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1 Introduction

The foundation of fixed point theory consists of the notion of metric spaces and the Ba-
nach contraction principle [1]. The spaciousness of metric space is attracting thousands of
academics with its axiomatic interpretation see [2—10]. There have been numerous met-
ric space generalisations made recently. This demonstrates the elegance, allure and growth
of the idea of metric spaces. The notion of fuzzy sets was proposed by Zadeh [11]. The
term “fuzzy” appears to be widely used and frequently occurring in current research on
the logical and set-theoretical foundations of mathematics. We believe that the primary
reason for this rapid development is simple to understand. The world we live in is full of
uncertainty because, for the most part, the data that come from our findings and mea-
surements, the ideas we utilise and the information we gather from the environment are
all imprecise and ambiguous. Therefore, any formal description of the real world, or parts
of it, is always merely an idealisation and an approximation of the true reality. Fuzzy sets,
fuzzy orderings, fuzzy languages and so on allow us to investigate and deal with the pre-
viously specified degree of uncertainty in a strictly formal and mathematical manner. The
concept of fuzzy sets has succeeded in shifting a lot of mathematical structures within
its concept. Schweizer and Sklar [12] defined the notion of continuous t-norms. Kramosil
and Michalek [13] introduced the notion of fuzzy metric spaces. They applied the concept
of fuzziness, via continuous t-norms, to classical notions of metric and metric spaces and
compared the notions thus obtained with those resulting from some other, namely prob-
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abilistic, statistical generalisations of metric spaces. Garbiec [14] provided the fuzzy in-
terpretation of Banach contraction principle in fuzzy metric spaces. Ur-Reham et al. [15]
proved some o — ¢-fuzzy cone contraction results with integral type application. Fuzzy
metric spaces only deal with membership functions. An intuitionistic fuzzy metric space
that is used to deal with both membership and non-membership functions was established
by Park [16]. Konwar [17] presented the concept of an intuitionistic fuzzy b-metric space
and proved several fixed point theorems. Kirisci and Simsek [18] introduced the notion
of neutrosophic metric spaces that is used to deal with membership, non-membership
and naturalness. Simsek and Kirisci [19] proved some amazing fixed point results in the
context of neutrosophic metric spaces. Sowndrarajan et al. [20] proved some fixed point
results in the setting of neutrosophic metric spaces. Itoh [21] proved an application re-
garding random differential equations in Banach spaces. Mlaiki [22] coined the concept
of controlled metric spaces and proved several fixed point results for contraction map-
pings. Sezen [23] presented the notion of controlled fuzzy metric spaces and proved var-
ious contraction mapping results. Recently, Saleem et al. [24] introduced the concept of
fuzzy double controlled metric spaces. For related articles, see [25, 26, 30—-33]. In 2022,
Uddin et al. [27] proved fixed point theorem on neutrosophic double controlled metric
space. In 2022, Gunaseelan et al. [28] proposed neutrosophic rectangular triple controlled
metric space and proved fixed point theorems.

In this paper, we introduce the notion of extended neutrosophic rectangular metric
space and prove fixed point theorems. The main objectives of this paper are as follows:

« Introduce the notion of extended neutrosophic rectangular metric space;

« Prove several fixed point theorems for contraction mappings;

+ Find the existence and uniqueness solution of the fractional differential equation with

boundary conditions.

2 Preliminaries
In this section, we provide some definitions that will be helpful for readers to understand

the main section.

Definition 1 [16] A binary operation *: [0,1] x [0,1] — [0, 1] is called a continuous t-
norm if:

1. pxt=1xgp forall p,7 €[0,1];

2. * is continuous;

3. px1l=gpforall p €[0,1];

4, (px1)x =g *(t*w)forall p,7,u €[0,1];

5 If p <pand 1t <0with g, 7,u,0€[0,1], then o * 7 < % 0.

Definition 2 [16] A binary operation o: [0,1] x [0,1] — [0, 1] is called a continuous t-co-
norm if:

1. por=1o0pforall p,t €0,1];

2. o is continuous;

3. po0=0forall p €[0,1];

4, (pot)ou=po(rou)forall p,t,uel0,1];

5. If p <pand u <0 with p,7,4,0€[0,1], then p ot < wod.
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Definition 3 [28] Let A # ) and p,T',n: A x A — [1,+00) be given non-comparable
functions, * be a continuous t-norm, o be a continuous t-co-norm and £2, @, A be neu-
trosophic sets. A x A x (0, +00) is said to be a neutrosophic rectangular triple controlled
metric on A if for any ¥, € A and all distinct v, I" € A\{y, A}, the following conditions
are satisfied:

L Q@,T,9) + @@, I,9)+ Ay, T,9) <3;

2. QW I,9)>0;

3. 2y, I'v9)=1forall ¥ >0ifand only if = I';

4. Q0 T,9) =200, 9);

5 QWM+ +¢) >R, T, wr))*.Q(FU,F )*Q(Ukn(“))
6. 2, I',+): (0,+00) — [0, 1] is continuous andllmg%m (W, I, 0) =
7. d(W, I, 0) < 1;

8. &y, I,9)=0forall ¥ >0ifand onlyif ¢y = I';

9. &y, I, 0) = D[, ¥, 0);

10. @Y, 0,0+ +6) < DY, T, = i) 0 (1,0, 1) 0 DU, Ay 55);
11. &, I",-): (0,+00) — [0,1] is contmuous and limy_, ;00 @ (Y, T, 19) 0;
12. A, T, 09) < 1;

13. A(Y,,9)=0forall ¥ >0ifand onlyif ¢ = I';

14. A(Y, T,0) = AT, ¥, 9);

15. (1/fk19+w+g)<A(wF )oA(Fv,F( )OA(U)» UA))
16. A(y, I,-): (0,+00) — [0,1] is contmuous and hrn,;HJroo (W, I,0) =

17. If 9 <0, then 2, I',9) =0, d(Y,I",¥%)=1and S(¥, I",9) = 1.
Then (4, 2, @, A, *,0) is called a neutrosophic rectangular triple controlled metric space.

3 Main results
In this part, we present extended neutrosophic rectangular metric space and demonstrate
some fixed point results.

Definition 4 Let A ¥ and g: A x A — [1,+00) be given non-comparable functions, *
be a continuous t-norm, o be a continuous t-co-norm and £2, @, A be neutrosophic sets.
A x A x (0,+00) is said to be an extended neutrosophic rectangular metric on A if for any
¥,k € Aand all distinct v, I, A € A, the following conditions are satisfied:

(A1) Q,T,9)+ @@, T,9)+ Ay, T,9) <3;

(A2) @, I,9)>0;
(A3) 2(y,I',9)=1forall ¥ >0ifand onlyif ¢ = I';
(Ad) 2, I',9)=2(,¥,9);
(A5) LW, r e, @ +@ +6) = 2, I,9)* (v, @) * 2(v,A,6);
(A6) 2, T,-): (0,+00) — [0,1] is continuous and limy_, .o $2(Y, I, ¥) = 1;
(A7) @y, I",0)<1;
(A8) @y, I,v)=0forall ¥ >0ifand onlyif = I';
(A9) @(y,I",0)=D(I", ¥, 0);
(A10) oV, M (W, M)W+ +¢) <Y, [,9) o @([,v,w) o0 P(V, A, G);
(A11) @y, T,-): (0,+00) — [0,1] is continuous and limy_, ;oo @ (¥, ", ¥) = 0;
(A12) Ay, T,0)<1;
(A13) A(y,I',9)=0forall ¥ >0ifand onlyif ¢ = I';
(A14) A(y, T,0) = AT, ¢, 9);
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(A15) AW, AW M@0+ +¢) < AW, T,0) o A(I',v,@w) 0 A(v, A, w);

(A16) A(y,T,-): (0,+00) — [0,1] is continuous and limy s ;oo A(Y, I, 9) = 0;

(A17) If 9 <0, then (¥, I,9)=0, @Y, ,9)=1and Sy, ", ¥)=1.
Then (A, £2,®, A, ,0) is called an extended neutrosophic rectangular metric space (EN-
RMS).

Example1 Let A ={1,2,3,4}and p: A x A — [1,+00) be a function given by p(y, I") =
¥+ I +1.Define 2,®P,A: A x A x (0,+00) — [0,1] as

1, ify=r
QI 0) = I . .

Frmax (Y. T2 if otherwise,

0, ify=r
®(w’1—',ﬁ) = max{y ry? . .

Femax(y, 2’ if otherwise,

and

0, ify=r
A(W,F,L?) = max{y F}2 . .

——, if otherwise.

Then (A, 2, ®, A, *,0) is an ENRMS with continuous t-norm g * T = gt and continuous
t-co-norm, g o a = max{g, a}.
Here we prove (A5), (A10) and (A15), others are obvious.
Lety =1, =2,v=3and A =4. Then
Y+ +¢ Y+ +¢

21,49+ +¢) = = .
( 2 P+ +c¢+max{l,4}>? P+w@+c+16

On the other hand,
L »
9(1 2, ): ) __s VY
Tp4) L emax(L2PR Lea 9424
w 50D Z @
2(23, = o4 -_6
( gg(l,4)> ﬁ +max{2,3}2 T +9 w+54
and

_Ss S
(3,4, S _ p(1,4) __6 ___S
©(1,4) %4) +max{3,4}> £+16 ¢+96
That is,

Y+ +¢ - % w <
P+ +c+16 " 9 +24 @ +54 ¢ +96

Then it satisfies all ¢#, @, ¢ > 0. Hence,

QWD+ +C)> .(2(1//,1’, L) *52<1“,u, L) % .Q(v,k, L)
- (¥, 1) oY, 2) (¥, 1)



Mani et al. Boundary Value Problems (2024) 2024:13

Now,

max{1,4}> 16

(L, 4,0 +w+g)= = .
( 2 P+ +c¢+max{l,4}? V+w@+c+16

On the other hand,
12 max{1,2}2 4 24
@ 1, 2, = 5 = 5 = »
p(L4)) S +max(l,2)2 g+d D +24
w max{2,3}? 9 54
®|( 2,3, =— = =
©(1,4) sam max{2, 3} T+9 w+b54
and
¢ max(3,4}? 16 96
@\ 3,4, =— S =< = .
©(1,4) I max{3, 4} ¢+16 ¢+96
That is,
16 24 54 96
- - S ax ) ) .
Y+w+c+16 V+24 w+54 ¢+96

Then it satisfies all ¢, @, ¢ > 0. Hence,

(Y, 1)

qb(w,,\,z9+w+g)§q>(w,r,L> o@(U,A,L) oq><

o, 1)

Now,

max{1,3}> 9
Y+w+c V+wm+c

A3, 0+ +¢) =

On the other hand,
o2 max{1,2}>2 4 24
A 1,2, = ) = ? = —,
(1,4) o(1,4) 6 ot
w max{2,3}> 9 54
Al 2,3, = = =—=—
6/9(1:4) (1,4) 6 w
and
3,42 16 96
A<3,4, ° ):ma"{g ) 2.2
©(1,4) ) ¢ S
That is,
9 24 54 96
————— <maxy—,—, —
Y+w+¢ Y w ¢

U A —

(Y, 1)

)
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Then it satisfies all ¢, w > 0. Hence,

AW, 0+ + )<A(¢FL)0A(FUL)OA<UAL>
g =" e o0 " own))

Hence (A, 2, @, A, *,0) is an ENRMS.

Remark 1 The preceding example also satisfies for continuous t-norm g * a = min{g, a}

and continuous t-co-norm g o a = max{g, a}.

Definition 5 Let (A, §2, D, A, %,0) be an ENRMS, an open ball is then defined A(y, 0, ?)
with centre ¥, radius 9,0 < 0 <1 and ¥ > 0 as follows:

AW,09)={IeA: Q(,I,0)>1-0,@(,I,9) <0, AW, T,9) <0}

Definition 6 Let (4, 2,®, A, *,0) be an ENRMS and {v,.} be a sequence in A. Then {,.}
is said to be:
1. Convergent if there exists ¢ € A such that

lim 2., ¥,9) =1, lim @ (Y, ¥, ) =0,

K—>+00

lim A(Y,¥,9)=0 forall® >O0;
K—>+00
2. Cauchy sequence if and only if for each a > 0, ¥ > 0, there exists ko € N such that

‘Q(wmwk-ﬂwﬁ) 2 1_5_11 ®(w1(l wl(+w)l9) f&, @(wK¢WK+w10) SZZ

for all k, 7 > K.
If every Cauchy sequence is convergent in A, then (A4, 2, @, A, %, 0) is called a
complete ENRMS.

Lemma 1 Let {,} be a Cauchy sequence in ENRMS (A, 2, ®@, A, x,0) such that ¥, # Y,
whenever v,k € N with k # . Then the sequence {, } can converge to, at most, one limit

point.

Proof Contrarily, assume that ¥, — ¥ and ¥, — I" for  # I". Then

lim QW ¥,9)=1, lim @, ¥,9)=0, lim A(Y,¥,0)=0
K—>+00 K—>+00

K—>+00

and

lim 2, I,9)=1, lim ®(y,, T, ) =0, lim AW, I, %) =0
K—>+00

K—>+00 K—>+00

for all ¥ > 0. Suppose

s s
QW I,9) > 9(‘#:%0 W) * Q(%ulﬂwl, 7)

3, I')
>x<.(2<1/r r L)
k+1r» 4 > 3@(1#,1")
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—1%x1%1 ask — +00,

9 9
d(y, I,0) < @(W () W) °© q’(%’w““’ W)

o
o® e Iy ————
(‘” ! 35o<w,r)>

—> 00000 as«x — +00,

AW, I, < A v A v
¥, I, = (1//’ Y W) o (¢K, Yier1s W)

s
oA et Iy ————
(w : sp(w,m)

—> 00000 askx — +o00.

Thatis, 2, I, 0) > 1x1%1=1, &, I, ) <00000=0and A(y, I",9) <00000 =0.

Hence v = I', that is, the sequence converges to at most one limit point. d

Lemma 2 Let (A, $2,P, A, *,0) be an ENRMS. If for some 0 < 0 < 1 and for any ¢, I" € A,
9 >0,

0 v
Q(¢»F>ﬁ)29<1/f’rr5>’ ‘D(‘/f,r,ﬁ)iq5<1/frf,5>,

1%
A(lﬂ:r’ﬁ) §A<1//:F¢5>¢

then =T .

Proof Condition (1) implies that

D v
Q(l”’F:ﬁ)ZQ(w’FrG_K)’ ¢(¢»F,9)S¢($,F,Q—K>,

4
AW, T, 9) < A(w,r, 97>’

keN, v >0.

Now, we have

. 9
Qy,,9) > lim 9(¢,P,Q_K):1,

K—>+00
. %

Oy, I,9) < lim @(w,l“,—) =0,
K—>+00 o«

9
Ay, T,9) < lim A(w,F,—):O, 9 > 0.

K—>+00 ox

Also, by Definition 4 of (A3), (A8), (A13), we obtain ¢ = I. O

Page 7 of 26
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Theorem 1 Suppose that (A, 2, ®, A,*,0) is a complete ENRMS in the company of
g: A x A—[1,+00) with 0 < 0 < 1 and suppose that

lim @, ,%)=1, lim &, I,%)=0 and

¥ —+00 ¥ —+00

2)
Jim, A T,9)=0

forally,I" € Aand ¥ >0. Let V: A — A be a mapping satisfying

VY, VI,00)= Q(y,I,0),

O(VY,VI,00) < (W, T,0) and AN, VI,09) <A@y, T,9) 3)

forall ,I" € A and ¥ > 0. Further, suppose that for arbitrary W, € A and k,w € N, we
have

1
K')(kar 1//K+cu) < 5
Then V has a unique fixed point.

Proof Let ¥ € A and define a sequence v, by ¥, = V¥yp = Vif._1, k € N.
By utilising (2) for all ¢ > 0, we obtain

s
9(1/% 1/fk+1,919) = Q(v'(/fk—l; Vl/fkieﬁ) > 9(!01(—1, VIK: 0) > 9(‘/&—2, 1///(—1: 5)
v D
> 2 (wK—?:r Wx—z, ﬁ) R Q(IPO» Ipl’ W)r
v
¢(1ﬂm ¢K+17919) = ®(V1//K—1: Vl/fm9l9) = ®(1/fk—1) 1//)(7 19) <o (%2, 1ﬁ;<71, 5)

o 9
= ‘P(l/fk—syw-z, @) << @(wo, Vi, F)

and

4
A(T//m 1»[/I(Jrlr 919) = A(Vlﬁx—l, VI/’K’ 19) = A(wk—l: 1[//(’ 19) = A<I//K—2’ 1»[/K—l; 5)

3 2
< A(lﬁxsﬂ/h«z, ﬁ) <---< A(Kﬁo; 148 QK—I)

We obtain

9
Q(Wm ka+l1919) Z -Q (!ﬁo; wl; 9’(—1)7
2
D (Ve Yier1,00) < @ (l/fo, v, 9,{—_1) and

v
A(WKI 1p[/f(Jrlyeﬁ) S A (wo; \01; 9’(—_1)
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Using (A5), (A10) and (A15), we have the following cases:
Case 1. When i =27 + 1, i.e. i is odd, then

Q(Iﬁm Iplc+2ﬂ+l’ ﬁ)
9
> 2 (1///(’ I/IK+1’ —)

3(69(1/[/0 1»[f/(JrZTrJrl))
0
2 k+L'We+2 57 7, W\
* (w lw ? 3(69(wmw1<+27r+1)))
* .

s
3" (&)(w/(+271—2r ‘/fk+2n+1)@(‘//;(+2n74: 1/f/(+27-r+1) e 69(1//'1(; I//;(-*-27z+1)) )

* §2 (1/IK+2:T—1, I//K+27T!

s
(@(W“z;r-z: W/c+2n+1)69(‘//;<+2n—4: ¢K+2ﬂ+1) T 60(%7 1p/<+27-r+1)) ) ’

* §2 <¢K+2nx 1ﬁ/<+27r+11 37

‘p(lﬁm Ipl<+27'[+1v 7-9)

v
@ K> K+l 5, . 5, \\
= (w w ! 3(50(1#/(: 1ﬂ/<+271+1)))

D
o <¢K+17 Yier2s m)

O---

4
(@(‘/fx+2n—2, WK+2)1+1)6O(¢K+271—47 1///<+27r+l) e 50(%, %+2n+1)) )

o ® (wK+2ﬂ1? I/f)<+27n 37

%4
3 (@(1//)(+27z—2: 1/’K+271+1)K=)(1/ff(+27r—4J wK+27T+1) e K)(I/fm 1/’)(+27z+1)))

o ® <wk+2n: Yier2m+15
and

A(V’m I//K+27T+l’ 19)

%
= 4 (Iljk, w’ﬁl, 3(@(1#“ Ip/<+27'r+1)))

4
oA k+L W2 =7
("’ 1 Viesz s(p(wmmm))>

O«

%4
(@(1//;”27[—2: I/fr(Jr27'r+l)6/=7(1/f/(+27r—4’ llfx+2n+1) e Kv)(lﬁm 1///(Jr27r+l)))

oA (Wﬁ(ﬂn—l: Yier2ns 37

s
3" (@(wk+2n—2, '//K+27z+1)59(¢'»(+27r—41 1,[fl<+27'r+1) e @('//KJ ¢K+27T+1)) ) '

oA (vfxﬂm Yier2n+15
Using (4) in the above inequalities, we deduce

9(1//K, wK+2n+1, 19)

v
= “ (WO’ WI’ 39K_1 (50(1//“ 1/[K+27T+1)))

0
Q ) )
* (1//0 V/I 39‘{(6/')(1#10 ¢K+27[+1))>

Page 9 of 26
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4
‘Q ) )
* (wo wl 3”9“2”"2(@(1/&47:-2, 1/f/(Jr27r+l)5/9(1///(+27r—4J wx+2n+1) e 6/‘)(1/}/(’ 1//;(+27t+1))>

4
* 42 (1//0’ 40 3702 (Yran-2) Yies2m s 1) Wicr2n -2 Vieszms1) - 9 (Wies Yiewan 1)) ) ’
D (Y, Va1, V)
<o (WO, Y1, i )
301 (o (Y, Yier2n+1))

D
od , U,
(wo wl 30K(6®(¢m wx+2n+1)))

O -

s
¢ ’ ’
° (wo wl 3ﬂ0K+2ﬂ72(@(¢'}(+2n—2r 1/fk+271+1)59(1/fﬁ(+2n—4’ Ipf<+27'r+1) e P(‘/fm ]//K+27Z+1)))

s
b » V1, )
° (wo wl 3ﬂ0K+2”71(6/‘)(¢K+27'[72’ WK+271+1)5O(‘//K+271—4; I//'/(+27-r+1) e KJ(%, 1701(-*-271-*-1)))

A(wm 1///<+27t+11 19)
< A<¢0’ 1#1, v ) OA<¢O, \bl’ - >
= 39K—1(p(¢m ¢K+1)) 39K(@(wx+l, I//K+2))

s
A ’ ’
° (1/[0 WI 3”9"*2”’2(@(1//“2:171, ¢K+2n)@(l/fk+2n—2j 1g[/'/<+27'r+1) T @(1//K+27 I;0K+27'r+1))>

s
A Y1, .
° (wo I/fl 37[9'”2”71(@(1%“27“ ¢K+2n+1)@(w/(+271—21 1//K+ZJT+1) e 6/9(1&/(4-2: 1)0;(-*-27”1)))

Case 2. When i = 27, i.e. iis even, then

-Q(lﬁm 1p1<+27'n 19)
- 9(¢ " #) * .Q(lﬁ Y, L)
= B (oW Yreran) T 3o e Yienan))
* .
* .Q(l/f 14 - )
k42 =32 Y +2m -2 3”71(60(1/[1(4&11—4; I//'/<+27'r)p(‘,//f(ﬂrr—& I//'/<+27'r) o ‘50(%, I//'/<+27'r))
¥
22 Kk+2m-2s Yi+2m s ’
* (w -2 w 2 3”_1(@(¢K+2n—47 WK+211)5/')(WK+271—6; wk+2n)"'@(1//m WK+271)))
‘1’(%; 1p1<+27'n 19)
19 1}
0] o0 Yirls oo | 0 @ | Y1, Yier2)
=< (1ﬁ ‘ﬂ 1 3(@(¢K’WK+2”))) (1// ! 1/j 2 3(69(770;(: W/H—Zn)))
O---

4
@ K+2m=2r VK+2m )
° (w 2 w 2 37171(@(1//K+27[74! 1//wr2rz)6/9(1///@471—6’ '//K+27z) e @(‘/fm ]//K+27Z ))>
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and
A(vfm I/’K+27-u 19)
=A (Iﬁ v 4 ) A (Iﬁ v 4 )
WY+ 57 75, . w|° S L B —
- " 3(p (Wi, Yiran)) P 3o (Ve Yieran))
O---
oA (I// v v >
Krammt Veaan =3 31171(59(10/”271—4’ lpk+27—1)69(w1<+27-r—61 1’b;H-Zn) e SO(WK: ¢K+2n))
D
A k+2m-3>» Yi+2mr-2
° (w 3 W 2 3]1_1(69(1//K+271—4r 1//)(+27Z)60(1//K+27T—6’ l[f)(+27z) e 8/9(1///(» 1lf)(+27z))>
oA <1/f " v )
K= P 371 (p(‘/fﬁ(+2n—47 wk+2n)89(]//»(+27z—6r wk+27'r) e 50(@[/‘,(, wk+27'r)) '

Using (4) in the above inequalities, we deduce

52 (I//K, I//K+27T, ls )
1 > x® 52 (wo w] )
36 (60(¢K! l;AK+27'[)) ’ ’ 36 (p(l/fl(l wK+27'[))

> 2 (WO’ le

s
‘Q ) ’
* (wo wl 3n_19K+2ﬂ_5(§)(1//K+27r—47 I///(Jr27r)5/<)(1[/;c+271—67 1///(Jr27r) e /S/')(wxr 1///(Jr27r)))

s
Q ) ’
* (1//0 Vll 371_1‘9K+2ﬂ_4(50(1//»(+27z—4r 1/’K+271)@(¢3(+27r—67 1/fl<+27'r) T Kl(lﬂm 1/fl<+27'r)))

s
3"719”2”73(@(!0“2”747 1//K+27-r)50('10;(4-271—67 wl(+27'[) e &)(1/[/(7 wl(+27'[)))’

* 9 <w0: wl;
@(Iﬁm wk+2717 19)

9 g
(p ) , (¢] d) k+1 Y+2»
= (""’ v 39“‘1(59(1ﬁx,1ﬂx+1))> (‘” b 39K<p(wm,wk+z>)>

O«

s
¢ ) )
° (wo wl 3”_10K+2ﬂ_5(@(¢K+2ﬂ—47 1/’K+271—3)60(¢K+271—47 1/fl(JrZJ'r) e p(wk+2! 1g0;<+27'r)))

s
¢ ’ ’
° (wo wl 371710K+2n74(50(¢/(+2n—31 WK+271—2)6/9(1/[/(+271—41 WK+271) T @(I/IIHZJ I//'/(+27'r)))

s
¢ ) ’
° (wo wl 3”'19“2”’3(60(!0“2”-2, WK+271)/S/')(1)0K+27T—47 WK+271) e 8/‘)(1//16+2: 1p/c+27'r)))

and

A(WK’ WI(+27I! ﬁ)

9 9
A , , OA k+1» Y+2»
< (1//0 ¥ 39K_1(6O(¢K,W1))> (‘” b 39’((60(1/&”71//“2)))

O«:-

4
A ’ ’
° <w0 wl 3]1719K+2”75(@(1/fk+2n—4’ ¢K+2n—3)60(1/fk+2n—4j 1//'/<+27r) e @(]//wrb 1/fk+2ﬂ)))
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s
A ’ ’
° <¢IO wl 3”’19“2”’4(@(%&”73, ¢K+2n—2)@(wk+2n—4j 1[/'/(4-271) e p(])ljl(+2’ 1//K+27T)))

24
A U, .
° (I/IO wl 371—19;(4—271—3(&)(1%”2”_2’ wx+2n)5/=)(1p/(+27r—41 ¢K+2n) e 50(10,”2, 1pf(+2;1)))

Since «,w € N, we have

W Vera) < %

Therefore, from (2), for each case k — +00, we deduce

lim W, Vs, ) =1%1%---%x1=1,

K—>+00

lim @Y, Yesi,?)=0000---00=0
K—>+00
and
Iim AW, VYesi,9)=0000---00=0.
K—>+00
Therefore, {1/, } is a Cauchy sequence. Since (4, 2, P, A, *, o) is complete, there exists

lim ¥, = .

K—>+00
Using (A5), (A10), (A15) and (2), we get

2@, Vy, )

4 4
>‘Q bl K’i ‘Q K K+7—
= <¢ v 3(p(w,vw))>* (‘” v 13<@<w,w»>

4
6 (‘/’““ YV o, w»>

s v
=0 Wierly ——————— (Ve ,, VY, ——————
(M’ 13(p(w,w>)>* ( V1, VY, B(pw,w»)

v
9 (W“ YV 3oy, w»)

4 4
= 9(‘”’ Ve 5w, vw») * 9(‘””‘“”“ 3(5@(¢,v¢)))

s
Q K Y . T —
* (‘/’ v B(p(w,vw)))

—>1%x1%x1=1 askx — +0q,

D(y, Vi, )

4 s
= ‘p(‘”’ Ve 3o, vv/))) °® <‘”“ Vierr S(so(vf,—vw)))

4
°® (‘” YV o, w»)
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s 4
o (Y, Y0 ——— ) o & Vit Vih —————
(M’ 3(@(w,w>>) ( Vi VI B(p(w,vw)))

4
°® (W’“’ YV 3oy, w»)

4 4
= ‘p<‘”’ Yo 3o, w/))) °® <‘””‘1”’”K’ 3(p<w,—w,))>

2
o (D K Y~ T — N
(‘” v 3<p(w,wf>>>

—>00000=0 asx — +00

and
AWV, D)
= A(“’””“’ ETes w») °A<¢’“””““’ T w)))
°A(w““w’ w V) ))
ZA(‘WK w Z0) )°A(WK v wﬁvw)))
°A<W’” Y 30, w»)

A s Wies oA k=1 Vs
= ("”” 3o, wf))) (1” TP w)))

4
° A(‘””’ Y 30, wf»)

—->00000=0 asx — +o00.

Hence, Vi = . Let Vu = u for some u € A, then
2 v
1ZQ(M,\[/,l?)ZQ(VM,VW,l?)EQ(M,w,g):Q(VM,V¢,5>
2 9
Z~Q<M,1//,E>Z"'ZQ<MH//,9—K)—>1 as Kk — +09,
) )
0§®(M7W¢ﬂ)=¢(vﬂvarﬁ)§¢ ,Uuwyg =¢ Vﬂivwrg
0 v
S@(M,Iﬂ,ﬁ)§“'§¢<ﬂ,w,9—,(>—>0 as Kk — +00
and
) )
OSA(MIW71?)=A(VM)V¢71})§A //L,wyg =A V/'Lrvag

s 2
SA(M,V/,E)E'“E/\<M,¢,9—K)—>O as Kk — +00

by using (A3), (A8) and (A13), ¥ = . Therefore, V has a unique fixed point.

Page 13 of 26
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Definition7 Let(A, 2, P, A,*,0)bean ENRMS. Amap V: A — Aisan ENRC(extended

neutrosophic rectangular contraction) if there exists 0 < 6 < 1 such that

1__1<9[71 _1] (5)
QPY,Pr,9) ~— W, I,9)

@ (Py,PI,0) <0®(y,T,0) (6)
and

APy, PT,9) <0AW, T,9) 7)

forall y,I" € Aand ¥ > 0.
Now, we prove the theorem for ENRC.

Theorem 2 Let (A, 2, P, A, %,0) be a complete ENRMS with : A x A — [1,+00) and
suppose that

im 2y, 1,0)=1,  lim @, ,0)=0 and  lim AW,I,9)=0  (8)

forally,I" € Aand ¥ >0.Let V: A — A be an ENRC. Further, suppose that for an arbi-
trary Yo € A and k,w € N, we have

1
6/’)(1/5(: wkﬂu) <z
0
Then V has a unique fixed point.

Proof Let v be a point of A and define a sequence ¥, by ¥, = V¥t = Vi/._1, k € N. By
using (5), (6) and (7) for all ¥ > 0, ¥ > w, we deduce

1
S ——
9(%, wk+1r 79)

_ 1 o 59[ 1 } _ 0 »
‘Q(Vl/fk—lwimﬁ) Q(wk—bwmﬁ) ‘Q(I//K—lx 1%(:19)
1
Q(wmwlwl’ 19)
< L + (1 _ 9) < 9—2
- Q(wk—lr 1/’/(119) - 'Q(l//K—Z: wk—lrﬂ)

=

+0(1-0)+(1-0).

Carrying on in this manner, we deduce

1 Jals
0 Y1=0)+6“2(1=60)+---+0(1-6)+(1-0
T = 2oy O A0+ A= 4 101-0) + (1-0)
< gyt O O 00-0)
9/{

= 2w 1)
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We obtain
1
K S Q K> K+ ’19 ) 9
g = ) ©)
d’(lﬁm Ipk+l’ 19) = d’(Vlﬁ;«—b Vwm 79) =< 9¢(WK—1’ wm 19) = 4’(V¢K-2, V‘(ﬂl(—]J 19)
< 92@(1”/(—2) 1#;(71, 19) <-.-< 9’(@(1”0’ Wb 19) (10)
and

A(WK’ 1//K+1, 19) = A(VT//K—h VI/IK: 19) =< QA('(//K—I’ WK’ 79) = A(VWK—Z: v'(//r(—lx 19)
592/‘(1#1(—2! WK—lr 19) <--- EGKA(wO! leﬂ)- (11)

Using (A5), (A10) and (A15), we have the following cases:
Case 1. When i = 27 + 1, i.e. i is odd, then

-Q(lﬁm 1p1<+27'r+1; 19)

4
Q K> K+l 5, . 5, N
= (w w ' S(BO(WK: 1,lf/<+271+1)))

v
Q k+1 Wr+2y 5,7 ., . W\ o
i (w ' w ? 3(@(‘%0 150/(+27r+1))> *

¥
Q K+2m—2» Yk+2m—1»
* (vj 2 w 2t 37 (Bo(wlﬁ-Zn—Z: WK+2n+])6O(wK+2n—4J ¢K+27t+1) e @(%, WK+211+1)))

4
"6 (‘ﬁ“z’”’ Y S o nran-ar Vnram 09 Wrerom s Veram 1) 9 wmm)))
* §2 (‘ﬂmzm Yir2m+1> v ),
3 (O Wiran-2 Yier2ns )P Wics2n 4 Viesan 1) - - - 9 (Wi, Yieram+1))
D (Wi Yicsam 1, D)
<o (wm Yierls +> o <1ﬁx+17 VYis2s +>
3 (e, Yier2n+1)) 3(0 (Y, Yier2n+1))

P
o (‘/fmznz: Yiesam-15 v >

3 (O (Wicr2n-2) Yier2n+1)OWics2m 20 Yieran+1) - - © Wies Yiewam+1))

4
P K+2m—1» Yi+2ms
° (w 2t w > 37 (8/')(1///”271—2, l//K+2ﬂ+l)BO(¢K+27T—47 1///(Jr27r+l) e So(l//m wx+2n+1)) )

s
P k+2mr Yic+2m+1»
° (w 2 w 2 13”(@('//K+27z2:1/fk+271+1)§7(1/fk+2714!¢K+2ﬂ+1)"'@(wkrl/fk+2n+l)))
and
A(I/IKIWK+27T+1)1?)
R o)
N o e S(Q(l/fkll/fl(+2ﬂ+l))

U
A +L VYe+2 57 . W
° <¢'” 1 V2 3(@(1/fk,1//x+2n+1))> °
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s
A Kk+2w -2 VK+2m-1»
° <I/f 2 1[/ 2t 3”(@(1%”271—27 1p;<+27-r+1)6O(W/c+2rz—4, W/c+2n+1)' "50(1//10 ¢K+27T+1)))

s
A k+2m—1> Yi+2ms
° (I/f et w 2 3 (@(wk+2rz—2r 1//K+27T+1)6O(1//K+27T—41 ¢x+2n+1) U 6/‘)(1///(7 1///(+27-r+1)))

4
A k+2m Vic+2m+15 :
° (w ? w el 3" (6/1)(1//K+271—2: 1;[/)(+27z+1)ISO(l[f;Her—él-: 1/ff(JrZJ'r+l) e 5/')(1//)(; wK+27T+1)) )

Using (4) in the above inequalities, we deduce

9(1/fm Iplc+2ﬂ+1’ 19)
1 1
Z oK 1 9’( * gr+1 +1 e
LWV 3= +1-09) 2Wod e + (1=
PP 3o Wie Ve 2 +1)) 0, 1’3(&7(1/’K:WK+271+1))
1
* Qr+2m-2 P )
Yo 5 +(1-06 )
0 1'3”(&)(W;(+271—2"//K+2n+1)KJ(¢K+2n—4v‘/JK+2ﬂ+1)"‘KJ(V/K:WK+27{+1))
1
* gr+2m-1 e2m—1
T 7 +(1-6 )
0 L 3T (o Wieran—2 V2 + 19 Wi 12— Ve 122+ 1) 0 Wk Vica 2 +1)
1
* gr+21 2 ’
e = +(1_6K+ JT)
OV BT (oW 12w —2Vicr2m+ DO Wi 1274 V127 + 1) 9 Wi Ve 127 +1)
(p(lhx, 1//K+271+11 19)
v
<0 o (Iﬁo, Voo
3(60“01(: WK+27r+1))
g
0f 1 <¢0, Yy, ———— | o---
3(@(101(1 I//K+2JT+1))
9
09K+2n—2¢ 1#0 1#1
’ ’ 37 (@(w:(ﬂn—z» wK+2ﬂ+1)6O(WK+27T—41 1)b;<+211+1) e 60(!0,(, WK+27T+1))

0K+2n—l¢ , , v )
° (wo WI 3" (59(1/’;(+27t—21 wx+2n+1)6/')(1/fk+271—4, ]//K+27Z+l) e KJ(%, I/f/(Jr27r+l))

s
9K+27r(p , ,
° <1/f0 1[“ 3" (50(1,0“27172: 1/fl(JrZJ'rJrl)p(‘/fﬁﬂbz—ﬁh 1pf<+27'r+1) e B/J(l/fkr 1;[/»(+27z+1))>

and

A(w/o 1p/<+27t+1: 19)

g
0" Wy, ————————
S A(wo wl 3(59(1#)(: I/f1<+27'r+1))>

v ) ...
(60(‘,[’/«» ¢K+2n+1))

0K+27f—2A , , v )
° <1ﬁo l/fl 3" (K’(wmz:r—zy 1//K+27r+1)5/¢)(1//)(+27z—41 1ﬁk+27'r+1) e 5/9(1//)(» 1//K+27Z+1))

° 9“1A<‘ﬁ0, g

9K+27T—1A , , 4 )
° <w0 wl 37 (@(¢K+2n—2’ 1/fk+2n+l)p(1//k+2n—4r I/fk+27'r+1) o @(‘/fm ]//K+27Z+1))



Mani et al. Boundary Value Problems (2024) 2024:13

s
9K+27TA , , .
° (wo wl 3 (@(wk+2n—2’ ¢'K+2n+1)60(1/fk+271—4: ]//I(+27T+1) e 50(%, 1/f1<+27-r+1))>

Case 2. When i =27, i.e. iis even, then

.Q(K/f;{; 1/[/(+2rr:19)
19 ’l?‘
>0 e Wil ———————— 2 K+l Vit o~
e O oo wew ) A (R e
* ..
* .Q(lﬁ ) - )
k+2m 4 Yk +2m -3 3”71(59(10;(&71—4’ 1///<+27-r)K=)(¢;<+271—6’ 1///c+27'r) e KJ(%, 1///c+27'r))
s
22 k+2m -3 Vic+27-2>
* (w 23 w -2 3”_1(59(1//;(&7[—4: wK+2n)p(1//K+27r—61 ¢K+2n)"'5/3(¢/xt ¢K+2n))>

s
3ﬂ_1(@(¢f<+2ﬂ—4: 1/fk+271)60 (1/fk+271—6j ¢K+27T+1) e K’(me 1;[/»(+27z)) >’

* 2 (WK+27T—2; I/fk+27'rx
(D(lﬁ,(, I//K+27'[! 19)

s 4
= q’(‘””"”“l’ 3(9(1//“1//“2”))) °® (‘/’”“’ Ve 300, mﬂ»)
4

32(@(1//K+21 I/fK+27'[)K')(I//K’ 1plc+27r))) e

o® (¢K+2) Yies3s

s
P K+21—4r VK +27-3»
° w At I// s 37[71(@(1%”271—47 1//K+27r)50(¢x+2n—67 WK+27T)“'60(¢K7 WK+27T))>

3”_1(@(1//“2”-4: 1/’K+271)K<)(')[fx+27t—6r I/ff<+27'r) e p(wm I/ff<+27'r))

o <WK+27r—3r Ip;{+27‘[—2’ ° )

D
¢ K+2mw—27 K+27T
° w 2 I/I ? 371 (@(wk+2n—4r 1/’K+27z)@(¢x+271—6: 1//K+27Z+1) e KJ(W: 1/fk+2n)))
and
A(ww WK'+27TI ﬂ)
< a(vev ) R T
W+ 57 75, 5, W |©° k+bL Wies2o 57 5 5 W
- ¥ 3(p (Vs Yieran)) VT 3o (W Yieran))
O---
oA (w " v >
Kramm Peaan =3 37[71(60(1//1(+27[747 1)//K+2J'[)(SO(I,[/'K+27T—6’ 1)01(4-27[) o @(‘/fm 1)[/K+2J'[))
D
A k+21-3» Yic+2m-2»
° (w s w 2 3n_1(@(wx+2n—4, lpk+2ﬂ)459(‘7[/1”271—6: ¢x+2n) e KJ(WK, lpk+2ﬂ))>
oA (1// v v >
Kram = i 371_1(5/')(1//)(+27z—4r wk+271)50(1//)(+27z—67 I/f/<+27'r+1) e K')(]//K: ¢K+2ﬂ)) '

Using (4) in the above inequalities, we deduce

9(%7 lﬁx+2m 19)

1 1
= 1 L (1-6)
OISR e omrmres) LUV S50 Yz )

Page 17 of 26
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1
* gK+2 Kook
5 +(1-6r+2)
Wo¥1,
32 o2V +2)9 (Wi Vi r2m))
1
* gr+2m—4 127 -4
7 +(1-0 )
QW0 =t
3T oW +2m—aVic+27 )9 Wi 127 —6 Vi +2m) 9 Wi Wi +27))
1
* gr+2m-3 K427 -3
i} +(1-6 )
2o =
3T W27 —aVic 4200 Wi s2m—6 Ve + 27 ) 0 Wi Ve 4 27)
1
*
9K+2n—2§ + (1 _ 9K+27‘!72)’
QWo.¥1,
37[—1(E’(¢K+2ﬂ—4’wk+2n)KJ(’//K+2n—6r¢K+2ﬂ)"‘KJ(V/Kr‘pKJan))
(D(l/f,{, I;Zf/<+27'r: 19)
<0*® (Iﬂ v —ﬁ )
= 0 Y1
3(@(1”/{: WK+271))

0K+1¢ 19
° <w““w“”mpwhwwh»>°”

s
3”71(60(1/5”271—4; 1//'/<+27r)p(l;//wrbr—& I//'/<+27r) e 59('//)(! I//'K+27r))>

° 9K+27T—4<¢ (1//0’ 1//‘1;

s
37[71(69(1#;”2;1—4) w;c+2rr)@(¢x+2n—6» W“zn) e 60(%, 1p/<+2rr))>

oe“h3¢(wmwh

4
3”_1(@(1///&27{—4: wK+2T[)K<)(wK+Zﬂ—61 w/Her) e KJ(I//K, w/Her)) ) ’

0 O* T2 ('ﬁo» Y1,
A(’(//K’ 1//1(+271y ﬂ)

. 9
EHA(w“w”%pwbwﬁh»>

00K+1A<w w #)O,,,
TR 30 (e, Yeran))
v

37171(60(.&0-1(-%—27'[741 1/fk+2n)69(1/f/(+2n—6r 1/fk+2n) e @(wkr 1/fk+2n)) >

° 9K+27T—4A<1//0, 1//1,

¥
3ﬂ_1(8/<)(w;<+2n—47 WK+271)/S/'—)(wK+2T[—67 1pf(+27-r) e @(V/m 1p;uZ;-r)))

oe“”3A<wmwh

24
3”"1(60@//“27174: 1/’K+277)50(¢K+271—67 1/ff(JrZH) e 6/1)(1/5(7 1/ff(JrZH)) ) '

0 KA <Wo, V1,
Since k,w € N, we have
1
5/')(1//)(; 1//K+(u) < 5
Therefore, from (8), for each case k — +00, we deduce that

lim 9(1/f/<;1/fx+w,19)=1*1*"'*=1,
K—>+00

lim @ (Y, Yesw ) =0000---00=0

K—>+00
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and
lim A(Ye, V4w ®)=0000---00=0.
K—>+00

Therefore, {1, } is a Cauchy sequence. Since (A, 2, @, A, *,0) is complete, there exists

lim ¥, = .

From (A5), (A10) and (A15), we get

;_159[;_1]:#_
VY, Vi, 9) LW, 0) W ¥,0)

1
- < QY VYD),
aworn T (10

Using the above inequality, we obtain

) * §2 1//)(’ I//K+1y

Q(w,Vl/hﬁ)EQ(Vf’%: o, VW)

3p(V, V)

*'Q(wwrl’ 3 (w VW)

(
50.7)

*9(% )
)

3p(¥, Vlﬁ)) 3p(¥, V)

* £2 (V!ﬁk, VI//,

Z ~Q<¢” 1//‘10

Iﬁ V)

Q(w v, v >* 1
- T By, Vi) o

LWV 355wy +H1-6%)

1
0
LWV 35y +1-9)

—1%x1%x1=1 ask — +09o,

<P(w,VW»19)S‘1’(W:¢K’ GV )"q’ Vel S ) w>)

od (W/Hl; Vi,

391, w>) ° 3V, V)
¢

3p (¥, V)

= ¢(w’ ‘[/K;

(

)
@(WK T — )
)

od (Vlﬁk, Vi,

g k-1 L
< d’('ﬂ”;lﬂw m) 09 @(w/(—lx 1/00 3&)(1//,Vw)>

v
° M(‘/’“‘/” Bp(w,vw)>

—00000=0 ask — +00
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and
A(WVI/M?) < A<¢vwk: w Vw)> o A(I/fmwm-lr w V’ﬁ))
OA(W/HI;VW 3 (1// Vl[f )
s
—A(w’“’“’ (¥, Wf)) (V‘/’” vV 3o V) W))
v
°4 (W”’ YV 30y, Wx))

s 1 W
= A(‘”’ Ve 3p(Y, vw)) °f A(‘”“"”“ 3p(w,w>)

s
° M(”’ V300, wf)>

—-00000=0 asx — +00.
Hence, Vi = 1. Let Vi = u for some u € A, then

1 1
_1= _
Y, 1, 9) VY, Vi, 9)

IA

9[; _ 1] Y
Q(\b: M, ) 9(1/0#,19)
which is a contradiction.

¢(l/fr M, 19) = ¢(V1ﬁ: VM: ﬂ) =< 945(% M, 19) < ¢(l/fr M, 19):

which is a contradiction and

AW, 1, 0) = A(VY, Vi, 9) <OAW, 1, 9) < A, 1, B),

which is a contradiction. Therefore, (¥, u,?) = 1, (Y, u, %) = 0 and A(y, u, ) =0,
hence, ¥ = 1. Hence, V has a unique fixed point. O

Example2 Let A=[0,1] and pp: A x A — [1,+00) be a function given by

ify=r,
Limax{W B} e 4 T

1+min{y,I"}

@(W:F) =

Define 2,®,A: A x A x (0,+00) — [0,1] as

s
O+ -T?
T
O+ |y -T2
|y — I
T

W, I,9)=

oy, I',9) =

A(W»F, 19) =
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Then (A, £2,®, A, *,0) is a complete ENRMS with continuous t-norm g * 7 = 7 and

continuous t-co-norm ¢ o T = max{g, 7}.
Define V: A — Aby V() = l’é_w and take 0 € [%, 1), then

1-3% 1-37T
Q(Vw,vr,eﬁ):9< —— ,90)

) 69 o
0 + |12 i gy BYSTR
69 4909 9
= > = 9(1//, r,?9),

>
Top 4 NI 4900 4 [y - T T 9+ [y - T

1-3"% 1-37T
d(Vy,VI,00) = qb( ,—,919)
7 7
|1—3*W 137" 2 |3~V -3-1"|2
_ 7 7 _ 49
09+ AN ERIR T o9+ 35T
137V 312

T 4900 + 37V —3 T
2 2
Ww-rp T

=o(y, I,9
SA09 + W -T2~ 0+ | —T|2 W.I,9)
and
1-37V 1-37"1
A(VY,VI,00) = A ) ,00
7 7
|1_3,¢, 13T 2 137V —3-I"2
_ 177 7 _ 49
0v 0v
37V 312 -r -r
_| ISW |§|I/f l:A(w,F,z?).
49600 49600 g

As a result, all of the conditions of Theorem 1 are satisfied, and 0 is the only fixed point

for V.

4 Application to fractional differential equations

This section is devoted to finding a solution of the following fractional differential equation

consisting of Caputo fractional derivative. Further details can be found in [29].

Dgﬂ/f(f)‘*g(fﬂﬁ(f)) =0, O<rt«<l,

where 1 <§ <2, ¥(0) + ¥'(0) =0, ¥(1) + ¥'(1) = 0 are the boundary conditions with

g: [0,1] x [0,00) — [0, 00) being continuous. Define §2, @ and A given by

s
2WE @)= w0 S TP

0
@(Y(x), (2),9) =1- el O+ [Y(2) - T(D)]?

forally,I" € Aand ¢ >0,

forally,I" € Aand ¥ >0
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and

A(W(T)’F(T),ﬂ)z sup M

forally,I" € Aand ¥ >0,
t€(c,a] 14

with continuous t-norm and continuous t-co-norm defined by exa =¢e-d and éoa =

max{e, a}, respectively. Define p: A x A — [1,+00) as

e, )=y +T +1.

Then (A4, 2,®, A, %,0) isa complete ENRMS. Note that » € A solves (12) whenever ¢ € A
is the solution of

_ ! 11 8-1(1 d
VO = /0 (1= ¢) (1= 1)a(e, ¥ (0)) de

! ' 5-2
*m/o (1= -)a(6, v (0)) de
BRI PSS
+r(5)/0 (t-0"a(ev(©)ds.
Theorem 3 Counsider the operator V: A — A as

V@ = —— [ (- ng(c,we)d
W_W/o -¢ -1)g(2, ¥ () dt

1
"Teo1

B A
’ r(a)/o (- )", ¥(0)) de.

1
/0 1-¢) 21 -1)g(¢, ¥ () de

Suppose that the conditions:
(i) forall y,T" € A, g: [0,1] x [0,00) — [0,00) and 0 € (0,1) satisfies

lo(c,v(©) - (¢, T(©)| < VOl (©) - T'(¢)

’

(ii)
1-1 1-7 2

su + +
TG+ " TE) "TE+1)

=n<l,

hold. Then equation (1) has a unique solution.

Proof Let ¥, I" € A and consider

1
V() - VI@)f = ‘ﬁ fo (1= (1= D)o v Q) - a(6, 1)) de

— 1 ! §-2
’ 1“(5_1)/0 (1= -1)(g(6, ¥ () - 8(s, T(©)) d¢

Page 22 of 26
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2

e )
+F(5)/O(T )’ a2, v (@) —9(¢, I'(©))) de

< L ' _ #0101 _ _
—(r(a)/o(l 011 -0 (a5, v(©) - 05, T (©)))| de

1
r(-1)

1

+ /0(1—5)8‘2(1—r)l(g(c,w(c))—g(c,F(g)))ld;“

+ L/T(r—c)‘i‘ll(g(z,w(:)) —g(C,F(C)))|dC>2

I'(8) Jo

L - oet e -
< (55 | 0-0 a0t - rofac

1 1 52 1

o |, a- o0 0et v - rolac

T e e ’

v [ -0 o - o))

2f 1 1
— 6|y ()= (0)| (m/() (1= (1—1)de

1 ! -2 1 i -1 :
rroo L amora-nac s [Ce-oma)

oy F()2 1-1 1-1 !l 2
=0y() - T|<r(5+1)+r(5)+r(5+1))

<6’|¢(r)—1"(r)|2 sup( 1-7 +1_t+ i )2
- rconp\(@+1) T T(E+1)

=]y (r) - ()]

<0ly(@) -l
So, we have
VY (2) - VI @] <6y () - r@)|-

Now, for all ¢, I" € A, we deduce

2(Vy(x),VI(z),69) = sup 09
7€lc,a] 09 + |V (t) - VI (7)|?

2 sup 019

7€[c,a] 09 + 9|1/f(f) - F(T)|2
B s
T e P+ U (D) - T (D)

=2y (), (x),9),

(p(V‘/’(T),VF(t),Gz?) =1- sup 09
relea) 09 + [V (1) = VI (7)]?

00V
<1- su
=T L 00 40y () - T (D)
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s
=1- su
i T+ (D) - T (D)

= ‘p(lﬁ(f), F(T): 19)
and

00
A(VY(2), VI (2),60) = P G V(D) VI ()P

or
< su —
= e 0 01y (1) - T (D)2

7
= sup -
refea) 't Wf(f) - F(T)|2

=Q2(y(x), I (1),7).

As a result, all of the conditions of Theorem 1 are satisfied and operator V has a unique
fixed point. 0

Example 3 According to equation (12), we consider

s V6In(z+1) cos(y(z)) _
Dy v (x) + Sl <0, 0=r=1 (13)

v(0)+v'(0)=0,  ¥(1)+y'(1)=0,

with three cases § = {f—g, %, i’—g}, where g(t, ¥ (7)) = Yoin(z+)cos(y (), Then, fory, I' € A =

7241
[0,1], we have

V6In(z + 1) cos(y(t))

241

~ Jeéln(t + 1)cos(1"(r))‘

241

(v ) - a(e, 7)) -

V6In(t +1)
| eostyte) -eostreo)

<V6n2[y(x) - I'()| = Vo|y(r)-I'(r)

’

where 6 = (v/61n2)2. Therefore, all the conditions of Theorem 3 are true. Hence, V has a

unique fixed point.

5 Conclusion

This paper introduced the concept of ENRMS, as well as various new types of fixed point
theorems that can be proved in this novel environment. Furthermore, we offered a non-
trivial example to show that the proposed solutions are viable. We have complemented
our work with an application that shows how the developed approach outperforms the
literature-based methods. It is an interesting open problem to prove a coupled fixed point

under this space.
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