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1 Introduction

Fractional calculus is an important branch of mathematics that deals with the description
of the possibility of computation of unknown functions via suitable derivative and inte-
gral operators of real order and studies the relationships between them [17, 19, 21]. The
concept of fractional calculus has been widely used to model physical problems engineer-
ing systems, and their applications which significantly leads to a set of linear or nonlinear
fractional differential equations [8, 35, 39, 42, 43]. The development of this discipline has
inspired scholars to look into its existence and uniqueness [14, 28, 32—-34, 38].

The tempered fractional derivative is obtained by multiplying the fractional derivative
by an exponential factor. The traditional Riemann-Liouville (RL) and Caputo fractional
derivatives are obtained under special circumstances for A = 0, and this new fractional
operator depends on the parameter A. Due to its use in physics, groundwater hydrology,
poroelasticity, geophysical flow, and finance [7, 12, 13, 22, 23, 36], the tempered fractional
derivative has recently gained popularity as a subject of study. In [44], Zaky studied the
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well-posedness of the solution to the following two-point nonlinear tempered fractional
boundary value problem (TFBVP)

§Dz(r) = g(r, z(r)) rel0,T],

az(0) + e z(T) =,

where g € C([0,T] x R,R), &, 3, v are real constants with & + 3 # 0, and {)Df")‘ is the
Caputo tempered fractional derivative of rational order « € (0,1). Pandey et al. [29] by
applying fractional variational approach, studied the properties of eigenvalues for the TF-
BVP

DYMPEEDI2(r)] + p(0)2(r) = pru (0z(r), € o, B, P € (0, 1),

z(x) = z(B) =0,

where ¢, ¢ and , are real-valued continuous functions defined on [, 3]. Recently,
Khuddush and Prasad [15] studied the thermistor problem with two-point boundary con-

ditions

ng(z(r))
[ g(z(t)dr]?’

az(0) + be’ z(T) = ¢,

1
(C)ng'}\z(r): 0<Q<E’O<r<T’

where A >0, 1 > 0, ‘Dé‘f denotes the tempered Caputo fractional derivative of order 2o,
g € C([0,T] x R,R) and derived sufficient conditions for the existence, uniqueness and
Hyers-Ulam stability of solutions.

The measure of noncompactness (MNC) plays a dominant role in functional anal-
ysis, as introduced by Kuratowski [18]. In [41], Srivastava et al. applied the MNC on
C([0,a] x [0,a]) to study the two variable functional integral equations. Many scholars
have also used the notion of an MNC for the existence of solutions for results of infi-
nite systems of differential and integral equations [2, 6, 10, 11, 25, 26, 30, 31, 40]. In the
following, we mention a few recent works on MNC. By utilizing the Hausdorff measure
of noncompactness (HMNC) in tempered sequence spaces, Das et al. [9] established the

existence of solutions to the infinite system of TEFBVP

(}}Dgl (zx(r)) + hie(r, 2 (r)), O<r<T,

zx(0) = z1(T) =0, k=1,2,3,...,

where hy € C([0,T],R), and ngﬂ is a Riemann-Liouville fractional derivative of order
f3 € (1,2). Recently, Khuddush et al,, [16] established the existence results by applying the

concept of a family of measures of noncompactness in the space of functions C¥*(R*) to
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the following co-point fractional BVP
oD z(r) =h(r, z(r)), m<ax<m+1l,reRY,

oo
- RyG-1 ‘ ) =
}E&ODO" z(r) + Elcjz(go('t])) 0,
.

z(0)=0, z"(0)=0,...,z2™(0) =0,

where m is a fixed nonnegative integer, c; € R*, ¢ € C(R*,R), h € C(R* x R,R). Inspired
by the above-mentioned works, in this paper, we derive sufficient conditions for the ex-
istence of solutions via the HMNC in tempered sequence spaces to the following infinite
system of TFBVP

SD2Mz5(r) + ¥3 (1, 2(r)) =0, O<r<l, 1)

z4(0)=0, §D™z;(0)=0, @
b1z5(1) + by D™ z5(1) = 0,
where j €N,2<p<3,1<m<2,A>0, SDE’)‘ denotes the RL-tempered fractional deriva-
tive of order o, z(r) = (z4(r))32;, and ¥5 : (0, 1) — (0, 1) is continuous. We also provide an

example to illustrate the theoretical results.

2 Preliminaries
Essential results are stated here prior to proceeding to the main results in the subsequent
sections.
e Denote by ACI[b, c] the space of real-valued absolutely continuous functions z(r) on
[b,c].
e Denote by ACK[b, ] the space of real-valued functions z(r), which have continuous
derivatives of order k — 1 on [b, c] such that A2 o AC[b, c].

drk-1
e Denote by L([b, c]) the family of all Lebesgue measurable functions on [b, c].

Definition 2.1 ([20, 37]) Let z(r) € L([b,c]), A > 0andn > 0. The RL-tempered fractional
integral of order n is defined as

1 r
sz = e NI (M2 ) = 5 / e N - )" 2(8) e,
rm Jo
where I} is the classical RL-fractional integral [17]

B2(r) = —— / (c - £)"2(£) de.
b

Definition 2.2 ([20, 37]) Let k—1<n <k, k € N* and A > 0. The RL-tempered fractional
derivative of order 1 is defined as
e—)\r dk r e)\& Z(E,)

A _ ,—Ar Ar —
sDPz(r) = e MED] (e Z(r))_r(k—n)d_&" L (= &)nkrl dt,
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where £Dy' is the classical RL-fractional derivative [17]

. 1 d [t z(9)
oDz = 5 d_ak/b o gnF

Lemma 2.3 (Composite property [20]) Let z(r) € AC¥b,c] and k — 1 <1 < k. Then, the
composite property between RL-tempered fractional derivative and RL-tempered fractional
integral is given by

n-l_Ar k-1
—b)"
RARDIA z(r)] = z(r) - il il

[EDF (M 2(0)) le-b ) 3)

and
ED;")‘ [EI?’)‘z(r)] = z(r). (4)

To study the boundary value problem (1)—(2), first we solve the following linear frac-
tional differential equation

ng’)‘z(r)+V(r)=0, 2<0<3,0<r<l, (5)
satisfying the boundary conditions (2).

Lemma 2.4 Let z be a solution of (5) and (2) if and only if z solves the integral equation

1
2(r) = fo (5 p)V(p)e P dp,

where
Ui(r,p), 0<r=<p=l,
O(r,p) =
Us(r,p), 0<p<r<l,
i opet e pe!
U1(r,p) = kb
1(r, p) 1 o) 2 To-m
(r-p)e!
U ) = U ) - T, N
2(r, p) = U1 (r, p) o)
andk = [by + by F(réffzn)]‘l > 1.

Proof Assume that z e Cl2+1[0,1] is a solution of (5). According to Lemma 2.3, we obtain
z(r) = Ae ¢! + Be 10?2 + Ce M 073 — 122V(1r),

where A, B, and C are constants. Using the boundary condition z(0) = 0, we get C = 0, and
hence

z(r) = Ae ¢! + Be 1072 — 197 V(r). (6)
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Applying the tempered fractional order derivative operator XD™* on both sides of (6), we

get
(<) - Fle-1) _
RDm?\ ( ) A—"7 o )erg m-1 Ar e 2 _ e~ m)\V(r) (7)
Fo-m Fo-m-1)
Using condition §D™z(0) = 0, we obtain B = 0. So, equation (6) reduced to
z(r) = Ae e — 192V (r). (8)
Taking r = 1 into (7), (8) and using condition b; z(1) + b)3D™*z(1) = 0, we get
1 1-— o-1 1 1-— o—m-1
A= / koy TP vy dp + / Koy L P voyp) .
0 I'(o) 0 I'(o-m)

Plugging A value into (8), we get

~ (1-p)!
Z(I')—/ kblTQ)

I

0-1 ,=A(r-p) ' (L-py™! 0-1,=A(r-p)
e V(p)dp+ [ kby———r° e V(p)dp
0

I'(o-m)
%e—wwwm dp
] /Of[kblrgl(l - ?)(2)1 -t (1r‘(;)_gr;“)l Q-l]e—M"P)V(p) dp

1
- / O(r, p)e MNPV (p) dp.
0

It is clear from Lemma 2.4 that z is a solution of (1)—(2) iff z; solves the following

integral equation

1
2= [ Do (s )e P ©

Lemma 2.5 Suppose that k > 0, then for all r,p € [0, 1], the kernel U(r, p) satisfies the fol-
lowing
(i) O(r,p)>0and continuous on [0,1] x [0,1].
(i) O, p) < kb; = P o +]]<§b2 (11:p)9:)*1 = U*(p).
(iii) max,e(o,1] fo U(r, p)dp = =21

+

kby . [:*
T'(o+1) I(o-m+1) — :

Page 5 of 17
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Proof From the definition of U(r, p), it is clear that U(r, p) is continuous on [0, 1] x [0, 1].
For r,p € [0, 1], we have

R R =
F(Q)[ﬂmlr@ '(1-p)t = (r-p?'] +kb2rgll(,1(é;—_pz§)M
2 e )[kbr@ Y1 -p)et =1 - p)e!] +n«b2%
F(l )[kblrg l1-p)yet- <b+b2r(l;(f)m)>r9‘l(1—p)Q‘l]
s
- F(“;b_zm) [A-p)™-1]re (1 -p)' >0.
This proves (i). For r, p € [0, 1], we have
T I
o-1(1 _ yo-1 o-1(1 _ yyo-m-1
<kby- (i(gf) S 1(“1(9 EDll)
skbl(l;g)gl k 2(1F—(§)_9n‘1“)1.

This proves (ii). Finally,

! kbl 1 kbz 1
max [ O(r,p)d :—/ (1-p)'dp+ /(1_ yemlg
re[o’”-/O PP T0) Jo PP T o-m Jo P P

kb; kb,
= + .
Fe+1l) T(o-m+1)

d

Definition 2.6 ([18]) The Kurtowski MNC of F, where F is a subset of a metric space E,
is given by

p
Kur(F) = inf{n >0:FC U Gk, Gk C E, diam(Gyg) <m,p = 1,2,...}.
k=1

From above definition, we have

Kur(F) < diam(F) forall F CE.

Let B((, r) = {& € 3:||&E-C|| < r}, where 3 is a Banach space equipped with the norm || - ||.

Page 6 of 17
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Denote by 93 the class of all non-empty and bounded subsets of 3 and 13 its subclass
containing all relatively compact sets.

Definition 2.7 ([4]) A real-valued function x from M3 to [0,1) is said to be an MNC if
(i) Ker(u)={H € M5 : u(H) = 0} is non-empty and Ker(u) C N,
) n(H) <= n(G),ifHCG.
(iii) w(conv(H)) = w(H), where conv(H) is the convex closure of H.
(iv) p(H) = pu(H).
V) wEG+(1-H) <&u(G)+ (1 -EuM) forall 0 < £ < 1.
(vi) if Gy € M3, Gy = G, Giy1 C Gy for k € N and limy, ;00 £(Gy) = 0 then
ﬂﬁil Gy # 9.

(ii

Definition 2.8 ([6]) The HMNC is defined as

P
X(H) =iﬂf{ﬂ >0:G C UB(Cl(rrk)r Ck € G’rk <Mn,p= 1,2,...},

k=1

where H is a bounded subset of a metric space G.

Next, we define some Banach spaces as

lim ;= 0, [ e, = suplmp ],

C0={w'6a):
p P

c= {w co: lim wy=33€C o= Sup|wp|}.
p—>+00 p

We also define

x(J) = lim { sup [max|wp|]}, J e M,

k— o0 w(z)e] p>k
which is called the HMNC on the Banach space (c, | - |l¢,); for more details, see [6].

Definition 2.9 ([27]) The MNC p on the Banach space (c, | - ||.) is defined by

wp — lim qu}, JeMm.. (10)

q—oo

w(]) = lim { sup [sup

k—o00 w(z)e] L p>k

Definition 2.10 ([5]) If £ = (¢4), then ¢ is called a tempering sequence, if £ > O for all j

and ¢ is nonincreasing. Define

Then, M is a linear space over R. We denote the space by c§ and cj that is a Banach space

with the norm || ||c(e) = sup{fy|@y|}. Next, let

N= {w = (@)% jli)rgoﬁjwj = ﬁnite}.

Page 7 of 17
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Then, M is a linear space over R. We denote the space by ¢’ and c that is a Banach space
with the norm ||@ || ¢ = sup{€x|w@i|}.

Here, we note that there is a isometry between the spaces ¢ and c; and the spaces c’

and c: In [5], the HMNC on Dﬁcé is defined as

x(J)= lim {sup[sup(£p|wp|)]}, JeMy.

k—+00 we] Lp>k

Also, the HMNC on cf is defined as

mee()) = pli)nolo{sup[sup ]}, JeMe.

Liwy — lim (£w)
we] “k>p =00

Let Q = (0,1). Denote by C(o, cf)) the space of all continuous functions on Q with values in
c§, which is a Banach space with the norm

||w|||3(Q’cé) = max{ ||w(w) ||cg twe Q}, w € B(Q, cé).

Denote by ((Q, c) the space of all continuous functions on Q with values in c¢, which is a
Banach space with the norm

o llgo,ct) = max{ | (w)|| . :weq}, @ el(ac),

for more details, see [9].
Let G # ¢ be a bounded, closed and convex subset of (Q, c‘) and z € Q or ((Q, c§)), Then,

Xt(.ct)(G) = sup{x (G(w)) :w € 0}
satisfy all the axioms of MNC on ((Q, cg) and
ety (G) = sup{iqe (G(w)) : w € Q}
satisfy all the axioms of MNC on [(Q, c*), which can be found in [9].

Definition 2.11 ([24]) Let G be a metric space with metric d. The mapping F: G — G is
called a Meir—Keeler contraction if for any 0 > 0, there exists n > 0 such that

d<d(z,w)<d+n — d(Fz,Fw)<d, forallz,weG.

Theorem 2.12 ([24]) Let G be a complete metric space. If F : G — G is a Meir—Keeler
contraction, then F has a unique fixed point.

Definition 2.13 ([1]) The mapping F on a non-empty subset U of a Banach space G is
said to be a Meir—Keeler condensing operator if for any 1 > 0, there exists d > 0 such that

n=uMH)<n+8§ = pu(FH))<n, HcCU.

Theorem 2.14 In addition to Definition 2.13, if U is a closed, bounded and convex subset
of G, then F has a fixed point.
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3 Solvability of the Boundary Value Problem (1) in ((Q, cg)
This portion deals with the existence of solutions for BVP (1) in ((Q, cf).
We assume that the following conditions are met in this section:
(A) Let ¥4 : 0 x R® — R and define an operator ¥ from Q x ¢ to c§ as
(r, z(r)) = (¥ 2)(r) = (¥3(r, 2(r)))32,, which is the family of all functions ((z)(r))req

equicontinuous on cj.

uniform
(B) &;(r), C5(r) : @ — R are continuous functions, £- & (r) Lniformmly, 0 converges on Q,
3 j 363 g

and the sequence (5 (r)) is equibounded on Q. Let ((r) = sup{C;(r) : J € N},
¢ = suplE(e) T € O}, £ = suples 1)+ 3 € Nor € @) and
|1//j (r z(r))\ < &5(r) + (5 (r)|zj(r)

, zyeci, reqjeNl.

Theorem 3.1 Let () := SUPp,eq U*(p), and suppose O <1and (A) — (B) hold, then BVP (1)

has at least one solution z(r) = (z; (r))‘]?Q=1 in C(Q, cf).

Proof Since sup{¢;|z;(r)[} < +oo for all z(r) = (z5(r))32; € C(Q,cf) and r € Ik >0 >
sup{€;]z4(r)|} < «. From (B) and (9), we get

1
2]« = S“P{Zj / O(r, p)e ™ Py (1, 2(1) dPH
0 4eN 0

1

<&M sup] £ /0 O(r, p)¥ (frz(f))dp}

jeN

1
<etsup f U(r,P)Ejlﬁj(r:z(r))dP}
0

jeN

1
<e’sup /(; O(r, p)t5[&5(p) + G5 (p)| 23 ()] dP}

jeN

1
<e sup / Ufr, p)[é* + C*/c] dp}
0

jeN
1
< (E* + C*K)BAfO O(r,p) dp

< C*(Z* + C*K)GA =dj.

Therefore,

I&%x“z(r) ”CS <ay, Ile,

Z(r)HC(Q,cS) sar
Let £ = £(2°(r),a1) be a closed ball centered at z°(r) = (z°(r))$2,, for all r € Q, and radius
ay. So, € is a non-empty closed, bounded and convex subset of ((Q, cf).

For fixed r € Q, define an operator o = ()32, : C(Q,cf) — C(o,cf) as

[e¢]

1
(p2)(r) = {(g,)j z)(r)};.xi1 = {/(; Ofr, p)e-)\(r—p)wj (r, z(r)) dp}

j=1
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Since (¥4 (r, z(r)))52; € ci, for r € Q, it follows that

1
lim {Zj(pj z)(r)} = lim {Ej f U(r,p)e’}‘(r’p)iﬁj (r, z(r)) dp}
j—>o0 j—>o00 0
1
< e}‘/ O(r,p) lim [Zjl//j (r, z(r))] dp
0 j—o00
=0.
Thus, (9z)(r) € C(Q, cf). It is easy to see that (95 2)(r) satisfies

(932)(0) =0,  §D[*(952(0) =0,
b1(p52(1)) +byg D™ (52(1)) = 0.
For fixed r € Q and z(r) € £, we get
[(92)(0) - 2°0)] ; < @1 = max|(p2)() - 2°W)] 4 <
= [(p=2)0) - 2°0)ggr) < @1-

Thus, g is a self-mapping on &£. From (A), for any z(r) = (z; (r))fj"i1 € £ and for any 1 >
0, there exists & > 0 such that ||(yz)(r) — (WW)(T)HCS < 67”5 for each z(r) € £, whenever

|z(r) — w(r)| < &, where r € Q. So, for r € Q, we have

1
¢ /0 O(r, p)e N[y (p, 2(p)) - 5 (P,W(p))]dPH

[(92)(@) - (pw)()] .« = sup{
0 jeN

1
<e sup{ fo C* ()45 ]¥5 (p, 2(p)) — ¥5 (p, W(p))|dp}

jeN
A T
<e"O—=<1m.
ero

Thus, g is continuous on EVr € Q.

Now, we have

1
/ O(r, p)e NPy, (v, z(1)) dpu }
0

x (&) = .lim{ sup sup [Zm

170 z(r)e&E m>7

1
<é0 lim { sup sup [/ (Zmé,m(p) + E,,,Cm(p)|zm(p)})dp:|}
z 0

=00 2(r)e€ m=3
<0y (&).
Thus,

sup x (&) < eBsup x (£).

reQ reQ

It follows that

AR
X[:(Q,cg)(éog) <e UXB(Q,CS)(g) <.

Page 10 of 17
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That is
n
Xeioeh)(E) < -

Setting & = 67”5[1 — D), we getn < XE(Q,c{,)(g) <1 +é&.

Therefore, © is a Meir—Keeler condensing operator on £. Further, g satisfies all the
conditions of Theorem 2.14, i.e., e has a fixed point in £. Hence, BVP (1) has a solution
in C(Q, cf,). O

4 Solvability of the BVP (1) in C(Q, cf)
In this section, we study the solvability of BVP (1) in C(Q, ct).
We assume the following conditions hold throughout this section:
(C) Let ¢4 : Q x R*® — R and define an operator ¥ from Q x cttoctas
(1, z(r)) = (¥ 2)(r) = (Y3 (1, 2(r)))52;, which is the family of all functions (( z)(r)):eq
equicontinuous on c*.

(D) mj(r),35(r) : @ = R are continuous functions such that the sequence

uniformly

£5m;(r) 0 on Q and the sequence (34(r)) is convergence on Q, so we take

3(r) = sup{3;(r) : 3 € N}, 3* = sup{3(r) : r € Q}, £* = sup{¢4m;(r): j € N,r € 0} and
V(6 z(0) <n3(0) +35(02z5(0), z5ec’,reQi=123,....

Theorem 4.1 Let O := SUP,eq U*(p), suppose e)‘ﬁg,* <1 and (€)-(2) hold, then BVP (1)
has at least one solution z(r) = (z4(r)) in C(Q, ).

Proof Since sup{{;|z;(r)|} < +oo for all z(r) = (z5(r))$2; € C(Q,cY) and r € Q, there exists
p > 0 such that sup{¢;|z;(r)|} < p. From (D) and (9), we get

1
/ O(r, p)e NPy, (r,z(r)) dP’ }
0

J=60]. - supfs
jeN
1
< sup{ﬂjeA/ |6, p)| |3 (r’z(r))|dp}
jeN 0
1
§e7‘sup{f ’U(r»P)‘EjWj(r'z(r))’dp}
jeN1Jo
1
§e)‘sup{/ U(r,p)zj[nj(p)+zj(p)|2j(P>|]dP}
jeNL1J0

1

se‘{/ U(r,p)[ﬁ*m*p]dp}
0

<CeM(e* +3%p) :=b.

Thus,

I?GE}QX” z(r) ”cg <b, ie, |z(r) HC(Q,CK) <b.

Let S = §(2°(r), 1) be closed with center z°(r) = (z°(r))52, for all r € Q and radius b. So, S
is a non-empty bounded, closed convex subset of C(Q,ch.
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For fixed r € Q, define an operator § = ($5)32, : 0(Q, c¢§) = 0(Q, ¢f) as

oo

1
($2)(0) = {5520}, = { /0 B(r, ple M Py (1, z(r)) dp}

j=1

Now, let i € N and

[€5(852)(1) - €4(81.2)(0)|

1 1
ej/O O(r, p)e M Py (1, z(r)) dP—fi/O O(r, p)e M Py (1, z(r)) dP‘

=

1
£ /0 O(r, p)e P (n;(p) + 35 (p)z5 (p)) dp

1
—t /O U(r, p)e P (n;(p) + 31 (p)z: (p)) dp‘
1
< |e“r")|{/ |U(r,p)lﬂjnj(p)—émi(p)‘dp
0
1
g
1
gex{/o |U(r:P)|€jle(P)—eiﬂi(P)‘dP
1
g

Observe that

O(r, p)[€535(p)z3(p) — £13:(P)z1 (p)| dp}

U(r, )| €335 (p) 23 (p) — €131 (p)z:1 (P)| dp}~

16535 (P)z5(p) — €131 (P)z1(P)| < €5|25(P)||35(P) = 3:(P)| + |31 (P)|[ €525 (p) — €121 (p)|.

As j,1 — oo, we obtain |35(p) — 3:(p)| = O, [¢525(p) — £izi(p)] = 0 and [¢5m5(p) —
¢;m:(p)| — 0. Since (35), (¢5m5) are convergent on Q and z;(p) € £(Q, c¥), it follows that

|Ej($j z)(r) — £;($; Z)(r)| —0 asj,i— oo
Hence, ($z)(r) € 0(Q, ct). We also note that (852)(r) satisfies

($52)(0)=0,  §DM($52(0)) =0,
b1 ($5z(1)) + by DI (852(D) =0.

For fixed r € Q and z(r) € S, we get

[620) - 2w« <6 = max][$2)0) - 2w« <

= ” ($Z)(r) - ZO(I')”C(Q,C[) = b;

which proves that § is a self-mapping on S. From (C), for any w(r) = (w;(r))$2; € S and
for any n > 0, there exists & > 0 such that ||(¥z)(r) — (Yw)(r)| o < eTnﬁ for each z(r) € S,

Page 12 of 17
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whenever |z(r) — w(r)| < &, where r € Q. So, for r € Q, we have

1
2 /0 O(r, p)e P [y (p, z(p)) — ¥5 (P»W(P))]dP”

|82)@) - ($w)@) | . = sup{
jeN

1
/ U*(p)¢s |v5 (P, 2(p)) — ¥3 (P, w(p))| dp}

< sup{
' 0

So, $ is continuous on S for every r € Q.
Now, we have

1
tn / 56, p)e Py (p, 2(p)) dp
0

e ($S) = lim { sup sup[

I7 0 z(r)eS m>7

1
- lim <€n /O O(r,p)e Py, (p, z(p)) dP) H}

r rT
<€D lim { sup sup / Lo Vm(p> 2(p)) — lim £, (ps z(p))’dp“
0 n—00

17 z(reSm=3 L

r T
<e*U lim { sup sup / Cndon(P)Zm(p) = Tim. ann(p)zn(p)‘dp]}
0 n—

j—oo z(r)eSm=>j L

r T
<e™U lim { sup sup / (|3W,(T)|’€mzm("t)— lim ann(T)’
0 n—0o0

I=0 z(esm=3 L
= | Jim €20 (5 (0) - 3,(0) ) dr] }
<05 11(S).
Thus,

sup e ($S) < e)‘ﬁg* sup . (S).

reQ reQ

It follows that,

n
AUz

oot (8S) < 05 gy (S) <N = Hgeet(S) <

Setting £ = 2 [1- e 05*], we get 1 < Hgget)(S) <1 + &

Therefore, $ is a Meir—Keeler condensing operator on S. Since r is arbitrary, so for every
r € Q, $ satisfies all the conditions of Theorem 2.14, i.e., $ has a fixed point in S. Hence,
BVP (1) has a solution in 0(Q, c?). O

5 Applications
In this section, we provide two examples to check the validity of our main results.

Example 5.1 Consider the following BVP

i2
1
3 =

51 eI cos(3r) o= z4(r
§D3’6Zj(r)+[ . 9 )+Zz]()}=0, 0<r<1, (11)
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31
z(0)=0, §D?°z(0)=0,
(12)

31
0.1z(1) + D¢ z(1) = 0.

\/—0

JA=1b =01, b, = [0,1], and v (5, z(r)) = G0

J

[\S1ISF]

5 1 2
So,0=3,m= 5 s Q=

z(r)
>

Let ¢y = jl for all § € N. Now, for z(r) € C(Q, c§), we have

. . Sr .
j]l)n;.loejwj (r,z(r)) = jlgﬁ.‘o[e cos(j r) ; z4 (r):|

J

Next, let v(r) = (v3(r))52; € C(Q,cf). Let 1 > 0 be given and & = 2;5—;‘ such that ||z(r) —
V(r)”c(Q,c(z)) < d. Then,

[(wr2)m) - v, = Sug{ﬁj V3 (1, 2(1)) = 5 (6, v(0)) |}
je

= sup{jllzilz|zj(r)—vj(r)|}

jeN i3
s%Hz (1) =3 <.

Thus, ((¥z)(r))rq is equicontinuous on cg. Forr € Qand j € N, we also have

—3r . 00
|5 (1, 20))| < %OS(”)' 3 gl

i=3

1
=<+t
J

uniformly

where &;(r) = jl and (5(r) = %2. So, * = %2. We note that (€& (r)) =(1/3%) ——— 0 on
Q, and the sequence (;(r) is equibounded on Q. Also, k = [b + ¢ r ] -1-1.67,

(1-p)et (1-pye™!
o T Te-mw

=0.126(1 — p)'® + 0.628.

U*(p) =kb

Then, O = 0.754. So,
0 =0.754e< 1.
Hence, by Theorem 3.1, BVP (11)—(12) has a solution in C(Q, cf).

Example 5.2 Consider the BVP

:|: , O<r<l, (13)

71 ad
ngsz(r)+ Z
=j

Page 14 of 17
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41
z(0) =0, Rsz 0) =0,
(0) ( ) = (14)
0.2z(1) + 4% §D3 6z(1) 0.
So,ng 4 JA = 8,Q [0,1],b; =0.2, by = 4[ ,and ¥4 (1, z(r)) = Zfoj zglzr.

,m=
Let ¢4 = jl for all j € N. Now, for z(r) € 0(Q, %), we have

1 1z
jhm £595(r, z(r)) = lim |: S+ Z szi(zr):| =0.

j~>OO ] j i:j

This shows that (5 (r, z(r))) € c*. Next, let w(r) = (w; ()52, € C(Q,c?). Let 1 > 0 be given
and § = 12“ such that | z(r) — w(r)[lgg,ct) < & Then

|(w2)(X) = (w2)(@)| .o = sup{€;]¥5(r, 2(x)) = 5 (r, wl)) |}

jeN

sup{1 222{2 (r) — w; r)|}

jeN

2
— 12 ||Z (I" —Wj (r)”cg <M.

Thus, ((¥z)(r))co is equicontinuous on c’. For r € Q and j € N, we also have n5(r) = jl

uniformly

and 3;(r) = ’lr—; So, 3* = T—; We note that (Enj (r)) = (i) 0 on Q, and the sequence

33(r) is convergent on Q. Also, k = [b + c ] 1=1.06,

Q-ppl  (1-pp!
fo T Te-mw

=0.178(1 - p)** + 0.662.

U*(p) =kb

Then, 0 =0.84. So,

2
~ bs
03" = 0.84 x e x I < 1.

Hence, by Theorem 4.1, BVP (13)—(14) has a solution in [(Q, c*).

6 Conclusion
The present paper considers a boundary value problem with an infinite system of tem-
pered fractional order. A variation of the well-known RL-fractional derivative, the so-
called tempered fractional RL-derivative, is the fractional derivative used in our case.
Using the HMNC technique and the Meir—Keeler fixed point theorem, we looked into
whether there is a solution to an infinite system. This study was conducted in two brand-
new sequence spaces: tempered sequence spaces C(o, cg) and C(Q, ¢t). Finally, numerical
examples are also given to demonstrate the results we achieved. Future research could
focus on the following areas:

(1) To investigate infinite system of singular TEBVDP, further research is required.

(2) Isit possible to expand the concept used in this paper to investigate infinite systems

of fractional difference equations and dynamic equations on time scales.
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