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1 Introduction

Motivated by the well-posedness result of non-Newtonian fluids in [1] and the long-time
behavior result of the Navier—Stokes system in [2], we investigate the time decay proper-
ties of solutions for compressible non-Newtonian fluid equations. More specifically, we
investigate the optimal decay rate of the highest-order derivative of solutions to the equa-
tions of compressible non-Newtonian fluids, which defined in a bounded domain Q C R?

is governed by the following equations [3]:

pe +div(pv) =0, 1)
(pv); +div(pv ® v) + Vp(p) = divSs, '

where the unknowns p := p(x,t), v := v(x, t) denote the density and the velocity of the non-
Newtonian fluids, respectively, p := p(p) is the fluid pressure, which is a smooth function

depending on p, and S represents the viscous stress tensor, which depends on the rate of
strain D;(Vv), where D;;(Vv) is given as Dy(Vv) = 3—;; + g—;z We mention that (1.1); is the
continuity equation and (1.1); describes the balance law of momentum.

If the relation between the stress and the rate of strain is linear, i.e., S = u( g—;; + g—z), then

the fluid is called Newtonian. The coefficient u is called the viscosity coefficient, which

depends on temperature, density, and pressure. For example, water, alcohols, and simple
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hydrocarbon compounds turn out to be Newtonian fluids. The governing equations of
motion can be written by the Navier—Stokes equations.

If the relation between the stress and the rate of strain is nonlinear, the fluid is called
non-Newtonian. Examples of non-Newtonian fluids include molten plastics, greases, pa-
per pulp, and biological fluids like blood. The simplest stress—strain relation in non-
Newtonian fluids is given by S;; = “(g_:‘:; + g—Z)q forO<g<1[4]

Recently, the following stress—strain relation has been widely investigated [3]:

S = (po + ‘D(VV)|pi2)Dii(VV)’

where
Newtonian, for o >0, 1 =0;
Rabinowitsch, for wo, 1 >0,p =45
Eills, for o, 1 >0,p>2;

Ostwald—de Waele, for ug=0,u1>0,p>1;
Bingham, for po, 01 >0,p=1.

The above five types of stress—strain relation can be found in non-Newtonian fluids. For
example, for 1o = 0, it is a pseudo-plastic fluid in the case of p < 2 and it is a dilatant fluid in
the case of p > 2. From a physical point of view, the stress—strain relation describes a shear
thickening fluid if p > 2 and a shear thinning fluid if 1 < p < 2. The values of the parameters
p and p; of the pseudo-plastic Ostwald—de Waele models are presented in [3].

On account of the physical importance of non-Newtonian fluids, they have attracted
attention from many engineers, mathematicians, physicists, and so on. However, both
the problems of well-posedness and dynamical behaviors of motion equations of non-
Newtonian fluids are very difficult to investigate because of the singularity.

Even so, important progress has been made in the theoretical analysis of non-Newtonian
fluid systems: Bothe—Pruss studied a class of non-Newtonian fluids based on L,-theory
[5]; Feireisl-Kwon studied the long-time behavior of dissipative solutions to models of
non-Newtonian compressible fluids [6]; Moscariello—Porzio investigated the behavior in
time of solutions to motion of Non-Newtonian fluids [7]. More results of non-Newtonian
fluids can be found in [1, 3, 8—11] and the references cited therein.

In this paper, we investigate the corresponding Eills-type non-Newtonian fluids, i.e.,

S = (o + 11 |D(VW)["*)D(V),

divS = o(AV + V divv) + u1 div(|D(VV) [P °D(Vv)).
Thus, equation (1.1) reduces to

pe +div(pv) =0,

1.2
oV, +div(pv @ v) + Vp(p) — no(Av + Vdivy) = u; div(|D(VV)|P~2D(Vv)). (12
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We can reformulate the system (1.2). Without loss of generality, we take P’(1) = 1 and
thus derive the following equations from (1.2) by applying the formulas above:

P+ le(pV) = 01
Vi +V-Vv+p (0)Vplp—po(Av + Vdivv)/p (1.3)
= w1 div(|D(VV)[P>D(Vv))/ p.

Much important progress has been made in the investigation of long-time behaviors of
global smooth solutions to compressible Navier—Stokes systems. For instance, the global
existence of strong solutions to compressible Navier—Stokes equations in multidimen-
sional whole space was obtained first by Matsumura—Nishida [12, 13], who also showed
that the global solution tends to its equilibrium state in large time. The optimal L?(p > 2)
decay rates were established later by Ponce [14]. To conclude, the optimal L? time decay
rate for isentropic compressible Navier—Stokes equations in three dimensions is

[0 = 5O ey = CA+ 07,

where (p, 0) is the constant state.

Then Liu—Wang [15] investigated the properties of the Green’s function for isentropic
Navier—Stokes systems and showed an interesting pointwise convergence of global solu-
tions to the diffusive waves with the optimal time decay rate in odd dimension where the
important phenomenon of the weaker Huygen principle is also justified due to the dis-
persion effects of compressible viscous fluids in multidimensional odd space. This was
generalized to the full system later in [16], where the wave motions of other types are also
introduced. Therein, the optimal L* time decay rate in three dimensions is

[0 = 5O ey = CA+7E.

The same decay property also appears in the exterior domain problem [17] and an infinite
layer [18]. Li-Matsumura—Zhang [19] obtained the optimal time decay of the Navier—
Stokes—Poisson system, which is different from the pure Navier—Stokes equations.

Next, Li-Zhang investigated the long-time behavior and optimal decay rates of global
strong solutions to three-dimensional isentropic compressible Navier—Stokes systems;
when the regular initial data also belong to some Sobolev space H'(R?) N B[fOO(R3) with
I >4 and s € [0, 1], they show that the global solution to this system converges to the equi-
librium state at a faster decay rate in time.

Later, Tan—Wang derived the optimal time decay rates for the higher-order spa-
tial derivatives of solutions to magnetohydrodynamic equations [20]. Besides, Gao—
Chen-Yao [21] further deduced higher time decay rates for the higher-order spatial
derivatives of solutions, which improve the result of Tan—Wang [20]. Recently, exploit-
ing the technique of decomposition of solutions into low and high frequencies in [22],
Huang-Lin—Wang proved that this result also holds for k = N [23]. At present, the above
isentropic results have been further extended to non-isentropic cases; see [21, 24] for
examples.

There are many other important results on time decay estimation. Abdallah—Jiang—Tan
studied the decay estimates for isentropic compressible magnetohydrodynamic equa-
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tions in a bounded domain [25], Fan—Jiang studied the long-time behavior of liquid crys-
tal flows with a trigonometric condition in two dimensions [26], Guo-Tan studied the
long-time behavior of solutions to a class of non-Newtonian compressible fluids [27],
Chen-Tan—Wu have given the time decay rates for the equations of compressible heat-
conductive flow through porous media [28], and Tan—Wu studied the long-time behavior
of solutions for compressible Euler equations with damping in R3 [29]. Zhang studied the
decay of the three-dimensional inviscid liquid—gas two-phase flow model [30] and the
decay of the three-dimensional viscous liquid—gas two-phase flow model with damping
[31]. Zhang—Wu studied the global well-posedness and long-time behavior of the viscous
liquid—gas two-phase flow model [32] and the global existence and asymptotic behav-
ior for the three-dimensional compressible non-isentropic Euler equations with damp-
ing [33]. Zhang-Tan studied the existence [34] and asymptotic behavior of global smooth
solutions for p-systems with damping and boundary effects and the asymptotic behav-
ior of solutions to the Navier—Stokes equations of a two-dimensional compressible flow
[35]. Zhang—Tan—Ming studied the global existence and asymptotic behavior of smooth
solutions to a coupled hyperbolic-parabolic system [36]. Jiang—Zhang studied the exis-
tence and asymptotic behavior of global smooth solutions for p-systems with nonlinear
damping and fixed boundary effects [37]. Qiu—Zhang studied the decay of the three-
dimensional quasilinear hyperbolic equations with nonlinear damping [38]. Then Hu—
Qiu—Wang-Yang studied the incompressible limit for compressible viscoelastic flows with
large velocity [39], Zhao—Li—Yan studied the global Sobolev regular solution for Boussi-
nesq systems [40], and Panasenko—Pileckas studied the non-stationary Poiseuille flow of
a non-Newtonian fluid with the shear rate-dependent viscosity [41].

In this paper, we are further interested in non-Newtonian fluids. The well-posedness
problem of non-Newtonian fluids has been widely investigated; see [42] for the existence
results. Motivated by the optimal time decay rates of solutions of Newtonian fluids and the
result of the long-time behavior of solutions to non-Newtonian compressible fluids, using
the methods in [43], we further investigate the global well-posedness and optimal time
decay rates of the solutions for the system (1.2). To this purpose, we provide the following

initial condition for the system (1.2):

(,O:V)|t=0 = (PO»VO)' (1.4')

We will consider the existence problem and the optimal time decay rates of small pertur-
bation solutions around the rest state (p, 0) of the system (1.2), where p is always taken to
be equal to one for the sake of simplicity.

By taking the new change of variables

we can further rewrite the system (1.3)—(1.4) into the perturbation forms:

o + divu = —div(ou),
u; — wo(Au+ Vdivu) + Vo = N, (1.5)
(0, U)]¢=0 = (0°,u°) = (p° - 1,u"),
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where the nonlinear terms A/ are defined by

N = —u-Vu-h3(0)Vo — hy(0)(Au + V divu)

+ (o) div(|D(Vu)|"*D(Vu)),

where the nonlinear functions are defined as follows:

(o +1
0 < E A SR T A i AC A Y
o+1 o+1 o+1

Before presenting our main result, we introduce the following notations, which are used
frequently throughout the paper.

1.1 Notations
(1) Basic notations:

The notation (-, -) stands for the inner product in L2(R3); a < b means that a < Cb for
some constant C > 0. For simplicity, we also denote a ~ b if a < b and a 2, b. The symbol
V! with an integer [ > 1 represents as usual any spatial derivatives of order /; C; > 0 repre-
sents a generic constant that may vary from line to line for i € Z*; and the integral symbol
[= fR3'

(2) Notations of function spaces:

We employ L’ (IR?) to denote the usual L” spaces and H*(R?) to denote the Sobolev spaces
with norm || - ||z and || - || s, respectively, where 1 <r < oo,s € R.

In addition, A is a pseudo-differential operator, which is defined by

Nf=FY(gPf) forseR,
where f and F1(f) denote the Fourier transform and the inverse Fourier transform, re-
spectively.
Let ¢(£) be a smooth cut-off function, which satisfies 0 < ¢(£) < 1(¢ € R3) and ¢(¢) =

1,1€] <1,¢(§) =0, €| > 1. Then we can define a frequency decomposition for the function
f(x) € L2(R3) as follows:

@) =eD)f @), @) = (- (D)),

where D, := ﬁ(axl, 0xy, 0x;) and @(Dy) is a pseudo-differential operator with respect to
@(£). Moreover, f(x) can be expressed as

F@) =fHx) + (). (1.6)

1.2 Main result

Now, we are in a position to present our main result.

Theorem 1.1 Suppose (p° — 1,u’) € H*(R3?) and

[ (0° - 1,u®) (&) HH3(]R3) =6
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where € is a sufficiently small constant. Then the Cauchy problem (1.5) admits a unique

global solution (p, u) satisfying

p — 1€ C°([0,00); H*(R?)) N C* ([0, 00); H*(R?)),

u € C°([0,00); H*(R?)) N C* ([0, 00); H' (R?)).

Moreover, if the initial data (p° — 1,u’) are bounded in L' (R®) space, then, for any t > 0,

the classical solution (p,u) enjoys
|| Vk(p - 11 u)(t) HH3(]R3) S C(l + t)_%_g) k = 0: 1; 21 3~

The first step involves constructing a new linearized system by combining the solutions.
Subsequently, our focus is on establishing the global existence and uniqueness of the so-
lution for the Cauchy problem (1.5). The a priori estimates will be provided in Proposi-
tion 3.1, where our main focus lies on estimating the nonlinear terms of a specific class
of compressible Eills-type non-Newtonian fluids with S = (19 + 1| D(VW)[P~2)D(Vu). We
employ an energy estimation method to address the challenges posed by nonlinear struc-
tures, thereby enabling us to obtain the energy estimation under the H> norm. Subse-
quently, we present a technique for eliminating the low frequency component and provide
a decay estimate for this particular part. Finally, we establish decay rates for the nonlinear
system.

The rest of this paper is organized as follows. First, in Sect. 2, we list some well-known
mathematical results, which will be used in Sects. 3 and 4. In Sect. 3, we establish a priori
estimates of solutions and then prove the existence of the global-in-time solution based
on the local existence of unique solutions. In Sect. 4, we will obtain the optimal time de-
cay rates of the non-homogeneous system by constructing some decay estimates of the
linearized system based on the technique of decomposition of solutions into low and high

frequencies [22].

2 Basic analysis tools
This section is devoted to providing some important mathematical results, which will be

used in the next sections.

Lemma 2.1 ([22]). For any given integers i, j, k, we have

1
Ry

”VlfL ”Lz = H kaHLz and H ijH”LZ = H kaHLz’

[V e < 1V N 192 = o 19 e

where f € H"(R?) and i <j <k < n. Moreover, we have

ol e < 1972 < Rollf 2

for some constant ry > 0 and Ry > 0.
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Lemma 2.2 ([44]). Let f € H*(R®). Then we can have

Ifllze < Wfllr for2=p =<6,

1 1
fllzee < UIVAILIVA G < OV s

Ifllzs < VA2

Lemma 2.3 ([45]). We have

V') < o [ V'] on + [V ] a3 Ngzon,
wherel>1,1 < q; < +00, and

1 1 1

1
=—+ = + —.
91 92 g3 4a

1
q
Lemma 2.4 (Gagliardo—Nirenberg inequality). Suppose 0 < i,j < k. Then we have
i i |1-o k |0

[Vl = 1Vl Vel s
where 0 <o <1 and

i1 i1 k1

LoZ. (i——)(1—0)+ (—+—>a.

3 P \3 m 3 p
In particular, if p = 0o, then 0 < o < 1 is required.

Lemma 2.5 ([46]). Let ¥ (w) be a smooth function of w with bounded derivatives of any

order. If ||| o w3y < 1, then for any integer i > 1, we have

Vv (@) HLp(Rs) < ”Viw”LP(]R3)’
forl<p<oo.

For the decay estimates of solutions, we further introduce the following basic inequali-
ties.

Lemma 2.6 ([47]). Suppose c1,ca,c3 € R® and 0 < ¢; < cy,c3 > 0. We have, for t € R,
t
/ A+t-1) A +1)2dr <Clcp, )1+ )™
0
and
t
/ (1+7) e 3 D dr < Cley,c3)(1 +1)7,
0

where constants C(cy,c3) >0, C(c1,¢3) > 0 only depend on ¢y, c3, c3.
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3 Global existence and uniqueness for the nonlinear system
This section is devoted to establishing the global existence and uniqueness of the solution
for the Cauchy problem (1.5). More precisely, with the help of a priori estimates, we extend

the local classical solution to the global one by the standard continuity method.

3.1 Global existence of solutions

First, we provide the relevant space for the system (1.5) by

Q(0,7) = {(o,u)lo € C°(0, T; H*(R*)) N C'(0, T; H* (R?)),
ue C’(0,T; H*(R%)) n C'(0, T; H' (R?)),
Vo € L*(0, T; H*(R?)); Vu € L*(0, T; H*(R?)) }
forany 0 < T < o0.
By a method similar to the one in [13, 48], we can get the local existence of unique

solutions to (1.5).

Proposition 3.1 (Local existence). Suppose (0°,u®) € H3(R®) and inf{o° + 1} > 0. Then
there exists a constant Ty > 0 depending on ||0°, "0)||H3(R3) such that the system (1.5) has a
unique solution (o, u) € Q(0, Ty), which satisfies

inf  {0+1}>0

xeR3,0<t<Ty

and

[ )®)] 5 + (/ IV w]s df)z <V [(0% )|

where Ci > 0 is a constant.

Proof With the iteration technique and the fixed point theorem in hand, the conclusion
is obvious; please refer to [13, 48] for the details. O

Proposition 3.2 (A priori estimates). Assume that the Cauchy problem (1.5) has a solution
(0,u) € Q(0, T) with a constant T > 0. Then there exists a sufficiently small constant €y > 0
such that if

sup | (o, u)®)| ;5 < €0s (3.1)

0<t<T

then for any t € [0, T] we have

lewls+ [ (Ve + [vue) ) de < ol e ) 62

where the constant C, > 0 is independent of T .

The details of the proof of Proposition 3.2 will be given in Sect. 3.2.
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Theorem 3.1 (Global existence). Suppose (0°,u°) € H3(R3). Then there exists a constant

€ > 0 such that when

€ €
Co < min{ , } <00,
JC VCiIC

the Cauchy problem of (1.5) admits a unique solution (o, u), which satisfies for any t > 0

IOl + [ (1965 + | vu(o)]}) dr < €.,

where Cy := || (0% u°) || 3 and Cy, Cy > 0 are constants.
Proof With Propositions 3.1 and 3.2 in hand, we can easily derive Theorem 3.1 by a clas-
sical method. We omit it here due to space constraints; please refer to [13, 48] for the

details. O

Remark 3.1 With the Sobolevimbedding inequality in hand, it is easy to get % <p+1<

Njw

Then under the assumptions in Proposition 3.2, we can have

|1 (0)] < Ca|(ha, 13)(0)| < Calol, — |(W, B, W) (0)| < C3 fori=>1,

where C3 > 0 is a constant.

3.2 Proof of Proposition 3.2
In this subsection, we aim to complete the proof of Proposition 3.2. The key step in the
proof is to derive the energy estimates of the solution (o, u) for the transformed Cauchy

problem (1.5) by the energy method.

Lemma 3.1 We have

d Y1 Mo Mo, ..
a]i + ZHVQHiz + 7||VU||12{1 + 7” divu7, <0,

where
1
Fr= 5 (0l + lulZy) + m/vQ-udx,

where 0 <y < {i, %} is a given constant.

Proof Multiplying VX(1.5);, VX(1.5), by V¥, V*u, respectively, and integrating over R>

by parts, we have

1d
5 3 1Veele + 19 ule) + o VAVl + o V¥ divul 7,

= (VFo,-VX div(ou)) + (VFu, VEN). (3.3)
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By (V(1.5);,u) + {(1.5)5, Vo), we find that

d 2
Efva-udxﬂlvgllp
= ||divu||§2+MO/VQ~Audx+u0/VQ~Vdivudx

—/Vdiv(gu)~udx+//\f~ Vodx. (3.4)

Then using Young’s inequality, we can estimate that for some fixed constant y;,

Y1
VIMO/VQ - Audx < ZIIVQllfz +yiugll Aul?s,

o [ Vo Vaivads < 21901, + vV divul, (35)

Adding up the two identities y; - (3.4) and 205/(51 (3.3), then using (3.5), we have

1d 9 9
5 gz \ el + lulli + 2 Vo -udx

4! .
+ Elvalliz + ol Vull 2 + poll divul?,,
< ldivull}, + il AullF, + yipgll v dival?, —/QdiV(Qu) dx
—ng~Vdiv(gu)dx+fu-Ndx+fVu-VNdx

- / u-Vdiv(ou)dx + / Vo - N dx. (3.6)

The nonlinear terms on the right-hand side of (3.6) can be bounded as follows. With
Young’s inequality and Holder’s inequality in hand, integrating by parts and using Lem-
mas 2.2 and 2.3 and (3.1), we obtain

- [ ediviowds = Ca|[vie. 0] (37)
. / Vo - Vdiviou)dx < Ceo(| V20| + | V(0. w)[%), (3.8)
—/u - Vdiv(ou) dx = fdivudiv(gu) dx < Ce ”V(g,u)”i2 (3.9)

and
/u-Ndx
:/u- (—u -Vu -h3(0)Vo — hy(0)(Au + Vdivu)) dx

+ / u - (o) div(|D(Vu) P *D(Vu)) dx

Page 10 of 26
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< Cllulls(lull3 1 Vulle + [ 3(0) | 51 Vell 2)
+ Cllulls [ r2(0) | 15 [ V2u 2
+ Clulle [ 11(0)] oo | div| DV 2| 2 | DVW) 5
+ Cllullys | 11(0) | o 11D(VU) P23 | div D(V) | 15

< Ceo(|V2ul 2 + [ Vie.w)] 2 + IVull),
/Vu~VJ\/dx:/Vu~V(—u~Vu—h3(g)Vg)dx
—fVu-V(hg(Q)(Au+Vdivu))dx
. / Vu - V(i (o) div(|D(Vu)["* D(Vuw))) dx
< C|Vu| . (IVull 2Nl + | A3(0)| Vel 12)
+ C|v2u] 3, [ ma(e)] o
+C|V2ul o [ (@) o [ div|DVR) [P 2 [ DEVU) | o

+ C|V2ul| ;5 ||11(0) | ;o I DV P~ || o< ||div D(Vu) |
< Ceo(|V2ul . + | V(00|12 + 1 VulZ),
Y1 / Vo -Ndx=p|Voll2lIN|
< CnliVel 2 (IVull 2 lullzs + |h3(0)| - I Vel 2)
+ClIVel 2| h20) |, | V2ul 2
+ CI Vol 2] 1(0)] o | div| DOV 72| 1o | DOVU) | o
+ClIVell2]/h1(0) | ;o I1D(VU) P72 || oo || div D(Vu) | 5

2 2
< Ceo([|V2u| 2 + [Vl w2 + IVullZ).
Putting the estimates (3.7)—(3.12) into (3.6), we have
1d
w(nguzl luly + 20 [ e udx)

V1 Mo Mo .
+ levelliz + 7||Vu||12.11 + 7II divul?,

< C+ el Ve w2 + [View]|l + IVull),

Page 11 of 26

(3.10)

(3.11)

(3.12)

(3.13)

where 0 < y; < {%, ﬁ} is a fixed constant. Then the desired estimate follows from (3.13).

Thus, the proof of Lemma 3.1 is complete.

O

Now we establish the energy estimate on the highest-order derivatives of the solution

(0, u) for the Cauchy problem (1.5).
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Lemma 3.2 We have
d__ y K i e
e 2|V, + B2 VR dival g, + B2 vRul
1
= IV divul + Ceo( | V2ul + 1 Vul), 14
where

1
Fy= §(||V2Q||iz + ||V2u||i2) n Vz/V2Q Vuds,

where 0 < y5 < {i, %} is a given constant.

Proof Multiplying V2(1.5);, V2(1.5), by V20, V2u, respectively, and integrating over R3

by parts, we have
1d 2 12 2 112 2 2 2 q: 2
L (19l + 19202 + ol 92 uls + o | V2 v
=(V20,-V*div(ou)) + (Vu, V2N). (3.15)

Multiplying V2(1.5); by Vu and then exploiting V(1.5), - V20 and Young’s inequality, we
can estimate that

d
” VZQ.Vudx+/|V2Q|2dx

= ||Vdivu||§2+M0/v2Q-VAudx+p,O/v2g-v2divudx
—/Vzdiv(gu)-Vudx+/VJ\f~V2de
1 2 .2 .

< —HV2Q ||L2 + M(%HVAuHi2 + u%“Vz dlvu”L2 + ||Vd1vu||i2

- / V2div(ou) - Vudx + / VN - V2o dx. (3.16)

Thus, summing up (3.15) and y, - (3.16), we have

%%(H Vil v |Vl v 2 [ Vo Vudx)
+ 2V + o[ V2Vu| + pao| V2 divas]
< YV AU, + yopd | V2 divul}, + |V divul2,
-/Rg VZQ-Vzdiv(gu)dx+fvzu-V2Ndx
- / Vu - V2div(ou)dx + y» / V20 - VN dx. (3.17)

Next we estimate for the nonlinear terms on the right-hand side of (3.17). Thanks to

Lemmas 2.2-2.4, Holder’s inequality, and Young’s inequality, after integrating by parts,

Page 12 of 26
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we can have

- f V2 - V2 diviou) dx < Ceo(| PPul, + [ V(0. )[%), (3.18)

- f Vu - V2 diviou) dx < Ceo| V2 (0, u) |, (3.19)
and

f Viu- V2N dx

= / Viu - V?(-u- Vu-hs(0)Vo - hy(0)(Au + V divu)) dx

+ / V2u - V2 (hy (o) div(|D(Vu)|”*D(Vu))) dx
< C(|(V’u, V(u- V)| +|(V?u, V(h3(0)Vo))|)
+ C(|(VPu, V (ha(0) Au))| + |(VPu, V (h2(0)V divu))|)
+ C(|(V3u, V(I () div(|D(Vu) > D(Vu))))|)
< C|VPul| . (IVull sl Vulls + lulle | VPl )
+C||Veul L ([Vhs(e) | IVellz2 + [ (0| 1 [ Ve 12)
+ C|Voul o ([VAa(0) | o [ V20 12 + [ a0) | 1 | V] 2)
+C|V%u] 2 (|1 @) + [V ()] 1) lully!
< Ceo(IIVul2, + [ V(0. u)] }2), (3.20)
/ V20 - VN dx

= / V%0 - V(-u-Vu-h3(0)Vo - hy(0)(Au + Vdivu)) dx

+ / V%o - V(hi(0)div(|D(Vu) }"’ZD(Vu))) dx

< Cn| V2ol L (IVulls I Vulls + lull = | V2l )
+C|[ V2| L (|VAs@)] 1 IVelli2 + | 1s@) | 1 [ Vel 12)
+C|[ V2% (V)] 1o [ V24l 12 + [ P20 1o [ VPu] ,2)
+C| Ve o (1m @] e + [ V(@) o) lullys'

< Ceo(IVul, + | V0. u) ). (3.21)

Plugging (3.18)—(3.21) into (3.17), we can deduce that

1d
55(” VZQ ||i2 + Hvzu”ZZ + 2y2/v29 . v”dx)
& " % 4
+ ZZ ||V2Q”iz + 70 [ v2Vu||i2 + 70HV2 leU||i2

1
< JIVdivul}, + Ceo(| V(0,2 + IVul2),

Page 13 of 26
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where 0 < y, < {}L,ﬁ} is a fixed constant. Consequently, we complete the proof
of (3.14). O

Lemma 3.3 We have

2 . 2
o B aival? 4 Bl

< ~|V2divul?, + Ceo(IVuls + | Vul2,), (3.22)

ANy

where
1
Fs= 5(||v3g||jZ [ Viul%) + V3/V3Q Vuds,

where 0 < y3 < {3, ﬁ} is a given constant.

Proof Multiplying V3(1.5);, V3(1.5), by V30, V3u, respectively, and integrating over R3

by parts, we have
1d 3 12 3,12 3 2 3 4 2
L vl + [V2ulls) ¢ ol V2vul? + o v divul?,
=(V30,-V3div(ou)) + (Vu, V3N). (3.23)

Multiplying V3(1.5), by V2u and then exploiting V2(1.5), - V30 and Young’s inequality, we
can estimate that

d
” VSQ.Vzudx+/‘V3Q’2dx
= ||V2divu||i2 +M0/V39 . V2Audx+u0/V3Q -V3divudx
—/Vsdiv(gu)-Vzudx+fV2N-VSde
1 . .
< 51Vl + w3 V2 Aul, + ]| VP divall; + |V dival,

- / V3 div(ou) - Viudx + / VIN - V30 dx. (3.24)

Summing up (3.23) and y; - (3.24), we have

351 (7%l 192l v 2 [ V%0 Viuar)

+ 2 IVl + [V vulyy + [V divalj,

< s V2 Au[ 2 + s |V dival + s V2 divu
- / V30 - V3div(ou) dx + / V3u .- V3N dx

—y3 / V2u - V3 div(ou) dx + y3 / V3o - V2N dx. (3.25)

Page 14 of 26
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Next we estimate for the nonlinear terms on the right-hand side of (3.25). With Lem-
mas 2.2-2.4, Holder’s inequality, and Young’s inequality in hand, after integrating by parts,
we get

- / V30 - V2 diviou) dx < Ceo(| V3 (0, W) 1> + | V*u | 2s), (3.26)
- f V2u - V2 diviou) dx < Ceo | V3 (0, 0)| 1> (3.27)
and
/V3u~V3Ndx
= / V3u - V3(~u - Vu - h3(0)Vo - hy(0)(Au + V divu)) dx

+ / Viu. v3(h1(g)div(|D(Vu)|"‘2D(Vu))) dx

< C(|{V*u, V*(u - Vu))| +|(V*u, V> (h3(0)Vo))|)
+ C(|(V*u, V2 (ha(0) Au))| + |(V*u, V2 (ha(0)V divu))|)
+ C(|(V*u, V2 (1 (0) div(| D(VW) "> D(Vu))))|
= C|V*ul o (1Vulls | Voul s + ullz [ V2u] )
+C| Vil ([VPhs(@)] < 1Velliz + [Vhs(@) 1 [ Vel 12)
+ Vil p [ a0 e [ Ve -
+ C| Vil o ([ Ve o [ V2ul 2 + [ V(@] [ V] 12)
+C|Viul 2 | (@)1 [ Vu] 2
+ C| V4] o (11 @) 1o + [ VI @) oo + [ V2R (0) | oo ) el a5

< Ceo(IVul2s + | V(o u)| 1), (3.28)
fVSQ VAN dx
= / V30 - V*(-u- Vu - h3(0)Vo - hy(0)(Au + V divu)) dx

+ / V3o . V2 (hl(Q) diV(|D(Vu) ’pizD(Vu))) dx

= V2| o (IVullys [ Vul 5 + Nl [ V2u]] )
+C| V| o ([V*hs(@)] <1V ellzz + | Vhs(e)] 1 [ Vel 12)
+C|[ V] |hs(@)] 1 [ Vel 12
+C| V| 2 (V120 o [ V2u] 2 + [ VA0 o [ Vul]12)
+C| V2 2 [ 1@ 1 [ Vu] -
+C[ V2 o (I @] o + [ V1@ 1 + [971(@) ] ) 0l Nl

< Ceo(IVuls + | Vi (0. u) [ )- (3.29)
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Plugging (3.26)—(3.29) into (3.25), we can deduce that

1d
5&(” V3o ||i2 + HVSUHi2 +2y3 / V3o - Vzudx>
1% W w .
+ Vil + IV vulf + 2 VP divul .
1
< IV divul; + Ceo(IVull}s + | V20 w)] ),

where 0 < y;3 < { i,%} is a fixed constant. Consequently, we completed the proof
of (3.22). O

With Lemmas 3.1-3.2 in hand, we easily further obtain Proposition 3.2. In fact, keeping
in mind the Young’s inequality and the definitions of F3, F;, F3, we have

1
clewlys =7t For 7= Gl @,

where C,4 > 0 is a constant, which yields
Fit B+ F~|ou)| s

Thanks to the three lemmas above, integrating the resulting inequality over (0,¢), (3.2)
holds for the small enough €y. This completes the proof of Proposition 3.2.

4 Time decay rates of the solution
In this section we shall show the time decay rates of the Cauchy problem (1.5). The proof
will be broken up into two subsections.

4.1 Cancellation of the low frequency part
Inspired by the observation of canceling the low frequency part of the solution, we draw
the following conclusion.

Lemma 4.1 We have
t
[V w}> = Ce | V(0 u°) |, + € / S0V ok u) ()| de, (4.1)
0

where C,Cs > 0 are constants.

Proof Multiplying V3(1.5); by V2u, exploiting V2(1.5), - V3o’ in L?, and integrating by
parts, we can estimate that

d
I V3QL-Vzudx:u()/V?’QL~V2Audx+u0/V39L-V3divudx
+/V2divu-V2divude—/ngL~V3de

+ / VIN - V3ol dx + / V2div(ou)* - V2 divudsx.
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Similarly to (3.5), using the Young’s inequality, we have

d 3 L g2
dt/v 0" - Vudx
N P L e R

+ 240

+%||V2diV"LHiz+ [V2e LHL2+—HV39||L2
o 5|V diviou) [+ 3 [VN 2 (4.2)
By virtue of the Plancherel theorem and Lemma 3.3, we estimate that
1 . 2 1 2
IV divow [ + SV
< Ceo([[ V'l + [V(@.w)]72). (43)
Adding up (4.1) and y, - (4.2) with some positive constants, we obtain

d
Fs— V3ol - Viud
dt<3 )’3/ Q ux)

SVl + Va2Vl + 5 VP dival,

1
s(wa)nvzdivuniz B v2aal, + 240 v,

+Cys(| Vet [ + [ V2 dive | )

+ Ceo(1 + y3) ||V3(Q,u) Hi2 + CE()” V‘LuHL2 || VSUHIL?;Z.

In addition, by the frequency decomposition (1.6), we further put £ | V2u* ||i2 on both
sides of (4.1) to get

C(l:lt (.7:3 -V3 f VSQL : Vzu dx)

v 21Vl + IVl e+ IV a4 B2 VP v,

1 .
< (G o) IV aval, B30 v sul}s « B0 P vl

1
renlvet e (3 ch) v,

+ Ceo(1+ )| V3 (0, w)| 12 + Ceo | Viul o || V2ul27.

Furthermore, noting the smallness of €y, we obviously have

d
a& <]:3 -3 / V3ol . V2u dx)

1% M M K :
+ 219l + B2l + B | viul, + 20 v dival,

=V ()| 2. (4.4)

Page 17 of 26
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In view of the frequency decomposition (1.6), we get

F3— y;;/V?’QL -Viudx

(1%l + 192ull) + s [ 7% - PPuas

o= N

<LVl ¢ [Vul) + 2 Vel + B vul 45

Next, recombining (4.5), we have
2
Fo-ps / Vioh Vude~ | Vo) (4.6)

and with the help of (4.4) and (4.6), we can deduce that for a suitable constant Cs,

d
a(fg —y3/v3gL : Vzudx) + C5(]-"3 - y3/V39L : v2udx)

2

= C[vi(e" uh) 2.
Consequently, thanks to the Gronwall inequality, we conclude that

fg(t) - V3 / VBQL . Vzu dx
< C5€C5t<f3(0) -3 / Vo5 - Vo dx)
¢ 2
+ C/ e~ C5(t=0) H VS(QL,uL) ||L2 dr.
0

This completes the proof of Lemma 4.1. d

4.2 Decay estimate of the low frequency part

We will present the estimate of the low frequency part of the constructed solution by
analyzing the structure of the semigroup of the system (1.5). To this end, by Hausdorff de-
composition [49], we first decompose the velocity uinto m = A~*divuand M = A~ curlu,
where curly; = dju; — 0;u; and A = /—A. Then, the system (1.5) can be decoupled into the
following systems:

0: + Am = —div(ou),

my —2uoAm — Ao = A~Hdiv N, (4.7)
(0,m)l1=0 = (0% m°)(x)

and

M, — uoAM = A~ curl NV,

(4.8)
M(0,x) = M°(x),

where m° := A~ divu® and M° =: A~! curl u®. Then a direct calculation yields the following
lemma; see [22] for the proof.
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Lemma 4.2 Let M(t,x) be the solution to the linearized system of (4.8). Then, for all |£|> >

0, we have

412, 8)|* < Ce 7| F1(0, )7,

where C > 0 is a constant and M denotes the Fourier transform of M.

Now we turn to considering the linearized system of (4.7). The following system can be

obtained by applying the Fourier transform:

S = €l
Qf [ k ) (49)
ity = ~§10 — 2u0l€ *7in,

which is also rewritten by

U, = A0, (4.10)

where U = (0, m) and

ien_ (O Il
A%”‘Qa,—mmag'

According to the standard theory of ordinary differential equations, the system (4.10)

admits a solution which can be expressed by

{0 = AN 1(0). (4.11)

By taking the inverse Fourier transform on both sides of (4.11), we can obtain
Uu=A@®)U0),

where

AU = F (A (g)),

which implies the solution to the linearized system of (4.7). Additionally, we further work

out the eigenvalues 1;(§) (i = 1,2) of matrix A(IE |) and express them by
det(A(Ig]) = A1) = A2 + 2u0l8 |2 + €1* = 0. (4.12)

Then the eigenvalues A;(§) (i = 1,2) of fl(|§ |) can be calculated by (4.12) as follows:

M(E) = —pol€ 1 + &1\ nglE1* - 1,
Aa(8) = —pol€ > — €1\ mpl€ 1> - 1.
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Based on the semigroup decomposition theory given in [2], we have
e AED = M (£) + 2Py ),

where

A(E) -Aad
Pi(&) = 1_[ (lfD% (i,j=1,2)
j#i L

is a projection operator.
Then by tedious and careful calculations, we can present the asymptotic expansions of
1i(€),P(£) (i = 1,2) and 4D in the low and high frequency situations, which give rise

to the following lemma.

Lemma 4.3 Forany |§| <1, A;(§) (i = 1,2) has the Taylor series expansion

r(E) = —1& 1> +i(1E] + O(E 1)),

Aa(€) = —IE > = i(1&| + O(IE1*)).
We omit the proof of this lemma here; please refer to [17]. With the help of Lemmas 4.2
and 4.3, one can obtain the time decay estimates of the low frequency part of the solution

to the linear system (4.9).

Proposition 4.1 Let 1 < g < 2. Then for any integer k > 0, the solution to the linearized
system of (1.5) satisfies

[V (et ut) @) 2 = €1+ ) 2672 | (o))
where C > 0 is a constant independent of T.

Proof Following the arguments in [43], we can deduce that

[V ("t MY )] 2 < €A+ 5375 (@0 m, M) (1), (4.13)
Note that
u=AYVdivu-curlcurlu) = —A7'Vm + A curl M, (4.14)

which together with (4.13) implies that
[ VAt @), = | V5 (o, ME) @) o = €A+ 82D E u(g) . (4.15)

Combining (4.13) and (4.15), we complete the proof of Proposition 4.1. O



Wang and Jiang Boundary Value Problems (2024) 2024:7 Page 21 of 26

4.3 Decay rates for the nonlinear system
This subsection is devoted to investigating the optimal time decay rates of the solutions
for the nonlinear system (1.5). For convenience, we define

W (t) = (o(0),u())"

and

Q- 0, div
VY, —poA - peVdiv]”

Then it follows from the nonlinear system (1.5) that
W + QW = N1(W)

with the initial data W|,.o = W(0), where N1(W) has been defined by
Ni(W) = (~div(ou), N) .

Thanks to Duhamel’s principle, the solution of the nonlinear system can be presented
as

W®=@®W@+AQW4MMWWML

where Q(0)W(0) is the initial data of the solution to the linearized system of (1.5). In ad-
dition, with Proposition 4.1 in hand, we have the following lemma.

Lemma 4.4 For any integer k > 0, we have

[V*WE@)] 2 < G+ 570+

t

2 (3
+C6/ 1+t—7) a2t
0

W,

k
2

AW, de

+ c(,[ (1+2-0) [M(W)(@)] , dr, (4.16)

where Cg > 0 is a constant.

Based on Lemmas 4.1 and 4.4, we are in a position to establish the optimal time decay
rates of solutions.

Lemma 4.5 (Optimal time decay rates). With the assumptions in Theorem 1.1, we have,
forany t € [0,00),

IVie.u®)],. <c+pdD, 1-0,1,23,

where C > 0 is a constant.
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Proof We first define a non-decreasing Lyapunov function G(t) as

G(r):=

su
0=t

3
3.1
p D _(1+0)¥2|Vigu@)],
<t
=t
which implies that for0 <t <fand 0<[/<3,

|V, u)@)| . < G+ 7 E2G(x), (4.17)

where the constant C; > 0 is independent of €.

Due to (4.17) and Holder’s inequality, we have

MW@ 1 = [ w)] 2] Vie.w] > + llell2 | V?ul >

+[IVul7, + IIVUIIW » IVUlln

5

<eG(t)(1+7) %

and

MW@ 2 < || ;5] Ve )] 6 + llellz= | VZul >

2 2 p-2
+IVulls + [IVUlljs + I VUllz VUl i

30 )

< 63—19g1+19(t)(1 + ‘E)_(%+T ,
where ¥ € (0, ) is a given constant. Combining with Lemmas 2.6 and 4.4, we have

[V ], < C s H 2w,
+ C6fO%(1 +t— r)’(%”%)eog(t)(l + r)_% dr
+ C6/ 1+t- r)2e VG () 1+ 1) ) ar
<CA+ T (| WO, +eG() + G (1), (4.18)
where 0 </ < 3. Putting (4.18) into (4.1) and using Lemma 2.6, we can deduce that
[V*wo; < ce v WO
c(|w |2, +e2G*®) /0 te-Cs<f-f>(1 +1) i de
Ce 2G> (1) / te-Cs(H)u rt)2de
0

<CU+D 3 (|WO) |2y +€2G70) + €277 G (1)), (4.19)
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Making use of (1.6) and Lemma 2.1, we have

VW) < VWO + C| VWO,

< C|V'W |2, + C| VP W2, (4.20)
Therefore, by putting (4.18)—(4.19) into (4.20), we deduce that for 0 </ <3,
[V WO <+ iy GO (WO a0 + 8670 + 7267 @),
Recalling the definition of G(¢), we can derive for sufficiently small €y that
G0) = 2 (|(@ O s + 460 + 327G 1), (4.21)

where Cyg is independent of €.
For the last term on the right-hand side of (4.21), by Young’s inequality, we obtain

Cgeg’wg%w(t) < %Cﬁ + %eéfg G4). (4.22)
From (4.21)—(4.22), we have

G2 (1) < Io + C, G (0),
where

Ce = %e:(ﬁm
and

Ty = s (@ ) O) P + =7

2

Now we prove that G(¢) is a bounded function by contradiction. Suppose G2(t) > 27, for
any ¢ > t; with a constant ¢, > 0. Noting that G(£) € C°[0, +o0) and G2(0) is small, we have

G (to) = 2Ty (4.23)
with some £; € (0,¢;). Moreover, from (4.23), we have
G2 (to) < To + Ce, G*(t0),

which implies

To

2 —_—
G(ty) < - C.0%)

(4.24)

Assume ¢ is a small constant such that C; < ﬁ, which leads to C.,G*(to) < % This fact
together with (4.24) implies

G*(to) < 2. (4.25)
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Clearly, (4.25) contradicts (4.23). Therefore, one always gets G2(t) < 27, for any ¢ > ;.
Keeping in mind that G(¢) is non-decreasing, we can deduce G(¢) < C for any ¢ € [0, +00).
This completes the proof. d

5 Conclusion

In this paper, we investigated the time decay properties of solutions for compressible non-
Newtonian fluid equations. More specifically, we investigated the long-time behavior of
the Cauchy problem for Eills-type three-dimensional isentropic compressible fluids by the
well-posedness result for the non-Newtonian fluid equations in [1], as well as the long-
time behavior result for the Navier—Stokes system in [2]. Li—Zhang investigated the long-
time behavior of Newtonian fluids; we further investigated the long-time behavior of Eills-

type non-Newtonian fluids.
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