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1 Introduction
Recently, fractional differential equation modeling has led to significant development in
several fields due to the important results obtained, see [6, 13], as well as some basic the-
ory of fractional differential equations have been given in [17] This is due to the fact that
fractional differential equations have several applications in many models, for example in
physics, engineering [11], mechanics, and medicine [14], which has led to great interest
in these equations from a mathematical viewpoint, see for example [8, 9]. The authors in
[13] introduced the v -Hilfer fractional operator with several examples. Also in reference
[15], where the space Hzlﬂ ’w([O, T1,R) was constructed, which allows the study of many
fractional differential equations involving the v -Hilfer fractional operator.

In [16] Sousa, J.V.C et .al, they discussed the existence and nonexistence of weak solu-
tions to a nonlinear problem with a fractional p-Laplacian operator problem

D (DG @D 5 (1) = ME@IPE D) + b(x) 5 1 (9), w1
[V E©) = 177 E(T)
where }7 <a<l,0<B8<1,1<g<p-1<o00,beL*®([0,T]),and A > 0. by using the Nehari
manifolds technique and combining with fiber maps. Also, Sousa, J.V.C in [12] attacked
the bifurcation from infinity for problem (1.1).

In the reference [10], Ezati and Nyamoradi, using the genus properties of critical-point
theory, studied the existence and multiplicity of solutions of the Kirchhoff equation -
Hilfer fractional operator p-Laplacian. Also, [3] A class of perturbed partial nonlinear
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systems is studied. With a Lipschitz condition of order (p — 1). The multiplicity of weak so-
lutions is proved by variational method and three critical points theorems. An illustrative
example was analyzed in order to highlight the result obtained.

In this research we are interested in studying the nonlinear system equipped with the
¥ -Hilfer operator:

DY (@, £(1))
=0xg(t,£1(2),&(1), ..., E4(1))
+ [ kit D@LiE @) dt + [ it Do) de, 1<i<n,
70 =0 O + [ kit DgLiE () dr
+ [y ki, Dgoi(Ei(T))dT, 1<i<nmaete]=[0,T],

§\yy=0, 1=<i=<mn,

(1.2)

where ®@,(s) = |s|P2s, p > 1, o is positive parameter, f; : /] — R is a continuous function
with the maximum norm ||f;||oo = max;ejo, 7 |fi(t)| = M;, and x :J x R” — R is continuous

and continuously differentiable according to §; i.e,

X(t’§11€2w~’§n) € C(])

and

Xt rre..r.) € CHRY),
we assume

Q& R—=R

are two continuous functions and satisfy the (p — 1) Lipschitz conditions, i.e,

|g1,i(¢1) = g1,1(8)| < LijG1 = &oP! (1.3)

and

|22i(¢1) = @2,(8)| <M = QP! 1<i<n, (1.4)

for all £1, &, € R, where L, M; > 0,
Moreover, the kernels k3 ; and ky;, where

kl,i(-: '),kZ,i(" ) € (C(])r])’ (15)

are bounded by the positive constants L; and M;, respectively. We know x; the partial
derivative of x with respect to s.

Motivated by the above works, applying the well-known three critical point theory of
Bonanno and Marano [1]. We prove the existence of at least three different weak solutions
of the nonlinear elliptic system (1.2).

Our paper is organized as follows: In Sect. 2, we present some definitions of fractional
space and its properties. In the last section, we prove our results presented in Theorem 2.
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2 Mathematical background
In this section, we present some preliminaries and lemmas that are useful for the proof of

the main results.

Definition 2.1 [7]Let ! <o; <1,0<pB; <1forl <i<un,and1 < p < oco. The y-fractional
2

” 1
space HZ”ﬂ iV is defined by the closure of C3°(J,R) "»

norm

, with respect to the following

Ho e, Bitr
||§||H;,-,ﬁi,v,:(||5||’;’i+|| DG s||’;$) (2.1)

forall &€ € Hzi'ﬁi’w, 1<i<n.

Lemma 2.1 [7] IfO<o; <1,0< B, <1for1<i<mn and 1<p<oo. Forall £ €
HZ"”SZ'"/’ (J,R), we have

W (T) = ¥(0) g ot
1€l < WHHDJ "’EHL; . (2.2)

Moreover, if «; > 1% and 1% + é =1, then

(W (T) -y (0)) >
I(a)((@; - 1)g + 1)

1€ ooy < ||HID>S¢““”5||L5, (2.3)

where [|&|co,y = sup;; 1£(2)].
From the Inequality (2.3), we also have

oy < L D=VO? siptivg)
F(e)(@ -~ Vg + 1) v

Remark 1 The defined norm in (2.1) is equivalent to

18 llagy, = [RDNEERS Iz forall & e HY"PV, 1 <i<n. (2.4)
Proposition 2.2 [16] Let0<o; <1,0< ;<1 for1<i<mn,and 1< p < co. Assume that
o; > 117 and the sequence {§x} converges weakly to & in Hz"’ﬂ"‘d'(], R), i.e., & — & in C(J,R),
ie, & —&lloo = 0ask — oo.

Proposition 2.3 [16] The spaces Hzi’ﬁ W l<i<nmis compactly embedded in C(J,R).

Proposition2.4 [16] LetO<a; <1,0<B;<1forl <i<mn,andl < p < co. The fractional

space HZ"’S V' 1 <i<isa reflexive and separable Banach spaces.

In this paper, we consider E = Hzl’ﬂl"/’ LR)x---x HZ””S”"/[ (/, R) equipped with the norm

IEIE =) &illay, &€ HEPY,E = (51,6,...,E) € E, (2.5)

i=1
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Definition 2.2 We call & = (&1, 65,...,&,) € E aweak solution to the nonlinear system (1.2)
if the following relationship holds

T N
H. o B =) 3. g
/ 2 :| Dgiﬁbwéz’(t”p Hﬂ)gi’ﬂ“w&(t).HDgi’ﬁ”‘/fvi(t)dt
0 a1

n T AT
_,-21:/0 /0 kit ©)g1,i (6:(0))vil®) d dt

(2.6)

n T t
3 | [ et neiae)me drar
T n
“o [ D kel b0, )0
0 a1

forall v=(vq,vs,...,v,) €E

Definition 2.3 Define the operator G; : Hy***V — Hy"#V a5

1 T
6.6 - |kt vgem)siar
0
1 t
+ —/ koi(t, 7)g2,i(€:(7))&i(t)dr, 1<i<nmandte]. (2.7)
PJo
On the other hand, from the System (1.2), it can be written

(&) + 0vi®))” = i) (E:(0) + Ovi(1))°

T

; fo ki, D)z (6:(0) + 0vi(0) (60) + Owi(0)) e 08
T

+ /0 (6, D)o (1) + 0vi(0)) (5:0) + 6vi(0)) .

By direct calculation of the derivative of §;, we obtain

Gi(&@®) (vi()

T

= % {}9 /0 ky,i(t, l’)gl,i(fi(f) + 9vi(r)) (gi(t) + 9V,-(t)) dr
1 T

+ = / ka,i(t, T)go,i(E:(T) + Ovi(T)) (&:(2) + Ov,(2)) dr}
pJo

L 0=0 (2.9)
= = —{(&(0) + v (0))’ — i) (&) + Ovi (D))"},

pdo
= &7 (O - fi(DE (Dvile)

T t
_ /0 st D) (B0 i) d + /0 K, ) () vi(0) .

The following theorem, taken from [1], is the basic principle to prove our results
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Theorem 2.5 ([1], Theorem 3.6) Let E be a reflexive real Banach space; J : E — R be a
coercive, continuously Gateaux differentiable and sequentially weakly lower semicontin-
uous functional whose Gateaux derivative admits a continuous inverse on E*. Moreover,
suppose that € : E — R be a sequentially weakly upper semicontinuous and continuously

Gateaux differentiable functional in which its Gateaux derivative is compact such that

J0)=£(0) =

We suppose that there exist r € R and §* € E with 0 <r < J(§%), which fulfills
(1) SUP¢ e 7-1(1-00,r]) EE)<r g(;;));

(2) Foreach g € A, (‘7(E T L ), the functional J — o€ is coercive.
e (- oOV])

Then, forany ¢ € A,, the functional J — o€ admits at least three different critical points
in E.
To prove the existence of at least three solutions for the nonlinear system (1.2), we as-

sume the following

0; = max{L,»L;,MiM;},
29 TY(D) - g ()]
1=izn (M) (o - g+ 1)

5= mﬂ{ W (T) =y Oy } 10
== (D ()P (e — 1)q + 1)1 = 260, T2 (W (T) — yr(0)pes!
Q(C)={7’l=(771y772 S Mn) €R™: an Ec}, c>0 (2.11)
and
(W (T) - ¥ (0))
sz%Jiﬁﬁ;:ﬁy—} (2.12)

3 Main result
We now present the main results

Theorem 3.1 We consider x :] x R” — R to be a function that satisfies
xGELE, . LE)ECT),  Xx(6....,) € CH(R")
and
x(t0,...,0)=0, forallte].
Fix

- Szl pfo Gilzi(t)) dt)
P xtzt .,z,,(t))dt
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and

r

Q2= —F .
f() Sup(m,r’z ,,,,, nn)€Q(Sr) X (t: NN2s.e-. fln) dt

If there exist a positive constant r and a function z(¢) = (z1(¢),...,z,(£)) such that the
following conditions are satisfied

(HO) 5 <o < 1;

(H1) 2@yt g,

(PP ((j-1)g+1) 4

(H2) X0, lzille, = pr+p X0, fy Gilai() dt;

(H3) 01 < 02;

(H4) liminfy, - o0 ZEGER0 < 20,

Then, for any o € (Ql,QlQ:)l, nonlinear system (1.2) admits at least three different weak

solutions in E.

Proof We consider that the space E = [/, Hi*"*¥ (J,R) equipped with the norm [|£ |z
defined by (2.5). For any

$:($1t~"r§n)€E-

We define the functionals 7 and £: E — R by

1 n n T
_ = e (.
CEP LIS | atew)a (31)
and
T
86 = [ x(660)..0 6.00) e 52)

These functionals are well-defined Gateaux differentiable:
rt H- w8 2 8. 8.
J'€)) = / > DE Y s @)D E(e). FDG Y vice) de
0 1
no AT AT
[ ke oau@mo dedr
' Jo Jo

n T ;
_;/0 /0 ka,i(t, 7)o, (5:i(T))vilt) dr dt,
and
T n
E'E)Ww) =/0 ZXét’(t’&(t)’"wén(t))vi(t)dt.
i=1

forall v = (vi,va,...,v,) € E, where J'(§) and £'(€) € E*, such that E* is dual space of E.
Here we prove the conditions imposed on functional .7 in Theorem 1.
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Since
|k1i(t,T)| < Li

and

|ko,i(t,T)| < M;

from (1.3), (1.4), and (1.5), we get
T
Gie) - }9 /0 kot 7 (6:0)E(0)

1 t
o1 / K6, 7)o (6:(0))0) i
P Jo
1 ) 1 ,
< —I&P T TLLE oo + = &P MM &1l oo (3.3)
p p
1 I 1 -/
< ~TLL&NE, + = TM:M;|1&],
p p

2 r
< 0TI

Equations (2.3), (2.4), and (3.1) imply

nooaT
TE) = Znslna,ﬂ - /0 Gi(&0) dt
i=1
N %i/TaTnsn” dt
Y e sy pTJo sy
2 n
>—Z||sl||a,ﬂ ;Zeiﬂuan';o
i=1

1 " WD) -y O
> =3 &l 0,7 DSV &P o
p 26, 21 (Fe)? (e~ g + 1) 7l s

N 29,»T2[¢(T)—w(0)1”“"1) Hpeib g (P
= p - Iz Dot &il| sty
P 121:( (T(a)P((ai = 1)g + 1)1 | ”Hp d

3 B

i=1

0.

v

"GIQ AN

Since o is positive, under assumption (H1), then limg),— 100 J (§) = +00, i.e., it is coer-
cive.

Here we prove the conditions imposed on functional £ in Theorem 1.

Since

E:E—E*

is a compact operator.

Page 7 of 12
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If lim,,;,_, ;00 &, — & in E, where

%_m = (Sm,l’ (KRS Em,n),

which ensures the convergence (converges uniformly) of §,, to & on the interval J. There-
fore,

m—+00

T
lim supg(ém)ff lim sup x(¢,&m1,--->Emn) dt
o0 Mm—>+00

T
=/0 X(tﬂflv--:%-n)dt
= E(§).

Hence £ is sequentially weakly upper semi-continuous.
Moreover, x(t,.,...,.) € CL(R"), i.e.,

hm X(trgm,lnu’gm,n):X(t»glwu»gn): te]
m—+00

According to Lebesgue dominant convergence theorem, £'(§,,) — £'(§) strongly, so &’
is strongly continuous on E. Then, £ : E — E* is a compact operator.
Suppose that & (£) = (0,...,0) and £§*(¢) = z(¢), then

T (50(2)) = E(50(2)) =
From hypothesis (H2) it follows
1 n n T
0<r== Y lall, - | Gy ac-g(e)
i=1 i=1 70
Problems (2.5), (2.6), (2.10), and (2.11) give

T (- o0,r])
={6€E:TJE) <r}

n T
{seE —Zuf;nz,ﬁ Z/ gi(si(t))dtsr]
i=1 V0
2 [T
:seE Znanz,ﬁ 1—921:[0 eiTns,»ngodt}

INCT 1 1 % 2 —
{ge > ||a||‘;o,¢—I;Ze,»rznsin';,w5,«}
i=1 i=

seE (F (@) (@ = g + 1) = 20,T2 (W (T) - p )=~ f}

P (T) -y (0))Peit &1, <

:SeE Znanw_ }
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1 n
C{E& eE:;ZEAﬁO,w <rS, forall t e [O,T]}
i=1
< Q(Sr),

which leads to

T
sp EE) = sup /X(t,él,...,“g‘,,)dt
geJ1(]-o0,r]) e T1(]-o00,r]) /O

T
S sup / X(tinlr'n!nrl)dt
neQ(Sr) JO

T
= / sup X(t,m,.-u’?n)dt'
0 neQASr)

By (H3), we have

T
SUPge 71000 EE)  SUPLc 1000 Jo X1 sEn)dt

r r

T
< fo SupneQ(Sr)X(tr Niseeorn)dl

r

pfOTX(trzlr---’Zn)dt

<= > T (3.4)
Yzl 5, - p i Gz () de)
RC0)
J (1))
_ e
J (&)’
thus,
EE")
sup EE)<r -
g7 1(1-00r]) JE")
Hence, hypothesis (1) of Theorem 1 is fulfilled.
From assumption (%4), there are constants u and ¢ € R that satisfy the following
T
su t,N1,...,0,)dt
r_Jo SuPeaisy X G  nn) dt 35)
o r
Also

n
"
VneR": x(t,n1,....00) < —— E Inil? + e,
pko o

for ¢t € J and a fixed vector

%-:(%-11’%-2"--:%-11) €k,

Page 9 of 12
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we have
X(sl(t)""rsn(t)) = — |§i|p+8 (36)

forall ¢ € J. Finally, it remains to check that the functional 7 (§) — 0€(§) is coercive. Assume
0 € A, thus fetching into accounts (2.4), (2.12), (3.5), and (3.6), we have

1 n
T () -0EE) = =Y l&lh,,
p i=1
n T T
_Z/ gl(%-l(t)) dt_Q/ X(t)gligb'“:gn)
i=1 V0 0
IS e -2 S aren
p i=1 i p i=1 i

v

T
_Q[) X(tyél»fz»-..,én)dt

—Znanﬁ,ﬂ ZeTzns,n{:,ﬁ—— (ZI&I")dt 0eT

i=1

I \/

v

1 « — P (0)peit
=) &P 0; T2 IENE
p 21 i Z I (e ))p((al ~Dg+1)i

" (Y (T) - ¢ (0))P

" pko —~ (P + 1) ||§;||ﬁlﬁ —0eT
(W(T) — W(O))pai
> —Zo,||s,||§,,3 lewnanglﬂ oeT

1 Ol ¢
== ol&l, - Z &ty - eeT
=1 i=1

1 ur
> —(a— - )Znsznz,ﬂ — 0¢T,

p fO SupneQ(Sr) X (tr Niseees nn) dt

]
.

from (3.5) the term

( . )
o~ 77
fo SUP;eq(sr) X&) dt

is clearly positive, thus

Hsnlfiinwo J(€) - 0E&(§) = +o0. 3.7)

This means, J — o€ is coercive and thus the hypothesis (2) of Theorem 1 is also estab-
lished.



Guefaifia et al. Boundary Value Problems (2024) 2024:14 Page 11 of 12

Applying Theorem 1, the weak solutions of the nonlinear system (1.2) are exactly the
critical points of the equation

J'(§)-0e€'(€)=0.

Thus, the nonlinear system (1.2) accepts at least three critical points, which are weak so-
lutions in E for ¢ € A,, and the proof ends. d

4 Conclusion

In this work, by using variational methods introduced in the previous study on fractional
elliptic systems, we prove the existence of at least three weak solutions for an elliptic
nonlinear system with a p-Laplacian ¥ -Hilfer operator, where we have based on some
published works that extend the well-known three critical point theory of Bonanno and
Marano [1]. In the next work, we will apply the same methods to the same problem with
variable exponent.
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