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1 Introduction and main results

1.1 Introduction

The di usion equation is a widely used concept in contemporary science, employed to de-
scribe various phenomena in physics, chemistry, and biology. In 1952, Alan Turing used
this equation to explain natural patterns in a ground-breaking way. In the realm of physics,
the heat equation is a prominent example of a di usion equation. Joseph Fourier devel-
oped itin 1822 to model the di usion of heat within a speci“c area. This classical parabolic
partial di erential equation is a signi“cant subject in pure mathematics and has been ex-
tensively researched. The study of the heat equation is a cornerstone of the “eld of partial
di erential equations. Additionally, considering the heat equation on Riemannian man-
ifolds leads to many geometric applications. In the “eld of biology, the classical Lotka...
Volterra equation system is another example of a di usion equation system. This model
provides a framework for understanding variations in predator and prey populations. In
conclusion, the di usion equation has numerous scienti“c applications, and its substan-
tial contribution to the advancement of human knowledge requires further research and
development.

We now present recent articles that address the existence, uniqueness, and well-
posedness of solutions related to the reaction...di usion equations. Slavik, Stehlik, and
Volek [20] examine issues concerning lattice reaction...di usion equations, utilizing maxi-
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mum principles to establish results of existence, uniqueness, and continuous dependence.
They establish both the local existence and global uniqueness of bounded solutions, as
well as the continuous dependence of solutions on the underlying time structure and ini-
tial conditions. The weak maximum principle is applied to prove the global existence of
solutions. Finally, the authors provide the strong maximum principle, revealing an intrigu-
ing dependence on the time structure. Xu, Lian, and Nir2P] study nonlinear parabolic
systems with power-type source terms, dividing the study into three cases based on initial
energy considerations. In the low initial energy scenario, they use the Galerkin method
and the concave function method to establish the global existence and “nite-time blowup
of the solution. For the critical initial energy case, the global solution, the blowup solu-
tion, and the asymptotic behavior are proved by scaling the initial data. In the high initial
energy case, the authors explore the potential for both the global existence and the “nite-
time blowup by “nding the corresponding initial data with arbitrarily high initial energy
and then provide proof of the global existence. Palencia and Redonig] investigate the
existence, unigueness, and positivity conditions for a cooperative system formulated with
high-order di usion. They demonstrate the oscillatory behavior of self-similar solutions
and characterize regions of positivity for a class of high-order cooperative systems without
advection. Palencia, Rahman, and Redondd@Janalyzed a Fisher-KPP nonlinear reaction
equation within a framework involving higher-order di usion and the presence of an ad-
vection term. Palencia and Rahmar §] proposed a new model to describe the behavior of
"ames driven by temperature and pressure variables. They used the p-Laplacian operator
in "ame propagation, making their model applicable to a wide range of di usion-driven
domains, and they proved the uniqueness and boundedness of the weak solution and the
existence of a minimum traveling-wave speed. Palenci®] studied a reaction...di usion
problem involving high-order operators, nonlinear advection, and Fisher-KPP reaction
terms. The author introduced a novel extended operator to study the reaction within the
open domainR” but depart from a sequence of bounded domains. Regularity, existence,
and uniqueness analyses of the solutions were performed using semigroup theory. Mor-
gan and Tang L1] investigate the global existence of classical solutions for volume...surface
reaction...di usion systems with mass control. They introduce a novel familyldfenergy
functions and utilize a general assumption known as the intermediate sum condition to es-
tablish the global existence of classical solutions. Himonas, Mantzavinos, and Bng$e

the uni“ed transform method to prove the local well-posedness of the reaction...di usion
equations with the Dirichlet boundary conditions.

In contemporary scienti“c research, coupled systems with Robin boundary conditions
are extensively applied. Well-posedness ensures the equation modelse reliability and pre-
dictive accuracy in various “elds, making it critical for scienti“c research, engineering
applications, and decision making. Based on our current understanding derived from rel-
evant studies on reaction...di usion equations, we have looked at the local well-posedness
of the coupled system of reaction...di usion equations with Robin boundary conditions in
this article.

1.2 Main results

The occurrence of patterns is ubiquitous in the natural world, appearing in diverse forms
such as stripes and spots on animals, intricate branching patterns in leaves, and the re-
markable structural diversity observed in both biological and nonbiological systems. The
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investigation and comprehension of the underlying mechanisms of pattern formation have
been central subjects of scienti“c inquiry. In 1952, Alan Turing?[l] made a substantial
contribution to this “eld by studying Turing-type reaction...di usion equations:

U .. Atbyy + F(u,v) =0,
Vs .. Bvy + G(u,v) =0,

where A and B are positive constants irR, and z and v are morphogen concentrations,
F and G describe the interrelation between morgensgu,, and Bv,, can move randomly
with di usivities A andB. His research suggested a possible connection between the math-
ematical models described by these equations and the actual processes of pattern forma-
tions. Turinges work laid the groundwork for studying the mathematical aspects of pattern
emergences in various systems. Following Turinges pioneering e orts, numerous articles
and studies have been devoted to advancing our understanding of Turing-type reaction...
di usion equations and their implications for pattern formations. These equations have
been applied in a variety of “elds, providing insights into the emergence of patterns in nat-
ural systems. References to these articles and books are available for further explorations
[1,7,9,10,12..14,19.

In this article, we establish the local well-posedness of the following Turing-type
reaction...di usion equations with the Robin boundary conditions:

Uy o Uye + U2+ cuv =0, x €(0,00),t€(0,T),ceR,

Vi Ve T V2 +duv =0, x €(0,00),t€(0,7),d € R,

u(x,0) =up(x),v(x,0) =vo(x), x € [0,00), (1)
u(0,£) .. cus(0,2) = go(2), te[0, 7], >1,

v(0,8) .. Bv(0,£) = ho(2), te[0,7],8 =1,

where 0 <T <1, andu(x, t) and v(x, t) are real-valued functions, ando(x) € H:(0,00) and
vo(x) € H:(0,00) are initial data, andgo(£) € H*'{0,T) and ho(t) € H*40,T) are
boundary data, where 1/2 €< 3/2.

In this study, we investigate the local well-posedness of the initial boundary value prob-
lem (IBVP) given by equationX). Our proof of the local well-posedness ofl] consists
of three steps. In the “rst step, we replace the nonlinearitieg® + cuv and v? + duv by
the forcings and use the Uni“ed Transform Method (UTM) to solve the corresponding
linear IBVPs. (Fokasd..5] introduced the UTM and its applications.) The second step
involves deriving linear estimates using the UTM formula with data and forcing in appro-
priate spaces. The third step shows that the iteration map de“ned by the UTM formula,
with the forcing replaced by the nonlinearity, is a contraction map in an appropriate so-
lution space. Finally, the uniqueness of the solution for the IBVR)(is established by the
contraction mapping theorem. In addition, we prove the local Lipschitz continuity of the
data-to-solution map, thereby con“rming the local well-posedness of the IBVE)(

Now, we provide an overview of the Sobolev space. The Sobolev sp#£#8,c0) and
Hfzs"'l)’A(O,T) are derived as restrictions of their counterparts over the entire real line,
following the general de“nition: Fors € R, Sobolev space’*(R) consist of all tempered
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distributions F with the “nite norm

1
2
’

I prs(ry = ( /}R (1 +52)S|?(s)\2ds)

Where?(s) is the Fourier transform de“ned by

()= / e ¥ F(x) dx.
R
Furthermore, for an open intervak2 in R, the Sobolev spac&*(2) is de“ned as

ff =Fl|q, whereF € H*(R)
and || ll sy = infrers@) | Fll sy <oo |

H(Q) = {

By solving the forced linear Robin IBVP via the Fokas method, it leads us to the following
Fourier transform.

Definition 1.1 (Fourier transform on the half-line) For a test functionp(x) de“ned on
(0,00), its half-line Fourier transform is given by the formula

O /0 " o) d, @

wherek € C and J(k) < 0. The notations3J(k) and (k) represent the imaginary and real
parts of k.

Remark 1.2 For @), it is obvious that if¢ is an integrable function on (0Op0), we observe
that $(k) is well de“ned for J(k) < 0. In fact, in the context of a more appropriate space
L?(0,00), itis possible to de“ne the half-line Fourier transform. Subsequently, the function
¢ in L2(0,00) can be extended to the entire real line by assigniggx) = 0 for x < 0, yielding
afunction in L2(R). Furthermore, the half-line Fourier transform of can be de“ned using
the same formula used for the Fourier transform @ and its extension to the real line. It
follows that the formula for the inverse can also be obtained, which is the inverse Fourier
transform on the real line.

Let us begin by outlining the “rst step of our approach to solving the problem for the
associated forced linear equation:

Up o Uyy = f(x,1), x€(0,00),0<t<T<1,
u(x,0) =ug(x) € H:(0,00), x € [0,00), 3)
1:(0,) . a(0,6) = go(f) € H, *(0,T), 0<t=<T<la>1.

According to the UTM formulation, the solution to (3) is denoted by

u(x,t) = S[uo,g0:f1(%,1) (4)

1 . 1 ; + ik
- = / eth..kzt%(k) dk .. — / ezkx..kztu%(“k)) dk
2m R 2 oD+ o ..ik
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Figure 1 The regior>* and its positively oriented boundarié®

1 ik kzt 2]( /t k2y

— ikx. k2t o EC N
21 /we w. ik \Jy € go() dy
1 e k20 @+ K /t k257,

~2m /8D+e a..jk( b ¢ f(.ky)dy ) dk

Y PN
+ z_f eth..k t(/ ek yf(k,y) dy) dk,
T J. 00 0

where
Flky)= / e ®f(x,9)dx, keC
R

is the Fourier transform off (x,y) with respect tox, and D* represents the domain in the
complexk plane shown in Figl.
For ease of calculation and presentation, we use the following notations.

Remark 1.3 For two quantitiesA and B depending on one or several variables, we express
A < B if there exists a positive constant such thatA < ¢B. If A <BandB < A, then we
denoteA ~ B.

Now, we delineate the second step, which involves estimating the Hadamard norm of
the UTM solution formula S[uo,go;f] in (4) by the Sobolev norms of the data and an ap-
propriate norm of the forcing. More precisely, we derive the following linear estimate.

Theorem 1.4 (The linear estimate for the reaction...di usion equationConsider the
reaction—diffusion equation (3). Suppose 112 <5< 3/2, 0 <T < 1, up(x) € H(0,00), and
() € H,(ZS‘“l)M(O, T). Then, the solution u = S[uo,go;f] of the forced linear equation IBVP
(3) given by (4) satisfies the estimate

3 + 5
Sup |4 115000) * sup )Hu(x)HHtérl on (5)

= & (luollngon + gl 22 +VT 5up [fO]si000):
s (0,00) Ao te[O,T]Hf ‘Hx(O,oo)

where € = €(s) > 0is a constant depending on s.



Huang and ParBoundary Value Problems  (2024) 2024:29 Page 6 of 37

Finally, our goal is to prove the uniqueness of the solution fot)and establish that the
data-to-solution is locally Lipschitz continuous. Therefore, far>1/2and 0 <7T* < T <1,
we de“ne two Banach spaceX and D as

X=X x X, wherex =C([0,T*];H(0,00)) N C([0,00):H, ¢ (0.T%))

with the norm

[l = sup fu@)
te[0,T%]

H3(0,00) + xes[lol,go) || M(x) ||Ht%+l 0.7%)

+ sup || v(t)
]

s + .
te[0,T* Hz(0,00) x:[ggo)”"(x)” 2s+1

H % (0T%)
The data space
2s...1 2s...1
D = H(0,00) x H:(0,00) x H, * (0,7) x H, * (0,T),
which has the norm de“ned by

| (w0, v0.80,10) |, = ll0ll 5 (0.00) * I1VOll 2 (0.00) (6)

+lgoll 2.0 kol 2.1
H, 4 0m) ’

A H 4 (0D

for (Mo,Vo,go,ho) eD.
Then, using the above de“nitions, we give the main result of this work.

Theorem 1.5 (The local well-posedness of the coupled system of reaction...di usion equa-
tions) Consider the coupled system of reaction—diffusion equations (1). Suppose 1/2 <s <
3/2 and 0 <T < 1.For the data ug,vo € H(0,00), and go(t), ho(t) € Ht(zs"'l)M(O, 7).

Then, there exist C' = C*(s)>0and T*,0<T* < T <1,with

1
T* =min{ 7, >0
{ 82(C*)*(2 + |c| + |d])?|| (4o, vo, g0, o) 15 }

such that the coupled system of reaction—diffusion equations IBVP (1) has a unique solution
(u,v) € X and the solution satisfies the size estimate

| @.v)] . < 2C7] (o, v0.80. 0) -

Furthermore, the data-to-solution map (uo,vo,go,ho) —> (u,v) is locally Lipschitz con-
tinuous.

In Sect.2, we study a reduced pure IBVP for the linear reaction...di usion equation to
derive Theorem2.1and Theorem2.4, which help to prove Theoreml.4. In Sects.3 and
4, we provide the proofs of Theoreni.4and Theorem1l.5, respectively.

2 The reduced pure IBVP for the linear reaction...diffusion equation

In this section, we analyze a basic Robin problem associated with the linear reaction...
di usion equation to establish Theorem2.1and Theorem2.4 These theorems serve as
crucial tools for estimating linear IBVPs (lll) and (1V) in Sect.
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2.1 Reduced pure IBVP
We start by considering the fundamental linear reaction...di usion equation IBVP on the
half-line. This corresponds to the homogeneous IBVP with zero initial data and nonzero
boundary data.

In addition, we assume that the boundary datac Ht(zs"'l)”(R) is a time-dependent test
function with compact support in the interval [0, 2]. This particular problem, known as
the reduced pure IBVP, can be formulated as follows:

We . Wy =0, x € (0,00),t€(0,2),
w(x,0) =0, x € [0,00), (7
wx(0,2) ..aw(0,£) =g(¢), t€]0,2],0 > 1.

Taking advantage of the compact support gf we express its time transformation over the
interval (0, 2) as a full Fourier transform, denoted by

2
(. 2)= /O ig(t)de = /R eStg(t)r.

By the UTM formula, the solution of the reduced pure IBVPY) is

1 .
w(x,t) = S[0,g; 0](x,2) = ..— / elkx--kzti§(1<2,t) dk (8)
2w aD* o ..k
j . k ] ) k
= i/ ezkx..kzt : g(kZ't) dk + i/ elkx..kzt : E(kz,t) dk,
7 Jr, a..ik 7 Jr, a..ik

forall x € [0,00) and ¢ € R.
Now, we compute 8). First, we calculate

i wek2e K oo
— ——0(k%,t) dk
bid /Fle o ..jkg( ) :

. 00 37
- ia3k x+i(K')%t ak’ o2 3 g0 I ppeisn — ,iZ
n/O ’ R AK) 0K, (Letk = ke E anda =% )

l * irlkx+ik2t k(C( + gk o gkl)’\ k2 dk
e e 2 D) g( ) ’
7 Jo a2+ 20k + k

(we know(.i(k)*,£) =g((K')?). Letk =K andry = a®= €' 7

and on the other hand

i/ eikx..thL‘g(kZ,t) dk
rs k

4 o ..l

j o0 i i /el - .
"y f Qe B ke B Ket 7 ?((k/e’z)z,t)e’Z dxK’,
T Jo a..i(k'e'%)

(Letk = ke, a=¢'7.)

1 /oo eirgkx..ikzt k(O[ + %k + %kl)/\
0

2
T a2+ 20k + k2 g(-k%) dk
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(we know3(..i(K)?,£) =g((K)?). Letk =k andr, =a=¢'%).

Therefore, we can rewrite ) as

w(x,t) = S[0,g; 0(x, t) = wi(x, t) + wa(x, £), 9)
where
3 1 2 k(o + Lk .. 2ki)
r=e+, Gi(k,t)=..—e** 2 2_75(k?),
! )= e S

(10)
wi(x,t) = /0 MGy (k,£) dk

and

. 1 o k(o + Lk + L
NE RN S L e il l)jg‘(..kz),
b4 a2+ 20k + k2

r2
B .
wa(x,t) = / e Gy (k, t) dk.
0

In the following result, we estimate the solutiong) in the Hadamard space.

Theorem 2.1 (Estimates for the pure linear IBVP on the half-line) For 1/12 <s < 3/2 and the
boundary data test function g € Ht(zs"'l)/‘tR) is compactly supported in the interval [0, 2].
Then, the solution of the reduced pure IBVP (7), which satisfies the following Hadamard
space estimates:

space estimate:  sup |S[0,g;0](6) || ;s 0oy < Csllgll 2.1 (12)
o | |00 B
time estimate:  sup |S[0,g;0](x)| 242 < Cligll 2.1 , (12)
€[0,0) ” ”HZT 02~ T w

where Cs = C(s) > 0 is a constant depending on s.

Proof First, we start with the proof of the space estimatd ). We can derive the inequal-
ities

sup [ wa(8) | 000y S €N 252 (13)
t€[0,2] ” Hx(000) H 4 (R)
and
sup |[|wa(®)|| s 000y S Il 250 (14)
J2up (92Ol g0 S Nl 2
but we will only present the proof for the inequality {3). Since the estimation processes

of (13) and (14) are similar, we can use a process analogous to the prooft)(to obtain
(14). Therefore, by 9), (13), and (L4), we establish the equation for the space estimaily:

sup | w()| ;s S gl 2.
t€[0,2] ” Hx(0200) H % (R)
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Now, we begin the proof of the inequalityX3). We use the physical space de“nition of
the H;(0,00) norm:

[wa(2)

) R 10kwa (Ol 2100 + 108 wa(O)llp for s € RN\ZT, -

| S o ®) 20000 for s € 2,

where 0<g<land|s| =s..8 € Z* U{0}. The fractional norm|| - || is de“ned by

R +2,8) i, 1))
||W1(t)||,23=/0 /0 bl il)mwl(x W drdx, vpe(©1).

We will prove that the inequality (L3) holds under these three cases: Case (l): wher 0
holds, Case (ll): wher = 8 # 0 holds, and Case (lll): whets| #Z0 and 8 # 0 hold.

We require the following two lemmas in ] to assist us in proving the inequality 13)
under Cases (I)...(11).

Lemma 2.2 ([6]) Ifr=rg+ir; with r; >0, then

|ei’k" ..ei’k5| < «/i(l + M) |e"”1k" ..e""k{‘, vk,x,¢ > 0.
rr

Lemma 2.3 ([6]. (L?-boundedness of the Laplace transform§uppose ¢ € L2(0,00). Then,
the map

L :qbr—)/ e"o(t)dr
0
is bounded from L2(0,00) into L?(0,00) with

1L{DH 1200 0y < VN2 11120000
7(0,00)

Now, we begin to prove thatwhemB = 0, then the inequality (3) holds. Case (I): Suppose
p =0. This implies thats = |s| = 1. Then, the de"nition of [|[w1(£) | 43 0,c) IS

”Wl(t) HE(000) ”Wl(t)”L,%(o,oo) + ” wi(t) HL,%(o,oo)'

First, we caIcuIateHwl(t)lle(O 00)"
2
[w1 2000

:/0°°

[ee) 1 ) 0
= / f ek Gy (k, t) dk + / e Gy (k, t) dk
0 0 1

00 1 2 00
< / ‘ / Gy (k,t)dk| dx+ f
0
oo 00 2
f (/ s \g(k2)|d/<) dx+/ (/ e--%ikx|§(k2)|dk) dx
(k2+a2)2 0 1

2
dx

f "% Gy (k, ) dk
0

2
dx

2
dx

o0 .
/ "Gy (k, t) dk
1




Huang and ParBoundary Value Problems  (2024) 2024:29 Page 10 of 37

/ ([ ot o) V2 )

( o6 (267 Nids)

% 42 ~
5/0 262+ q 35712 8(2°)| d$+/§ 28(26?) [ ds,  (by Lemma2.3),

—_——
“@ (B)

To calculate @A):

12t dt
= [ ol 2

3 (@...1) (@...1)
) ) g

Letf(r) = (tY2(1+72) @ VA/(r +a?), foralle > 1and 1/2 <s < 3/2. Sincef is bounded on
[0, 1], there existsM > 0 such thatf (r) < M, Vt € [0, 1]. Therefore, we obtain the following
inequality:

! % 2s...1) 2s...1)
(A):/ T 2(1+r2)---£7— (1+t2)£7_|§(f)’2dt 16
0o THa
1 (2s...1) 2 1 3
SM/ 1+72 TR0 dr <) ”2 L fories<s
(1) T e el as S <s<d
To calculate B):

B) = /; 2[g(2?) |2d§ (let T =2¢2) (17)

:f 2|A(r)| 4\/, |g(t)|2d15/100(1+t2)%;1|§(r)|2dr

2 1 3
<|igl® 2.1 , for-<s< >
H, * (R)

By inequalities (6) and (17), we can derive the following inequality:

1 3
[wsOl 300 Sl 2 Tor 5 <s<3. (18)
t

Next, we calculate]| 8, w1 (£)]|?
equation

12(000)" We di erentiate the formula (10) and then have the

dwi(t) = / (irk)e"™** Gy (k, ) dk.
0

Therefore, we obtain the following inequality:

[e9) [ [es) 2
||axW1(t)||§§(0m): / |0,wa(x, )| dxe = / ‘ / (ir1k)e™ Gy (k,t) dk| dx
0 0 0
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k(o + %k ...gki)
a2+ 20k + k2

2
() k) s

oo oo
(e
0 0
oo

/O (/Oooe--sxwéq|§(2sz)|ﬁds)2dx, <Lets=%)

571/ 4s2|§(2s2)|2ds, (By Lemma2.3)
0

IA

S / 2r|§(r)|24d—i (Letr =25%)
=0 5

%t

00 1, 2 o0 ) ZngA 5 )
S / g dr < / (1+7%) RO dr < gl oa
0 0 H % ®)

for 1 <s< 3
—<Ss< .
2 2
Finally, we arrive at the following inequality:

1 3
||axW1(t)||L§(o,oo) S ”g”HTZS"'l(R)’ for 5<5<3 (19)
t

Therefore, whens = 1, by equations 18) and (19), we obtain the inequality 13)

sup ” wa ()

s 000 S lIEIN 251
t€[0,2] Hx(020) H 4 (R)

Hence, the inequality 13) holds under Case (I).
Now, we begin to prove that whens = 8 # 0, then the inequality 3) holds. Case (l):
Suppose = g #0. This impliess = g € (1/2, 1). Then, the de“nition of [[w1(¢)| 430 ,00) IS

”Wl(t)”H;(o,e) = ”Wl(t)”Lg(o,oo) + ”Wl(t)”ﬂ'

We need to estimat6|w1(t)||L§(0m) and ||w1(¢)ll. By (@8), we have the following inequality
of the “rst norm:

1 3
[wi®] 2000 S I|g||Ht%1(R), for 5 <s< 2.

Now, we calculatef|wy(2)]3.

o) oo 2
”W]_(t)”;:‘/. / |W1(x+§1t)---wl(xrt)| d{dx
0 0

é—l+2ﬂ
B o0 o0 1
- o Jo 1%

00 poo 00 5
= / / {11'213 (/ |eir1k(x+{) __eirlkx| |G1(k,t)| dk) dxdc.
0 0 0

For the estimation of| w1 (x, £)|| s, we use Lemma&.2 This gives us the following inequal-

ity:

2

/ KOG (k) dk ... / "% Gy (k,t)dk| dxdt
0 0

[wa®)]
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o0 o0 (o) 2
< / / é_]_%zﬂ (/ |eir1k(x+{) __Eirlkx| |G1(k,t)| dk) dxd{
0 0 0

o9 [ 1 00 2
5/ / 1—(/ 2f2|e--%?k<x+f>..e--§kx||Gl(k,t)|dk) dxdt
o Jo t¥#\Jo

§/°°/'°° 1 (/w 2ﬁ|e__§k(ﬁx+ﬁ2)
o Jo (V2z2)*28\Jo

2
..e--§k<ﬁx>||cl(k,t)|dk> 24X dZ

Letx = Yoy z= V¢,
€ 2" 2 ¢

:/ / m(/ |e..k(X+Z) --E"kXHGl(k,L‘)| dk) dX dZ.
0 0 0

We use Lemma2.3to obtain the following inequality:

(rex=gez=5%)

|wa®)]

Sf / m(/ |e..k(x+2>_,e--kX||Gl(/<,t)|dk) dXdz
0 0 0

I T[T e (1 et Gatkon| k) dxvdz
o 2% Jo \Jo i e
gfo W(n /kzo(l..e"kz) |Ga(k,2)| dk)dZ

o) 2 0 (1 “e..kZ)Z

= /M|G1(k,t)|2<k2ﬂ /oo %%2;)2 dg) dk, (Leté =k2)
0 0

2
K22 [g(k?) | di

o]

o+ L2k . L2k

o0
- 2,28 f
~ Gk, t)| kP dk < —_—e <
/(; | il )’ ~Jo a2+ 20k + k2

<[ et a
0

N d
:/0 rﬁ|g(r)}2%, (Letr:kz)

:} Oorﬁ..%/\r 2dr§ Ootz ﬁ—'él—let 2
2, g(7) A g(x)

0 5 2.1 2 5 1
s/ (1+7%) % [g@)|dr <ligli® 3. . for><s=p<L.
0 H T ® 2

Hence, we obtain the following inequality:

1
B, S 1= 1, for-<s=pg<1. 20
| )HﬁwngnthjﬁFl(R) lell, 21 5 <s=p (20)
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Therefore, whens = 8 € (1/2,1), by equations 18) and (20), we obtain the inequality
(13):

sup ] [wa(2)

s Slglh 2.0
1e[0.2 H;(0,00) I

T w)

Hence, the inequality {3) holds under Case (ll).

Finally, we begin to prove that whens| # 0 and g # 0, then the inequality (L3) holds.
Case (Ill): Supposés| #0 and g # 0. This implies thats € (1, 3/2) andg € (0, 1/2). Then,
the de“nition of [[w1(¢)ll 13 (000) IS

”Wl(t)”H;(o,oo) = ”Wl(t)”L,%(o,oo) + ” 3xw1(t)HL§(o,oo) + Haxwl(t)”ﬂ'

We need to estimate|w(t)|| 12(050) 18, w1 ()|l 12(000)? and||o,w1(¢)llg. By @8) and (19), we
have the following inequalities of the “rst norm and the second norm:

1 3
< - 2
[wa®],2000) S lel, 22 for 5 <s<3,
1 3
< = °
|3:w1(®)] 12000y < lel, 2 . for 5 <s<3.
Now, we calculatel|d," wl(t)||§, fors e (1,3/2) andg € (0, 1/2):
[ wa @)
_ o0 o0 1
- o Jo 1%

.. / (ir1k) ¥ e Gy (k, t) dk
k=0

B o0 o0 l
- o o §1+2,3
Y & sl irikGere) irk
S L X r1Kx
S/O /o §1+2ﬂ(‘/0 k |e1 L eMt |
o0 o0 o0
</ / L(/ ksl P
o Jo Y% \Jizo

/ (ir1k) 5 MK *O G (K, £) dk
k=0

2
d¢ dx

2
d¢ dx

/ (irak)s) (K0 | orik) G, (k, £) dk
0

k(a + Lk .. 22i)

2
)

S A2 )
R LG SR R [POF. )
22| o2 + </ 20k + K2 [@(k°)|dk | dtdx (by Lemma2.2)
00 poo 0 5
5/ / —11' (/ kLsJe..-—?kx(l__e..-—?kcﬂjg\(kz”dk) dc dx
o Jo t¥#\Jo

:/OOOG%/OY/O%-“(&@M@..e--"f)|§(2zz)|f2dz>2dxd;,
(Letﬁ = %Ek)

g / —gizﬂ (n / (fzz)zm(l..e--“)z.2|§(242)|2de)dg, (by Lemma2.3)
0 0
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00 2ls 1~ N oo(l__e..a')Z
< [T ([ Gt ac ) ae
_ % Jasiriop2n12( s28 ©(L..efy
‘/(; ¢ |g(2€ )| (E /0 £1+28 dé ) dt,
(Leté =¢¢.)

(o] [e°]
~ / 2[5 (20%) e e = f 0261426 g (20%)|* de
0 0

00 /o Lsl*h , dr
= - (1) —=, (Lett=2¢2
[(5) B cete=2)
s +6..3

x s]+B.. 5 N2 g < 2 % a2
§/ T 2[g(7)| dr—/ (t?) [g(r)|"d
0 0

© 5 Ls)*+B-.5 12 n Bl o )
5/ (1+2%) % [ dr:/ (1+7%) TR@[ dr = gl 2
.00 H[T

o0
.00 (R)

Hence, we obtain the following inequality:

3 1
|8l wl(t)”ﬂ < ||g||H%;1(R), forse (15) andp e (O’E)' (21)
t

Therefore, whens € (1, 3/2) andg € (0, 1/2), by equations18), (19), and 1), we obtain
the inequality (13):

<
s0p 11O 0 S 81 22

Hence, the inequality {3) holds under Case (ll1).
We establish the validity of the inequalityX3) under these three cases. Thus, we derive
the space estimate fow; (13):

for1< <3
2%y

sup [w1(t)| ysoooy S llEN 250
t€[0,2] ” Hx(000) H 4 (R)

Additionally, we can use a process similar to the proof of equatioh3) to obtain the space
estimate forw, (14):

1 3
sup [|wa(8)]| s Slgll 2.1 , for=<s<-=.
te[OI,)Z]” ”H"(O""’) ¢ H % (R) 2 2

Then, we can obtain the space estimatioi ().
Finally, we start with the proof of the space estimatd?). Now, we calculate9):

w(x, £) = f ek Gy (k,t) dk + f "2k G, (k, t) dk (22)
0 0

~ /meiaaﬁxﬂ'rt(a + %ﬁ %ﬁl
0 a2+ 20T+ 1

V2 N2 s

+ /ooeiaﬁx..irt<a + Tﬁ+ Tﬁl
0 a2+ 20 /T+1

)g(r)dr

)E(..r)dr, (Letk=4/7.)
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— /Ooeiasﬁx+itt(a+ ﬁf f\/_> ( )d‘L’
=0 a2+\/§aﬁ+

+/ ta«/7x+zrt<a+f\/ +\/>V T
.00 052"'\/_205\/

) (r)dr,

wherea = ¢™*. Hence, by equationZ2), we infer that the temporal Fourier transform of
w is given by

;3 o V2 ‘/é Tiy~,
ol ﬁx(—;{ggﬁ{) (r) ©=0,
P e e N1 100

eiav/-Tx( 40}1\/—2&\/_--51’--7 )g(z) ©<0O.

W, £) >~

Therefore, we obtain the following inequality:

2
el 2

:/(1+12)%+_1|'m7(x,1:)|2d1:
R
0 I N T W7
2541 | Tl
~ 2\ =7 | jia/Ttx
= [ ¥ < PR P )g(t)

V2 f

00 41| + N2

+/ (1+r2)%_1 e‘“3ﬁx(a 2T \/_ )
0 a2+ 2u /T +1

</O 2 2t a’+ 201 .1

dt

dt

”oc(1+r ) (@2 + 20/ T ..1)2

" g2
[ e
0 (@2 + 20 /T +1)2

0 2s+l 1 oo 2641 1 n 5
< 2 - A
_[N(1+T ) (1] |)2)2|g( 7)| dt+/(; (1+77) ((1+t)2)%|g(r)‘ dr

|’§(r)|2dr

[2(0)| dz

0 25+1 1
= (1+7%) ¥ ——— d
/“00( +t ) (L+20]+ |t|2)2 |g( )| T

+/w(1+r2)¥;|g( )| dt
0 (1+2r+ 2)2

S/O (1+72 ) (l+r )"%|§(r)|2dt+/ (1+72 ) (l+r )"%|§(r)|2dr
0

.00

o 2541 1

:/ (1+7%) % (1+72) 2 [g0)*dr = gl o,
.00 HtT (R)

Hence, we obtain the time estimatel@):

sup ||w(x)“ 2;+1( <||g|| ) = sup ||w(x)H 2;+1(0 <llgll 2

x€[0,00) ( x€[0,00) T( R)

Thus, we conclude the demonstration of Theorer.1 O
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2.2 Homogeneous IBVP with zero initial data
In this subsection, we consider the pure IBVP:

Zt . Zex =0, x € (0,00),t € (0,7),
z(x,0) =0, x € [0,00), (23)
z:(0,t) ..z(0,8) = (), te[0,T], >1,

where 0 <T < 1. We shall extend the boundary data(z) from the interval [0,T] to the
entire real lineR. We aim to de“ne a functiong*(£) € H>Y{R) as an extension o (¢)
Ht(zg"'l)’A(O,T) with supp(e*) C (0, 2). For 1/2 <s < 3/2, the de“nition of ¢* is given by

E(t), te(0,2),
0, te(0,2),

p* ()=

whereE, = 0(¢)E(t), whered € C5°(R) is a smooth cuto function satisfying|é(¢)| < 1 for
allt e R, 0()=1forall [t| <1, andd(¢) = 0 for all |¢] > 2. Here,E € Ht(zg"'l)”(R) is an
extension ofyp € Ht(zs"'l)”(O,T) such that

IE| 2.0 =<Dglell 2.1 .
H, % (R) S H, * (0,7)

Consequently, we have suppt) c (0, 2) and
1 3
* .1 <D, , for=<s<-, 24
% HthﬁsrlR) < ||¢||Ht%r1(m 5 > (24)

where D, = D(s) > 0 is a constant depending og
Hence, for IBVP @3), we can obtain the following two inequalities (space estimate and
time estimate):

s <G| o* .1 , (byTh 2.1
Sup |20 5000y = Cil0 “H%rl(m (by Theorem2.1)

~ 1 3
<Gl 2.1 . for§<s<§, (by (24))

o
and
+ Csllo* .1 , (byTheorem2.1]
s [l o <Clol 2 Gy )
<Gl for 2 <5<, (by (24)
- gDhrt%’;l(o,T)' 252 WY '

whereC, = C,D;.
Therefore, we have the following result.

Theorem 2.4 For 1/2 <5< 3/2 and the boundary data test function ¢ € Ht(zs"'l)M(R). The
solution for the IBVP (23) that satisfies the following Hadamard space:

space estimate:.  sup (S[0,¢;0]@)| s <Cllell .1 (25)
te[O,T]” H(00) = =T Ry T o)
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time estimate:  sup ||S[O,<p;0](x)|| 21 <Glloll 2.1 (26)
xe[0,00) H

H 2 o0n
where Cy = C(s) > Qs a constant depending on s.

3 Proof of forced linear IBVP estimates (Theorem 1.4)

In this section, we aim to prove Theorenm.4by decomposing the Robin problem for the
forced linear reaction...di usion equation into four simpler problems. In particular, two
of these problems are linear initial value problems (IVPs), and they are estimated directly;
their proofs can be found in B]. The remaining two problems are IBVPs, and their esti-
mates are obtained using the theorems presented in Sett.

3.1 Decomposition into simple problems
To establish the proof of Theoreml.4, we begin the process by decomposing the forced
linear IBVP () into the superposition of the following problems.

(I) The homogeneous linear initial value problem:

u; ..U, =0, xeR,t€(0,7),
U(x,0)=Up(x) € Hi(R), xeR,

(27)

where Uy € H;(R) is an extension of the initial datas, € H;(0,00) such that

| Uoll s (ry < 220l £15(0,0) (28)
with the solution to IVP (27) given by the Duhamel formula

1 i£x. E2L 7T
U(x,t) :S[UOuO](x!t) =5 e Uo(s)d§1 (29)
2 R

where Io(¢) is the Fourier transform with respect to the spatial variable, i.e.,

Uo(t,t) = / e S Uo(x,t) dx, & €R.

R
(I1) The forced linear IVP with zero initial condition:

W .. W, =F(x,t), xeR,te(0,7),
W(x,0)=0, x eR,

(30)

whereF(x,t) € C([0, T]; Hi(R)) is the extension of (x, £) € C([0, T]; H;(0,00)) and satis“es

sup |IF|lps@) <2 sup |Ifllms(0,00)- (31)
€[0,7] t€[0,T1]

t

The solution to IVP (30) is given by

W (x,t) = S[0; F](x,) = % /R ( / tel'éx--fz(t--”?(g,t/) dt’) dg (32)

0
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t
= / S[E(-¢);0] (.t ..£) dt |
0
which is found by the whole-line Fourier transform
W, o) = / eE*W(x,t)dr, £€R,
R

whereF is the Fourier transform ofF with respectto x.
(11 The linear IBVP on the half-line:

ut uf =0 x € (0,00),t € (0,7T),

u*(x,0)=0, x € [0,00), (33)
u'(0,) ..au™(0,6) = Go(t), t€[0,T], > 1,

where Go(t) = go(t) .. Ux(0,t) .. W,(0,2) and u* = S[0, Go; 0] is the solution @3).
(IV) The homogeneous linear IBVP with zero initial condition:

uj.ul = x € (0,00),t € (0,7),

u*(x,0)=0, x €[0,00), (34)
u*(0,¢) ..au*(0,t) = Ho(t), te[0,T],a>1,

where Hy(f) = a(U(0,£) + W(0,£)) and u* = S[0, Hp; 0] is the solution 34).
In summary, the UTM solution @) of the linear IBVP @) has been expressed as

S[uo,80;f1= S[Uo; 0]|x>0 + S[0; F]|>0 + S[O, Go; O] + S[0, Ho; 0], (35)

where the four quantities on the right-hand side correspond to the solutions of problems
(27), (30), (33), and (34), respectively.

3.2 The estimates for the linear IVPs
In this subsection, we prove Theoren3.3 and apply Theorem2.1, Theorem 2.4, Theo-
rem 3.1, Theorem 3.2, and Theorem3.3to establish Theoreml.4 Now, applying Theo-
rem 3.1and Theorem3.2, we obtain the space and time estimates 8fl; 0]|x >0 and
S[0; F]|x > 0 that are components of35).

Theorem 3.1 ([8]. Estimates for the homogeneous linear IVP ()The solution U =
S[Uo; O] of the linear IVP (27) given by the formula (29) admits the following space and
time estimates:

sup [ U@)| sy < I Uollmzm,  fors R, (36)
t€[0,7] ¥

sup | U (x) | zn < GllUollmwy, for = <s< § 37)
xeR H, * (0,1) * 2 2

where Cs = C(s) > 0 is a constant depending on s.
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Theorem 3.2 ([8]. Sobolev-type estimates for the homogeneous linear IVP (11J}ze solu-
tion W = S[0; F] of the forced linear IVP (30) given by the formula (32) admits the following
space and time estimates:

sup || W(t)‘ HR) S T sup ”F(t)‘ H(R)’ forseR, (38)
t€[0,T]

sup|| W(x)” 2541 < CT sup ||F(t)| N (4 1 <s< §, (39)
xeR H % o1 te[0,] H(®) 2 2

where C; = C(s) > 0 is a constant depending on s.

The proofs of the above two Theorems are provided i8]

Thanks to the superposition principle, Theoren®.1, Theorem 3.1, and Theorem3.2
can be combined to derive Theorem.4for the forced linear IBVP @). Furthermore, we
consider the time estimates withGy and Hy are in (33) and 34), respectively. We obtain
the following two inequalities:

G ;... U0 W.(0, 3 40
IGoll, 21 = o) - L6000 2pa (40)
U, (0, A W, (O,
<lgoll, 2+ U t)”Hf R LACTT I
and
”HO”Ht%l(O,T) = ||aU(O,t) + aW(O,t)”H;ﬁl(O‘T) (41)

=alu@o] 2 +e| WO 2

T o1
Therefore, we must estimate th¢Z/,.(0,t) ||H(zg...1)m(o 7 and | W,(0,2) ||H(zs“.1)/4to "
t ’ t ’

Theorem 3.3 (Sobolev-type estimatesFor 1/2 <s < 3/2, the solution U = S[Up; 0] of the
linear IVP (27) given by the formula (29) and the solution W = S[0; F] of the forced linear
1VP (30) given by the formula (32) admit the following estimates:

Ux 5... SCS U S ’ 42

o U] 2t < Coldolly (42)

sup HW(x)” 2.1 < CT sup 10}
40T te[0,7]

JCE OO

(43)

Hy(R)’

where T € (0, 1),and C; = C(s) > Qs a constant depending on s.

Proof We will use Lemmas3.4..3.7to prove Theorem3.3. In the “rst step, we will use
Lemma3.4and Lemma3.5to prove (42) of Theorem 3.3 In the second step, we will use
Lemma3.6and Lemma3.7to prove (43) of Theorem3.3

For 1/2 <s < 3/2, we assumen = (2s ... 1)/4, then 0 1 < % Based on equationsl6) and
(29), we obtain the following two equations:

I Ux(x)”Hy(o,T) =| U"(x)”Ltz(O,T) +[ @],
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1 X —~
Uwt)= 50 |, R@s)e‘f’c--*zfuo(s)ds,

where the fraction norm| - ||,,, is de“ned by

T T N2
”ux(x)”fn:/ / |Ux(xvt) --ux(x1t)| At dt
0 0

t..1|1+2m

N/T/T..t|Ux(x,t+§‘)..ux(x,t)|2
=)

e dc dt.

Therefore, we must estimatej Ux(x)”Lf(o,T) and || U, (x)||,. to obtain (42). In the following
lemma, we provide the estimate foy L/..(x)| ;2(q 7y-

Lemma 3.4 For 1/2 <s < 3/2. The solution U = S[Up; 0] of the linear IVP (27) given by the
formula (29) admits the following estimate:

| L) 207y < 1Wholl3ey, Vs € [0,00). (44)

Proof To estimate||L[x(x)||Lg(0'T), we obtain the following inequality:

| () ”i?(or)
T
)
r 2
LE2t 17T
5/0 (féeRe lfl!uo(s)ws) dt
T 0 2 T o )
LE2E |7 FERPS
<2 ([ e ullboelas ) aevz [ ([ e ellmote) as ) ar

= /OT<foe--”|ﬁ|}ﬁo(..ﬁ)l o )2dt

1 T JN 2
2 ), ]R(lg)@S Uy (8) dE | dt
€

o 2T
+2/OT</0°oe--”ﬁ|ao(ﬁ)|%)zdt
(Letr =£?)

=:—ZL‘/(;T</Oooe“”|f10(..ﬁ)|dt)zdt+%/OT(/OOOe“”|ao(ﬁ)|dT)2dt

gn/ |i10(..ﬁ)|2dr+n/ |Uo(v/7)|*dz,  (by Lemma2.3).
0 0

(A) (B)

Now, we calculate equationsA4) and (B) to obtain the following two inequalities:
.00 R 2
(A) :f |Uo(r)|"2rdr, (Letr=../1)
0

0 =~ 2 0 IS 2
:/ 2\r||Uo(r)| dr§2/ (l+r2)2|L[0(r)\ dr

1 3
SIUol®y < IUolifse), V¥xel0,00)andfor > <s<>
HZ(R) * 2 2
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and
(B) = / \Uo(r)|*2rdr, (Letr=7)
0
> 2577 (2 2 2
<2 (@) dr S IUl? y < 1ol
0 HZ (R)
1 3
V. nd for - <s< —.
x € [0,00) and fo > s 5
Hence, we obtain the inequality44):
1 3
I LIx(x)”L%(OYT) S I Uollmgwy,  Vx € [0,00) and for S <s<3 O

Next, we provide the estimate fofi L, (x)||,, in the following lemma.

Lemma 3.5 For 1/2 <s<3/2 and m = (2s ... 1)/4.The solution U = S[Up; 0] of the linear
1VP (27) given by the formula (29) admits the following estimate,

| @), < I Uollmgy,  Vx € [0,00). (45)
Proof To estimate| U, (x,t)],,, we obtain the following inequality:

|t 0]

T pT.t 2
[ Ut +0) AL OP
0o Jo

§1+2m
_/T/T..t 1
- o Jo é-l+2m
T Tt 1 2 2,8 |~ 2
5/0 /O i (/E R|g|e-f ‘1..e° <)|u0(s)|ds> de dt

T T 1 0 2 2 -
= AP gk
5/0 /0 o (/_m|s|e (1..e4%) |Tole) | de

o 2
+/ |$|e”‘§2t(l..e"52‘)|ao($)|d$) dtdec
0
T pT 1 0 , . )
52/0 fo cvon (/ Ele (1 ..ef C)|Uo(§)|d$> dtdc
T T g o ) o ,
2 - &4t . LE2r d dtd
+ /o /o v (/o Ele S (1 ..e 7)) | Uo(®)| E) tdc
d

:2/0T/OT§1%(A006“”|\/?|(1 ..e"’c)|flo(..ﬁ)| ZT/?)Zdtd;“

ot > Tt LT\ | TT dt 2
+2/o /o W(/O e IVTI(l e )|Uo(ﬁ)|ﬁ) dtde,
(letr =£2)

T 1 o0 —~
5/0 W(/o (1..e--r£)2|uo(..ﬁ)|2dr>d§

1

2
> ER(ig)effx(e--52<t+<>..e--fzf)ﬁo(g)dg de dt
€
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+fOT 51%(/000(1 ..e--f4)2|ﬁo(ﬁ)|2dr) de,  (by Lemma2.3)
:/Ooomo(..ﬁnz( OT%d;)dr
+/()w|ﬁo(ﬁ)|2(/oT(lgf#d;)dr
< [Fasal (e [ )
+/Om|ﬁo(ﬁ)\2<r2m/;m%dn)dr
(letn=1¢.)

:/ |f[0(..ﬁ)|212mdr+/ 27| To(y/7)| d .
0 0

© (D)

Now, we calculate equations) and (D) to obtain the following two inequalities:
(€)= / r4m|ao(r)|22rdr, (letr=..4/7.)
0

0
:/ r4”“|flo(r)|2~2|r|dr:2/ (1712)2"2 | Qo) 2
.00

0
.00

o 1 o0 S1
< [T ars [y aof
= || Uoll? vxe [0 dfor S <s<3
= IUollz @y, Vx€[0,00) an or5 <s<3
and
_ e 2 2m+% -~ 2 _
Do=2[ (r) |Uo(r)|“dr, (letr=4/7.)
0
o0 1 o s1~
5/ (1+r2)2rn+2|uo(r)|2dr:/ (1+r2) |Uo(r)|2dr
= 2 vxe[0 df Log<3
—||L[0||H;(R), x € [0,00) an oré s >
Therefore, we obtain the inequality45):
2
| @)}, S 1ol *+ 1 Uol 2 ey

1 3
= 2||uo||,'§m < ||u0||,§,;(m), Vax € [0, 00) and for 5<5<5 O

Now, we can prove 42) of Theorem 3.3 By Lemma3.4and Lemma3.5, we obtain the
following inequality:

I ux(")“H;"(O,T) =| Ux(")”Lg(o,T) +[ )],

1 3
SUolimgwy, V¥ € [0,00) and for 5<s<5.



Huang and ParBoundary Value Problems  (2024) 2024:29 Page 23 of 37

Hence, we obtain the inequality42):

u, 1 S Uollsg.
xes[g,go)” X(x)”H,Afl(o,T) > Kol

Next, we will use Lemma.6and Lemma3.7to prove (43) of Theorem3.3
For 1/2 <s < 3/2, we assumen = (2s ... 1)/4, then 0 1 < % Based on equationslf) and
(32), we obtain that

I Wx(x)”H;”(o,T) =| Wx(x)”Lf(o,T) +| Wx(x)“m’

1 ¢ . N~
Walx, 1) = o— / / (i5)es € COF (£,¢') de d,
2r gcR JO
where the fraction norm|| - ||,, is de“ned by

T T 12
“ Wx(x)”i:/ / [ Walx,t) .. Welx, t)] dt dt
0 0

|t ..t/ +om

T pT.t 2
o[ ) WP
0

;- 1+2m

Therefore, we must estimat¢ Wx(x)llLtz(O’T) and || W,.(x)]l,» to obtain (43). In the following
lemma, we provide the estimate folf W,.(x)|| 201"

Lemma 3.6 For 1/2 <5< 3/2. The solution W = S[0; F] of the forced linear IVP (30) given
by the formula (32) admits the following estimate:

Vi € [0,00). (46)

” Wx(x't)”Ltz(O,T) S ZT(tES[l;%] ”F(t) H;(]R))'

Proof To estimate|| Wx(x)”Ltz(O,T)’ we obtain the following inequality:

| W) ”52(0 T)

T
:/ / / (lS)e’éx £2(t. t)F(§ t)
0 £eR
/ f gle <7
EeR

dt

F(&,t)|at dg)

(Et)|d§dt) dt

IA

A

/ (L

/:( [ on 1+'5'2)%‘|?($f)|Iél%e"z“"")ds]dt/)zdt
(]
(f

IA

T 1 2 3 2 3 2
/ [ (1+151%)2[F(g,t)| dg] U |Ele? (‘--”dg} dﬂ) dt
0 £eR £eR
[

1 2
, 2
IF@)| 1 [/ |5|e---32(t--f>ds] dﬂ) dt
HZ(R) £€R
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T 3 2
o2t /
E/0 <t’ZEJpT]|F Hz(R)></ [/;GR d§:| dt) a
22(¢.0) 2
z:;%ﬂﬂf) ( ([ werenae] ar) a)
( f Ee- 2(“)d§] dt) dt)
T r poo 2
2(.) = / — 2
A (/o _/0 e dr] dt) dt),(Letr é)
_} 1 ...2(t..t’)oo% ,)2 >
</o 2 2.0 '0] dc’) dt
T 2
=2 sup [FOI% /0 (/O (4@ t/) dt) dt)
T 2
~2 sup [FO), ( ( ﬁdt) dt)
te[0,T] He R)\Jo

_ 2 2
_2tes[1£1 ||F(t)”Hx%(R)< /O 4tdt) 4T ( sup |E@®| Z(R))

< 4T2< sup ||F(t)

[N TR

1 3
HS(R)> Vx € [0,00) and for > <s< >
Hence, we obtain the inequality46):
I Wx(xvt)”LZ(O n< 2T( sup HF(t)HHS(R)), Vx € [0,00) and for} <s< §
e +€[0,7] % 2 2

Next, we provide the estimate fof] W,.(x)||,. in the following lemma.

Lemma 3.7 For 1/12 <5< 3/2 and m = (2s ... 1)/4.The solution W = S[O;F] of the forced

linear IVP (30) given by the formula (32) admits the following estimate:

Vx € [0,00).

|wx@)],, < Tt:[lé,%q [EO sz

Proof To estimate|| W,(x, )|, we obtain the following inequality:

| Wa.0)[2,
/ f“IW(xH() Wil(x,1)12

1+2m
Tt at (o iEx. E2(t+L )T N gyt
sl e
€

¢
i/ /(l-g)eiéx..éz(t..t’)?(é’t/)
T JeeR JO

frre 1|1 L () EAENT (s N\ gy
:/(; /(; §‘1+2m ZlER/; (zé)e (6" ) e . )F(E,t)dt d%‘

de dt

2
de dt

(47)

Page 24 of 37
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2
dc dt

+
2n EeR J'=t

T Tt 7 ¢ - 20 o 2 -~ 2
S / / oo (i&)e™ . e 5 ) (e NF(5,¢) dE dt | dedt
o Jo ¢ £eR
(E)
| ) | e [7 [ e ong asa ey
+ - i ez X . ,t/ t/ £
o Jo M)y Jeer ¢
(F)
Now, we estimate ) to obtain the following inequality:
T Tt q t+¢ ) ) e 2
(F)= / / — / (i&)e** =" OF(£,¢) de d'| di dt (48)
o Jo ¢ ¢ £€R
T Tt q : t+e 2y 2
< S eis* ig)e s HEHE( tdt’)d dc dt
1 sl L ([ et e a)af o
T T.t 1
< —— i£)e S COF (1) dﬂ)d de dt
[ [ )L ([" e (& o ¢
T T.t 1
< —— i£)e S COF (1) dﬂ)d dcdt
| | sl e e e
(sinces > % by the Sobolev Embedding Theore)w
T Tt q t+¢ ) e 2
S / / o ( / (1+£%) / (i&)e ¥ DF (8,1 dr dg) dg dt
o Jo ¢ £€R ¢

T.t t+¢ 2
/ / Mn(/ U (1+£%)°6%2 F(&,t)| ds] dt/> dg dt
¢ t £eR
(by Minkowskiss Integral Inequality.
To estimate the above inequality, we consider the functigi(¢) = £2¢B2+-1) for ¢ > 0,

t' > 0,andt > ¢t'. We know thatp(&) has amaximum ag = (2(t+—§_t,))%. Hence, the function
p(&) satis“es the following inequality:

1 1
P(E)Sm'; V& e R. (49)

We substitute inequality @9) into inequality (48). We obtain the following inequality:

T Tt
0 Jo ¢ geR
_ T Tt q t+¢ L+ g2y s 2, %d zd .,
+ / /
N/o /0 Cl+m</Q [/EGR( E°) p(&)|F(&.7)| 5} L‘) cdt
T.t t+{ 1 1 R ) % 2
2\s , ,
/ / §1+2m( [ - +£%) ;mp‘(s,tﬂ dg} dt) decdt
T.t 5
_/ / é«1+2m( t+§ r 2”F( ) Hi(R)dt/> dgdt

t+¢

2
(ls)eléxéz(ﬁft/)f(g,t/) dé. dr d{ dt
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T T.t 1 t+e / ”1 / )
5/0 /0 §1+zm sup ||F(t) HS(R)></: (t+¢..7) ?dt> dedt

T T.t 1
:/O / §l+2m( sup |E@)|?

Hy (R))

4cdede

( sup F(t)

S ~H e dt
te[0,T] e / / C
T 1.2
¢

o) ([ (£55) )

, T (T t)l% )
4 FO)2. halit A

<:es[l(l)%]“ ()”Hx(R))(/; 1.2

_ 2 T221
B 4<tes[lc]>§1 “F(t)HHW) Q.. m2.. 7))

—4( sup ||F(t)

Therefore, we obtain the following inequality:

G — = e
B T a2 (tes[l;p [FOl7g) VrelO.c)andforS<s<>.  (50)

Next, we estimate ) to obtain the following inequality:
T T.t 1 t ) 2 , 2 .
(E)=/ / —iom / /(ig)e‘fx.e-f CE) (5 LYF(5,¢) dE dt
o Jo ¢ 0o Jr
1

T t T.t 1 . iex 20 ¢ 2 R , 5 ) 2
5/0 (/o /RUO ;1+2m‘|(l$)e$ o >(e--”...1F($,t)|2d;] dsdt) dt

(by Minkowskiss integral inequality

2

d¢ dt

1

[ ][ e s
([ o[ 520
L fmervomen(on 85 a) )
([ e meras)e
= [F([ [ e epiipe.asar ) a
(
(
(

T ¢ 20 o 4 2 a2 1S 2 % 2
5/ /[/ e <f--f>|s|3ds} [/ g1 3B (e, 1) ds] dt’) dt
0 0 R R
Tyt R 2 21~ 2 : 2
:/ /ﬁ[/ e? ““”é?d&} [/ &3 [F(&,¢)| dé} dﬂ) dt
0 0 0 R
T t o0 5 4 2 1 %
:f /ﬁ[/ e? r3(t..r’)"?’(t..t’)"zdr]
0 0 0
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J [ @i peora] o) a

(letr=+t..1¢.)
(LA e tesa]
< [[:(1+g 123 B (e, )| dé]%dt/)zdt
< [([ [ eryiezal [ arerpeora] o) a
- [[([ ey 2] mr%e---zzdr]% () et )
[ 4 () )
we continue the estimation of the above inequality, and we obtain the following inequality:
(E)</ (/ft .t (()) 1E()
S fOT(tj;;r;,l |E@ Hs<R>)</o <f--f)"f72dt/)2dt
f{;(R)/T(fot(t ...t/)"{?dt/)zdt

_ 2 12 s &1 5
= s [FO o ([ (E%) @)= sup [FOy ([ i)

te[0,7]

H3(R)

2
dt’> dt

= sup || F(t)
t€[0,T]

1
Vx € [0, dfor=< <—
x €[0,00) an or2 $<3-

2
H;(R)’
Therefore, we obtain the following inequality:

864

1 3
(F) < _ST ¥ sup ||F(t) Vx € [0,00) and for > <s< > (51)

HS (R) )

By (50) and (1), we derive the following inequality:

4T221
[w.@)l,, < 275T? sup [FO)] W(t:% IEO )
1 3
< Tts[up ||F(t) HIR)’ Vx € [0,00) and for > <s< >
Hence, we obtain the inequality47):
[ W2, S VT sup |F@)] sy ¥ €[0,00). 0
t€[0,T]



Huang and ParBoundary Value Problems  (2024) 2024:29 Page 28 of 37

Now, we can prove 43) of Theorem 3.3 By Lemma3.6and Lemma3.7, we obtain the
following inequality:

I Wx(")”H;"(O,T) =| Wx(x)”Lf(O,T) + [ wa@)],

S 2T< Sup ”F(t)HH;(R)> +VT sup ”F(t)HHé(R)
£e[0,7] te[0,7]

<JT F®O|, 50, V. 0, .
SVT sup. IE@) 5y Vx€10,00)

Therefore, we obtain the inequality43):

Vx € [0,00).

:{gg@” Wx(x)”H;”(O,T) S ﬁt:[ggq |E®) Hi(R)'

Hence, we “nish the proof of Theoren3.3 O
Now, we begin the proof of Theoreml.4. For 1/2 <s < 3/2, to prove Theorem1.4, we
need to estimate the equationdb):

S[uo,80:f1= S[Uo; O]lx>0 + S[0; F]lx>0 + S[O, Go; O] + S[0, Ho; 0],
to obtain its space and time estimates.

First, we commence the derivation of space estimates f@5|. For  <s<3and T e
(0, 1), we obtain the following two space estimates:

S[0, Go; 0]®) || s
tes[‘(l)lf;]” [0, Go; 01} | 50,0
<Gl GO”HtZ_ﬁ;l(O,T), (by Theorem2.4and (25))
Cs U, (0, W,(0, 1), (by(@OQ
< (”gOHH%rl(QTf” ( t)HHt%rl(O’T)+H ( t)HHt%rl(O'T)) (by (40))

<lgoll 2.1+ Uollmsw + VT sup |E@)| ... (by (@42 and @3)
8o w2 0n 0Ol H(R) te[O,T]” “Hx(R) ( )

< 1 ol * VT sup [fO)|s0.  (by (28) and @1
Sleoll, 22+ luollsore te[o,pnw() 1500 (DY (28) and (32))

and

sup | S[0,Ho;0](®)|
te[O,I:;'] I 0 H3(0,00)

<CiHo|| 2.1 , (byTheorem2.4and (25
= GlHol 22 (by 29)

<
< ” U(O’t)HHt%;l(O,T) + H W(O,t)”Ht%;l(O,T), (by (41))

<] zp + WO 2

S Uollssy + VT sup. |F@|,55  (by @7 and @9))
te(0,

S luollsope) + VT up f @000 (bY 28 and BD).
te(0,
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Hence, we obtain the following two space estimates:

sup ||S[0, Go; 0](®)|| ..«
rel0.1] ” | H;3(0,00)
< 2%... + |l uoll g 000y + VT sU O s 52
Sleoll 2+ luollzion Vv te[og]}Lf()le(O,w) (52)
and
sup S[O,Ho,O](t) S 5 ””O”ch 0,00 +vT sup (t) s . (53)
te[(m” |Hx(0,oo) (Op0) ™V te[(m“f |Hx(0,oo)

Now, we estimate||S[uo,go; /1(£) | 3 0,c) t0 Obtain the following inequality:

||S[uo.g0;ﬂ(t)| HE(0,00)
= Lt Ollo-+ SI0; Flvo + 510, G O] + 5[0, Ho: Ol .

< | S[tio; Oll>o

12000) T [S10:F Lol

+[|S[0, Ho; 0]]

H3(0,00)

+ ||S[O,GO;O]|

H;3(0,00) H;(0,00)

1

S ollpg@y * T sup [|F(E)| sy * 1Goll 2.1 +|[Holl 2.
+(R) te0.7] || ||Hx(]R) HtT 07 H[T ©0.1)

(by (25), (36), and @8))

S lluollms o0y + g0l 2.0 +~/T sup |[f(2)
#(02) H, % 1) te[O,T]Hf |

H$(0,00)

(by (28), (31), (52), and 63)).
Hence, we obtain the following space estimates &H):

S[ug, 2o: 1) s < |luoll g5 000) + x.1  ++/T su O s . 54
| STe40. 03 /1( )||Hx(0,oo) 0l 15(0.00) ”gO”HtT o te[Og‘] (g )||Hx(0,oo) (54)

Finally, we commence the derivation of time estimates fo8%). For 1/2 <s < 3/2 and
T € (0,1), we estimate|S[zo,go;1() [l s (0,00) tO Obtain the following inequality:

“S[Lto,go,f](t) || 25+1

H, * (0,7)

= || S[Uo; Ollx>0 + S[0; F] >0 + S[0, Go; O] + S[0, Ho; O]|| 2.1
H, * (01)

< ”S[UO: 0]|x>OHHt§‘+_1 ©7) + ||S[0,F]|x>0||H[%'_1 ©1)

+ 5[0, Go; O]HH[z_,F on’ || S10, Ho; O]||Ht%+r1 on

S IUollsy + VT sup Hp(t)HH;
te[0,T]

o+ IGol, 2+ Holl 2

H % (07)
(by (26), (37), and (39))

S lluollasopc) + g0l 2.0 +~/T sup ||[f(2)
(00) H, %o te[O,T]Hf |

H3(0,00)
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(by (28), (31), (52, and 63)).

Hence, we obtain the following time estimates 086):
S[ug, go; f1(t + < leollgs + ++/T su Ol s . (55
IS ogof]()HHt%(O’T) 10|l 125 0,00) "gOHHt%l(O,T) te[og]uf()”H"(O’oo) (55)

Accoring to (54) and (55), we obtain the inequality $):

sup ”"‘(t)|H;(0,oo)+ sup ||u(x)|| 2541
t<[0,T] x€[0,00)

H % (07)

5@:( uo|| g + .1 ++T su O s ),
s(lollzone * lgoll 25+ T sup. O 1000
where¢, = &(s) > max{C;, C,} is a constant depending os. Hence, we have concluded the
proof of Theorem1.4.
To discuss the local well-posedness df)( it is essential to consider the following IBVPs:

Forf<s<$,
Vi o Vix = p(, 8), x€(0,00),0<t<T<1,
v(x, 0) =vo(x) € H(0,00), x €[0,00), (56)

1(0,8) . BYO.E) = ho(t) € H. T (0.T), 0<t<T<18>1.

Since the estimation processes a8)(and (56) are similar, we can also obtain the follow-
ing result:

O s + + 57
Su VO 12000) Sup. )Ilv(x)H 21 (57)

H % 07

= d(Ivollgom + ol zr  +T sup [0 0.
H(0,00) T areYs te[O,T]” |Hx(0,oo)
whereﬁs >0 is a constant depending os.
In the upcoming section, we will establish the proof for Theoreri.5 Inequalities 5)
and (57) play a crucial role in the proof of Theoreni.5

4 The local well-posedness of the coupled system of the reaction...diffusion
equations (the proof of Theorem 1.5)

In this section, we de“ne the iteration map. Subsequently, in Lemmal and Lemma4.2,

we prove that the iteration map is a contraction and onto a closed ball. We then utilize the

contraction mapping theorem to establish the uniqueness of the solution. In the following

Lemma4.3 we prove that the data-to-solution is locally Lipschitz continuous. Therefore,

we can use Lemmd.1, Lemmad4.2 and Lemmad.3to complete the proof of Theoreml.5.
Now, we de“ne the iteration map:

(MYV) — q)T* X \IJT*(MIV) = (CDT*(M,V),\IJT*(M,V)),
which is obtained from the UTM solution formulas:

u(x,t) = S[uo,g0:f1(%,1)
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1

- _/ ikx. kzt’\(k) dk .. / zkx kz 0( k))dk
2 R 27T oD+ o .

1 e 42 2K /t K2y
ey C N S SlaS dy ) dk
zn/we w K\, ¢ w0y
1 2,0+ ik /f e,
iy EEN S el k,y)dy ) di
271/3D+e o\ [, ¢ SCkdy | dk

i Ry / ' k27,
+27r uooe ( A e f(k,y)dy ) dk

and

v(x,t) = S[vo, ho; pl(x, )

- i ikx. k2 (7N i iks. k2t ﬂ
= 271/ o(k) dk .. o K 5 k 0( k) dk

e k2t 2K ¢ K2y
= S ho(y) dy ) dk
27 Jops ﬁ..jk(fo ¢ 7ho(y) y>

1 ke a2 B T ik /t K2y
e R T k,y)dy)d
2 3D+e ,Blk( 0 ¢ p( ky) 4 k

1 oo t
+ _/ ik Kot (/ ekzy/ﬁ(k,y) dy) dk
2w .00 0
More precisely, we have

D (u,v) = S[uo,go; u? ..cuv],
W (u,v) = S[vo,ho; e ..duv],

i.e., the iteration map
E(u,v)=®rs x Wr«(u,v) = (S[uo,go; P ..cuv],S[vo,ho; 2P ..duv]). (58)

We will demonstrate that our iteration map 68) is a contraction in the complete metric
space

X=X xX, whereX=C([0,T*];H;(0,00)) N C([o,oo);Ht&}l (0,7%)), (59)

with the norm

[@l= o 14O o * sop 46 2

H, % (0T%)

+ sup ||V(t)
t€[0,T%]

s + su v(x 2541
m000) " S0P p ” ( )”HT(OT*)
Next, we consider a closed balB(0,r) = {(u,v) € X : |[(u,v)lx < r}, where CF =
max{@is,ﬁs} andr = 2C¥||(uo0,vo, 80, h0) || p- In the following lemma, we determine the con-

straint on T* such thatE is onto B(0,r).
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Lemma 4.1 For C} = max{@s,d } and r = 2C7||(uo, v0,£0, ho)llp. The iteration map E(u,v)
is onto B(0,r), when the following condition on T* holds:

1
0<T* <miny T, . 60
B { A(Cr M2+ el + |d|)2||(MO,V0,go,ho)||% } (60)

Proof For (u,v) € B(0,r), we obtain the following inequality,

|EGe.v)x
= || (S[uo,go; a ..cuv],S[vo,ho; A ..duv]) ||X

= sup HS[uo,go, 7 cuv](t)|
te[0,7%]

.2
HE(00) + xes[ggo)HS[uo,go, 7 ..cuv](x)”H%# 0

+ sup |S[vo,ho; e - duv](t)|

£€[0,7%] H(000)
+ sup |(S|vo,ho; . . duv|(x)|| 21
xe[oyw)ll [ [©] 2 o
§€( uo|| s + 2.1 +/T* sup |u®+cuv|,, )
s (1ol 1130.0) ”gO”H[T(o,T*) o u? | 15000

+3(|VO||Hso, +lholl 2.0 +VT* sup [vZ+duv|,, )
s 3(0,00) 1A o1 1e0.7%] ” |Hx(0,oo)

(by (5) and (7))

sc:(nuonH;(o,oow||go||H§r1(0T*)+ T ?51?1”” v 0
t . 12 *

+C! (Ivolliziome + ol s * VT sup v+ duv] o)
t ' €0, T*

r
<5 CVT( sup Iulfom * Il S0P luliion1Vhizomn)
tel0,T

tel0,T"

+c:vT*(t sup_ ¥Igion + 141 Sup_ lealgione) VIl 000)
€

(by the algebra property fo#*(R) with s > 1/2)

+CNT(2+ || +1d|)r?

I\Jlx

Hence, we obtain the inequality
|E@.v)|y < + CIVT*(2+c| + |d])r?
Now, we want to chooser™* such that
; +CVTH 2+ ||+ 1dN) P <
holds, i.e., the condition

1
0<T*<min{ T,
- { A(Cr M2+ el + |d|)2||(uo,Vo-go,ho)||%}

is satis“ed. Hence, we obtain thak is onto B(0,r) when T* satis“es 60). O
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Next, we determine the constraint on7* such thatE is a contraction onB(0,r), for
* = max{C,,d,} and r = 2C*||(uo, v0, 0, 10) || o, and it is stated in the following lemma.

Lemma 4.2 For C} = max{@s,gs} and r = 2C?||(uo, vo. o, o)l p. The iteration map E(u,v)
is a contraction on B(0,r), when the following condition on T* holds:

1
0<T* <min T, . 61
= { %«m%2ﬂa+wWMwmm@ﬁo%} (61)

Proof For (u1,v1), (u2,v2) € B(0,r), we obtain the following inequality:

”E(ul,Vl) ..E(M21V2)||x
= ” (5[0, 0; U5 +u5 ..cugvy + CMZVZ]!S[O' O; 05 +v3 ... dugvy + dbtsz]) ”X

= sup HS[O, 0; u% + u% ..cuvy + CMZVZ](t)”H;(o,oo)

te[0,T*]

§[0,0;.u? +u5 .. N
+ xes[lggc)” [ uitus..cugvy + Cquz] (%) ”H%rl 0

+ sup ||S[0, 0; .V.% + v% cdugvy + duzvz](t)|
te[0,T%]

H3(0,00)

+ sup ||S[O, 0; .1/.% + v% ..duqvy + dquz](x)||H29+l

x€[0,00) tT (0,1%)

<CNT* sup || ..ui + u% cuvy + CM2V2|

te[0,T%*] Hi(0)

+dT* sup || ..vi + V% ...dugvy + duzvz| H(000)" (by (6)and (57))

te[0,T%]

= CVTH( sup |(un . s2) (s + )|

s +le| sup |(u1..u2)v1
+€[0,7%] H(000) £€[0,7%] ” |

H;(0,00)

+lc| sup |[u2(vy .. ¥2)| . + sup [(v1..v2)(ve+v2)|
te[o,T*JH lio te[O,T*]” I 000

+|d| sup ||(u1 "”2)"1”1-1;(0,00)"' |d| sup HMQ(V]_ "'VZ)HH;(O,OO)>
te[0,T%] te[0,T%]

< 2C;‘«/ﬁ(2+ lc| + |d|)r|| (ve1 .. u2,v1 ...Vz)”X.

Therefore, we aim forE to be a contraction, which requires the ful“llment of the condi-

tion
1
2CINT*(2+|c| + |d|)r < >

i.e., the condition

1
0<T*<miny T,
{ 82(C)*(2 + Ic| + |d|)?]| (uo, vo, o, ho) 13, }

is satis“ed. Hence, we obtaitt is a contraction onB(0,r) when T* satis“es 61). O
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Now, if we choose the lifespan

* . 1
=i T e+ P T | ©2

then T* satis“es ©0) and (61). Thus, the iteration map is a contraction and ont®(0,r).
Hence, ¢,v) = E(u,v) has a unique solution#,v) € B(0,r) C X.

Next, we will show the data-to-solution map#o, vo,go, #0) —> (u,v) is locally Lipschitz
continuous.

Let (xo,vo,80, 10) and o, Vo, Go, Ho) be two di erent data lying inside a ballB, C D of
radius p > 0 centered at a distanc® from the origin, where

2s...1 2...1
D = H3(0,00) x H}(0,00) x H, * (0,T) x H, * (0,T),
with the norm de“ned by (6).
Furthermore, we denote the corresponding solutions to the reaction...di usion system
IBVP (1) by

(u,v)= (S[uo,go; P ..cuv],S[vo,ho; a2 ..duv]).

Then, by the contraction condition 62), we observe that the lifespan

— 1 1
T, = mm{ T, 82(C¥)4(2 + [c| + [d])2(R + p)? }

is common, and we have that both solutions«(v) and ¢/,V) exist for any 0 <t < T;,.
Additionally, we denoteX, as the solution spac& (59) with T* = T,.

In the following lemma, we prove the data-to-solution mapup, vo,go, #0) —> (u,v) is
locally Lipschitz continuous.

Lemma 4.3 Given C} = max{€,,d,} and ry = UACH2 + |c| + |d|)T$/2). For any (u,v),
U,V) € B(O,ry) C X, with data in the ball B,, then we obtain the following inequality:

G, v) "'M’V)”X,, < 2C} | (40, v0.80, H10) - 8o, Vo, Go, Ho) | - (63)
Hence, the data-to-solution map (uo,vo,go, ho) —> (u,v) is locally Lipschitz continuous.

Proof For any {,v), U,V) € B(O,r,) C X, with data in the ball B,, then we obtain the
following inequality:

G, v) ---M!V)”X”
= ||E(u,v) .-E(va)“xn

= H (S[uo ..Uo,go - Go; L+ U? ..cuv+cUV],

S[vo Vo ho .. Ho; APV duv + dUV])”x,,

= sup HS[uO ..U, go .- Go; P+ U? ..cuv+c1/{V](t)
te[0,Ty]

H3(0,00)
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+ sup ||S[uo ..Uo, 2o -- Go; L2+ UP ..cuv+cUV](x)|| 2541

x€[0,00) H, * (0.1

+ sup ||S[vo...Vo,ho...’Ho;..V2+V2..duv+ dZ/lV](t)”Hi

te[0,1;] (00)

+ sup ||S[V0 Vo ho .. Ho; 22+ VP duv+ dZ/{V](x)” 2541

x€[0,00) H[T 0,1y)

5@( u