣
(
Iα–γk

0+ y
)
(t2)

∣
∣
∣
∣ξk(t1) – ξk(t2)

∣
∣
]

+
q∑

l=1

{
[∣
∣ωl(t1)

∣
∣
∣
∣
(
Iα–δl

0+ y
)
(t1) –

(
Iα–δl

0+ y
)
(t2)

∣
∣ +

∣
∣
(
Iα–δl

0+ y
)
(t2)

∣
∣
∣
∣ωl(t1) – ωl(t2)

∣
∣
]

+
∣
∣
∣
∣

2η1

η1 + 2(1 – η2)

∣
∣
∣
∣

1
�(2 – δl)

[∣
∣
(
Iα

0+y
)
(1)

∣
∣ +

∣
∣
(
Iα+1

0+ y
)
(1)

∣
∣
]

· [∣∣ωl(t2)
∣
∣
(
t1–δl
2 – t1–δl

1
)

+
∣
∣ωl(t2) – ωl(t1)

∣
∣t1–δl

1
]
}

+
∣
∣σ (t2)

∣
∣

∣
∣
∣
∣

∫ 1

0
G(t2, s)y(s) ds –

∫ 1

0
G(t1, s)y(s) ds

∣
∣
∣
∣

+
∣
∣σ (t2) – σ (t1)

∣
∣

∣
∣
∣
∣

∫ 1

0
G(t1, s)y(s) ds

∣
∣
∣
∣

≤
∣
∣
∣
∣f
(

t2,
∫ 1

0
G(t2, s)y(s) ds

)

– f
(

t1,
∫ 1

0
G(t2, s)y(s) ds

)∣
∣
∣
∣

+
∣
∣
∣
∣f
(

t1,
∫ 1

0
G(t2, s)y(s) ds

)

– f
(

t1,
∫ 1

0
G(t1, s)y(s) ds

)∣
∣
∣
∣

+
m∑

i=1

r
�(α – αi + 1)

[
2‖λi‖(t2 – t1)α–αi +

∣
∣λi(t1) – λi(t2)

∣
∣
]

+
n∑

j=1

r
�(α – βj + 1)

{‖μj‖
[
tα–βj
2 – tα–βj

1 + 2(t2 – t1)α–βj
]

+
∣
∣μj(t1) – μj(t2)

∣
∣
}

+
p∑

k=1

r
�(α – γk + 1)

[‖ξk‖
(
tα–γk
2 – tα–γk

1
)

+
∣
∣ξk(t1) – ξk(t2)

∣
∣
]

+
q∑

l=1

{
r

�(α – δl + 1)
[‖ωl‖

(
tα–δl
2 – tα–δl

1
)

+
∣
∣ωl(t1) – ωl(t2)

∣
∣
]
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+
C1r

�(2 – δl)
[‖ωl‖

(
t1–δl
2 – t1–δl

1
)

+
∣
∣ωl(t2) – ωl(t1)

∣
∣
]
}

+ ‖σ‖r
∫ 1

0

∣
∣G(t2, s) – G(t1, s)

∣
∣ds + Mr

∣
∣σ (t2) – σ (t1)

∣
∣,

which, together with the fact that f (t, x) and G(t, s) are uniformly continuous on [0, 1] ×
[–Mr, Mr] and [0, 1] × [0, 1], respectively, implies that T(�̄) is equicontinuous.

Therefore, by Arzela-Ascoli theorem, we know that T : �̄ → C[0, 1] is compact.
Moreover, for any y ∈ ∂�, in view of (3.19) and (3.21), we obtain

∣
∣(Ty)(t)

∣
∣≤ max

(t,x)∈[0,1]×[–Mr,Mr]

∣
∣f (t, x)

∣
∣ + C2r ≤ (1 – C2)r + C2r = r = ‖y‖, t ∈ [0, 1],

which shows that

‖Ty‖ ≤ ‖y‖, y ∈ ∂�.

So, it follows from Theorem 1 that the operator T has a fixed point y∗ ∈ �̄, and so,
u∗(t) =

∫ 1
0 G(t, s)y∗(s) ds, t ∈ [0, 1] is a solution of the BVP (1.2). �

Theorem 4 Assume that there exists a constant 0 < L < 1–C2
M such that

∣
∣f (t, x1) – f (t, x2)

∣
∣≤ L|x1 – x2| for all t ∈ [0, 1], x1, x2 ∈ R. (3.22)

Then the BVP (1.2) has a unique solution.

Proof For any y1, y2 ∈ C[0, 1], in view of (3.4) and (3.22), we have

∣
∣(Ty1)(t) – (Ty2)(t)

∣
∣

≤
∣
∣
∣
∣f
(

t,
∫ 1

0
G(t, s)y1(s) ds

)

– f
(

t,
∫ 1

0
G(t, s)y2(s) ds

)∣
∣
∣
∣

+

∣
∣
∣
∣
∣

m∑

i=1

λi(t)
(
Iα–αi

0+ (y2 – y1)
)
(t)

∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

n∑

j=1

μj(t)
(
Iα–βj

0+ (y2 – y1)
)
(t)

∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

p∑

k=1

ξk(t)
(
Iα–γk

0+ (y2 – y1)
)
(t)

∣
∣
∣
∣
∣

+

∣
∣
∣
∣
∣

q∑

l=1

ωl(t)
{
(
Iα–δl

0+ (y2 – y1)
)
(t) +

2η1

[η1 + 2(1 – η2)]�(2 – δl)

· [(Iα
0+(y1 – y2)

)
(1) +

(
Iα+1

0+ (y2 – y1)
)
(1)

]
t1–δl

}∣∣
∣
∣
∣

+
∣
∣
∣
∣σ (t)

∫ 1

0
G(t, s)

(
y1(s) – y2(s)

)
ds
∣
∣
∣
∣

≤ L
∣
∣
∣
∣

∫ 1

0
G(t, s)

(
y1(s) – y2(s)

)
ds
∣
∣
∣
∣ +

m∑

i=1

∣
∣λi(t)

∣
∣
(
Iα–αi

0+ |y1 – y2|
)
(t)
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+
n∑

j=1

∣
∣μj(t)

∣
∣
(
Iα–βj

0+ |y1 – y2|
)
(t) +

p∑

k=1

∣
∣ξk(t)

∣
∣
(
Iα–γk

0+ |y1 – y2|
)
(t)

+
q∑

l=1

∣
∣ωl(t)

∣
∣

{
(
Iα–δl

0+ |y1 – y2|
)
(t)

+
∣
∣
∣
∣

2η1

η1 + 2(1 – η2)

∣
∣
∣
∣

1
�(2 – δl)

[(
Iα

0+|y1 – y2|
)
(1) +

(
Iα+1

0+ |y1 – y2|
)
(1)

]
}

+
∣
∣σ (t)

∣
∣

∣
∣
∣
∣

∫ 1

0
G(t, s)

(
y1(s) – y2(s)

)
ds
∣
∣
∣
∣

≤
{

LM +
m∑

i=1

‖λi‖
�(α – αi + 1)

+
n∑

j=1

‖μj‖
�(α – βj + 1)

+
p∑

k=1

‖ξk‖
�(α – γk + 1)

+
q∑

l=1

‖ωl‖
[

1
�(α – δl + 1)

+
C1

�(2 – δl)

]

+ ‖σ‖M

}

‖y1 – y2‖

= (LM + C2)‖y1 – y2‖, t ∈ [0, 1],

and so,

‖Ty1 – Ty2‖ ≤ (LM + C2)‖y1 – y2‖,

which, together with LM + C2 < 1, implies that T is a contractive mapping. So, it follows
from Theorem 2 that the operator T has a unique fixed point y∗∗ ∈ C[0, 1]. Therefore, by
Lemma 5, we know that the BVP (1.2) has a unique solution u∗∗(t) =

∫ 1
0 G(t, s)y∗∗(s) ds,

t ∈ [0, 1]. �

Example 1 We consider the BVP

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(CD
7
2
0+u)(t) + 0.1

√
t(CD

5
2
0+u)(t) + 0.2e–t2 (CD

3
2
0+u)(t) + 0.6t2(CD

1
2
0+u)(t)

+
√

π

16 cos tu(t) + (t – 5
√

π

16 )
√

u2(t) + 1 = 0, t ∈ [0, 1],

u′′(0) = u′′′(0) = 0, u′(0) = 2
3
∫ 1

0 u(s) ds, u(1) = 1
2
∫ 1

0 u(s) ds.

(3.23)

Since α = 7
2 , η1 = 2

3 and η2 = 1
2 , we may choose M = 8

5
√

π
, and so, in view of β1 = 5

2 , γ1 = 3
2 ,

δ1 = 1
2 , λi(t) = 0, μ1(t) = 0.1

√
t, ξ1(t) = 0.2e–t2 , ω1(t) = 0.6t2 and σ (t) =

√
π

16 cos t for t ∈ [0, 1],
a direct computation shows that C2 = 3150π+1408

7875π
.

Now that f (t, x) = (t – 5
√

π

16 )
√

x2 + 1 for (t, x) ∈ [0, 1] ×R, if we let L = 5
√

π

16 , then

LM + C2 ≈ 0.96 < 1

and

∣
∣f (t, x1) – f (t, x2)

∣
∣ =

∣
∣
∣
∣

(

t –
5
√

π

16

)(√

x2
1 + 1 –

√

x2
2 + 1

)∣∣
∣
∣

≤ L
|x2

1 – x2
2|√

x2
1 + 1 +

√
x2

2 + 1
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≤ L
|x1| + |x2|

√
x2

1 + 1 +
√

x2
2 + 1

|x1 – x2|

≤ L|x1 – x2|, t ∈ [0, 1], x1, x2 ∈R,

which indicates that (3.22) is satisfied.
Therefore, it follows from Theorem 4 that the BVP (3.23) has a unique solution.
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