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1 Introduction

Fractional differential equations’ theory has been widely employed in astronomy, biology,
economics, and other domains, such as described in [1, 2,4, 8,11-13, 15,17, 19, 20, 26]. In
recent years, many authors have combined fractional derivative operators with problems
of p-Laplacian type, Kirchhoff-type, etc. [21-24]. Their work made important contribu-
tions to enriching the study of fractional derivative problems. Research has investigated
many difficulties of solutions of fractional differential equations on infinite intervals in
addition to those on finite intervals.

In [29], the authors studied the BVP

Dvw(g) + h(é-r W(()) = 0’ é- € (07 OO)’ Ve (1; 2):

1)
W(O) =0, hm{—)oo DS:IW(;) = ﬁw(é)
The authors discovered the presence of solutions by employing the Leray—Schauder non-
linear theorem. In [25], Guotao Wang studied the BVP

Di.w(s) +k(s,w(s) =0, 2<8<3,
w(0) =w'(0) =0, 2
D*lw(o0) = pI”w(o), vy >0,

where ¢ € K =[0,00), k € C(K x R,R), p € R, ¢ € K. The author obtained the existence
and uniqueness of solutions by the monotone iterative technique. In [18], the Leggett—
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Williams fixed point theorem and the Guo—Krasnoselskii fixed point theorem were used
by Phollakrit Thiramanus et al. to investigate

Sw(t) + k(T)r(w(z)) =0, §e(1,2),7 €(1,00),
w(l) =0, (3)
HDS_IW(OO) = Z;=1 {p[l/pw(v),

where v € (1,00), ¥, p=1,...,n,and {, > 0, p = 1,...,n are given constants. In [9], the
authors studied the existence of solutions to the problem

D w(g) + k(2)r(w(¢)) =0, ¢ €(0,00),
w(0) = w'(0) = 0, (4)
D w(o0) = Y1 qw(8),

where2 <o <3,0<8; <8<+ +<8,2<00,6;>0,i=1,...,n— 2satlsfy0<zl | gl8°"1<
I'(«). From the Leggett—Williams fixed point theorem, the existence of at least three pos-
itive solutions was demonstrated. In [27], the authors investigated the family of BVDPs

HDYw(B) + k(O)h(0,w(0)) =0, 2<a<3,0¢(1,00),
w(1) =w/(1) =0, (5)
ADetw(oo) =30 oL w(v) + b Y 1 8,w(Z,),

where 1 <v <81 <lo<- <8 <00, b, oy, § =0, m=1,...,p, n=1,...,q are given
constants. Various fixed point theorems were used to prove the results. The generalized
Avery—Henderson fixed point theorem was used to demonstrate the presence of many
positive solutions to problem (5) in [28].

In this paper, motivated by the previous results, we investigate the BVP

Dix(t) + b(t)r(t,x(t)) =0, te[0,00),m—-1<8<m,
@©0)=0, n=0,1,...,m-2, (6)
D lx(00) = YL vilPix(0) + A Zﬁil k;%(5))

where m > 2, D% is the Riemann—Liouville fractional derivative of order 8, D*lx(c0) =
lim,_, o D*"'x(t), I% is the Riemann-Liouville fractional integral of order f; > 0, i =
1,2,...,4,0<0<00,v;, A, K, 6 >0,i=1,...,q,] = 1,...,paregiven constants; r : [ x R* —
R*, with I = [0, 00), is continuous and b : [ — R* is integrable, and

1 I
r©) - Z (5( ),31 o AZKIS‘J

Using the monotone iteration method, we prove that two solutions of problem (6) exist.
Using the Leggett—Williams fixed point theorem, we determine that problem (6) has at
least three solutions.

Compared with [27, 28], we use different methods to study multiple solutions. Com-
pared with [9, 18, 25, 27-29], we study fractional differential equations of arbitrary order
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m > 2.1t is obvious that our problem is more general. Our boundary conditions have more
general forms and the boundary conditions of [9, 18, 25, 29] are our special cases. When
m=2,v;=0,1=1,j=1, we know that problem (1) is a special case of problem (6). When
m=3,i=1, A =0, we have that problem (2) is a special case of problem (6). When A =0,
we obtain that the boundary conditions of problem (3) are a special case of the bound-
ary conditions of problem (6). When m =3, v; =0,2=1,j=1,2,...,p — 2, we get that
the boundary conditions of problem (4) are a special case of the boundary conditions of
problem (6).

In this paper, the following four conditions will be used:

(H1) re C(I x R*,R*) and r(t,-) # 0 on any subinterval of R*, and when x is bounded,

r(t, (1 + £ 1)x) is bounded on R*.

(Ha2) b:I— R* does not identically vanish on any subinterval of R* and

o0
0</ b(s)ds < oo.
0

(H3) ris nondecreasing with respect to the second variable.
(Hy) There exists a positive constant A such that

r(t, (1 + t‘s_l)x) for any (¢,x) € [0,00) x [0, A].

A
ST
% Jo bls)ds

Assumptions (H;) and (H;) will be applied in Lemma 3.2 and Theorem 3.5, while
(H,)—(Hy) will be used in Theorem 3.4.

The remainder of this article is organized as follows. Section 2 contains the definitions
and lemmas required to prove our results. Section 3 presents the existence and multiplicity
results for the boundary value problem (6). Section 4 provides examples relevant to the

key findings of this paper.

2 Preliminaries
We present several definitions and lemmas here for the reader’s convenience, as they will

be utilized to prove our primary results.

Definition 2.1 (see [14, 16]) The Riemann-Liouville fractional derivative of order § > 0

of a function /4 : (0,00) — R is given by

oo (dN" [ )
Dh‘g)‘r(m—a(dg) /o (e pypomt 47

wherem—-1<v <m.

Definition 2.2 (see [14, 16]) The Riemann-Liouville fractional integral of order 1 > 0 of
a function % : (0,00) — R is given by

1

I"h(o) = T’?)

o
/0 (0 - )" h(s) ds.
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Lemma 2.3 (see [5]) Ifo,0 >0, then

o LO+1) .,
Ig(t)_r(g+9+1)t9 ’
o re+1) ,_
Dg(t)_r(e—gn) ’

Lemma 2.4 Ife € C([0,00),R), then the problem

Dx(t)+e(t)=0, m—-1<8<m,
x(0)=0, n=0,1,...,m-2, 7
D x(o0) = L vilPix(0) + 2. 37, kx(s))

has a unique solution

x(t) = /00 [1(t, s)e(s) ds,
0

where
t(S—l q ta_l V4
I1(t,s) = w(¢,s,8) + N izzlvm(g,s,B +Bi) + T)LFZIK/JT(E;"S,(S),
(8)
1 |5 =(@-5)%", 0<s<t<oo,
7(t,$,8) = ——

@) | -1, 0<t<s<oo.
Proof Since D’x(t) + e(t) = 0, we obtain
2t) =Lt Lt L5 - Pe(r).
Due to x(0)=0,n=0,...,m—2,wehave ly = --- =, = 0, that is,
x(t) = L5 = Pe(r).
Since D*1x(00) = Y | vilPix(0) + A Zle x;%(gj), we have

1 Yhvi [° 5+i-1
= A ‘/O e(s)ds — m _/0 (0—5) e(s)ds
A p

5
. Z"iﬁ /0 (¢, — ) Le(s) ds

j=1

o0 9 i e
= %{3)/0 e(s) ds + % \ (0,58 + Pi)e(s) ds

AL 0
N ;K;/O 7(gj,s,8)e(s) ds.

Page 4 of 13



Zhou et al. Boundary Value Problems (2024) 2024:26 Page 5 of 13

Then

q 5-1

x(t) = % /:O 5 le(s) ds + % /Ooon(g,s,S + Bie(s)ds

r %)
+ %t‘s_l;m‘/o n(g,s,é)e(s)ds—m/ (¢ —s)*e(s)ds

=/Oon(t,s, ds+—2v,/ m(0,s,8 + Bie(s)ds
0

_ p
trSl oY)

+—)»ZK]' ; 7(g),5,8)e(s) ds

o0
= / I1(¢,s)e(s) ds.
0
The proof is complete. d
Lemma 2.5 If A > 0, the following properties apply to the Green function I1(t,s) defined
by (8) forall (t,s) e I x I
(i) TI(t,s) is nonnegative and continuous.

(ii) TI(t,s) is increasing with respect to t.

1
(iif) 24k < 1.

(iv) TI(t,5) < 26571

Proof (i) According to the definition of I1(t, s), this is clearly true.
(if) We just have to prove that 7 (¢,s,§) increases as t increases. Let

m@) =t —(t-5)°""1, 0<s<t<oo,

ny(t) = £ 0<t<s<oo.
We have

mE) =6 -2 - -1)(t-5)2 >0,

(8=~ =0
Then

mt) <m(),  mt)<m@),  n(h) <nls) =nls) <me)
(iii) We have

N(ts) 7(ts,5) 51
1+6-1 1461 141 A

Z vint(0,s,8 + Bi)

R G
+ mz}\. ;an(gj,sﬁ) (9)
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8+ﬂ, 1 14 5-1

Sj
= 2T
TG+p) A ;K’r(a)

1 q
o’ Z

> -

(iv) We have
O T N - 1
H(t,S)Et <m+ Z F(5+ﬁl Z 1F(8) Z

The proof is complete. d

Let X be a Banach space endowed with norm || - || x. Let 0 < v < w be given, and let ¥ be a
nonnegative continuous concave functional on K. Define the convex sets K, and K(¢, v, w)
by K, ={x e K: |lx|lx < u} and K(&,v,w) = {x € K: 9 (x) > v, |lx[lx < w}.

Lemma 2.6 (see [6]) Let H : K, — K, be a completely continuous operator, and let V be
a nonnegative continuous concave functional on K such that ©(x) < |x| for all x € K,,.
Assume there exist 0 < 71 < Tp < T3 < 0 such that

(B1) {x € K(¥, 10, 13)|0(x) > 72} # 0 and ¥ (Hx) > 75 for x € K(I, 12, 73);

(B2) 1Hx|| < 71 for ||lx|l < 713

(Bs) ¥(Hx) > 1y for x € K(9, 19, 0) with ||Hx|| > 3.
Then H has at least three fixed points x1, x5, and x3 such that
and ¢(x3) < To.

lxsll > 1,

ler ll < 71, s(x2) > 1o,

3 Main results

Let X = {x € C(,R") : sup,; llfiglll < oo} be the Banach space with norm |x|x =

Sup,¢; llfg),ll . We define a cone Y C X by
={xeX:x(t) > 0,vVt e},

and an operator & : T — X by

dx(t) = /00 T1(t, s)b(s)r (s, x(s)) ds. (10)
0

It is simple to demonstrate that & : ¥ — T.

Lemma 3.1 (see [3, 10]) Let Q C X be a bounded set. Then 2 is relatively compact in X if

the following conditions hold:
x(t)

14271

(i) Forany e >0, there exists a constant N > 0 such that

(i) Foranyxe L, is equicontinuous on any compact interval of [0, 00);

x(t1) x(t2)

T+t 1457t

forany ti,t, > N and x € Q.

Page 6 of 13
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Lemma 3.2 (see [7]) If (H1) and (H,) hold, then ® : Y — Y is completely continuous.

Remark 3.3 To prove that ®x is equiconvergent at infinity, we will give another method.
For any ¢ > 0, there exists a constant N; > 0 such that
o0
0< b(s)M, ds < ¢,

Ny

where
M;, = sup{r(s, (1 +5")x) : (s,%) € I x [0,A]}.

Note

. tls_l . ﬂ(t’ Nl; 8)
lim ——— =1, lim ————~ =
t—oo ] 4 ¢5-1 t—oo 14 t0-1

Then for the above ¢ > 0, there exist constants N, > 0, N3 > N; such that for any ¢;, £, > Na,

we have
#1 5t - gt £t
—_— = - - <e
1+671 1+~ 1+ 1+
and for any #;, £, > N3, 0 <s < Nj, we have
T[(tl,S,(S) ﬂ(tZ’Sr(S) n(tl,Nl,g) n(tZ’Nl,(S) &
- + < —.
1+ 1+471 1+ 1+ I'(8)

Choose N > max{N;, N3}. Then for any ¢, t, > N, we have

Sx(t)  DPx(ty)
1+ 1+471

b(s)r(s, x(s)) ds

b(s)M,. ds

b(s)M, ds

N
= [ -
o [1+£71 147!
1+870 1+471
N

</~oo H(tlxs) H(tZ’S)
“Jo |1+£71 1+t
H(tl’s) H(tz,S)
/oo [(ty,s) TI(Ey,s)
+ ——
N1
& Nl 2 oo
<— b(s)M, ds + — b(s)M, ds
| eomndse L [ o,
1 [ 2
< (—/ b(s)M,. ds + —)8.
A S A
Thus, ®x is equiconvergent at infinity.

Theorem 3.4 If (H;)—(Ha) hold, then two explicit monotone iterative sequences can yield
two positive solutions x*, y* of problem (6), namely

Knil = fOOO H(txs)b(s)r(s:xn(s))ds¢ xO(t) =0,

(11)
Vel = fooo T1(t,8)b(s)r(s, y.(s)) ds, yo(t) = At L, tel,A>0,

in the interval (0, At*~1].
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Proof We define W = {x € X : ||x||x < A}, while ® is defined by (10). Then we show that
d(W) C W. For any x € W, by (H,) and (9), we have
I1(¢,s)

o0
s
| Dx]||x = stlel?‘/o mb(s)r(s,x(s)) ds

A 1

EWZ/O b(s)ds < A.

Due to the definition of the operator ® and assumption (H3), we have that ® is a non-
decreasing operator. Define x((t) = 0, x; = dup, x5 = Py = d2x, for any ¢ € I. In view of
x0(t) =0 € W and ®(W) C W, we have x; € W, x, € W and

x1(t) = Pxo(t) = PO(t) > 0=xo(¢) foranyzel.

Considering the nondecreasing nature of the operator ®, we get
%o (t) = Px1(£) > Dxp(t) =x1(¢) foranytel.

Define a sequence ®x,, = x,,,1, n € N. Clearly, the sequence {x,}°; C W and it satisfies
Xu41(t) > x,(¢) foranytel,meN. (12)

Because of the complete continuity of the operator @, there exists a subsequence
(%0, 10, C W, x* C W such that x,, — %%, k — oo. This, together with the monotone
nature of {x,}°,, implies that lim,,_, », %, = x*. Since & is continuous and ®x,, = x,,,1, we
have ®x* = x*, i.e., x* is a fixed point of the operator ®.

Define y(t) = At%L, y1 = yp, yo = Py; = D2y, forany ¢ € I. Inview of yo(t) = At* L e W
and ®(W) C W, we have y; € W, y, € W. By Lemma 2.5 and (H,), we obtain

mm=¢wm=ﬂwnmﬂmm@mm»m

o 1 A
< () ————d
_/o (S)A < Jo - bls)ds s

A

< AL = yo(0).
Due to the nondecreasing nature of the operator ®, we have
ya(t) = Dyy(£) < Pyo(t) = y1(¢) foranytel.
Define a sequence @y, = y,.1, n € N. Clearly, the sequence {y,}52; C W and it satisfies
Yui1(t) <y,(t) foranytel,meN. (13)
As before, we can conclude that there exists y* € W such that lim,,_, » y,, = ¥*. Since ® is
continuous and ®y, = y,,1, we have ®y* = y*, i.e., ¥* is a fixed point of the operator .

Since for any ¢ € I, r(t,-) # 0, 0 is not a solution of problem (6). According to the above
process, we know that x* and y* are two positive solutions of problem (6) in (0, A#>~!],
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which can be established using two explicit monotonic iterative sequences (11), respec-
tively. O

Theorem 3.5 If (H1), (H>) hold, then there exist numbers 81, 83, 83 > 0, and 0 < 0 < 1 such
that 0 <81 <8y < %2 < 683. In addition, assume

(A1) (6, (L+£71)x) < 83M1, (¢,x) €1 x [0,83], where My = (5 [, b(s)ds)™;

(A2) r(t, (1 + £ V%) < 8:My, (t,x) € I x [0,61];

(A3) r(t, (1 + £ D)x) > 8.M,, (t,x) € [%,k] X [89,83], where M, = (15(—;5_1 fg b(s)ds)™L.

Then problem (6) has at least three positive solutions x7, x5, and x3 such that
i), <81, w(x}) = 82, |3] =81, and  w(x5) <8

Proof Letk > 1, w(x) = minte[%'k] ﬁ%, while & is defined by (10). The proof will be broken
down into four steps.

Step 1.

Foranyx € T_53, by the condition (A;) and (9), we have

 TI(¢,s)
”CI)?C”X = Stlellp‘/o mb(s)r(s,x(s)) dS
> T1(¢,s) sy x(s)
= 7 (1 i
stlg)‘/o T b(s)r(s (1+s7) oo ds

*° TI(t,s)
<&M ———=b(s)d
<& 1st1€1?f0 e (s)ds

1 o0
< 83M;— / b(s)ds = 3.
A Jo

Then @ : Y, — Ys,. According to Lemma 3.2, we get that ® : Y5, — T;, is completely
continuous.

Step 2.

Let xo(2) = 0.5(85 + 56—2)(1 +t*71), then we obtain that

8
w(xo) = 0.5(62 + 32) >89

and
8\ 8
ll%ollx = o.5<52 + 5) < 52,

which shows that

5
X € {x c T<w,32, 5) ‘a)(x) 5 32},

and thus

{x € T(a), 89, 80—2> ‘w(x) > 82} Z0.
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By the condition (A3), Lemma 2.5, and (8), for any x € Y (w, 87, 86—2), we have

. [ T(E,s)
w(Px) = min ———b(s)r(s,x(s)) ds
(@)= min | T abor(s )
™ s sy #%(9)
= t?[]i}}(]‘/(; mb(s)r(s, (1 +S )m ds
« . Its) 5—1 x(s)
> /0 tg[lﬁ] mb(s)r(s, (1 +5 ) s ds
k(%59)
> (SQMQ/}( Wb(s) ds = 82. (14‘)
Step 3.
By the condition (A;) and (9), we have
* TI(t,
Il =sup /0 T pioprs ) ds
*© H(t,S) 5—-1 x(S)
= ig?A mb(S)f(S, (1 +3S )m ds

1 o0
<&My — / b(s)ds = §;.
A Jo

Step 4.

Similar to (14), for any x € Y(w, §3,83) and || Px|x > ‘SH—Z, by condition (A3), Lemma 2.5,
and (8), we have w(Px) > §,.

Conclusion.

Thus, by Lemma 2.6, problem (6) has at least three positive solutions x}, 3, and x5 such
that [[x7[lx < &1, @(x3) > 8, [|%3]lx > 81, and w(x3) < 8. 0

4 Examples
Example 4.1 We consider the problem

3
D2x(t) + ﬁr(t,x(t)) =0, tel0,00),

x(0) =0, (15)
Dix(c0) = Y2 vilPix(o) + kx(c ),

where
3 1
d=—, m=2, q=2, p=1, vi=1, Vo=, A=1,
2 2
b = by = 1 1 1 B 1
1= ) 2 = ) Q = 2’ = 100; ) ¢ = )
and
x(2)
r(t,x(t)) =—,
10(1 + £2)
1
)

TR

Page 10 0of 13
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We can show that

2 3 1
3 I'(3 112
A=T(= —Zvi#&*ﬁi-l——— ~0.2219 > 0.
2) Z=TE+8) 100 3

When x € [0,1], we have

(e b)) < -« ~02219¢1.
— 10 ifooo c(s)ds

Thus, we have that (H;)—(Hs) hold. We can obtain that problem (15) has two positive
solutions x*, y* in (0,£%71] by Theorem 3.4, which can be approximated by the iterative
sequences

Xus1 = Jo TL(E, 8)D(8)r(s, %4(s)) ds,  xo(t) =0,
Vi1 = Jo T 8)b(S)r(s,yu(s)) ds,  yo(0) =t* Lt el
Example 4.2 We consider the problem

Dix(t) + etr(t,x(t) =0, te[0,00),
x(0) =x/(0) = 0, (16)
D3x(00) = Y1, vilPix(0) + hex(c ),

where
1) > 3 2 1 L 1
= m=05, =4 =4 V1= Vo= —,
1 P 173 274
8 1 s 1 1 k=2 N 1 1 1
= = = =4 = K==, =1
173 2Ty 07y 20 500 °
and
X, x<1,
r(t,x)z (1+£2)(1+2)
L+ 2415 x>1,
1+t2
b(t)=e.
We have

1 [ !
M = <—/ b(s) ds) ~1.281>1,
A Jo

kl—a k -1
M, = < / b(s) ds) ~ 11.7055.

1+ket 1
k
Choosing 8 = 3, 82 = 1.01, 83 = 101, 6 = 1, we have

r(t, (1+£3)x) < = <8, M; ~0.6405, (£,%) € [0,00) X [0, ﬂ

| =
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3 1
(¢, (1+£2)x) > 16 > §,M, ~ 11.822555,  (t,%) € [5,2} x [1.01,101],
(6 (1+ t%)x) <113.369 < §3M; ~ 129.381, (t,%) € [0,00) x [0,101].

From Theorem 3.5, the BVP (16) has at least three positive solutions 7, 3, and x5 such

that [|x7]|x < %, w(xs) > 1.01, ||x%]x > %, and w(x%) < 1.01.
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