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1 Introduction
Let O be a nonempty bounded open subset of RN with C? boundary 3O, and let r = r(y, t)
be a vector function

re C'(O x R;RN) (1.1)
such that
r(t): 0 — O, isa C*-diffeomorphism for all £ € R. (1.2)

We consider the following initial boundary value problem for a semilinear parabolic
equation:

ur— Au+g(u)=f() inQy,
u=0 onX, (1.3)

M(T;x) = u‘r(x)l PAS O‘L’r

where 7 € R, u; : Or > R, Qu1 1= Uye(r, ) Or X {t} forall T > 7, Qr 1= Ue(r100) Or X {1t}
o= Uree,r) 000 X {8 21 = User400) 00 X {2}, and f : Q; — R are given. We assume
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that ¢ € C1(R,R) is a given function for which there exist nonnegative constants a1, a3, 3,
/, and p > 2 such that

=B +olslP <g(s)s < B +aslsl?, g)>-1 VseR, (1.4)

and, moreover, g satisfies the Lipschitz condition: there exists a positive constant ¢, such
that

lgw) —gW)| <co(1+ul’™ + [vP2) - lu-v| Yu,veR. (1.5)

About the diffeomorphism r(-,-), as in Limacoet al. [6] and Kloedenet al. [5], we assume

that the function 7 = r(x, t), where 7(-,t) = r"1(-, t) denotes the inverse of (., t), satisfies
re CZ’I(QT,T; ]RN) forallt < T. (1.6)

The reaction—diffusion equation with nonlinear term g(-) satisfying assumptions (1.4)
is one of the classical example models in the theory of infinite-dimensional dynamical
systems, especially regarding to the theory of attractors; e.g., see the classical monographs
in this field like [1, 8, 11].

About the dynamics of reaction—diffusion equation (1.3)—(1.4), the known results
mainly concentrate in the L? phase space; e.g., see [8, 11] for the fixed domain case (i.e.,
r(-,t) = Id) and Kloeden et al. [5, 13] for time-varying domain case; and the correspond-
ing mathematical analysis is standard to some extent. When we try to improve the corre-
sponding results to a more regular phase space, say H!, some essential difficulties arise,
for example, the continuity with respect to the initial data and asymptotical compactness
in H! topology. Indeed, even in the autonomous case, for any space dimension N and
any growth power p > 2 (comes from (1.4)), the question about the continuity of solution
with respect to initial data in H' remained open until 2008; see Robinson [8]. In 2008, for
the autonomous case of (1.3) and with the same assumption (1.4) about the nonlinearity,
Trujillo and Wang [12] used the method of differentiating the equation with respect to ¢ to
get the bounded estimate for ||£u,||;2 for ¢ € [0, T] and then obtained the uniform bound-
edness of tu(t) in L>(0, T; H?) and, finally, obtained the continuity in H! for any space
dimension N and any growth power p > 2 (to our knowledge, this is the first result). Later,
Cao et al. [2] obtained such continuity for nonautonomous case by establishing some new
a priori estimates for the difference of solutions near the initial time; see also [3, 13] for
further discussion in this direction.

Note that to obtain the continuity with respect to the initial data and existence of attrac-
tors in the H! topology, to our knowledge, the known results always required the force
term to belong to L% e.g., see [2, 3, 12] for autonomous and stochastic case; and in [13], to
obtain similar results as in [2] in the nonautonomous case, they required f(-) to satisfy

t
f e Hf(s) Hiz ds<oo forallteR (1.7)

for some proper positive constant A. On the other hand, it is well-known that when we
consider system (1.3)—(1.4) in H', it is natural to require f(-) € H™! only.
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The main aim of this paper is to establish the same continuity with respect to the initial
data in the H' topology and H!-attraction as that in [2, 3, 12, 13] and relax the assumption
on the forcing term. To include the nonautonomous case, we consider systems (1.3)—(1.4)
defined on a time-varying domain. Note that a semilinear heat equation on a time-varying
domain is intrinsically nonautonomous even if the terms in the equation do not depend
explicitly on time.

Assumption I rand 7 satisfy assumptions (1.1), (1.2), and (1.6); 30 is C? and N < 2p/(p -
2), or 30 is C with j > 2 integer such that j > N(p — 2)/2p; g(-) satisfies (1.4), and f €
L (R, HH(O)).

loc

Under Assumption I, the existence and uniqueness of strong solution and weak solution
of (1.3) (see [5, 6] for the corresponding definition of solutions) were obtained by Kloeden
et al. [5] and then defined the nonautonomous process U(t, 7) : L2(O,) — L*(O;), —o0 <
T <t<ooby Ut T)u, := u(t; T, u:) = u(t). Moreover, if we assume further that r satisfies

re Cy(O x R;RY) (1.8)

and f satisfies

t
/ e Hf(s) HIZ-[’I(OS) ds<oo forallteR, (1.9)
—00
, IV @ , ) .
where 2 := min, ;g0 . is the first eigenvalue of —A on H(Q2) with Q :=
12(@)

U.cr O: then the process U(¢, ) has an (L?,1?) pullback attractor o = {A(t):t eR);
see [5] for more detail.
Our main result is the following theorem.

Theorem 1.1 Let Assumption 1, (1.5), and (1.8)—(1.9) hold. If the forcing term f €
L120C

the H* topology; more precisely, for all Tt € R and t > t, if u,, € L*(O,) satisfy w,; — o,

(R,L%(O;)), then the process U(t,T) is continuous with respect to the initial data in
in L*(0;) as n — oo, then
U(t, Ty — UL, T)uy,  in H&(Ot) as n— oo. (1.10)

Moreover, the (L%, L?) pullback attractor o = {27 (t) : t € R} obtained in [5] can pullback
attract in the topology of H', i.e., for all t € R and D = {D(t) : t € R} € 7,

distHé(O[)(LI(t,t)D(t),@%(t)) —0 ast— —o0. (1.11)

As mentioned previously, after the work [2], although (1.3) is defined on a time-varying
domain, the continuity in (1.10) and attraction (1.11) is more or less expectable, in this pa-
per, we give rigorous proofs about how to justify the approximation that is necessary due
to relaxing the assumption on the forcing term. Note also that here we only additionally
assume that f € L} (R,L*(0;)), but not (1.7), which was required in [3, 7, 9, 13] etc. for
obtaining the boundedness in L7 and H'. However, in the nonautonomous case, the ques-
tion whether we can remove further the additional condition f € leOC (R, L%(O;)) remains
open.
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2 Preliminaries
2.1 Functional spaces
We first recall some functional spaces and notations.
For a fixed finite time interval [7,T], let (X;, | - |lx,) (¢ € [7,T]) be a family of Ba-

nach spaces such that X; C Llloc(Ot) for all ¢ € [z, T]. For any 1 < g < oo, we denote by

Li(z, T; X;) the vector space of all functions u € L} (Q,,r) such that u(t) = u(-,t) € X, for

loc

a.e. t € (r,T) and the function ||u(-)||x. defined by ¢+ ||u(t)| x, belongs to L1(t, T').
On L(z, T; X;), we consider the norm given by

llullzace,7ix) 2= | ||”(')||x. HLq(r,T)'

2.2 Definitions of solutions
For the readers’ convenience, in this subsection, we recall the definition of different solu-
tions of equation (1.3); see Limaco et al. [6] and Kloeden et al. [5] for more detail.

For each T > 7, consider the auxiliary problem

8 Au+g(u)=f(&) inQ.r,
u=0 onX;r, (2.1)

u(t,x) =u.(x), x¢€0,,
where T e Rand u, : O, — R.

Definition 2.1 (Strong solution) A function u = u(x, t) defined in Q.7 is said to be a strong
solution of problem (2.1) if

ueL*(t, T; H(Oy) N C([r, T, Hy(O)) N L (1, T;LUOy)), o € L* (1, T;L*(Oy)),

and the three equations in (2.1) are satisfied almost everywhere in their corresponding

domains.

Denote

Usri={p € L*(1, T; Hy(Op)) N L(1, T; LUOy)) : ¢ € L* (1, T; L*(O))),

(1) = (T) = 0}.

Definition 2.2 Let u, € L*(O,),f € L*(z, T;H1(O,)), and —0o0 < T < T < 0o. We say that
a function u is a weak solution of (2.1) if
(1) ue C([r, TLH(Oy) N L2 (t, T; HY(Oy)) N Li(T, T; L1(O,)) with u(t) = u.;
(2) there exists a sequence of regular data u,,, € H} (O,) N L1(O,) and
fn € L3z, T;L%(Oy), m = 1,2,..., such that

U — Uy in L2(O,), fu—f in Lz(‘c, T;H_I(Ot)),
and

U, — U in C([‘C, T];LZ(Ot)),
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where u,, is the unique strong solution of (2.1) corresponding to (#¢s, fin);
(3) forallp e, r,

/TT/Otu(x,t)w/(x,t)dxdt+/TT‘/OZ Vi - Vg dxdt
__ / i /o gt 0)otdrds / i /O Sl gt ).

Definition 2.3 (Weak solution) A function u : Ute[mo) O, x {t} — R is called a weak
solution of (1.3) if for any T > 7, the restriction of u on Ute[r,T] Oy x {t} is a weak solution
of (2.1).

2.3 Preliminary lemmas
For later application, in the following, we collect some results for obtaining higher-order
integrability, which can be proved by the standard methods; see [5, 10] for the detailed

proofs.

Lemma 2.4 Ifu € L* (v, T;Hy(O,) N L®(Q:,) and u' € L*(t, T;L*(O,)), then for any k €
[0, 00),

lul* - u e L*(t, T; Hy (01)) N L™(Qx), (2.2)

and the following energy equality is satisfied:

k+2 k+2
|| M(tz) ”LZ*Z(OQ) - || u(tl) HLZ*Z(OLI)
t
=(k+ 2)/ (u’(t), u(t)‘k . u(t))tdt Vi<ti<tr,<T. (2.3)
t
Lemma 2.5 For any k >0 and any ¢ € H}(O;) N L™ (O;) for some s € R, we the following
equality:
k 2 > k+2 12
V- V(lp|“p)dx = (k+1) s |VIgl 'z | dx, (2.4)
R +2 Oy

where - stands for the usual inner product in RN,

Lemma 2.6 Let f € L2 (R;L*(Oy)) satisfy (1.9). Then, for each T € R, there is a family

loc

{fn} C L2 (Qoco,r) such that
forany (fixed) te(-00,T),  fu—f inLl*(t,T;LX(O)) (2.5)

and for any t € (-0, T),

t t 1
/ exswm(s)“iz(os) ds < 2/ ers “f(s) ”;(05) ds + 2 forallm=1,2,.... (2.6)

Recall that Qo1 = U,e( oo,y Or X {t} and the family {f,,} may depend on T.
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In order the test function |«|¥ - u to make sense, we also recall the following L*°-estimate
on the nice initial data, which can be obtained by applying the standard Stampacchia’s

truncation method; see [10] for a detailed proof.

Lemma 2.7 (L*°-estimate) Let Assumption 1 be satisfied. Then for any —co <7 < T < 00
and any initial data (u.,f) € (H (O,) NL>®(O,),L*(Q.,1)), the unique strong solution u of
(2.1) belongs to L*°(Q, ).

3 Higher-order integrability

Along the ideas in [2], as the preliminaries, in this section, we obtain some higher-order
integrability of the difference of two weak solutions near the initial time, which was firstly
established in [2] for the (autonomous and fixed domain) stochastic case of (1.3), and later,
similar results were obtained in [13] for (1.3)—(1.4) in the stochastic case (in time-varying

case, but the forcing term was required to satisfy (1.7)).

3.1 A priori estimates for approximation solutions
To make our proof rigorous, we will use the approximation techniques.

For any (fixed) T € R, throughout this section, we choose (we can do this by Lemma 2.6)
and fix a family {f,,,} C L7 (Q_oo, 1) such that

loc

the family {f,,} satisfying conditions (2.5)—(2.6) in Lemma 2.6. (3.1)

Then, for any 7 < T and any u,,v, € L?(O,), according to the definition of a weak solu-
tion, we know that there are two sequences {(#4;,fin)} and {(vem, fin)} satisfying

Upms Vem € Hy(O) NL™(O,) and f, € L(Q, 1) (3.2)
such that
Urm —> Ug, Ve — V¢ In LZ(OT) and
(3.3)

fun—f inLl?*(t,T;L*(Oy)) as m — oo
and

Uy —>u and v, —v in CO([r, T];Lz(Ot)), (3.4)
where u,, and v,, are the unique strong solution of (1.3) corresponding to the regular data

(trmy frn) and (Viu, fin), respectively.
Without loss of generality, by (3.3) we can require that

ltemll? < llucll7+1 and |lveull? <|lv- [} +1 forallm=1,2,..., (3.5)
where and hereafter, | - ||; denotes the usual norm of L2(O;) (s € R).
Denote

Win(8) = U (t) = Vi (t) foranyr <t <T. (3.6)
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Then w,,(t) (m =1,2,...) is the unique strong solution of the following equation:

Bg/_tm - AWm +g(um) _g(Vm) =0 in Qr,T;
w,=0 onX.r, (3.7)

Win(T,%) = Uy — Ve, x€ Oy,

thatis, w,, € L*(t, T; H*(O,)) N C([z, T; HY(O)) N L® (7, T; LY(Oy)), w,, € L*(t, T; LH(Oy)),
and the three equations in (3.7) are satisfied almost everywhere in their corresponding
domains.

The main purpose of this subsection is to prove the following uniform (with respect to

m) a priori estimates of w,, defined in (3.6).

Theorem 3.1 Let Assumption 1 hold. Then, foranyt < T andany k =1,2,..., there exists
a positive constant My = M(T — t,k,N, 1, |u. ||+, v <), such that for allm = 1,2,...,

N \k
(t—r)%||(t—r)hkwm(t)”2<2?fi))k <My forallte(r,T] (Ax)
L7 N-27 (Oy)
and
T Z(L)kﬂ %
/ ( / (6= 7)1 -y ()2 dx) dt < M, (By)
T Ot

where w,,,(t) = t,,(t) = v, (£) = U(t, T)theyy — U(E, T)Very

N
bi=1+ L bye1+lel, and buy-br N2 fork=2,3 (3.8)
=1+ - =1l+—=-+1, anmn = + OrK=2,3,..., .
1 B 2 B k+1 k 2([\;\_[2)]”1

and all constants My (k = 1,2,...) are independent of m.

Proof By Lemma 2.7 we know that u,,,v,, € L*(Q,,r) for each m=1,2,..., and so
Wi = Uy — Vi € C([r, T];Hé((’)t)) NL>(Qq,1),

and for any 0 <6 < oo,
[Winl® - Wi € L2 (7, T; Hy (O1)) N L¥(Qx 7).

Consequently, we can multiply (3.7) by |w,,|? - w,, for all § € [0, 00).

In the following, we will separate our proof into two steps.

Steplk=1

At first, multiplying (3.7) by w,,, from the definition of a strong solution and (1.4), ap-
plying Lemmas 2.4 and 2.5, we obtain that

1d
5 ol + fo 190 e =~ /O {eten) ) »

<l|wa@®)|} ae.te(T)
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(recall that | - ||; denotes the L2(O;)-norm), which implies that

[wan@)]; < & win(r)

2
7’

and then

(3.10)
r 2 T 2 1 2
[ Iwaolide <t [ w2 ds+ 5 wao)

1 _
< (@74 ) wn(o)].

Consequently, combining with the embedding

(3.11)
([ o)

N
< cN,,,T/ IVv2dx, VveHYO,) Vsel[r,T),
we can deduce that

(3.12)

/TT(/Ot’(t_ o) (0] dx)NNZ dt

c
< (T =" =2 (@0 4 1) [ win() 2. (3.13)
Note that here the embedding constant cy,7 in (3.12) depends only on the domain
USE[T,T] OS‘

Secondly, multiplying (3.7) by |w,,,|%‘2 - Wi, and similarly to (3.9), we have that
dt

1/N-2\d 2N )
L) ol

LN-2(0y)

2N -1 N
-2 V|w,,(0)| "2 d
el MO

<I|wnu(® ||5§\,2 fora.e. t e (t,T).

To simplify the calculations, we denote by ¢, ¢; (i = 1,2,...) the constants that depend only
written as

d N

on N, T — 1, k, and [ and may vary from line to line. Then the above inequality can be
LN

’

N
/ IV W] 2 P dx < 2 | wn®)| V52
(Or) O LN-2(

and by multiplying both sides with (¢ — r)% we obtain that

(3.14)
t)
N N2
G- e [ [9le- 0,07 ds
dt Lm(Oz) Oy
2N 3N 2N
<alE-0"wa@) 5 et =T wa @] T (315
L2 (0y) LN=2(0y)
1 Vil o e
<c(1+- It =)t wn@®) | V3
-7 L

X2 (0
Recall that by =1 + % was defined in (3.2).
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One direct result of (3.15) is that

d 2N 2N
-t -D"wu@®| "% <c|t-D"wa®|*% .
dt LN=2 (Oy) LN-2(Oy)

and so

2
2N .
LN=2(Oy)

(t- f)% [@= o wa@] 2, < N2 o) (3.16)

~2(00) N

Consequently, for any ¢ € [1, T, integrating (3.16) over [7,t], we obtain that

N— T
==l g, = (557 1) [Tt s
<c|wa(@)|> by (3.13)),

and hence

N by % 1\%
(t-7)¥2||(t-7) WM(t)”L%(@ ) < c|wm()|] forall t € [r, T]. (3.17)
- t

Then, multiplying (3.15) by (¢ — l’)l\% , we obtain that for a.e. t € (1, T),
w4 b N2 by+1 Nz (2
(=% [t =) w0 | V34, +clf V]t = P T w()| N2 | dx
dt LN (0y) O

<t oM Ja—rumol B,
= t

< clt - 1% w7 (by (317)).

Integrating this inequality over [t, T'] with respect to ¢, we obtain that

T N_ o 2N
/ / |V|(£ = 7)2w, ()| ¥ | dxdt < c|wiu(2)| ¥, (3.18)
T Ot

where we have used (3.17). Consequently, applying embedding (3.12) again, we can deduce

that
T
b 2Axs)?
/0 (/Q|(t T) wm(t){ dx)

Therefore, noticing (3.3) and (3.5), from (3.17) and (3.19) we know that there is a positive
constant My, which dependsonlyon N, 7, T, [, ||u: ||, [|v: ||, such that (A;) and (B;) hold.

Step 2 Assuming that (Ax) and (Bx) hold for k > 1, we will show that (A1) and (Bks1)
hold.

Multiplying (3.7) by |w,,,|2(%)k+l‘2 - Wy, using (1.4), and applying Lemmas 2.4 and 2.5,

% .
dt < cN,,,Tc”wm(r) Hf’_* (3.19)

we obtain that

d N_yk+1 N yk+
Gl @S0 we [ 9wn] ¥ as
R (3.20)
Nk
<c ||wm(t) ||j(2:\]1\;i:))k+1 fora.e.t € (z,T).
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Multiplying both sides of (3.20) by (¢ — )X () 'bk+1, we deduce that

«i«t—ﬂﬂﬁgfﬂWﬂH,M|N2) )+{/|Vht—ﬂmﬂ'wmﬁw%gﬁﬂfdx
dt O

yk+1
N=2"" (0

k+1

ber
<ca ”(t )7y, (2) ” 2 N o)

¥ oyt — )2 bk i m(t)HZ(N 2))k+11 .
(O¢)

ie.,

||(t )k, (t)|| c / 9]¢ = 00501 -, ()] 52 e
Oy

)k+1 +
N2 (Oy)

(3.21)
255k
< (s —)ll(t LRG]S
¢ (©1)
At first, from (3.21) we have
d (L)le
(t-0) | — )" - wu )| N7,
2 P
N kel
<c||(t- ﬂ“ﬂvvuw Ziwl , (3.22)
N=27" (O)
and so
d N_yk
(E-0) |- )% wald)| 2,
2l i o
N-2
<c | =)t - w tw %H ) (3.23)
(Op)
Integrating (3.23) over [, ¢] and applying (Bx), we deduce that
=) - " w072 i N o
(Or)
N - T 2 )k
< () [0 0
T N-27 (Os)
N-2
< <c + 1>Mk forallt e[z, T],
N
which implies that
N _\k+1
(t—t)%” )% w,, (1) | Z?IA?)M(O)
t
(3.24)

N

2 N2
+ 1>Mk] forall ¢ €[z, T].

- |:(CN_

Page 10 of 19
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In the following, after obtained (3.24), we will return to (3.21) to deduce (B;1). Multi-
plying both sides of (3.21) by (¢ — T)l"% , we obtain that

1 d b 2y
E—1T) N2 —|[(t— 7)1 wy,(t

( ) dt ”( ) WI( )” 2(1\%)/@1(0»

b1+ e N_\k+1
|V|(t—t i 2(le Wm(t)|(m) ® dx (3.25)

2 kel

= el =¥ (=m0 L
(Oy)

Then from (3.24) and the definition of by,, we obtain that

)k
(t - )1+N2 ”(t ‘L’)bk+1 Wi (l’)” 2?[13 ko1
(Or)
r)Pis (l,)k*1 2
ve [ 19l ne 0] ¥ P 626)
N-2 N2
§C3|:(C ]\_[ +1)Mkj| forallt e [7,T].

Integrating this inequality over [t, T'] and using (3.24) again, we deduce that

T N kel N —
[ [ 19le- ot o [(c
T O

Consequently, using of the embedding inequality (3.12) again, we obtain that

2, 1)Mk]’“. (327)

T N yke2 T N-2 N
/ (/ (£ = )52 <, (1) X dx) dt < c5[<c — I)Mk:| . (328
T Q
Therefore by setting
N
N-2 N2

Mk+1 = (1 + C5)|:<C + I)Mk] ,

(3.24) and (3.28) imply that (A1) and (Bi.1) hold, respectively. O

3.2 Higher-order integrability near the initial time
Based on the a priori estimate in Theorem 3.1 for the approximation solutions, we can
obtain the following higher-order integrability near the initial time:

Theorem 3.2 Let Assumption 1 hold, and let u,,v, € L*(0,). Then for any T > t and
k=1,2,..., there exists a positive constant My = M(T — t,k,N, L, ||\t |+, |vc || ) such that

Lk
(-2 - 0%w)|"¥2, <My forallte(r,T),
*~=2" (o)

where w(t) = U(¢t, T)u, — U(t, T)v,, and

N

1 1 1+ 55
b1:1+§, b2=1+§+1 and bk+1=bk+W fork 2,3,.
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Proof For any (fixed) T € R and T > t, choose two sequences (¢, ) and (Vi fi) satis-
fying all conditions (3.1)—(3.5).

Then from Theorem 3.1 we have that for any k = 1,2, ..., there exists a positive constant
My =M(T - t,k,N, L |u ||z, |v:]l-) such that

2K
N

25k

b (L CHORIO)] (©0

<M; forallte[r,T], (3.29)

where u,, and v, are the unique strong solutions of (1.3) corresponding to the regular data
(t4m» fin) and (Vi, fi) on the interval [z, T], respectively.

From (3.4) we know that for each ¢ € [z, T], there are two subsequences {um/.(t)} -
{u,,(t)} and {Vm,(t)} C {vin(t)} satisfying

um,.(t) — u(t) =U(t, t)u; and vm/(t) — v(t)=U(t T)v, ae onO;asj— 0o,

where the subindex #; may depend on t.
Hence, since estimate (3.29) is independent of m, we can finish our proof by applying
the Fatou lemma:
L)k

=% |- o o -vO) 1

N \k
— (t—-1)N2 / timinf| (¢ — ©)% (4, (¢) = v,y ()N dlx
O, j—o00

N _\k
< liminf(z — T)% / i(t _ ‘L')bk (umj(t) _ ij(t)) |2(N—2) dx
J—= o0 O,
< M. d

4 Proof of Theorem 1.1

We start with the following a priori estimates.

Lemma 4.1 Let Assumption1hold, and letf € L}, (R,L*(Oy)). Then forall t € R and u €

LX(O,), the corresponding weak solution u(t) = U(t, T)u, (t > 1) of equation (1.3) satisfies
the following estimates: forany T > T,

T —
/ lu(s)|” dx < M forallse|:1:+TT,T:|, and
Os
. (4.1)
/ \u(s)|2p—2dxds§M
nrJo
7 s

with constant M depending only on T —t, | U,c(r.1) Osl Aot ftT I1f(s) “iz(o s, and ||uz ||,
where L. is the first eigenvalue of —A on H&(USG[T'T] Os).

2

ioc(R, L%*(0,)), we cannot obtain the uniform

Note that since we only assume that f € L
boundedness of the solutions in the I? sense as that in [3, 9, 13], i.e., our constant M
above depends on the time ¢ — t. However, we will show further that such boundedness is

sufficient for Theorem 1.1.
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Proof Since the results of the lemma are more or less standard, we restrict ourselves by
only formal derivation of estimate (4.1), which can be easily justified using, e.g., the meth-
ods as in Sect. 3: first, deduce the a priori estimates for approximation solutions and then
obtain (4.1) by Fatou’s lemma.

First, multiplying (1.3) by # and integrating with respect to x € O,, we have that

d
EE”u”? + /Ot |Vu(t){2dx + /Ozg(u)udx < |V(t)||t||u(t)||t forae.te(r,T); (4.2)

recall that || - ||; denotes the L?(O;)-norm; Then using (1.4) and Cauchy’s inequality, we
obtain that

d t
d—||u||%+2AITHu(t)”t2+2a1//‘u(s)‘pdxds—2,3|0t|
t T JOg

1 t

o / L) ds + 20er (@] forall e [z, 7]

(recall that A7 is the first eigenvalue of —A on H} (USE[T 71 Os)), which implies that

||u(t)||?+2a1‘/t/ \u(s)|pdxds
<5 /|[f(s)|| ds+28| | ) O,

se(,T]

(4.3)
+lu||?> forallte [z, T].

Secondly, multiplying in (1.3) by [#[?~2 - u and integrating with respect to x € O,, we have

that
Lt [ s | s
<B / |u@" " dx + |[f O] 20 | 4O 1220, 2c€-tE (2, T),

where we have used Lemmas 2.4 and 2.5 and (1.4). Consequently, using Cauchy’s inequal-
ity, we have that

i/ {u(t) |p dx + 01/ |M(7f)|2p_2 dx
dt o, O (4-4)
2
<c +asf(e) ||L2(Ot) forae. te(zr,T),

where the constants c;, ¢z, ¢3 depend only on 8, a1, and p.
Now from (4.3) we know that there is ¢, € [T, %] such that

u(ty) € L7 (Oy,) (4.5)

and

U o

set,T)

1
o = i (5 [ Volkass28) U of+met?). o
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Therefore, for any ¢ € [%, T1, integrating (4.4) with respect to time from ¢, to ¢, we de-
duce that

t
H”(t)“ip(ot)+01/ / ’u(s)’zy_zdxds

<ot —to) + 03 f O a0 s+ [y,

(4.7)

which, combined with (4.6) and (4.3), immediately implies (4.1). O
Now we are ready to prove our main results.

Proof of Theorem 1.1 It suffices to prove the following claim: For any u,,v; € L*(0,), we
have the following estimate for t > t:

U@ ou. - U, t)v. I + callue = vell (4.8)

<Cl||ur_Vr T

||H1

where the constants ¢; >0 and 0 € (0,1) depend only on t — t, ||u-||;, and ||v¢||-.

Indeed, the H'-continuity (1.10) immediately follows from (4.8).

To see the H!-pullback attraction (1.11), for each ¢ € R, we denote by B(¢) the 1-
neighborhood of .27 (t) with respect to the L2(O;)-norm. Then B(¢) is bounded in L2(O;),
and by (4.8) there are two positive constants ¢; > 0 and 6 € (0, 1) that depend only on ¢ and
[1B(2)]l; such that, for all «,,v, € B(t - 1),

||L1(t,t—1) —U(t,t-1)v, <ty = ve |2 + S llug — v |1, (4.9)

”Hl(o

Now by the definition of the (L2, L?) pullback Z,-attractor <7, for any & > 0 and any D =
{D(¢) : t e R} € 2, there is a time 7;(< t — 1), which depends only on ¢, ¢, and D, such that

dist;20, (Ut -1,7)D(r), (t—1)) <& forallt <7 (4.10)
and
U(t-1,7)D(t) CB(t—1) forallt <13. (4.11)

Then from (4.9)—(4.11) we have that for 7 < 7,

distzl(ot) (U(t, 7)D(1), ;a/(t))
= dist? H©O; )(L[(t t—1)U(t-1,7)D(x), U(t,t - 1)/ (t - 1))
<d distiz(ot_l) (U(t-1,7)D(x), o/ (t - 1))
+Ch disti‘g o, )(Ll(t ~-1,7)D(x), o (t-1)) (by (4.9))
<ce? +che?  (by (4.10)).
Consequently, we obtain the H!-pullback attraction (1.11) by the arbitrariness of ¢ and D.

In the following, we give the proof of the above claim. To make our proof rigorous, as in
Sect. 3, we will prove the claim firstly for approximation solutions and then take the limit.
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Fix T such that T > t > 7. Then, for the initial data u, and v, take {#4:pm )50 1, {(Vem}oeets
and {f,,}5_; satisfying (3.1)—(3.5).
Denote

Win(8) = Uy, (8) = Viu(s) forT <s<T. (4.12)

Then wy,(s) (m =1,2,...) is the unique strong solution of (3.7).
First, multiplying (3.7) by w,, and integrating with respect to x € O; and time, we obtain
that

[wn )] < ) |wu(@)|? Vselz, T (4.13)

and
/ [ ds < 3 (o) + [ @) |2ds Veelr ], (414)

where we have used (1.4); recall that || - ||; denotes the usual L?(O;)-norm and the constant
[ comes from (1.4).

Secondly, applying Lemma 4.1 to the initial data u,,, and v;,,, we obtain that there is
a constant My, which depends only on ¢ — 7, | Use[m Osl, Aesy frt |[f(s)||i2(os) ds, B, a1, p,
|42z, and ||Veim ]2, such that

t t
/ / |4 (5)| 72 dx s + / / V()| dxds < Mo, (4.15)

and from (3.5) we know that My depends indeed only on ||u. || ;2(0,) and ||v¢ || 20, regard-
ing to the initial data.
We now multiply (3.7) by —Aw,, (since w,,, € L*(r, T; H*(0}))). We then have

—/ W, AW, dx + / |Awm(s)|2 = / (@(Wm(s) — g(Vin(s)) Ay (s) dx. (4.16)
s os OS
Moreover, as in Limaco, Medeiros, and Zuazua [6], we have

—/ w;ﬂAwmdx:li/ |Vwm(s)|2dx—/ |Vwm(s)|21ﬂ~nsda, (4.17)
2dS O s

s

where 7; denotes the unit outward normal vector to Os, and ¢ is the velocity field
¥ = [9sr]((x,5)). Then, according to (1.1), (1.2), and (1.6), by classical trace results and
interpolation we have (e.g., see Duvaut [4]) that

v 1-v
< cv( |Awm(s)|2dx> ( / |Vwm(s)|2dx> (4.18)
Os O

for all v > % In particular, taking v = % in (4.18) and using Cauchy’s inequality, we have
that

’/ \Vwm(s)|21//~nsda
Is

‘/ }Vwm(s)|21p-nsda
Is
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1
5—/ |Awm(s)|2dx+2c;/ |Vw,(s)|*dx foralls e [z, T]. (4.19)
4 Jo, > Jo,

At the same time, from (1.4) we have that

‘ / (1 (5)) = 2 (1)) A (s) i
Os

< c/ (1 + |Ltm(S)|p_2 + |Vm(s)|p_2)|wm(s)||Awm(s)| dx
Os

< C./o }wm(s)| |Awm(s)‘ dx

(4.20)
+ c/o (|Ltm(s)|p_2 + |vm(s)|p_2)|wm(s)||Awm(s)| dx
1 2 2
< 4_1-/ ‘Awm(s)‘ dx+c||wm(s)||s
Os
+ C(” Um(s) ”ingz(os) + ”Vm ngi (©) )”WW!(S) ”i2p—2(05)'
p2y 11,

where, for the last inequality, we used the Holder inequality with power T 2p 5+5
Therefore, inserting (4.17)—(4.20) into (4.16), we finally obtain that

d )
E/ ’Vwm(s)} dx
<dc, / [F6) i + 26w 5) | + 26| % 0, (4.21)

+ ” Vm(s)”i};p42 os))

| Win($) ||L2p—2(ox)'

Since 2(1\%)" — 00 as k — o9, there is ky € N such that

N o
21 —— 2p — 2.
(N—z) b

For this ko, by interpolation we have
0
e U N 7 vty

where the power 6 € (0, 1) depends only on p, ko.
Hence from (4.21) we have that for a.e. s € [, T,

/ |VWm(S)| dx<C/ |Vwm(s)| d’”cnwm(s)” +C(||”m(s)”i€p420>
(4.22)
+ 1O 2 o) I g o o 96 2o

In the following, we will apply Theorem 3.2 to control the terms in (4.22).

3) 30 + (2= 26)by, and multiplying (4.22) by (s — £5)'°, we obtain

Denoting ro = (575 N

that

t+t\"°d 9
<S—T> VG

Page 16 of 19
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- ( %) (17w + [wm()]?)

+ ([ (s) ”21271742 oyt [vin(s) ”ig;i(os))
Nk 2220
L (L IOl N (@.23)

where by, is given by (3.2) corresponding to k.
Then applying Theorem 3.2 to the initial data u,,,, v;,,, times 7, t, and ko, we get that
there is a constant My,, which depends only on ¢ — 7, N, [, ko, and |44z [, Vi |l=» such

that
b )k T ko 2-20
((s=7) N 2| (s = 7)o wyu(s) H 2 Ko )2 < M, ™ forallse[r,¢]; (4.24)
A= (0y)

Noting (3.5) again, we see that My, also depends only on ||, ||; and ||v, ||, regarding to the
initial data.
Therefore we have the following estimate: for a.e. s € [”TT, t],

t+t\"d 2
(S—T) V)

t-1\"°
<o(s=55) (9wl + 1) (425
+ M2 () [ 0y + @ 0,) - [wm G
To ensure the power of (s — %) to be strictly greater than 1, we may multiply both sides
by (s — &%) and then obtain that
t+t\td 9
(S— T) ZVwn@]
E+T ro+1 ) )
<o(s-25) T 19wl ) (426)

t+t
re(s= ST I (9 + 1m0, - 1

Integrating (4.26) from £ to ¢, we obtain that

_ 1+rg
(55)  Iomor?
<1+ ro)<tTt) /m I Vwm(s)||2ds
2

_ ro+1
s N (ST S P P w

2

t—
v e M / (5 20 * [ 0,) - Iwn) ds
T

= 11 +12 +13.

Page 17 of 19
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From (4.13) and (4.14) we have that

11 +12

N
< t-T\® 1+79+ c—t AT + ieﬂ(t—r) + c—t —° iey(t‘r)
2 2 2 21 2 2

2

x | wn(@];

2
= Cryt-1, “ Wiu(T) ” .
For I3, using the Holder inequality and (4.15), we have that

2

t— 24 ¢ 5 )
L<c 2TM]%0—292M02P—2 (/;H ||wm(s) Hze(p 1) ds)
Ea

s

‘ w2

amypasc [, a5 ey 019)
e

< CMyy . Mo 7.0, || Wi(T) || 39~

Putting (4.28) and (4.29) into (4.27), we finally obtain that

20

H Vwm(t) || 2 = (= || Wm(f) ”i + Cro,MkO,pMo,t—r,Q,l || Wm(f) || 7

(4.28)

(4.29)

(4.30)

and all the constants contained in the above inequality depend only on ||u.||-, ||V || about

initial data, and, consequently, they are independent of m.

From (4.30) we know that {w,,(£)}°°; is bounded in Hj(O;), and therefore there is a

subsequence {w,,,/.(t)}ff1 such that
wm/.(t) — x weaklyin H(}(Ot) asj— oo.
On the other hand, from (3.4) we know that
wm].(t) — u(t)—v(t) inL*(O,)asj— oo.
Hence
u(t) — v(£) = x € Hy(O)),
and using (4.30), (4.31), and (3.3), we deduce that
[V(® - v@)|; <limint| Vw0
< Croa-rilltte = Vellz + Croat piti—zo,llte = Ve

This finishes the proof of the claim and thus the proof of the theorem.

26
||-[ .

(4.31)
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