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1 Introduction

Markov branching processes occupy a major niche in the theory and applications of
probability. Good general references are Asmussen and Hering [2], Athreya and Jagers
[3], Athreya and Ney [4] and Harris [7]. Within the branching structure, both state-
independent and state-dependent immigration have been studied. For the former, Sev-
ast’yanov [13] and Vatutin [14] and [15] considered a branching process with state-
independent immigration. Aksland [1] considered a modified birth—death process where
the state-independent immigration is imposed. On the other hand, for the latter, Kulkarni
and Pakes [8] discussed the total progeny of a branching process with state-dependent im-
migration. Foster [6] and Pakes [11] considered a discrete-time branching process with im-
migration at state 0. Yamazato [16] and Pakes and Tavaré [12] investigated the continuous-
time version.

Let (Z; : t > 0) denote an n-type Markov branching process (#"TMBP) with per capita
birth rate and offspring distribution of the type k particle being 6 > 0 and {p;k) :jeZ}}
(k=1,...,n), respectively, where Z"! = {j = (j1,...,ju) :j1,-..,ju € Z,} with Z, ={0,1,...}. In
this paper, we mainly consider a modification (X, : £ > 0) of the ”TMBP that allows it to
be resurrected whenever it hits the zero state and allows immigration when it does not
hit the zero state. (X; : £ > 0) is called an n-type Markov branching—immigration process
(nTMBPI). In order to clearly describe the evolution of (n"TMBPI), we adopt the following
conventions throughout this paper.
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(C-1) Forany i = (iy,...,i,) € Z", denote |i| = >_;_; ix.

(C-2) [0,1)" = {(st1,..., ) : O < 143,...,u, < 1}. For u,v € [0,1]", u < v means u; < vk
(k=1,...,n), while u < v means u; <vi (k=1,...,n) and u; < v, for at least one k.

(C-3)Forue[0,1]"and i€ Z", u' =[]}, u;f

(C-4) xzn(-) is the indicator of Z.

(C-5)0=(0,...,0), 1 =(1,...,1), ¢ = (0,...,1;...,0) are vectors in [0,1]". Z7 \ {0} is
simply written as Z7 .

The evolution of ”TMBPI can be described as follows.

(i) There are n types of particles in the system. The life length of a type k particle is
exponentially distributed with parameter ;. Upon its death, it produces offspring of the
n-types according to the distribution {p;k) :jeZl}, k=1,...,n. Particles live and produce
independently of each other, and of the past. Without loss of generality, we assume p(ei) =0
(k=1,...,n).

(ii) Let o« > 0 and {g; : j € Z7,} be a discrete law. When the system is nonempty, then
Poisson immigration events with parameter o may occur with random numbers of immi-
grates according to the law {g; : j € Z, }. Immigration is independent of particles in the
system.

(iii) Let B > 0and {/; : j € Z", } be a discrete law. When the system is empty, then Poisson
resurrection events with parameter # may occur with random numbers of immigrates
according to the law {/; : j € Z }. Resurrection, immigration, and particles in the system
are independent of each other.

By the above description, (X, : £ > 0) is a Markov process satisfying the following condi-
tions:

(a) the state space is Z";

(b) its generator Q = (gjj : i,j € Z) satisfies

Bl i Jil = 0, #0
. X . .,
gi = ZZ:I lkekp;_),-+ek +adj_j, if |i| >0,j #1i, (1.1)
ij = .
=X koq ikbk + (1 = 8io) + BSio), ifj=1,
0, otherwise.

” s .

Remark 1.1 6, o, and B are viewed as “branching rate’, “immigration rate’, and “resur-
rection rate’, respectively. The matrix Q given in (1.1) is called an n-type branching—
immigration Q-matrix (nTBI Q-matrix).

Li and Chen [9] considered the one-type case. The aim of this paper is to consider the
extinction behavior and recurrence property of n-type Markov branching—immigration
processes. In contrast to the one-type cases, when a particle of one type in the system
splits, the number of particles of different type may change. Therefore, the method used
in the one-type case fails and some new approaches should be used in the current situa-
tion. In this paper, we find a new method to investigate the extinction behavior and recur-
rence property of the n-type Markov branching—immigration processes (see, Theorems
3.1 and 3.2).

The structure of this paper is as follows. Regularity and uniqueness criteria together
with some preliminary results are first established in Sect. 2. In Sect. 3, we concentrate
on discussing the extinction behavior of the absorbing #TBIP (i.e., 8 = 0) and the explicit
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extinction probability is obtained. In Sect. 4, the recurrence criterion is presented in the
case 8 > 0.

2 Preliminaries and uniqueness

Since Q is determined by the sequences {p;i) jeZly(i=1,...,n),{aj:jeZ,},and {h;:
j €7}, we define their generating functions as

B;(u) =9i(2py)ui—u,->, i=1,...,n,

jezl

I(u) = a( > - 1),
jeZl,

R(u) = ﬂ( > il - 1).
JeZlt,

It is obvious that all the generating functions are well defined at least on [0, 1]”. We now
investigate the properties of the generating functions {B;(u);i = 1,...,n}, «(u), and B(u).
Let

Blj(u)zaii:l), ij=1,...,m,
I,(u):a;g;), j=1,...,m,
R,(u):agb(:), j=1,...,m,
g,;(u)=8,7+Blg(iu), Lj=1,...,n,

where u € [0, 1]" and §; is the Dirac function. The matrices (B;(u)) and (g;;(u)) are denoted
by B(u) and G(u), respectively.

Definition 2.1 The system {B;(u) : 1 <i < n} is called singular if there exists an n x n
matrix M such that

(Bi(u),...,B,(w) =M -u,
where U’ denotes the transpose of the vector u.

Definition 2.2 A nonnegative # X n matrix A = (a;) is called positively regular if there
exists an integer N > 0, such that AN > 0.

If {B;(u) : 1 <i < n} is singular, then each particle has exactly one offspring, and hence
the branching process will be equivalent to an ordinary finite Markov chain. In order to
avoid discussing such trivial cases, we shall assume throughout this paper that the follow-
ing conditions are satisfied:

(A-1). {Bi(u) : 1 <i < n} is nonsingular;

(A-2). Bj(1) < +00, i,j = 1,...,1;

Page 3 of 16
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(A-3). G(1) is positively regular.
The above conditions guarantee that Z”, is irreducible. The following two lemmas are
well known and the proofs are omitted.

Lemma 2.1 I(u) <0 for all u € [0,1)" and limyyq I(u) = I(1) = 0. A similar property holds
for R(u).

Lemma 2.2 Suppose G(1) is positively regular and {B;(u) : 1 < i < n} is nonsingular. Then,
the equation

(By(u), By(u), .., B,(u)) = 0 2.1)

has at most two solutions in [0,1]". Let q = (q1,...,q,) and p(u) denote the smallest non-
negative solution to (2.1) and the maximal eigenvalue of B(u), respectively. Then,
(i) q; is the extinction probability when the Feller minimal process starts at state e; (i =
1,...,n). Moreover, if p(1) <0, then q = 1; while if p(1) >0, then q <1, i.e., q1,...,q, < 1.
(i) p(q@) < 0.

For nTBI Q-matrix Q given in (1.1), let P(¢) = (pj(¢) : i,j € Z}) and ®(A) = (¢3(A) :i,j €
Z7) be the Feller minimal Q-function and Q-resolvent, respectively.

Lemma 2.3 ForanyicZ" and u € [0,1)", we have

dFi(t,u o dFi(t,u
8 Rwpett) + 1) Y py(ond + 3 B 1Y, (22)
jezZli, k=1 i
where Fi(t,u) = Zjezz p,-,-(t)ui , or in the resolvent version
; : i 8d>,~ AU
@i, u) —u' = RWpio(r) + I(u) Y (M + ZBk(m#, (2.3)
jez?} k=1 O

where ®i(0,u) = Y zn ¢ )W

Proof By the Kolmogorov forward equations, we have that for any i,j € Z7,
pi(®)

= Zpik(t) |:Z kzelP;l_)hq “xzn(—k +e) + aaj_i - xz2( — k)(1 - Sok) + Bhj - 50k:|
P 1

- pii(t) [Znez +a(l—dgj) + ﬁ&v}

=1

Multiplying by u on both sides of the above equality and summing over j € Z we imme-
diately obtain (2.2). Taking a Laplace transform on (2.2) immediately yields (2.3). a

Lemma 2.4 Suppose that G(1) is positively regular and {B;(u) : 1 < i < n} is nonsingular.
If p(1) <0, then the Q-function is honest.
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Proof By Lemma 2.5 of Li and Wang [10], we know that if p(1) <0, then g =1.
Denote

= sup{r >0:By(u)=r,k=1,...,n has a solution in [0, 1]”}.

By Lemma 2.9 of Li and Wang [10], we know that r* > 0 and for any r € (0, 7*], there exist
u(r) = (u1(r),...,u,(r)) € [0,1)"” such that

Bk(u(r)) =r, k=1,...,n
and, moreover,

I}fglu(r) =1.

Letting u = u(r) in (2.2) and letting r |, 0 yield

> pH =1,

jezt
ie., Zjezf pij(t) = 1. Hence, P(¢) is honest. d
Having completed the preparation, we now prove the uniqueness of n”TMBPI.

Theorem 2.1 Let Q be given in (1.1). Then, there exists exactly one nTMBPI, i.e., the Feller

minimal process.

Proof By Lemma 2.4, We only need to consider the case that p(1) > 0. For this purpose,

we will show that the equations

77()\[ - Q) = O’ 77] > 01j € ZZ;

Zjelf nj < +00

(2.4)

have only trivial solution. Suppose that the contrary is true and let n = (j : j € Z!) be a
nontrivial solution of (2.4) corresponding to A = 1. Then, by (2.4) we have

=) [Z KOy ve, - Xz — K + ) + @k xz G — k)1 - Sok) + - 50k:|
k+j i=1

n
= nj |:Zki9i + 0((1 - (Soj) + ﬂ3oji|, jE Zz. (2.5)

i=1

Multiplying by & on both sides of (2.5) and using some algebra yields that

u

@)= 38w - 1) (1(@) ~ 10) + RO,
i=1 :
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ie.,

an(u)

o~ (2.6)

(1= 1) [n(u) - no] + (1 - R(w))no = Y By(w) -
i=1

If p(1) > 0, then by Lemma 2.2 and the irreducibility of Z” \ 0 we know that (2.1) has a
solution (q1,...,g94) € (0,1)". Let u = (q1,...,4,) in (2.6), we can see that the right-hand
side of (2.6) is zero. Therefore, the left-hand side of (2.6) must be zero, which implies that
nj =0 (Vj € Z7). The proof is complete. d

3 Extinction

In this section, we shall discuss the extinction property of the absorbing #”TMBPI (i.e.,
B =0). Let Q denote the absorbing nTBI Q-matrix and P(t) = (Dij(t) :i,j € Z") denote the
Feller minimal Q—function. Also, let ajo = lim;_.» pio(¢) be the extinction probability of
D(t) starting at state i. In order to discuss the extinction property, we need the following

important result, which plays a key role in our discussion.

Theorem 3.1 Suppose that G(1) is positively regular and {B;(u); 1 < i < n} is nonsingular.
If B1(0) > 0, then the system of equations

’ _ Brwug,...un)
up(u) = Bi(wuin, i)’ 2<k=n, (3.1)

Mk|u:0=01 2<k§7’l

has a unique solution (ux(u); 2 < k < n). Furthermore, this solution satisfies
(i) (ex(u);2 < k < n) is well defined on [0, q1];
(ii) 2,(0) > 0 and u; (u) > 0 for all u € (0,q,) and 2 <k < n;
(iii) ux(q1) = qx, 2 <k < n.

Proof Since B1(0) > 0, we know that B;(x,0,...,0) = 0 has a positive root u* € (0, 1]. For

M; 2 < k < n} satisfy the Lipschitz condition on [0, z* — ¢] x [0,1]"1,

any €> 0’ {31 UUD,. Uy

therefore, by the theory of differential equations, (3.1) has a unique solution (u(u);2 <
k < n) defined on [0, u* — ¢]. Furthermore, (3.1) has a unique solution (u;(u);2 < k < n)
defined on [0, #*) since ¢ > 0 is arbitrary.
We claim that (1) > 0 (2 < k < n) for all u € [0,4"). In fact, if there exist u € [0, u*)

and 2 < k < n such that ) () < 0, denote

L= inf{u € [0,u") : uy(u) < 0 for some k € {2,...,n}}
and

H= {ke {2,...,n}:3e >0s.t.up(u) <Oforu e (12,5:+8)}.

It is obvious that H # (. Since (ux(1); 2 < k < n) is the solution of (3.1), we have

Bi(it, us @), ..., un(@) =0, keH
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and there exists i € (&, u*) such that u(iz) > ur() (k € H =:{2,...,n} \ H), ux(it) < ur(it)
(k€ H) and

Bk(ﬁ, uy(),..., u,,(it)) <0, keH. (3.2)
Consider

I= {Bk(ljt,UHa(ljt), UH)  k EH},
where Uy = (ur : k € H) and upe(i2) = (ui (1) : k € H®). Obviously,

By (i, upe (i), up (i) >0, k€ H,
where uy () = (ur(it) : k € H). Therefore, the smallest nonnegative zero of I is in
]_[Z:I}[uk(ﬁ), 1]. Combining with (3.2) we know that u(#) > ux() (k € H), which con-
tradicts u(i2) < u (1) (k € H).

We now further claim that u; () > 0 (2 < k < ) for all u € (0, *]. In fact, suppose that

there exists # € (0, u*] such that

Bk (if\lr Mz(il); e I/ln(ﬁ)) =0
for some k > 2. Denote

H = {k; By (i, ua (@), ..., un(#2)) = 0}
and

H={(1,2,...,n}\ H.

It is easy to see that H¢ # (1. By the irreducibility of the set of nonzero states we know that
there exist k € H, j € H® such that

Bkj(it, us(it), ..., u,,(l))) > 0.

On the other hand,

li Bk(u¢ MQ(M),...,L{,,(M))
1m

utis u—1u

= > Bl ur (@), ..., un()) - (@) > 0,

iefIe

which contradicts By (i, uz (1), ..., u, (1)) > 0 for all u € [0, u*], where u (&) = 1.

Since By (u*, up(u*),..., u,(u*)) > B1(u*,0,...,0) = 0, we can apply mathematical induc-
tion to prove that the solution of (3.1) can be uniquely extended to [0,4;). Now, we claim
that

ur(qy) = lim ug(u) = qr, k=>2.
utqi
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Indeed, since Bi(u, us(u), ..., u,(u)) >0 (k > 1) for all u € (0, q1), it can be easily seen that
u(u) € (0,gx) (k > 2) forall u € (0, ;) and therefore, uy(q1) € (0, gx] forall k > 2. If u(q7) <
qx for some k > 2, denote

M = {k = 2;ui(q1) < qr}» M ={1,2,...,n}\ M.

It follows from the irreducibility of the set of nonzero states we know that there exists
j € M° such that

Ig};ﬁ Bj(ur Mz(u), (XS} M,,(M)) = Bj(fh, M2(Q1)» [KXS Mn(ql)) <0,

which contradicts B;(u, us(u), ..., u,()) > 0 for all u € (0,41). The proof is complete.  [J

Corollary 3.1 Suppose that G(1) is positively regular, {B;(u); 1 < i < n} is nonsingular. If
B1(0) > 0, B5(0) > 0, then the system of equations

_ Brlur,uyetiy)
ui(u) - B,Z((ui,u ,,,,, uy)’ k 7'/2’ (33)
Uk|yu=0 =0, k+#2

has the same solution as (3.1).

Proof By Theorem 3.1, we know that (3.3) has a unique solution. For convenience, we
denote the solutions to (3.3) by (u1(u2), us(uz),. .., u,(u3)). Since u)(uz) > 0 for all u, €
[0,42), we know that the function u;(u2) (43 € [0,42)) has an inverse function u; = f5(u1),
(u1 € [0,41)) satisfying Z—fl = 1/uf. Let uy = fi(u1) = ui(f2(111)) (41 € [0,41]) for k > 3.1t can
be easily seen that uy = fi(u1) (k > 2) is the solution to (3.1). O

By the irreducibility of Z”, , Theorem 3.1, and Corollary 3.1, we can assume that B;(0) > 0
without loss of generality and let (u42(4), ..., u, (1)) (1 € [0,41]) denote the unique solution
to (3.1).

Before stating our main result in this section, we first provide two useful lemmas.

Lemma 3.1 Let (pjj(t) :i,j € Z7) be the Feller minimal Q—function, where Q is an absorbing
nTBI Q-matrix. Then, for any i € Z7,

/ Bu(t)dt <co, k70 (3.4)
0
and thus
Jim () =0, ieZi k0. (3.5)
— 00

Moreover, for any i € Z, and u € [0,1)", we have

Z( [ o dt) k< oo (36)
0

k0
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Proof By the construction of Q, all the states in Z, are transient. Hence, (3.4) and (3.5)
hold.
We now prove (3.6). For this purpose, we shall consider two different cases separately.
First, consider the case p(1) > 0. By Lemma 2.1(ii), (2.1) has a root q € (0,1)". Let & €
[1~,(gi>1). We claim that there exists & € [ ], [#;, 1) such that

Bi(u)<0, Vi=1,2,...,n. (3.7)

Indeed, let H; = {i : B;(u) > 0}. By Li and Wang [10] we know that H; #{1,2,...,n} since
o(1)>0.If H, =4, thenB (U, u,) <0 (Vi=1,...,n). If H; #V) then by Lemma 2.2, we
know that there exists u® ¢ ]_[ [71;,1) such that Bi(u(ll), Uy )) Oforallie H;. Let

H, = {i:B;(u) >0},

then Hy C {1,2,...,n}\ H;.Itis obvious that H; UH, #{1,2,...,n}.If H, = @, then B;(uV) <
0(Vi=1,...,n).If H, # @, then by Lemma 2.2, we know that there exists u®® e [T, [uEl), 1)
such that B;(u®) = 0 for all i € H, U H,. By repeatedly using the same argument and not-
ing {1,2,...,n} is a finite set, we can obtain Hy, Hj,...,H,, such that H,,,; = ¥ and hence
B(u") <0 (Vi=1,...,n). It is obvious that H; U --- U H,, #{1,2,...,n}, i.e, B;(u") <0
forallie{l,...,n}\ H; U---UH,,. By the 1rreduc1b1hty of Z" , we can see that (3.7) holds
for u smaller than (if necessary) but closing to u®.
By (2.2) we know that

++7

oF; (t ) E; (t u)

= 1[(@) ) p(e)id + ZBk( a)

jez,

which implies (3.6), where Fj(¢, &) = Zjezz ﬁu(t)&’

Next, consider the case that p(1) < 0. Let & € (0,1)". By Theorem 3.1, there exists v €
(#11,1) such that (v, uy(v),...,u,(v)) € []~,(#:;1) and hence by (2.2) and Theorem 3.1 we
have

9Gi(T,v)

1= 1(v,u2(v), ..., () Gi(T, V) + By (v, tia (), ..., u (v) - ™

where Gi(T,v) = ZjezL (fo pij(£) deyvt ujf(v) e u],'f(v). Equation (3.6) can be obtained im-
mediately from the above inequality. The proof is complete. O

For any i # 0, denote Gj(v) = Gj(co, v). From Lemma 3.1, G;(v) is well defined at least for
ve|o,1).

Theorem 3.2 Foranyi#0, ajp =1 ifand only if p(1) <0 and ] = +co where

1 fJ/ Ixuz(x) iy (%)) dx

= 0 X, (X)..r U (x))
& /0 B1(y, u2(y), ..., n(9)) Pt dy. (3.8)

More specifically,
(i) If p(1) <0 and ] = +oo, then ajp = 1 (i 7 0).
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(ii) If p(1) <0 and ] < +o0, then

o fulok | G

4 BLOw20)rttn () Y <1 (39)

o 1 o 317@“2 sl . .
Jo BGanGnoy € ) dy

(iil) If 0 < p(1) < +00 and thus equation (2.1) possesses a smallest nonnegative root q =
(611, MZ(ql): e un(ql)) € (O: l)n! then

uinn(y) fJ’ 1?“42(x) iy (%)) dx

fql %7@ 0 ByGuaig@hiin@) gy 1
) 0 By(ug()wiin ik
dio = fywd <qu<1’ 170
fql % 0 By Ot (@)t (X)) xdy k=1
0 Bi1(y,ua(y)ttn(y))

Proof Integrating the equality (2.2) with respect to ¢ € [0, 00) and using Theorem 3.1, we
have that for any v € [0,1) and i # 0,

ajo — V' u2 2(v)-- u’n" )

= Bl(v, u,(v),..., u,,(v)) -Gi(v) + I(v, uz(v),...,un(v)) - Gi(v), (3.10)

where G;(v) < +o0. First, consider the case p(1,...,1) < 0. Solving the ordinary differential
equation (3.10) for v € [0, 1) immediately yields

fv 1,10 (%), (%)) dx
Gi(v) - €0 Biloug()..un)

:/w““—ﬂﬂu?wr~u% ) o ey (3.11)
0

0 By Geany@ain@) ¥ gy,
BL0» 0,1 10() i’

which implies that if ] = +00, then ajo = 1. Indeed, if ajo < 1, then by letting v 1 1 in (3.11)
we see that the right-hand side of (3.11) tends to —oo, while the left-hand side is always
nonnegative, which is a contradiction. Hence, (i) is proven.

Now, we turn to (ii). First, note that / < +oo implies |, ! M dx = —o00. Since

0 Bi(x,up(x),...un(x)
the left-hand side of (3.11) is always nonnegative so is the right-hand side. It follows that

1 y1lu2(y)- J M
aio =] [, % o By Gy Gt
need to show that

* dy. Therefore, in order to prove (ii), we only

11 ulz (y ul,,

1 !
aip <J '/0 B1(V;M2(y)""’un(y»

Y 1un (),....un (%))
jO By (x, uz un(x)) x dy.

y Ixuz(x) L (%))
fO B1 (x,u9 (%),..., 1;[ (x)) dax

1 y/l[/ () I/n()’)
Take x} =] [y m

Z qij%; + dio

j#0
:]1-/1 Yjezr @i Y 0)
0 Bi(y, ua(y), ..., un(y))

1 ©©
-1 . g 12
:] / E lky”u2
0 k=1

dy (j #0), then for any i # 0,

1,{/},7 (y) [y I(,19 (%),.000 un(x)) dx

0 B (x, u2 wolin (%)) dy

vy I(xup (x)

l 1 f #
k (y)uk(y) u}n (y) e 0 By (x,ug (x),...un(x)) dy

Page 10 of 16
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B y11 ulz uln WLy, uz2(y), ..., uy(y) foy BIWLW(())) dx
(1 un (x d
+] / Bl(y;uZ(y):u-’un(y)) e y
0

Here, the last equality follows from the integration by parts. Hence, (x} :j # 0) is a solution

of the equation

Zqijx;‘+q,~o=0, 05%751,i7/0
j#0

By Lemma 3.2 in Li and Chen [9], we then have ajo < x} (i #0) since ajo is the minimal
solution of the above equation. (ii) is proved.

Finally, we consider (iii). Suppose that p(1) > 0. By Lemma 2.1, we know that equation
(2.1) has aroot (g1, ua(q1), - - -, un(q1)) € (0,1)" and G;(v) < oo for all v € [0, 41 ]. Similarly as
in the above, we only need to show that

. v 1 fy I(x,19 (%),..00 un(x)) dx -1
ajo < lim [/ 0 By (%, uz ot (%)) dy
®=vtalto Bi,usy),...,un(y)

V)i () o BT & g
0 Bl(y,MQ(y);v-"u}’l(y

ql 10x,up (%),..ottp (%) dx = —0o and

By Lemma 2.1 we know that B )

dx<Ccln =2
Bi(%,q2,...,qxn) 78

/3’ I(x, us(x), ..., u,(x)) dx</y (q1,92 -, qn)
0 0

Bi(x, us(x), ..., u,(x))

for y € [0 q1), where C is a positive constant. Hence, the integral foql W

y i int)
e B “‘2 ::::: ) * dy, denoted by D, is convergent. Now, by letting

£ _ pl /ql 1 &l By ) g 40,
A . 1’”‘2" Un (X
% o Bi0r i) tin(2) v

we may prove similarly as above that (y; :j # 0) is a solution of the equation

qu'jxi+qio =0, 0<w;<Li#O0.
70

Again, by Lemma 3.2 in Li and Chen [9], we have ajo < y; (i # 0), which proves the first
equality in (3.5). The last two assertions in (3.5) are obvious. The proof is complete. [

By Theorem 3.2, we see that when immigration occurs then the condition p(1) <0 (i.e.,
the death rate is not less than the mean birth rate) is no longer sufficient for the process
to be finally extinct. A further condition J = oo, which reflects the effect of immigration,
is necessary to guarantee the final extinction.

Having obtained the extinction probability, we are now in a position to consider the
extinction time. We shall use Ej[ty] to denote the mean extinction time when the process
starts at state i # 0.
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Theorem 3.3 Suppose that p(1) < 0 and ] = oo, where ] is given in (3.8) and thus the
extinction probability ajp = 1 (i # 0). Then, for any i # 0, Ej[to] < oo if and only if

dy < oo (3.12)

/1 L—yur(y) - - - un(y) = 1, w2 (), - .., u(y))
0 Bi(y, u2(y), ..., uy(y))

and in which case, Ej[to] is given by

19 _pfiyf2(a) ... yin [0 (8), st ()
Ei[1o] =/ L-ytuy )1 ) e ) B9 4 dy. (3.13)
o Bi(ua(y), ..., ua(y))

Proof 1t follows from (3.11) that
Z(/ i) dt> () -l ()
j#0 0

U _niy2() ... 16,1 (3) et ()
) / 1—yuy () u(y) o ) d.
0 Bl(y’u2(y)v--':un(y))

Letting u# 1 1, using the honesty condition and applying the Monotone Convergence The-
orem then yields

Eilo] = / (1= pio(t)) dt
0

= / pij(t)dt
~ Jo

JeZk,

1 1— i1,,02 L gyin 1 1(un (%),.un (%))
=/ )Y Uy (y) Uy ) .e v Bieua @) un®) dx dy
0

By, () uny))

Thus, (3.13) is proved. Finally, it is fairly easy to show that the expression in (3.13) is finite
if and only if (3.12) holds. 0

4 Recurrence Property
In this section we consider the recurrence property of ”TMBPI in the case that 8 # 0
and thus 0 is no longer an absorbing state. We shall assume that the #TBI Q-matrix Q is
regular.

It is well known that the n”TMBPI is recurrent if and only if the extinction probability of
the related absorbing n”TMBPI (i.e., B = 0) equals 1. Therefore, by Theorem 3.2 we have

the following result.

Theorem 4.1 The nTMBPI is recurrent if and only if p(1) < 0 and ] = +00, where ] is given
in (3.8).

Now, we consider the positive recurrence of ”TMBPL

Theorem 4.2 The nTMBPI is positive recurrent (i.e., ergodic) if and only if p(1) < 0 and

dy < oc. (4.1)

/‘1 1y, us (), ..., un(¥)) = RO, ua(y), ..., un ()
0 Bi(y,uz(y), ..., u,(y))
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Moreover, if p(1) <0 and Z;’Zl(ljﬂ) + R;(1)) < 0o, then the process is exponentially er-
godic.

Proof Denote R(x) = R(x,uz(®),...,un(x)), 1(x) := I(x,us(%),...,u,(x)), and Bi(x) :=
Bi(x, ur(x),...,u,(x) (k=1,...,n).

Suppose that p(1) < 0 and (4.1) holds. By Chen [5], in order to prove the positive recur-
rence, we only need to show that the equation

Ziez'i giiyj < -1, i#0,
Zj;’o qoj)j < 00

has a finite nonnegative solution. By the irreducibility property and the fact that p(1) <0,
we may obtain from (4.1) that

dy<oo, ieZ!.

/1 1 _yill/l;Z(y)...uiln(y) fo B1
0 él()/)

Indeed, since § > 0, it is easy to see that there exists a positive constant L such that 1 —
yur(y) - un(y) < L - R(y). Hence,

dy < 00

/1 1— Y1 (y) - il ()
0 Bi(y)

for any j € Z". Now, let

dy jeZ,

e g;g)dx./ll-y%z(y)---u’:(y) i
;=
0

Bi(y)

then 0 < y; < 0o (j € Z) and it can be checked that } ;7 gijy; = -1 (i #0) and

Zqo,'yj = eif01 311(’8‘) . /1 —~R_(y) dy < 0.
j#0 0
Therefore, the ”TMBPI is positive recurrent.

Conversely, suppose that the process is positive recurrent and thus possesses an equi-
librium distribution (7 : j € Z"). Letting t — oo in (2.2) and using the dominated conver-
gence theorem yields

R(s)o +1(s) ansh 1W2(s) - -1 (s)

j#0

+ ZB/( Zn,}ks“u’z(s u’k Ys)-- W (s)=0 (4.2)

i#0

fors€[0,1).
Since R(s) < 0 and I(s) < 0 for all s € [0,1), by (4.2) and the proof of Theorem 3.1, we
know that p(1) < 0. Denote

w(s) = Zn,s“u’z(s) U (s).

jeZlt



Li and Wang Boundary Value Problems (2024) 2024:1

It follows from (4.2) that

7 (s) = 7'[0|:1 + /OS —BR((yy)) _[; BIl(x dy:| se[0,1). (4.3)
1

v 1w, 1z
Since [; % R(y ¢ 51 Tdy> [ ;’fg /0 e dy>0fors>§

)
00. Hence,

< 00,

~ )
Ry o g%
) / —R(y) i fO Bl(y) .eO By (%) dy
lim 1

st Jo Bl ()/) fo Bl
Hence, (4.1) holds. The first part is proved.
Now, suppose that p(1) < 0 and Zle(ljﬂ) + Rj(1)) < 0o. We prove that the nTBIP is

exponentially ergodic. Since p(1) has a positive eigenvector (x1,...,%,), let

1:= (leﬂ)) \Y (ZR,(U) -max{xy,...,x,} >0, Cy:=—p(1)>0
j=1 j=1
and fj = Y j_; ixxx (i € Z"). We can see that for any i € Z”,

> aqilfi—f)

jez}

Z Ik ZBkl(l )+ Y [80iRi(1) + (1= 80)1i(1)].

k=1 =1 I=1

<C - Gfi.

By Corollary 4.49 of Chen [5], the process is exponentially ergodic. The proof is com-
plete. d

Theorem 4.3 Suppose that the nTMBPI is positive recurrent. Then, its equilibrium distri-
bution (rj:j € Z7) is given by

*-R ’ o Up 5M »
7T(S):7'[0|:1+/0 Bl((yijg)) Z((yy) y By (wup(x),..., un () % dy], s€[0,1), (4.4)

where 7t(s) = 3 iz s/t u’f(s) " (s).

Proof (4.4) follows directly from the proof of Theorem 4.2 (see (4.3)). O
The following conclusion follows immediately from Theorem 3.3.

Theorem 4.4 The nTMBPI is never strongly ergodic.

Finally, we give an example to illustrate our results.

Page 14 of 16
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Example4.1 Consider atwo-type Markov branching—immigration process with B; (i, v) =
p—u+1-pW* By(u,v) =p—v+ (1 -p)u?, I(u,v) = a(uv—1),and R(u,v) = B(uv—1), where
a>0,8>0andp € (0,1).

It is easy to see that p(1,1) = 1 — 2p. Moreover, the solution of (3.1) is v(#) = u and the
).

smallest nonnegative solution of (2.1) is g1 = g, = min(1, -2
(i) For the case 8 = 0, by Theorem 3.1,

’lp

y oc(xz—l) d
fo 11+l2 efo p‘—x-ﬁ-(l—p)xz xdy
a: p —y+(1
i0 = J’J’ a2 1) )
0 1
fO p y+ . e’ px+(l-p)x dy

Wthh is equal to 1 if and only if p > 5 or that p = 5 and a<jy L Furthermore, if p = 2 and
o< Z’ then E,, [19] = +00. While 1fp > 5, then

1 1 ot(1+x)
o p-(1-p)y

a(1-y)

o 1 _o
:(2p—1)_m/ [p- (L=pp] 7 e dy.
0

(ii) For the case B > 0, by Theorem 4.2, the process is positive recurrent if and only if
1
P> 3¢
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