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where ay, ay, (1, 2, kK =k () >0, B <0,and Aq, A, are Lagrangian multipliers. We use
the Ekeland variational principle and the minimax method on manifold to prove that
this system has a solution that is radially symmetric and positive.
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1 Introduction
In this paper we study the stationary nonlinear Bose—Einstein condensates Schrédinger
system

—Auy — My = v + Bugud + k(X)uy  in RS,
—Auy — Mty = pous + Buluy + k(¥)u;  in RS, (1.1)

2_ 2 2_ 2
fR3 uj =a, fR3 U; =ady,

where a3, a;, 1, (2, k(x) >0, B <0, and Ay, A, are Lagrangian multipliers that will be de-
termined. If there exists (A1, Ao, 41, #2) € R? x HI(R?) x H!(R?) that satisfies (1.1), then we
call (A1, A2, u1, up) a normalized solution of (1.1). This problem possesses several physical
motivations such as nonlinear optics and Bose—Einstein condensation.

When 11, (2, a1, az > 0 and «(x) = 0, problem (1.1) has been considered by many math-
ematicians in recent years. In [3] Bartsch and Jeanjean studied the case 8 > 0; they proved
that there exists f; > 0 depending on a; and p;, i = 1,2, such that if 0 < 8 < ; then (1.1)
has a solution (A1, Ay, 1, U3), where A1, Ay < 0 and #; and 4, are both positive and radially
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symmetric, and there exists 8, > 0 depending on a; and u; such thatif 8 > B, then (1.1) has
a solution (A1, Ay, 1, U3), where A1, Ao < 0 and #; and i, are both positive and radially sym-
metric. In [6—8] Bartsch and Soave studied the case 8 < 0, and they proved the existence
of positive solutions of (1.1). Moreover, if ;1 = (o, a; = a, then (1.1) has infinitely many
positive solutions. We refer the interested reader to [4, 5, 12, 13, 20] and the references
therein for more results of this case.

When (1, o, a1, az > 0 and « (x) # 0, to the best of our knowledge, the only result avail-
able is presented in [25]. We proved the existence of solutions for (1.1) when 8 > 0, the in-
teraction is attractive, and « (x) is a radially symmetric function, which means « (x) = « (|x]),
by using the Ekeland variational principle and minimax theory on manifold.

It is necessary to point out that Schrodinger systems with fixed X; have been widely stud-
ied in the last twenty years, the existence and behavior of solutions are well understood.
For autonomous systems, we refer the interested reader to [1, 2, 9, 15, 17-19, 24, 27, 28]
and the references therein. For nonautonomous systems, we refer the interested reader
to [21, 26], which studied the ground state solutions of Schrédinger systems with poten-
tials, but for system (1.1) it is far from being well understood. Furthermore, normalized
solutions for the single equation were studied in [14, 16, 22, 23] and the references therein.

Now, let us focus on the repulsive case of system (1.1), which means a3, as, i1, ia,
k(x) >0, and B < 0. We also use the variational method to prove the existence of solutions
for system (1.1), but different from the attractive case because B < 0, the Liouville type
theorem in [25] is no longer applicable, we need to establish a new Liouville type theorem
for elliptic systems to make sure that the weak limit of P.S. sequence is nontrivial. We
will prove the existence of solutions for (1.1), which will be found as critical points of the
energy functional J on manifold S, where

1 1
J(uy, 1) := —[ |Vur|* + |[Vus|* - —/ pauy + oty + 2Butu; —/ K (X)urun
2 R3 4- R3 R3
and
§:=8, X 84,8, = {u € H,,,(R%) :/ u? = az},
R3

space H. ,(R?) denotes the space of radially symmetric functions in H'(R?). We have the
following results.

First, for the autonomous case (k (x) = « is a constant). Because A1, A, are unknown, the
traditional Nehari manifold method is not available, so we need to combine the Nehari
identity and the Pohozeav identity to get a new constraint for system (1.1):

3
P:= (ul,uz)eS:/ |Vu1|2+|Vu2|2=—/ ulu‘f+,u2u‘2‘+2,6u%u§ .
R3 4' R3

From [6] we know that P is a C? submanifold of S. First, we show that J is bounded from
below and away from 0 on P. Next, we use the Ekeland variational principle to find a P.S.
sequence for J on S at level ¢ := infp J(uy, uy) and prove that the P.S. sequence is bounded,
then it has a weak limit in H'(R3) x H!(RR®). Finally, we prove that the weak limit is also
a strong limit by establishing a new Liouville type theorem for elliptic systems. Then we
have the following existence theorem.
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Theorem 1.1 Assume ay, a, i1, 4y >0, B <0, and k > 0 with the additional condition

8

<572 g4
27Ca1,a2a1a2

K (1.2)

where Cy 4, = max{i,a, G, uyayG*} and G is the best constant for the Gagliardo—
Nirenberg inequality in Lemma 3.1. Then system (1.1) has a solution (A, Ay, iy, ity) such

that Ay, s <0, i1, ity > 0. Moreover, ity and iy are radially symmetric.

Next, for the nonautonomous case (k (x) is not a constant). When « (x) is not a constant,
the Pohozeav identity of (1.1) is very complicated, so we need to find the critical point of
J on manifold S directly. The functional / on § is unbounded from below, so we try to
construct a mountain pass structure of / on the manifold S and by the minimax theory
on the Finsler manifold, which was introduced in [10], and to obtain the critical point of
on S. We have the following theorem.

Theorem 1.2 Assume ay, as, (i1, ko >0, — /12 < B < 0, and k(x) = k(|x|) is positive and
away from 0, K (x) € L°(R3), %Vx(x) -x+Kk(x) >0, Vi(x) - x is bounded and

5

< Tor2
18Cﬂ1'u2611612

o).,

where Cg, 4, = max{uia; GY 2a2G*Y) and G is the best constant for the Gagliardo—
Nirenberg inequality in Lemma 3.1. Then system (1.1) has a solution (\i, ks, i1, ily) such
that 1, k3 < 0, iy, ity > 0. Moreover, i, and iy are radially symmetric.

Finally, we need to point out that the proofs of Theorem 1.1 and Theorem 1.2 are dif-
ferent from [6] and [25]. To deal with the repulsive case and the linear coupling terms
of system (1.1), we need to establish a new Liouville type theorem for elliptic systems
(Lemma 3.8) by asymptotic estimates to prove that the weak limit of P.S. sequence is also
a strong limit.

The paper is organized as follows. In Sect. 2 we give some notations and preliminaries.
Sections 3 and 4 are devoted to the proofs of Theorems 1.1 and 1.2.

2 Notations
Throughout the paper we always work in the space R?, and we use the notation |ul, to
denote the I7-norm. Set H!(IR?) to be the usual Sobolev space, and its norm is denoted by

2 o\ 1/2
leell := el = (1V el + Jul3)

To use the compact embedding in whole space, we denote the radially symmetric space as
follows:

H} = H,,(R®) == {u e H'(R®) : u(x) = u(|x])},

rad

and we set

S:=81%8,8:=8,:={uecH :|lu=a}, i=12,
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where |ul, := |ul,gs3 := (fps |ulP)V?, p > 1. From standard variational arguments and the
Palais principle of symmetric criticality, we know that critical points of the following func-
tional on S are weak solutions of (1.1):

1 1
Ty, ug) = —/ |V |* + |VM2|2——/ MlM%+M2M3+2,3M%M§—/ K (X1 .
2 R3 4- R3 R3

We will use the following fiber mapping, which was introduced in [14] originally. For
seRand u € H'(R?), we define

3s
(s % u)(x) := €2 u(e'x).
From the definition, we can easily check that |s x i, = |u], and |V (s x u)|; = €°|Vul|,; as a
consequence, take s € R, (u1,u;) € S, we have s (11, up) := (sx ug,s*uy) € S.

To deal with the autonomous case, we give the following notations. First define a func-
tion @y, u,)(s) as follows:

D (u1y,9) (5) :=](5 * (u1, Mz)),

when « is a constant by changing variables, we have

e’s 2 , €¥ 4 4 2.2
Dy, (8) = / [Vur|” + [Vuo|” - / M1l + Poldy + 2Bujuy _/
2 R3 R3

KUuiiy.
4 R3

Next we introduce a subset of S:
T := {(ul,uz) eS: /R3 s + pous + 2Bulul > 0}.

Clearly, 7 = S, when —/uju; < B < +00, T is a proper subset of S while 8 < —/uju,.
Moreover, when (11, u3) € T, the function @, ,,)(s) has a unique strict maximum point,
which is defined by

4 Vui|? + |V |?
Jrs Vur* + | Vg ) (2.1)

S =In
(ere2) (SfRs paut + pous + 2Pulu’

It is clear that for any (u1, uy) € T, we have s, ,,) * (141, u2) € P.
3 Autonomous systems
In this section, we prove Theorem 1.1.

We work on the space H := H. ,(R®) x H} ,(R?), the corresponding energy functional
of (1.1)on S is

1 1
/(ul,uz):—f |w1|2+|w2|2——/ mui‘+mu§+2ﬂuiu§—f Kt .
2 R3 4- R3 R3

We try to find the critical point of J on S.
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Lemma 3.1 (Gagliardo—Nirenberg inequality) For any u € H'(R3), we have

[ =o(f) (L)

where G is a universal constant.

Lemma 3.2 ] is coercive on P and there exists § > 0 such that

inf  J(uy,u) > 6,
(M],M2)€7)

when k < ss=—2——, where C,, 4, = max{p1a;G*, ra,G*}.

27Ca1,a2 aiap

Proof From Lemma 3.1 we know for all z € H'(R3):

[ =of /Rguz)%( /ng)?

If (11, u) € P, then (u1,uy) € T, we have

2

3
0<</ |Vu1|2+|Vu2|2)
]R3
3 4 4 2.2 3
2 R3u1u1+u2u2+2/3u1u2

2 2
3 4 4)° 3 3 2 2
= pup+ oy | <\ =Cha [Vui|” + |Vuy |~
4: R3 4 R3

Moreover, when (i1, u,) € P, we have

IA

( )_5/ | |2 | |2 / > — =
}M,M - Vu +|Vu Kuiu Kaiaj.
1, 42 3 1 2 3 12_27C2 142

ar,az

Then, if « <
that

—>3——, where C,, 4, = max{u1a1G* 12a,G*}, then there exists § > 0 such
27Ca1'a2a1a2 !

inf  J(ui,u) >,
(u1,u2)eP

the coerciveness of ] on P is obvious, which finishes the proof. O

From Lemma 3.2 we know

c:= inf  J(u1,u3) >0,
(ul,uz)Ep

and J is coercive. These properties inspire us to prove that c is the critical value of J on
manifold S.
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First we define the functional E: 7 — R by
E(uy, t9) :=J (s % (1, u2)).

From the definition of s(,, ,,,), we have sq,, u,) * (41, u2) € P. Together with (2.1) it is easy
to check that

1
E(uy,uz) = —/3 IV S(uy09) * U1 ]* + |Vs(u1,u2)*u2|2_/3’(ulu2
R

6 Jr
ezs("l'MZ) ) )
= / [Vu|” + [Vuy| —/ KUyl (3.1)
6 R3 R3
8 s IVia1|? + |Visy ?
= 1 7y 5 — KU,
27 [ps pauy + pous + 2Buiu;  Jgs

Lemma 3.3 We have

c= inf E(ui,us).
(u1,u2)€T (112,142)

Proof For every (u1,u,) € P, we have s(,, .,) = 0. Moreover,

J(ui,u2) = E(ui,u2) > inf _E(ui,u3) = c¢> inf E(ui,uo).
(u1,u2)eT (u1,u2)eT

On the other hand, for every (u1,u;) € T, we have

E(u1,u3) =] (Suyup * (1, 42)) > ¢ = inf  E(ui,up) >c.
(u1,u2)eT
Combining two inequations above, we finish the proof. d

The following lemma shows us the relations of derivative between J and E.

Lemma 3.4 The functional E € C(T,R), and

(dE(uh MZ)) (¢11 ¢2)) = (d](s(ul,uz) * (ulr MZ))rS(ul,uz) * (¢lt ¢2))7 (32)

where (u1,u2) € T, (91, 92) € T(uy,up)S> and T, u,)S is the tangent space of S in H at point

(u1, uy).

Proof From (3.1) we know that E € C'(T,R) is obvious, and take (u1,u,) € T, (¢1,¢2) €
Ty u2)S» we have

(dE(ul, u2)r ((»bl’ ¢2))

B ( 4 [os Vi |” + Vo |?
3 Jos iUt + wouy + 2Butul

2
) / Vul . V¢1 + Vl/iz . V¢2
R3

B < 4 [o3 |V |* + | Vg |?

3
3 3 2 2
MUy + oty + Butusds + Buiuydy
3 fps HauY + pmous + Zﬁu%u%) /1;3

Page 6 of 20
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—/ Ku1¢2—/ Ky
R3 R3

= ezs(ul’uz) / Vu, - Vo1 +Vuy - Vo
R3
— Sy 3 3 2 2, _
M1l + poldy + Buitiags + Buiuyér Ku1¢2 KU1
R3 R3 R3
= fRa V(S(uy,u) * 41) * V(S(uyup) * B1) + V(S(uy,p) * 42) * V(S(uy ) * P1)
- /3 Ml(s(ul,uz) * Ml)g(s(ul,uz) * ¢1) + I’LZ(S(Ml,MQ) * MZ)S(S(ul,uz) * ¢2)
R:
- /3 ,B(S(ul,uz) * Ml)z(s(ul,uz) * MZ)(S(ul,uz) * ¢2)
R
- /3 ﬂ(s(ul,uz) * MZ)Z(S(ul,uz) * ul)(s(ul,uz) * ¢1)
R

- / K(S(ul,uz) * ul)(s(ul,uz) * ¢2) - / K(S(ul,uz) * uZ)(s(ul,uz) * ¢1)
R3 R3
= (d](s(ul,uz) * (11, u2))rs(u1,u2) * (1, ¢2))1
which finishes the proof. O

Next, from the Ekeland variational principle, we can find a P.S. sequence for / on S at
level c.

Proposition 3.1 There exist two sequences {(41,,, Ua,,)} and {(uy,u, Us,n)} := {8y * (t1,ullo,,)}
satisfying the following properties, where s, := S(z, .75 )

(@) {(@1,1, o,n)} is a PS. sequence of E on manifold S at c;

(b) s, > 0 as n — +00, and {(u1,,, uz,,)} € P for every n;

(¢) {(u1,my ua,n)} is a P.S. sequence of J on S at c.

Moreover, we can assume uy ,,, u, ,, — 0 in H.

Proof First we can choose (v1,,,v2,,) € T such that E(vy, v2,,) — ¢. We take (L:tl,n, ftz,n) =
Swrmvan) * (Vin Va,u) € P. From the definition of E, we know that E((it1,4, #4,,)) — ¢. From
the Ekeland variational principle, there exists (i1 5, #,,) such that

E(ﬁl,n: l:iZ,n) — ¢

d|$E(ﬁ1,m ZtZ,n) -0,

and IIIii,,, — Uiy, i = 1,2. From the fact that (L:tl,n, L:tg,,,) € P, we have s, := 5, ,.,2,,) — 0, we
define (uy ,, uy,) := Sy * (t1,,, Uy ;). From Lemma 3.4 we have

(d](ul,m uZ,n)r (¢lr ¢2)) = (dE(_SVl * (ul,rn uZ,n)): (—S,, * (¢17 ¢2)))

where (¢1, 92) € Ts(uy,, Ua,). From the fact that s, — 0, there exists C > 0 such that 0 <
s, < C. Moreover, there exist C; > 0, Cy > 0 such that

C < | = 50 % (P1, )l <G

(@1, d2)l
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| 5T (wr,r 112,) ||* = sup [(@ (1,5 tn, ), (D1, 82)) |
l(¢1,¢2)I1=1
P1.02€Ts (u1,u2)

= sup | (dE(_Sn * (ul,m u2,n))r (_Sn * (({bl’ ¢2))) ‘
(@1,¢2)l1=1
$1:92€T s (u1,u2)

= sup ’ (dE(ﬁl,n' L~t2,n): (_Sn * (¢17 ¢2))) ’
l(¢1,¢2)1I=1
1,026 T s (u1,u2)

_ ~ ~ ” _Sn*(¢l!¢2)”
= B o) T— )

— 0.
From the continuity of /, we have J(u1,,, u3,) — ¢. Moreover, because
J(lwal, ) < J (w1, 1),
we can choose vy, v2,, > 0, then we have u7 ,, 45, — 0 in #, which finishes the proof. [

Then we need to show that the P.S. sequence {(u1,, u43,,)}, which is mentioned in Propo-
sition 3.1, is bounded in H.

Lemma 3.5 Sequence {(u1,,, Us,,)} is bounded in H.

Proof First we have

1 1
2 2 4 4 2 2
J @10 t420) =3 /R VuLal® + [ Vi,l* - 2 fR oty + 2B 18,

(3.3)
- / Kuy,uth,, — ¢ > 0.
R3
From the fact that {(u; ,, us,)} € P, we have
2 , 3 4 4 2 2
» IVurul® + |Vug,|” = 1 ) MUY, + Moty , + 2Buy U5, (3.4)

Combining (3.3) and (3.4), we obtain

1

2 2
_/ |Vul,n| + |VM2,71| _f KUy nloy — C.
6 Jr3 R3

From the Schwarz inequation we have that {(Vu, ,,, Vi, ,)} is bounded in L2 x L? together
with (41, u,) € S, then {(uy,,, up,)} is bounded in H. O

Then we have
(ul,nr M2,n) - (121; 122) S H; (35)

by the standard arguments of compact embedding, we have u;0 > 0,i=1,2.
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From the above discussion we have

AJ | s (W, n an) = AJ (U1, Ua,n) — A (1,05 0) — A2, (0,23,,) — O (3.6)

in H*, where

1
)Ll,n =T 5 (d](ul,m Z'i2,n): (ul,n: O))

|u1,n|%
1 2 4 2 2
= |[Vur,,l” — 1 Uy — B Uy Uy, — K Ui nlon |
ai R3 R3 R3 R3
1
)‘-Z,n = T 2 (d](ul,m MZ,n): (Or MZ,n))
|M2,n|2

1 Vi 2 4 2 2
=— [Vugul—po | uy, =B | uj,uy,—k | uiutian).
a; R3 R3 R3 R3

It is easy to check that {1, ,} and {A,,} are bounded sequences, and we may assume 1, ,, —
A1, Ao — Ay up to the subsequence. Then, by weak convergence, we have

dJ (i1, it2) — A1 (i11,0) = A2(0,2) =0 in H*.
Moreover, (A, Ay, i1, it2) is a solution of system

—Auy — Ay = paus + Burul + kuy  in R3,

(3.7)
—Auy — My = pous + Buluy + kuy  in R3,
If (w1, t02,0) — (U1, U2) € H strongly, then (X1, Ao, U1, 42) is a solution of system
—Auy —Auy = paus + Bugud + kuy  in R3,
—Auy — My = pois + Buduy + kuy  in R3, (3.8)

Jos ui =ai, Jos u3 = aj.

The following lemma gives a sufficient condition of strong convergence for the sequence

{(ul,m u2,n)}'
Lemma 3.6 If1; <0, i= 1,2, then we have strong convergence u;, — it; in H', i = 1,2.
Proof When X1 <0, we compute
0(1) = (df (s tan) — A (i1, h2), (i, — 141,0)) — Ay /3(Ml,n - i)’
R

- f (Vitry Vi) — T f (1 — )2 + o(1).
R3 R3

Then, if 1; < 0, we have Uy, — U in H,l. Similarly, if Xy < 0, we have Uy, — Uy in H,l,
which finishes the proof. g

Lemma 3.7 At least one of A;, i = 1,2 is negative.
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Proof Notice that (41,4, U2,4) € P, U7, t3,, — 0 in H} and Lemma 3.2. There exists § > 0
such that

)_Llaf + )_\zag
= kl,na% + Az,y,ag +0(1)
2 2 4 4 2 2
= /3 Vg, + |[Viuy,|” - /3 AUy, + Moty , + 2Buy U5, — 2/3 Kuy Uy, +o(1)
R R R

1
<=3 [ 19 19, 002
3 R3
1
-4 1).
< 5 +o0(1)
Then we have A; < 0 or A, < 0, which finishes the proof. O

We need some Liouville type theorems to ensure that A; and 1, are both negative.

Lemma 3.8 If %1 < 0and hy > 0, then there exists R > 0 such that it, and ity are decreasing
in B%(0). Moreover, u; < 5 for some C >0 in B3(0).

Proof When u € H;. ,(R?), for simplicity we take u(x) = u(r), where r = |x|. We have
= (Pd () r?
and
1 1
|u(@)| < Cluly |Vuly %7, (3.9)
then there exists R; > 0 such that x € By (0)

Al (x (uzuz(x + ﬁuz(x)uz(x) + ki (x) + izﬁz(x))
< —(Bi;(0)ita (%) + ity (x)) (3.10)
i ().

IA

K
2
Taking r1, r» > Ry in (3.10), we have
ry , r
/ (rzﬁ'z(r)) dr < —/ Kkita () dr,
r n
ie.,

2
it (ry) — riuy(ry) + f ruy(r)dr < 0. (3.11)

1

We claim that there exists R, > 0 such that when r > R, we have u,(r) < 0. If not, it is
obvious that there exists a sequence r,, such that , — oo and #5(r,) = 0. Then from (3.11)



Yun and Zhang Boundary Value Problems (2024) 2024:25 Page 11 of 20

we have
Tn+l )
K/ rei(r)dr <0,
n

which is impossible because from the maximum principle we know that i1, u; > 0. Then
we have u; is decreasing when r > R,. From [11] we know that there exists R3 > 0 such that
u;(r) is decreasing when r > R3.

Next, we take r, = 2r; > R := max{Ry, R, R3}, and noticing (3.9), we have

) ry
_/ (rPity(r)) < C/ % +rdr <C(In2+r3) (3.12)

r r

for some constant C > 0. Moreover, notice that i;(r) is decreasing when r > R and (3.12),
then we have

C
|'7¢/2(V)| < L (3.13)
where r > R. Finally, from (3.11) and (3.13), we have

) = 5,
when 7 > R. 0
Lemma 3.9 Ifil <0and ry > 0, then we have iy = 0.
Proof We assume that u; # 0. From the maximum principle, we have i, > 0. First we have
—Aily — hayily = [oils + BilSiky + Kily.
Take iy = w and c(x) = —| 8|43 (x), then we have
|e@)| < %
and
—Aw + c(x)w > 0,

where x € B4(0). For ¢ € (1, %], we take V = r=%, then we have

-AV +cx)V = —(¢>2 - (;5)|x|_¢_2 +c(x)|x7?
<—(¢* - )l + Clag) ¥ (3.14)

<0

when x € B%,(0) for some R’ > 0. Take ¢ := w — Cor~?, where Cy = g(fi;) and R := max{R, R},
we have

—-Ap +c(x)p >0
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in B%(0). From the maximum principle, we have w > Cor™? in B%(0), but it is easy to show
that r? ¢ L2(B§-€(0)), which contradicts w € L?(R3), so we must have iz, = 0. O

Proof of Theorem 1.1 If X1 <0, Ay > 0, we have il = 0 and #; > 0. From the structure of
system (3.7), we know that (iz1,0) cannot be the solution of system (3.7). If A; > 0, Ay <
0, we have iz, = 0 and i, > 0. From the structure of system (3.7), we know that (0, %)
cannot be the solution of system (3.7). So we must have A;, A5 < 0. From Lemma 3.6 we
have (A1, Ay, i1, i13) is a solution of system (1.1). Moreover, A, Ay < 0 and iy, iy > 0, which
finishes the proof of Theorem 1.1. O

4 Nonautonomous systems
In this section, we prove Theorem 1.2.
The corresponding energy functional of system (1.1) on S is defined by

1 1
J(ur, up) = —/ |V [* + IVuzIZ——/ mui‘+uzu§‘+2ﬂu3u§—/ K (xX)u1uz,
2 ]R3 4 ]R3 ]R3

where w1, ty, k >0and B <0.

Firstly, /|s is unbounded from below, so we cannot achieve infs J(u1, u#5). Secondly, (1.1)
is a nonautonomous system. The Pohozeav identity of system (1.1) involves the gradient
of k(x), and it is hard to figure out whether J is bounded below on the PohoZeav manifold.
To get the critical point of /| s, we will try to find a minimax value of J|s by constructing
a minimax structure on S. For this purpose, we introduce the following two sets, where
Ky, >K;>0:

Ag = {(ulrlh) GSI/ |Vur > + |V |? SK1},
R3

B, ::{(ul,uz)GS:/ |Vu1|2+|Vu2|2:1(2}.
R3

By Lemma 3.1 we have

3

2
4 4 2.2 2 2
/3 :u“lul +/L2M2 +2ﬁ”1”2 S Ca1,a2 (/3 |VM1| + |VM2| ) )
R R

where C;, 4, = max{a; 1 G aru2G*}, and G > 0 denotes the best constant for the

Gagliardo—Nirenberg inequality in R3.

Lemma 4.1 There exists C; > 0, where C := C(k,a1,a2) and Ky > 0 such that for any

(u1,u9) € Ak
J(u1,uz) > -C. (4.1)

Proof We let K| < —*—, where —*— is the biggest zero point of the function
Cal,a2 Cul,uz

1 (@ 3
—x— fo‘

2 4
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Then we have

1 1
J(ur, u2) = —/ |VM1|2+|VM2|2——/ MIM%+M2M§+/3M%M§—/ KU1ty
2 R3 4: R3 R3

3
1 C 2
z-—/‘IVuﬂ2+|Vuﬂ2——152 /“IVuﬂ2+|Vuﬂ2 ~ ks
2 ]R3 4 R3

> —kad,

then we take C = kaja; to get (4.1).

Lemma 4.2 Assume Ky = —— and « <

5
ay,a2 18CZ) ay

supJ(u1, uz) < inf J (w1, us)
Agy Br,

and

inf J(u1,u,) > 0.
Br,

—3— . If Kj is small enough, then we have

(4.2)

(4.3)

Proof Take (v1,v3) € Bg,, (41,u3) € A, , notice that K; > 0 is the maximum point of the

function
lx _ —Cal,azx%,
2 4

5
K(x) < B o Note that —,/it1/43 < B < 0 and choose K; small enough, then we have

18C2, 4y 1
](Vlr VZ) _](ul’ MZ)

1 1
=—/|VWP+NWF——/|VMF+WMF
2 ]R3 2 R3

1 1
- / L1V + vy + 2BVivy + — / L] + pouy + 2usu;
4 R3 4 R3

- KViVy + KUy
R3 R3

1 1
z—/IVWF+WwV——fIVmV+WmV
2 ]R3 2 ]R3

1

4 4 2 2
"3 /R3 H1V] + WaVy + 2BVIV; — 2ka1a)

1

C
2 ko - %(1@)% - 2Ky - 2kmyay

N =

> 0.

Take (1, u2) € Bk,, similarly to (4.4), we have

1 1
J(ur, u) = —/ |V | + IVuzIZ——/muﬁuzu%%uﬁuﬁ—/ KUty
2 ]R3 4 ]R3

(4.4)

Page 13 of 20
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1 Ca a 2
= §K2 - %(1(2)g —Kaia;
>0.
This finishes the proof. O

We fix a point (v1,v,) € Ak, both nonnegative, and we try to find a point (w;, w;) such
that J (w1, w,) is negative enough, and [ps [Vw1|* + |V, | is large enough. Then any path
from (v1,vy) to (wy, w;) must pass through By, , so we get a mountain pass structure on
manifold S. To do this, we use the translation, which was firstly mentioned in [11]:

Sxu:= e%u(esx).
By direct calculation we have
|s % u|3 = |ul3
and
|V(s * u)|§ = e*|Vul3.
Moreover, we have
J(s*xvi,8% 1)

e2s 3s

e
= / |Vv1|2+|sz|2——/ M1V£1L+M2V%+2,3V%V%—f K (x)(s*xv1)(sx 1)
2 R3 4- R3 R3

25 3s
e e
< — |VV1|2 + |V1/2|2 - — ,ulv‘f + /szg + 2,81/%1/% + Kaias.
2 R3 4 R3

If s is large enough, then we have /(s x v1,s % v5) < —Cy, where C is defined in (4.1), and we
take (wq, W) 1= (s x V1,8 % o).

Then we can get a mountain pass structure of / on manifold S:

T:={y(t) = (n(©),7(0) : y(0) = (v1,n), y (1) = (w1, wa)}, (4.5)

and the mountain pass value is

c:=inf sup J(y(¢)) = infJ(u1,us) > 0. (4.6)
VeL te0,1] By

To obtain the boundedness of the P.S. sequence at mountain pass value ¢, we use the fol-

lowing notations:
(s, 11, 12) 1= J (s % 11,8 % t3) = J(0,8 % 14,5 % ty). 4.7)
The corresponding minimax structure of ] on R x S is as follows:

r:

{70 = (56), (@), 20) : 7(0) = (0,v1,v2), 7(1) = (O, w1, w2)},
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and its minimax value is

¢=inf sup J(7(2)).
7el tel0,1]

First we claim that ¢ = c.
In fact, from I" O T we have ¢ < ¢. On the other hand, for any

7(®) = (s8), 11(0), 12(0)),
by definition we have
J(7®) =J(s() % ¥ (8)),
and s(t) * y (£) € T is obvious, then

sup J(7()) = inf sup J(y(2)).
tel0,1] v€l e0,1]

By the definition of ¢, we have ¢ > ¢, then ¢ = c. Because
J(s, 1, 142) = J(0,5 % 1y, 8 % ),

we take a sequence p, = (0, V1,4, Vo) € I" such that

c=lim sup J(7:(9)).

n=>004¢0,1]
Moreover, using the fact that «(x) > 0, we have
j(S; |1/l1|, |M2|) S](s» u, Ll2),

then we can assume 1, ¥2,, > 0. By Theorem 3.2 in [10] (it is easy to check that the
conditions of Theorem 3.2 in [10] are satisfied by Lemma 4.2), we can get a P.S. sequence
(Sy» U1y U ) of J on R x S at level c. Moreover,

Him [s,| +disty (@1, o) (Vis Vo)) = 0.

So, we have s, — 0 and i, it;,, — 0 in H}. Then, taking
(1,5 U, n) 1= (S * Uy Sp * U,)s

we have the following lemma.

Lemma 4.3 (u1,,, Us,) is a PS. sequence of J(u1,us) at level con S.

Proof First we know that (s,, 1, 2,) is a PS. sequence of ]'(s,ul,uz), then for any
(¢1,¢2) € H! x H! we have

(auj(sn: ﬁl,m ﬁZ,n)r (¢lr ¢2))
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_ / Vit V1 + Vi, - Vb,
R
- /]Rg AT (1 + Wil + Bl il + BT 102,02
- /}1@3 e (€7x) it npo — /}RB (e x) itz 1
= /RS Vg, - V(syx ¢1) + Vg, - V(s, * ¢2)
B /R BT (50 % B1) + Hth (5 % 1) + PU y 425 % §2) + Pitrnih (50 % §1)

- / )it (50 % 62) — f (K)tta (50 % 1)
]R3 3

R

= (dJ (1,5 U2,n), (S0 * D15 S * $2)),
where u = (41, u;). Notice that —s x (s x ¢) = ¢, Vs € R, we have
O] (S 1> T ) (=S % 1, =S % §2) = A (U, 12,) (b1, $2).
Itis obvious that (¢1, #2) € Ty ,.u5,)S if and only if (=s, x 1, =8y % h2) € T(7y,,7,)S, see [6].

Since s, — 0, we have —s, x ¢; — ¢;, i = 1,2, as n — 0o in H!. Then, for n large enough,
there exist A; > 0 and A, > 0 such that

(@1, )l
”(_Sn * ¢1! —Sp % ¢2) ”

A1 < < Ag, (48)

where (¢1,$2) #(0,0). Let || - || be the norm of the cotangent space (T, 4,)S)*. Thus, for
any (¢1,92) € Tiuyu.,)S and (¢1,¢2) 7 (0,0), we have

(¢1,92)

d, nr n
]| 5 (v, 12, )||(—Sn*¢1’_s”*¢2)“

< || @ 15) (S 1,m> Hh2,n) ||, — O

as n — 00. Take the supremum on both sides and notice (4.8), we have
Ar|d]\s @ tia) |, < [ @uT18) (S it dion)|, > 0 asn— oc.

From the fact that A; > 0, we have
||d]|5(u1,n,u2,n)||* — 0 asn— oo

On the other hand, we have
J (W10 ) = J(Syy i1 1y Hho) = € @S 11— 00,

This finishes the proof. d

Lemma 4.4 If k(x) and Vi (x) - x is bounded in R3, then the PS. sequence (uy,,us,) 0b-
tained in Lemma 4.3 of J(u1,u2) on S at level c is bounded in H.
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Proof Since (s, 1,4, Us,,) is a P.S. sequence for J, we have

0~ . .
_](Sn; ul,n: u2,n) > 07
as

ie.,

3
2 2 4 4 2 2
/RS [Vurnl™ + | Vugul™ = — fRB MUY, + Uolly , +2Bu] U5,

4
(4.9)
+/ Vi (e_s”x) - €~ XUy il — 0.
R3
On the other hand, notice that 7(sn, Ui, Uy y) = J (U1 4 Us,,), We obtain
1 2 2 1 4 4 2 2
J(W1,05 th,) = 2 Jos [Viurul™ + [Vugul® - 1 ) MUY, + oy, + 2Buy U5,

(4.10)

—/ K(e_S”x)ithzlz,n —c.
R3
Then, using the boundedness of k(x), Vi (x) - x, (%11, Us,,) € S, (4.9) and (4.10), we can

deduce that [o3 |Vuy,,|* +|Vi,,|? is bounded. Notice that (1,4, ua,x) € S, we get (1,1, )
is bounded in H! x H!. O

Because (u1,,, 4a,,) is bounded in H} x H}, there exists (i11,42) € H! x H} such that
| 1
(Urns ths,n) — (i1, 13) inH, x H,.

Lemma 4.5 Under the assumptions of Lemma 4.4, and we assume %V/c(x) -x +Kk(x) >0,
then there exists C > 0 such that for n large we have

|Vu1,n|% + |V’42,n|% >C.

Proof By (4.9) and it ,,, it; , — 0 in H}', we have
3
[ Vi 9= [ it e 200,
R3 4 R3
+ / Vi (e™"x) - e xiiy it , = 0(1)
R3

and

1 2 1 4 4 2 2
3 - [Vur,|”+ |Vug,| — 1 » MUy, + oty , + 28Uy Uy,
- / i (e™x)iy iy, = c+o(1).
R3 T
By (4.6), we have ¢ > 0, thus

c+0(1) = J(ur,n to,n)
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1 1 ~
== / |Vur,|* + |Vuy,|* —/ =Vk(e™x) - e*x +k(e7x) )uf i3,
6 Jgrs3 r3 \ 3 e
1
= _/ |vul,n|2 + |Vu2,n|2;
6 R3
then, for # large enough and taking C = 3c, this finishes the proof. d

Because (u1,,, 2,,) is a P.S. sequence of J on S, for any (¢1,$2) € H! x H}, there exist

A1 A2, such that, as 1 — oo,
(d]|5(ul,m MZ,VI)’ (¢)11 ¢2))

=/ Vul,nv¢1+/ Vuz,nv¢2—ﬂl/ uin¢1—/t2/ u3 .
R3 R3 R3 R3

—ﬂ/ ul,nuﬁ,nah—ﬁ/ uinuz,n@—/ K (X112 (4.11)
R3 R3 R3
—/ K(x)uz,n¢1—)\1,n/ M1,n¢1—)\2,n/ U, P2
R3 R3 R3
=o(|(¢1, 42)])).

From Sect. 3 we have

2 2 4 2 2
A,nd] :/ |Vity | —m/ u1,n—.3/ ”1,;1“2,;«‘/ K (X)ue1, 0l (4.12)
R3 R3 R3 R3

Aoudty = / |Viioul® = 2 / Uy, — B / Ui 3, — / K ()1l (4.13)
R3 R3 R3 R3
then it is easy to deduce that {X,} and {A,,} are bounded. So we may assume

)\l,n g )\11

}"2,}1 d )_\,2
by choosing subsequence if necessary.

Lemma4.6 Under the conditions of Lemma 4.5, assume %Vk(x) ‘x+k(x) > 0andk(x) >0,

then at least one ofii, i =1,2, is negative.

Proof Notice that iy, — 0, it;,, — 0in H}!, (4.12), (4.13), and (4.9), we have

T 2,7 2
A.lal + )\2612

= kly,,a% + )\.2],,61% +0(1)

2 2 4 4 2 2
/R3 [Vuy,|” + [V, _fRa’“”“’ + Molky , + 2Buy Uy,

- 2/ Kk (X)uy ytin,, +0(1)
R3

1
——/ Vitrnl® + [Vits
3 ]R3

Page 18 of 20
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4 -
_ </ <§V/< (ex) - e x + 2k (e‘s"x))it{,nui,) +0o(1)
R3
1
<1 / Vit nl? + Vit + 0(1)
3 R3

1
--C 1),
< 3 +0(1)

then one of A, A, is negative. O

Proof of Theorem 1.2. From the standard argument we can conclude that (A1, Ay, i1, it;) is
a solution of the system

—Auy — My = paus + Bugud + k(X)uy;  inR3, (4.14)
—Auy — Aty = pous + Buluy + k(x)u;  in RS, '

we just need to prove (i1, Uz,,) — (U1, U) strongly in H. From Lemma 3.6, it is sufficient
to prove that A1 <0 and A, < 0, Lemma 4.6, Lemma 3.8, and Lemma 3.8 make sure that
A1 < 0and 1, < 0, which finishes the proof. d
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