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1 Introduction and main results
In this paper, we mainly study the p(x)-Laplacian equation with variable exponent

—Apytt + MulPW 2y = f(x,u) + h(x) in L,
u=0, onadf2,

(1.1)

where @ C RN (N > 2) is a smooth bounded domain, A > 0 is a real parameter, and Ay
is the p(x)-Laplacian operator, that is,

N

ou
A =div(|Vu P(x)—2¥7u — E Vu p(x)-2 ,
" (v ) i=1 v 0x;

p € C(Q) is a Lipschitz function, and it satisfies 1 < p~ := infyeq p(x) < p* := SUp,cqP() <
N, h(x) is a continuous function satisfying conditions that will be proposed later, and f :
Q x R+ Ris a Carathéodory function.
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A new and interesting research direction is the study of variational problems with p(x)-
growth condition. It has many practical physical meanings, such as the nonlinear elas-
ticity theory [1], stationary thermorheological viscous flows [2], electrorheological fluids
[3], image processing [4] and nonlinear Darcy’s law in porous medium [5]. Recently, many
scholars have become increasingly concerned about the existence and multiplicity of solu-
tions to the p(x)-Laplacian problems and have obtained many results under the following
two useful conditions:

(f1) f(x,2) = o(|tlP 2t)ast — 0 uniformly in x € ©;

(f2) there exist p* < r(x) < p*(x) and some positive constant C such that

[fx,8)| < C(L+[¢™1),

where p*(x) = A];[fT%‘

As is well known, (f1) and (f2) are standard and are important in many studies. Fan and
Zhang [6] considered the cases when the nonlinear term f(x, u) is p(x)-superlinear and
p(x)-sublinear with u, respectively, and obtained the existence of infinitely many solutions
for problem (1.1) with A = 0 and /4(x) = 0. Amrouss and Kissi [7] proved that (1.1) has at
least two nontrivial solutions with A = 0 and 4(x) = 0, under adequate variational methods
and a variant of the Mountain Pass lemma. The common feature of [6, 7] is that the authors
used the well-known Ambrosetti-Rabinowitz’s type conditions, that is

(AR) there exist u > p* and My > 0 such that
0< uF(x,t) <tf(x,t), xeQ|t]>M,.

However, many functions are superlinear but do not satisfy the (AR) condition. As is well
known, the main purpose of using (AR) is to ensure the boundedness of Palais-Smail-type
sequences of the corresponding functional. Many scholars attempt to study such problems
using weaker conditions. Avci [8] used a variant Fountain theorem and variational method
to obtain the existence of infinitely many solutions for the Dirichlet boundary problems.
Applying the Morse theory and modified functional methods, Tan and Fang [9] obtained
some existence and multiplicity results. Zang [10] proved the existence and multiplicity
of the solutions by Cerami condition. Yucedag [11] obtained infinitely many solutions for
this problem with two superlinear terms. Liu and Pucci [12] dealt with the existence of a
pair of nontrivial nonnegative and nonpositive solutions for a nonlinear weighted quasi-
linear equation in RN, which involves a double-phase operator under the Cerami condi-
tion instead of the classical Palais-Smale condition. Chu, Xie and Zhou [13] introduced
new methods to show the boundedness of Cerami sequences and obtained the existence
and multiplicity of solutions for a new Kirchhoff equation. Qin, Tang, and Zhang [14]
developed a direct method and used approximation arguments to search for the Cerami
sequences of energy functionals, estimated the minimax energy levels of these sequences,
and obtained the existence of ground states and nontrivial solutions for a planar Hamil-
tonian elliptic system with critical exponential growth. Zhang and Zhang [15] obtained
the existence of semiclassical ground state solutions via the generalized Nehari manifold
method, in which nonlinearity f is continuous but not necessarily of class C'. Li, Nie, and
Zhang [16] obtained the existence of normalized ground states by the Sobolev subcriti-
cal approximation method for the first time considering mass constraints, Kirchhof-type
problems, and Schwartz symmetric rearrangement.
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Next, we will continue to make the following assumptions on f(x, £).

(£3) limp— o0 % = 0o uniformly in x € 2, where F(x,t) = fotf(x, s)ds;
(f4) for eachx € , IJ:\ ;’i"i)l is an increasing function of £ on R \ {0}.

There are many nonlinear terms f(x,¢) that satisfy (f3) and (f4) but not (AR) (e.g.,
fx,t) = p*|t|p+’2tln(1 + t2)). There are some works that use (f3) and (f4); for example,
when A = 0 and &(x) = 0, Ge, Zhuge, and Yuan [17] proved that (1.1) possesses one positive
ground state solution, one negative ground state solution, and one sign-changing ground
state solution; Ge, Zhang, and Hou [18] discussed the existence of the Nehari-type ground
state solutions for a superlinear p(x)- Laplacian equation with potential V(x) using per-
turbation methods. However, to the best of our knowledge, there are few results in the
literature regarding ground state solutions for problem (1.1) since problem (1.1) is more
complicated.

The solution of problem (1.1) is understood in the weak sense, that is, u € W&’p (x)(SZ) is
the solution of problem (1.1) if

/(|Vu|”(x)_2Vu-Vv+k|u|p(x)_2u-v) dx—/ h(x)vdx
Q Q

_ / fowvde, Yve W), (12)
Q

where Wol » (x)(Q) is the variable exponent Sobolev space and will be defined in Sect. 2.
The energy functional related to problem (1.1) is represented by

_ [ ® @) g — _
](u)—/gp(x)(IVulp + MulPY) dx /;h(x)udx /S;F(x,u)dx. (1.3)

Ifue W/Ol » (x)(SZ) is a solution of problem (1.1) with #* #0, then u is called a sign-changing
solution of problem (1.1), where u* are defined as follows,

u*(x) :=max{u(x),0} and u (x):=min{u(x),0}. (1.4)
For the convenience of further discussions, we set

E:= {ue Wy (Q): ('), u") = J'(w),u”) = 0,u™ #0},

W= {ue WoP™(Q): /' (w), u) = 0,u 70},
and let

&= iggl(u)y Vo= Jggl(u).

To obtain the desired results, the following assumption is made for /(x).
(h1) forany u € ¥ and & € L*(RN), we have (h(x), u) <O0.

Now, we present our main results:

Theorem 1.1 Assume that (f1)—(f4) and (h1) hold, then for any A > 0, problem (1.1) admits
a sign-changing solution uy € 2 such that

J(uo) = inf J(u).

ues
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Theorem 1.2 Assume that p € C1(Q), (f1)-(f4) and (h1) hold, then for any ) > 0, problem
(1.1) admits at least a positive ground state solution and a negative ground state solution.

Combining Theorem 1.1 and Theorem 1.2, we can obtain the following result.

Corollary 1.3 Assume that p € C*(Q), (f1)—(f4) and (h1) hold, then for any . > 0, problem
(1.1) admits at least a ground state sign-changing solution, a positive ground state solution,
and a negative ground state solution.

This paper is organized as follows. Section 2 introduces some preliminary knowledge of
variable exponent spaces and gives some preliminary lemmas needed to prove our results.

Section 3 presents the proof of Theorem 1.1 and Theorem 1.2.
2 Preliminaries

In this section, we will give out some results on the variable exponent Sobolev space, which
come from [6, 19-23] and references therein.

For p € C(Q2), let
C.(Q) = {p € C(Q):p(x)>1forallx e Q}

For any p € C,(2), we introduce the variable exponent Lebesgue space defined by

LPW(Q) = {u : u is a measurable real-valued function such that

/ |u(x)|p(x) dx < +oo}
Q

endowed with the Luxemburg norm

|u|p(x) = inf{u >0 2/
Q

which is a separable and reflexive Banach space. The fundamental properties of variable

u(x) px)

dx < 1},

exponent Lebesgue spaces can be found in [21, 24].

Proposition 2.1 [19] The space L’ () is separable, uniformly convex, and reflexive, and

its conjugate space is L1Y (), where ﬁ + ﬁ = 1. For all u € [*W(Q), v € L19(Q), the

Holder inequality

1 1
/qudx < (p— + q—)lulp(x>|"|q<x)

holds.

When dealing with generalized Lebesgue and Sobolev spaces, the module p(i) of space
LP¥(Q) plays an important role, and we set

p(u) = / P d,
Q
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Proposition 2.2 [20] For all u € L’'®(Q), the following properties are valid:
(i) Foru#0, [l pwy = 1 & p(ﬁ) =1
(ii) |ulpw <1(=1>1) & p(u) <1(=1;>1);
(iii 1f|u|p(x) > 1, then |u|££x) <p(u) < |u|££x);
(iv) If |ulpw) <1, then |u|};(x) <pu) < |M|I€(x)-
The variable exponent Sobolev space W'#®(Q) is defined as
WP = Ly e IP9(Q) 1 |Vu| € LFP(Q)),
and is equipped with the norm
el p) = 1%lpe) + |Vt pe)- (2.1)

Then Wg’p(x)(ﬂ) is defined as the completion of C§°(£2) with respect to the norm ||u[| 1 p().

Proposition 2.3 [21] If g € C,(Q) and 1 < q(x) < p*(x), then for all x € Q, there is a con-

tinuous embedding
Wr®(Q) e L19(Q).
Ifreplace < with <, the embedding is compact.

Proposition 2.4 [21] In W&’P (x)(Q), the Poincare inequality holds, that is, there is a con-
stant Cy > 0, such that

lell1pe) < Coll Vitll oo ) (2.2)
forall u e Wy (Q).
Remark 2.5 By Proposition 2.4, there exists ¢, > 0 such that

ulg) < Ca lullnpe, Vi€ WoP(Q). (23)
From Proposition 2.4, it is easy to see that [Vu/|,() is an equivalent norm on VVOl’l7 (x)(Q).

For the convenience of future discussion, we will set [|u|| = ||l 1,p(x)-

Proposition 2.6 [18] Let

I(u) = / (IVulP® + uP®) dx,  Vu e Wy*(Q).

Q

Then

() Foru#0, |ull = p & p(2)=1;
(i) flull <1 (= 1i>1) & p() <1 (= 1;> 1)

Page 5 of 23
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D) Ifllull > 1, then |lull”” < p(u) < lul”";
V) Ifllull <1, then |ull?" < p(u) < |lul?".

Proposition 2.7 [23] For a.e. x € Q, let p and q be measurable functions such that p €
L®(Q) and 1 < p(x)q(x) < 0o. Let 0 # u € L19(Q), then

[t pyge) <1 = |u| ’|u|19(x ’q( < |u|P

p(x)q(x)’

+

x)q x) —

< 1Py =< 1 e

g =1 = Juby o <

To study problem (1.1), a functional in W,” ®)() is defined as follows:

T(u) ::/Q%me

From [25], we know that T € CY(W,” @ R) and the double phase operator
—div(|VulPW-2Vy) is the derivative operator of T in the weak sense. We let I' = 7" :
Wol’p(x)(Q) — (Wol’p(x)(Q))*, and we have

(M(w),v) = / |VulP2Vy - Vvdsx,
Q

for all u,v € W/Ol’p(x)(Q). The dual space of Wol’p(x)(Q) is denoted as (Wol’p(x)(ﬂ))*, and (-,-)
denotes the paring between Wol’p (x)(Q) and (Wg’p (x)(SZ))*. Then, one has the following

proposition.

Proposition 2.8 [6] I': Wo”™(Q) — Wo?"(Q)* is a mapping of type (S).., i.e., if y — u
in W/Ol‘p(x)(Q) and limsup,,_, . (T(u,) — T(u),u, —u) <0, then u, — u in Wol’p(x)(Q).

To prove the Theorem 1.2, we need the following strong comparison theorem:

Lemma 2.9 [22] Let u > 0 be a weak up-solution of —div(|Vul?™W=2Vu) = 0 and u # 0.
Then, for any compact subset G C Q with G # (), there is a constant ¢ > 0 such that u(x) > ¢
forany x € G.

In the following, some lemmas will be proved, which are very important for obtaining

our main results.

Lemma 2.10 If assumptions (f1)—(f4) and (h1) hold, we have

L= SN il

J() = (su® +tu”) + (/' w),u)

-
’ / &) (V[ + ) e + / gV [P + A [P™) dx

Q@ Q
Vu-ut+u e W/Ol’p(x)(Q),s, t>0, (2.4)

1-p®) 1t

where g(i) = S0 T ,i>0,x€ Q.

Page 6 of 23
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Proof

J(u) —](su+ + tu’)

1 —sP® 1— @
:f 5 ‘Vu* |p(x) dx+/ |Vu’|p(x) dx
o p) o px)

L Ry BT
. / [Ewsu’) - F(x,u) ] dax + / [E(xtu”) - F(x,u7) ] dx
Q Q

+ /Q(s —Dh(x)u" dx + /;(t — Dh(x)u™ dx

_ gPW) o
A A e T e L e e (e A T
? Q

+/[F(x,su*)—F(x,u*)]dx+/[F(x,tu‘)—F(x,u‘)]dx
Q Q
+/(s—1)h(x)u+ dx+/(t—1)h(x)u’dx
Q Q
:fg(s)(}Vu+|p(x)+A’u+|p(x))dx+/g(t)(‘Vu’|p(x)+)»|u’|p(x))dx
Q Q

+¥(]/(u),u+)+/|:l_fp
p oL P

1- 1-¢" N _ _
+ T (](u),u>+/9|: o f (6,47 )u™ + F(x,tu”) — F(x,u ):|dx

+ +

+/<1_fp +t—1>h(x)udx+/(1_fp +s-1)h(x)u+dx. (2.5)
e\ P e\ P

We set z(t) = l;tfﬁ if (x,0) + F(x, ti) — F(x, i), and take the derivative of z(t) yields

f (%, ut)u” + F(x,su”) — F(x, u*)i| dx

8Z(t) . . p+_1 . N p+_1 .P+_1 f(x; tl) f(x; l)
5 if (x, ti) — 7 " if (x,0) = i|t| i Gl - | (2.6)
From (2.6) and (f4), for any i € (—o0,0) U (0, +00), we have
20 <0, if0<t<l,
2200 ‘ (2.7)
=7>0, ift>1
Therefore, from (2.7), we get
z(£) > z(1) > 0. (2.8)

Next, through simple calculations, l;if +i—1 <0 can be obtained. Combined with hy-

pothesis (h1), it can be concluded that

1-s" 1-¢" _
/ ( +5— 1) h(x)u* dx + f ( +t— 1>h(x)u dx > 0. (2.9)
e\ p* e\ p"

Combining (2.5), (2.8), and (2.9) completes the proof. O
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The following two corollaries come from Lemma 2.10.

Corollary 2.11 Assume that (f1)—(f4) and (h1) hold. From Lemma 2.10, ifu = u* +u~ € E,
then we have

Jw) =] (u* +u”) =max ] (su +tu”).

$,t>0

Corollary 2.12 Assume that (f1)—(f4) and (h1) hold. From Lemma 2.10, if u € W, then we
have

J(u) = rglg(;c] (tu).

Lemma 2.13 Assume that (f1)—(f4) and (h1) hold. If u € Wol’P(x)(Q) with u* #0, then there
is a unique positive number pair (s,,t,) such that

s,ut +t,u” € B.

Proof Foranyu € Wol » (x)(Q) with u* # 0, define the functions g(s, t) and (s, ) : [0, +00) x
[0, +00) — R as

gls,p) = (]' (Su+ + tu‘),su*) and h(s,t) = (]’ (su+ + tu_), tu‘), respectively.

By simple calculation, it can be concluded that
g(s,t) = / 7|Vt [ dx + / AP0 [P i
$2 Q

_/f(x,su*)su’r dx—/ h(x)su* dx,
Q Q

(2.10)
h(s, t):/ tp(x)‘vu—|p(x) dx+/ Mp(x)|u_|p(x) dx
s Q

- /f(x, ) tu” dx — / h(x)tu™ dux.
Q Q
By assumptions (f1) and (f2), one has that for every ¢ > 0, there exists a C; > 0 such that

[f(x,t)] < eltl "+ Colt @7, Y(xt)eQxR,
. (2.11)
|Fx,t)| < eltl” + CltI™, V(xt)e xR,

where p* < r(x) < p*.

Therefore, for 0 < s < 1, by Proposition 2.2, Proposition 2.4, Proposition 2.6 and (2.11),
one has

g(s,t)Zsf[’Vu"‘p(x)dx+)»s"+/‘yzf’yp(x)dx—/(e;s;"ﬁ‘lff"p+ +Cgs’(x)|u+‘r(x))dx
Q Q Q

- S/Q h(x)ut dx

Page 8 of 23
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> min{1, A}s*" / (|Vu+ |p(x) + |Lfr |p(x)) dx — / (ss”+ |u+ |p(x) + Css’(x)|u+|r(x)) dx
Q Q

h(x)u* dx
Q

. + + + pt + ~ - + ~
min{1, A}s” [lu* |7 - es” ¢ ut|IP” = Ces™ max{c),, cjy Hlu'|l”

—scalhlallut]l, i llut) <1,

. + — + pt + ~ — + +
min{1, A}s? |lu*||? —es? CZ+||u+||1’ - C.s" max{c:(x),c;(x)}||u+||’

—scolhlallut ), if flut > 1.

(2.12)

Similarly, for 0 < £ < 1, we have

h(s,t)ZL"ﬁ/|Vu*|p(x)dx+)»t"+/|u*|p(x)dx—/(et”+|u+|p+ +C5tr(x)|u*|r(x))dx
Q Q Q

min{1, A} lu~ ||P" — et? cp lu " = C.t'” max{c,
—teolhlallu”ll, it lu]l <1,

(%) (x)} Izt~ ”f

+ - + pt + - ~ + + (213)

min{L, )" [l 77— et?" & P = Cot”” max (e, el Hiu 7
—teolhlallu”ll, if lumll > 1.

Because p* < r~ and u™ #0, from (2.12), (2.13) and arbitrariness of ¢, it is easy to obtain

that g(s,s) > 0 and /(s,s) > 0 when s is sufficiently small.
Next, by (2.8), let £ = 0, we have

l%if(x, i)—F(x,i)>0, ieR\{0}. (2.14)
Therefore, by (2.14) and (3), if s > 1, we have
s <s” /Q Vit P e+ 2" / P
—p*/ (x,su dx+s/ ’h ()u* ‘dx

<" /|Vu |p dx + As?" /|u |p

—p*/ M‘su+‘p+ dx+s|h|2‘u+‘2
Q

|sua* [P

:sf(/|Vu+|p(x)dx+A/|u+|p(x)dx
Q Q
—p+/ F(x,su:f) -
ut#0 |Su+|P

Similarly, for ¢ > 1, one obtains

sz ([ [y S8t
. @ w0 |tu|?

+ slhla|u”|,. (2.16)

i dx) + slhla|ut . (2.15)

Page 9 of 23
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By (2.15) and (2.16), when ¢ > 0 is sufficiently large, we have g(¢, ) < 0 and A(¢,£) < 0. To

sum up, there exists 0 < S < T such that
g(T,T) >0, h(T,T)>0 and g(S,S)<0, h(S,S) <0. (2.17)
By (2.10) and (2.17), for any ¢ € [S, T], we have
g(T,t) >0, g(S,£)<0, and K(T,t)>0, h(S,£)<0
Therefore, according to Miranda’s theorem [26], one can find (s,, t,) € (S, T) x (S, T) such
that g(s,, t,) = 0, h(sy, t,) = 0, thatis s,u* + t,u” € E.
Finally, we prove the uniqueness of (s, t,). Let (s1,£1), (s2,£2) € E be such that

gls1,t1) = h(si, t1) = glsa, t2) = h(se, £) = 0. (2.18)

By Lemma 2.10, (2.10) and (2.18), we have

+ + + +

](31u++t1u_) Zsf _S? (]’(slu++t1u’),s1u+>+ o _L:g (]’(slu++t1u_),t1u_)
prsy it
(%) (%)
+/(5117 _Sg 5117 Sp Szla(x>(|vu+|p(x)+A‘M+’P(x))dx
a\ px) ps
R

(%) (%)
+/<t11n _tjzﬂ " tf(x)>(|Vu_|p(x)+A|u"|p(x))dx
Q px) pt]

+](52u+ + tzu_)

(%) (%)
2/(3117 —Sg 5117 Sp Sp >(|Vu+‘p(x)+k|u+’p(x))dx
Q

px) p‘fs’lﬁ
(x) (%) * *
+/(tz17 —t _tf _té] tf(x))(|Vu|p(x)+k|u{p(x))dx
o\ p) prt]
+](s2u™ + tou”) (2.19)
and
](szu+ + tzu‘) > — (] (52u +tu” ) szu*>+ tg _tﬁg (/'/(szu+ + tzu‘),tzu_)
psy pty
Sllj(x 3[29 Sp (x) +|p) +|p&)
/( () +$127 3127 )(!Vu| +A|u| )dx
(x)
/( 1 _ tg {f tzza(x)>(yvu_‘p(x) +)\|u_|p(x)) dx
p'ty

+](slu+ + tlu’)

() (%) *
:/ AL A L P )(|w+|f’(x>+x|u+|ﬂx>)dx
o\ px) psh
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(x) () * "
+/(t§ _tf _ tg _if ts(x))(’Vu_‘p(x)+)\‘u"|p(x))dx
Q p(x) P+t§

+](51Lfr + tlu’). (2.20)

Combining (2.19) and (2.20), we have s; = s; and ¢; = t. Therefore, one has that (s,, z,) is
the unique positive pair such that s,u* + t,u~ € E. The proof is completed. 0

Lemma 2.14 Assume that (f1)—(f4) and (h1) hold. Then, we have

&=infJ(u) = inf max](sz[r + tu_).
ues MEWOLP(x)(Q),ui#O 5,t>0

Proof By Corollary 2.11, we can deduce that

inf max /(su” + tu”) < inf maxJ(su® + tu”) = inf J(u) = . (2.21)
MGWOI’p(x)(Q),ui#O $t>0 uek s,t=0 uckE

On the other hand, by Lemma 2.13, forany u € Wo1 r (x)(Q) with u® # 0, we can deduce that

max](su+ + tu’) z](suu+ + tuu_) > inf J(u) = &, (2.22)

$,t>0 ucl

which implies

inf max [ (su® + tu”) > €. (2.23)
ue W™ (@)t 10 =0

Combining (2.21) and (2.22), we can deduce that

&= inf max](su+ + tu’). (2.24)
ueWoP® (@),ut 70 $4=0
The proof is completed. O

Lemma 2.15 Assume that (f1)—(f4) and (h1) hold. Then & > 0 can be achieved.
Proof First, prove that inf,cg /(1) > 0. For Vu € ¥, we have (J'(u), u) = 0, that is
/ (IVulP® + AulP™) dx — / h(x)udx = / fx, u)udx. (2.25)
Q Q Q
By (2.11) and Remark 2.5, we have
/f(x, uudx < / (£|u|p+ + C8|u|’(x)) dx
Q Q

+ ~ +
< 6|u|§+ + Ce max{|ull ), lully}

+ + - - + +
§sc;;+||u||p +C, max{c:(x)llunr » Cr llell” } (2.26)
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By Proposition 2.1, Remark 2.5, Proposition 2.6 and (h1), one obtains

/(IVu|p(x)+k|u|p("))dx—/ h(x)udx
Q

Q

min{1, A} [lull?”, if ] <1,

) (2.27)
min{1, A} u||? , if|lu| > 1.

Combining (2.23), (2.26), and (2.27), for any u# € W with ||«| < 1, we have

e ||ull”” + Cemax{cjy lull”™, ¢y llll”™ } = min{1, A} {|ull?". (2.28)
Due to the arbitrariness of ¢, from (2.28), we can deduce that

1
1 g
lluell > ( 0 ) >0. (2.29)
2C, max{cr(x), cr(x)}

Therefore, there exists a positive constant ko < 1 such that

llee]| > ko, VueW. (2.30)

By hypothesis (h1), (2.11) and (2.29), we have

(%)
](tu):/ tp (|Vu|”(“)+k|u|p(x))dx—/F(x,tu)dx—t/ h(x)udx
o p) Q Q

min{l, A N N
Ziﬂ }/tp<x>(|w|1’<x>+,\|u|P<x>)dx—etp & llull? —Cs‘/t’(x)|u|’(x)dx
p Q Q

- tfg‘h(x)u‘ dx

LA g0 a7 — 27" b [l]]P" — e max{c] el b Il
—telhlallull, IO <t<1k0 < full <1,

A 7 " — 7" b (jul]P" ~ Ce max{cly,, el e el
—teolhlaflull, if£> Lo < [lull < 1,

DA 7} — e e |l l]P" — Co max{cly,, el Jt el
—teolhlaflull, IfO<E<1,full>1,

A ol — £t & ullP" — e max{clyy, el e lul”

—teolhlallull, ife>1, x> 1.

v

(2.31)

From Corollary 2.12 and (2.31), we have

J(u) = max J (tu)
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in{1,A} ,p~ + + p* +
maxzo(MEAL #7 |ul|?” — e . ||ullP" — C. max{c],, e lull”
~tealhlallul), O <t<1ko < ull <1,

: — +
maxo(MBA 2 |ull” — o7 & N|ull?” — Co max{€], o bt llul”

r(x

—tealhlollull), ift> 1,60 < llull <1,

>

— in{1,A) ,p~ — + pt + ~ + + +
maxe=o ("L ull?” — et & ull”” — C. max{er g, ¢y lull”
—tealhlallul), O <t<1,[lul > 1,

in{1,A — — + pt + - + + +

maxpo( "B |ull?” — et?" & |ull?” — C. max{c], ¢l bt ul”
—teo|hlallull), ift>1,||lull > 1.
maxgzo( ML # |ul|?” — e . [|ullP” — C. max{c],, e lull”
—teo|hla|lu|), if0<t<l,ko<|u||<1,

| tealhlzliul) <t <l < |ull < 232)

in{1,A — — + pt + - + + +
maxpo( "B |ull?” - et?" & |ull?” — C. max{c], ¢ bt ul”

—teo|hlallul), fO0<t<1,|ul|l>1.

Hence, through basic calculations, it can be concluded that there exists a positive constant
k1(p~,pt 17, r, ko) such that

Ju) >k, YueV,
which implies that
¥ = inf J(u) > k1 > 0.
uev
And since E C ¥, we have
& = inf J(u) > inf J(u) = ¢ > 0.
uck uevw

Next, let {u,} C E be a sequence of function such that J(u,) — & as n — +oo. First, we
prove that {u,} is bounded. Arguing by contradiction, suppose that ||u,| — +0o as n —

+00 and let v, = L. Passing, if necessary, to a subsequence, we may assume that

T
Vy—V mW’I’J (),
vi— v in L1(Q), p(x) < q(x) < p*(x), (2.33)
VvV, — vV a.e.on 2.

1

If v =0, then v, — 0 in L1® with 1 < g(x) < p*(x). Fix M > (ﬁlm )
there exists C; > 0 such that

> 1. By (f1) and (f2),

F(x,t) < |t + C1t™, V(x,t) e Q x R. (2.34)

Then, using the Lebesgue dominated convergence theorem yields

lim sup / F(x,Rv,)dx
Q

m— 00

<M hm |v,,| N +C1M’ 11m max{|v,,|rx),|v,,| }:0. (2.35)

r(x)
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= M Hence, by Proposition 2.1, Corollary 2.12, and (2.35), we have

& +0o(1) =J(u,) = J(tyu,) =J(Mv,)

in{1, A
:f MMP(@“VVMP(@ +)\|Vn|10(x)) dx
o p)

—M/Szh(x)vndx—LF(x,Mvn)dx

. min{l,A}Mp
p+
- min{1, A}

= o

—M/;z|h(x)vn|dx—/S;F(x,Mvn)dx

MP = M|h3|vyl —f F(x, Mv,) dx
Q

- mln{},A}Mpf
p

- mm{},)\}Mpf
p

>&+1+o0(1),

—/ F(x, Mv,) dx
Q

-0(1)

which leads to a contradiction. Thus, v # 0. By (f3), we have

F(x, u,(x)) -

i EGo#a) [va@)|” = +o0,

n00|luy, |IP*

oo Ju,(x)P

for all x € {x € RN : v(x) #0}. By (f1) and (f2), there exists C, € R such that
F(x,t) > Cy, V(x,t)eQ xR

Therefore, from Proposition 2.6, (2.37), (2.38) and Fatou’s Lemma, it yields

o i ET00) L (w,)

n>00 |luyl|Pt oo [|uy, |IP*

lim

n—o0

[/‘Q S VUl 4 1PN dx [ hou,dx [, F(x,u,) dx]

[l 17" llee, 17" Nl 17"

1,A hx)u| dx F(x,
L maxlLA) o Jo H@uldy limf W) ;.
pr- n=00 |luy, P n=co Jo lunll?
max{1,1} alhlallual . /' Fx,u,) — Cy
<— m ———— lim [ —————=
r- n—>00 ||uy,|\P n=o0 Jo  |lul|lP
1,A L. F(x, -C
 max{l, A} _hmmf/ Fouw) -G
pr- n=+00 Jo o |luall?
max {1, A . F(x,
< max{l,A} —11m1nf/ G u,i) dx
- n=>+00 Jo |[unll?
1,A . F(x, +
< w — liminf e u:,) [valP dx
p n—+oo |uy,|P
= —o0.

Page 14 of 23

(2.36)

(2.37)

(2.38)

(2.39)
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This is a contradiction; therefore, {1, } is bounded in Wol P ) (€2). Without loss of generality,

we can assume that

ur —ud in Wol’P(x)(Q),

=i

u- — u(ﬂf in L19(Q) for 1 < q(x) < p*(x),

ur— uy ae onQ. (2.40)

Next, we prove that u € E and J(uo) = &. Since {#,},en C E, we have {uF},cny C VU, that

is
/(’Vuﬂp(x)dx+A’uﬂp(x))dx—/ h(x)ufdx:/f(x,uni)ufdx, and
Q Q Q
] = o-

By hypothesis (h1), (2.11) and (2.30), we have

a/|uni|p+dx+C5/|uf|r(x)dx2/f(x,uf)ufdx
Q Q Q
- / (| [P s s ) dx - / h(x)ut dx
Q Q

A

n

> min{l,)»}min{ ”u

> min{1, A} min{i? ,«? }. (2.41)
Since {u,} is bounded, there is a constant C3 > 0 such that

min{l,k}min{/cgi,xof} §5C3+Cg/ |M3:|r(x)dx.
Q

-+
min{1,A} min{/{g ,Kop }

Lete = G

, we have

. . p_ p+
/|uﬂr(x) dx> min{1, A} min{k; }'
Q 2C5

By the compactness of the embedding Wol P (Q) — L'¥(Q) with p* < r(x) < p*(x), we

have

’

min{1, A} min{x? ,«?"
/|u§|r(x)dxzmin 1,4} o »ko }
Q 2Ce

which means u(jf # 0. Afterwards, notice that uX — uoi in L19(Q) with 1 < g(x) < p*(x),

by (1), (f2), the Holder inequality, and Lebesgue theorem, it yields

lim | f(xu)u, dx= ff(x, uy ) uy dx,
Q Q

n—+00

lim /F(x,uf)dx:/F(x,uﬁ)dx‘
Q

n—+00 Q

(2.42)
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Therefore, by the weak lower semicontinuity of the norm and u* € W, we can deduce that
(' (o), ug ) = f (|Vu35|1’(x) + )L|u3:|p(x)) dx — / h(x)uy dx - /f(x, uy \uy dx
Q Q Q

n—+00

fliminf/ (|Vuﬂp(")+)\‘uf|p(x)> dx
Q

— lim | h(x)u’ dx - /f(x, wy ) u;; dx

n—+00 Q Q

= liminf{J'(u,), u;, ) = 0. (2.43)

n—+00

Hence, from Lemma 2.13, there exists sy, £y > 0 such that souf, + tou; € E. By Lemma 2.10,
and (2.43), we get

§= lim [](un)_l%v/(un): un>]

n—+00

1 1 1
= lim / <— - —>(|Vu,,|1’(x) + A|un|p(x)) dx + lim (— - 1>h(x)u,, dx
Q e\p*

n—>+00 p(x) p* n—>+00

1
+ lim [—f(x, u,)u, — F(x, un)i| dx
elp?

n—+00

1 1 1
> liminf/ (— - —) (|Vun|p(") + )»|u,,|p(x)) dx+ lim (— - 1>h(x)u,, dx
n—+o0 Jo p(x) p* n—+o0 Jo \ p*

1
+ lim [—f(x, U, i, — F(x, u,,):| dx
elpt

n—+00

i_i (x) x) (i_ )
Z/Q(p(x) p+>(|V”0|p + Alugl? )dx+/9 e 1) i) dx
+/ |:i+f(x» uo)uo — F(x, uo):| dx
QLp

= T(ut0) — — {1 (ut), o)
V4

; (//(uo),ua)—pi(l’(uo),uo)

+

> J (soug + toug ) + p+0 (J' (o), ug) +

+ +

s 4
= J (soug + boug) — ;—+(I’(uo),u3) - ;—J]/(Mo),ua)

Sp+ +
= 5 - p()_+(]/(u0): Ma) - ;T(]/(Mo)r u5>1
that is
%(J’(uo), ug) + fj(]/(uo), uy) > 0. (2.44)

Combining (2.43) and (2.44), we can deduce that
[/ (o), uy) =0 and J(uo) = . (2.45)

The proof is completed. d

Page 16 of 23
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Lemma 2.16 Assume that (f1)—(f4) and (h1) hold, if ug € E and J(uo) = &, then uy is a
critical point of J(u).

Proof Since ug € E, one has (]’(u(j)t), u(jf) =0 = (J'(up), uo). By assumption (f4), for 0 <s # 1
and 0 < £ # 1, we have

J(sug + tug) =J (sud) + T (tug) <J(ug) + 7 (ug) =T (uo) = &. (2.46)
If J' (o) # 0, then there exist § > 0 and v > 0, such that

lv—uoll <38: |JW)|=v.
Let Q=(3,3) x (3,3) and ¥ (s, £) = su, + tug, by (2.46), we have

p = max ] (V(s,1) <. (2.47)

Let ¢ := min{%, ‘%S} and B(u,8) :={v e W(}”’(x)(sz) : lv — u|| <8}, by the Quantitative de-
formation lemma [27], there is a deformation 6 such that
(i) 61, v)=vifJ(v) <& -2eo0r]J(v) > & + 2,
(i) 0(1,J5* N B(u,8)) C J&,
(iii) J(6(1,v)) is nonincreasing, Vv € Wol'p(x)(Q),
where 55 := (v e W PP(Q):J(v) <€ +¢).

It is easy to see that

max ](9(1, Y(s, t))) <E&.

(s,t)eD

Next, we show that 0(1,¥(Q)) N E # @. Let ¢(s,t) = 0(1, ¢ (s, 1)), Jo(s,2) = (J'(sud)ug,
J'(tug)ug) and Ji(s,t) = ({J'(¢*(s,)), 1J'(¢™ (s, £))). Note that

7 (), ut >0) if0<t<1,
( ( 0 0

(I'(tuy),uy <0) ife>1. (2.48)

Therefore, we have that deg(Jy, Q,0) = 1. On the other hand, by (2.47) and the property
(i) of 0, we have that ¥ = ¢ on Q. Hence, Jp = /1 on dQ and deg(/y, Q,0) = deg(/1,Q,0) =
1. This indicates that J;(s,t) = 0 with some (s,£) € Q, and thus 6(1, ¥ (s, £)) = ¢(s,t) €

Therefore, uy is a critical point of /(). The proof is completed.

O o

Lemma 2.17
(i) Forxe2,t<0,iff(x,t)>0and u € WS’P(")(Q) is a solution of problem (1.1), then
u >0 hold.
(i) ForxeQ,t>0,iff(x,t) <0andu e Wol’p(x)(ﬂ) is a solution of problem (1.1), then
u <0 hold.
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Proof (i) Define 27 = {x € Q: u(x) < 0} and Q2 = 2\ ;. Since ¥~ = min{x,0} and u~ €
Wol’p(x)(Q), we have

Vu, in Qq,
0, in 5.

Vu =

Replacing v in (1.2) with ™, we have
/ (IVulP 2V - Vi + AulP™ ™y u”) dx - f h(x)u™ dx = f fle,wu dx.  (2.49)
Q Q Q
By (h1) and (2.49), we can deduce that
/ (|Vu|p(") +A|u|"(")) dx:/ hx)udx+ | fx,u)udx
93] 231 21
< | flxuudx<O.
Q)

Therefore, 21| = 0. Similarly, replacing v in (1.2) with u*, we can proof (ii). The proof is
completed. d

3 Proof of main results

Proof of Theorem 1.1 Combining Lemma 2.15 and Lemma 2.16, there exists uy € E such
that

J(uo)=¢ and J'(uo) =0. (3.1)

From (3.1), we know that uy is a critical point of J; therefore, 1 is a sign-changing solution
of problem (1.1). a

Proofof Theorem 1.2 First, we define f* = f(x,t) fort >0and f* =0for¢ <0,and F*(x,t) =
fotf* (x,s)ds. Let

S @ @) gy
J (u)_/Qp(x)ﬂVuV’ + MulP™) dx /Qh(x)udx

—/F*(x,u)dx, Yu e W&’p(x)(ﬁ).
Q

It is easy to verify that for f* and F*, conditions (f1)—(f4) still hold. There are two claims
to consider.

Claim 1 J* satisfies the (PS)-condition on V. Let {u,} C Q be a (PS)-sequence such that
(]*),(un) -0, Tt (u,) —c, Vc>0. (3.2)

First, we prove that {u, } isbounded. Arguing by contradiction, suppose that ||z,| — +oo

. Passing, if necessary, to a subsequence, we suppose that

asn—>+ooandletv,,:”L‘—H
n

V,—v in Wol’P(x)(Q),
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v, — v in L19(Q), p(x) < q(x) < p* (), (3.3)
VvV, — Vv a.e.on S2.

(c+1) )é

If v=0, then v, — 0 in LI® with 1 < g(x) < p*(x). Fix M > (mm{u}

there exists Cy > 0 such that

1. By (f1) and (f2),

Froe,u) < |ul?” + Calu|™, V(x,u)eQ xR (3.4)

Thanks to (3.4) and the Lebesgue dominated convergence theorem, one has

limsup/QF(x,Mv,,) dx < M?" 11m |V,,| L+ CM” linolomax{|vn|:gx),|V,,|:(+x)} =0. (3.5)

m— 00

Lett, = ”;V[W Hence, by Proposition 2.1, Corollary 2.12 and (3.5), we have

c+o(1) =T (u,) = J(tyu,) = (Mv,)

1
:/ —Mp(x)(|Vv,,|p(")+A|vn|p<x))dx—M/ h(x)v,,dx—/F*(x,Mvn)dx
o px) Q

1A
Zm P M/’h V,,’dx /F*x,Mvn)d
p*

. min{l,A}Mp

+

— M|hl2|vyl2 - / F*(x, Mv,) dx
Q

in{1, A -
> mMp —/ F*(x,Mv,) dx
pt Q
in{1, A -
. m M —o(l)
V4
>c+1+o0(1). (3.6)

(3.6) is a contradiction. Hence, v # 0. By (f3), we have

. Frun(x) . FT(x uu(x)) »*
lim — = lim —|v,(x)[” =+o00, (3.7)
n>oo |luy|l? n—>00 |1y (x) [P | |

for all x € {x € 2 : v(x) # 0}. Hence, it follows from Proposition 2.6, (2.36), (2.37), (2.38),
(3.7) and Fatou’s Lemma that
c+o(l) . J"(un)

0= lim —~ = lim -
n=>00 |lup||PT oo flu,||P

< lim
n— o0

|:fs2 pel (Vi P + 1w, P2 dxc ~ Jo h(x)u, dx ~ fQF+(x,u,,)dx:|
[t 1P [l 1P N2, 17"
- max{1, 1} + lim Jo |h(x)u| dx Cim / F*(x, u:,)
n>o0 Jo |unll?

max{1,A} . colhlplluall / Frx,un) - G
<———+ lim ——— - _
=00 Jo o [lunll?

p- =00 |luy||P

r =00 |luy, 12"

max{1, 1} —liminf/ F*(x,u,) — Cy
Q

P 1> +00 Il 1P
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1L,A F*(x,u,
Swj_limmf/ E*(x, tn)
Q

p 1> +00 [l 117"
max{1, A .. Ftxu +
< # —11m1nf(7+n)|v,,|~” dx
p- n—>+00 |un|P
= —00. (3.8)

(3.8) implies that {u,} is bounded in Wol P (x)(Q). Without loss of generality, we can assume
that

Uy, — ug in Wol'p(x)(Q),
U, > uy inL19(Q) for1 < q(x) < p*(x),

u, — Ug a.e.on . (3.9)

By (£2), Proposition 2.1, Proposition 2.7 and the boundedness of {x,}, we have

lim / [f*(x, un)||un —up|dx
Q

Hn—+00

< lim [ C(1+ |unl™™) |ty — uol dx

n—+0oQ Q
<C lim [ |ty Vuy —uoldx+C lim | |uy — uo|dx
Hn—>+0Q Q n—+00 Q

. -1 .
<2C lim [o| " | o0 — tholy + lim |u, — gy
n—+00 n—+00

. r -1 rt-1 .
= 2Cn1~1>r-Poo max{|un|r(x) ’ |un|y(x) }lun - u0|r(x) + nErPoo |un —Uoh

=0, (3.10)
and

lim AP 21, (4 — 1) dx < lim | P9 1,y — 1i0] dx
Q

H—+00 n—>+00 J o
<2 px)-1 _
< 2[|u,| |p’(x) |22, — o |p(x)

. -1 -1
<2 lim max{mnli(x) :lunp ) }|”n_u0|p(x)

n—+00 P

=0, (3.11)

where Tt L _ 1. Therefore, by (f2), (3.10) and (3.11), we can deduce that

1
r(x ' (x)
(T (14) = T (80, 10 — 110)

=((7) () = (") (o), 4 — 1ag) + / Mot P10, (11 — w10) it (3.12)

Q

- / Muo P21, (u,, — uo) dx + /f*(x, o) (14, — o) dx
Q Q

—/f*(x,un)(un — up) dx
Q

— 0, asun— +00. (3.13)

Page 20 of 23
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So, I is of type (S),, and we can deduce that
Uy — o in WoP(Q). (3.14)

The proof of Claim 1 is completed.

From Lemma 2.13, it can be seen that for any u € WOI (@) \ {0}, there exists a unique
positive number ¢, such that ¢,u € W. Therefore, one can obtain that if B is a unit ball
in Wol’p(x)(Q), and by setting y («) := t,u to define the homomorphism y : B — W, then
lly (w)|| = t,,. Therefore, if y ! is the inverse of y, and y ! is defined as y~1(v) = > then

y~1: ¥ — B is Lipschitz continuous. By (2.30), for any vy, v, € ¥, we can deduce that

-1 1 141 Vo
ly ') -y (V2)||=‘—— ‘
vall vl
vi=ve (el = lIvill)va
lIvall vallllvall

2
< ——|lvi=l

~ Al

2
< —lvi=mwl.
Ko

Next, we define & : B — R by

D(u) == (y (w).

Claim 2 ®* satisfies the (PS)-condition on B. Set {u,} C B as a (PS)-sequence of ®*. Let
vy = y(uy,). Similar to the proof of Lemma 3.7 in [28], we need to prove that {v,} C V¥V isa
(PS)-sequence of ®*. From Claim 1, we can take the appropriate subsequence, for conve-
nience, still denoted by {v,}, and suppose that v, — vy and u, =y~ (v,) — y~1(v,) with
n— +00. We can deduce that ®* satisfies the (PS)-condition.

Finally, we prove that problem (1.1) admits at least one positive ground state solution
and one negative ground state solution. Let {x;} be a minimizing sequence for ®*. Then,
using Ekeland’s variational principle [29], one can suppose that (®*)' () — 0. By Claim 2,
passing, if necessary, to a subsequence, one can suppose that u, — uj in Wol P) (€2). There-
fore, 1] is a minimizer of ®*, and from [17], we can deduce that v{ := y (1) is a ground
state solution for the equation (¢*)'(v) = 0, that is

/|Vv6|p(x)72Vv$Vndx+/ A|va|p(x)72vgnodx
Q Q
:/ h(x)vgdx+/f+(x,vg)ndx, Vne Wol'p(x)(Q). (3.15)
Q Q

Since f*(x,£) =0 for x € @, £ < 0, from Lemma 2.17 (i), we can conclude that u* > 0.
Therefore, by (3.15), we have

/|Vv5’p(x)f2Vv$Vndx+/ A’va‘p(x)fzvanodx
Q Q

:/ h(x)vgdx+/f(x,vg)ndx, Vn e Wol’p(x)(Q),
Q Q



Xiao and Zhang Boundary Value Problems (2024) 2024:2

which indicates that problem (1.1) has a nontrivial ground solution u#* > 0. Therefore, by
Lemma 2.9, we can deduce that #* > 0.

Similarly, replace f* with f~, where f~ is defined as f~(x, £) = f (x, u) for £ < O and f~ (x,¢) =
0 for t > 0, we can deduce that problem (1.1) has a negative ground state solution #~ < 0.
In summary, problem (1.1) has at least one positive ground state solution and one negative
ground state solution. The proof is completed. g
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