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where 2 < p < 2* ¢>0and N > 3. By the cutoff technique, the change of variables
and the L estimate, we prove that there exists ¢, > 0, such that for any ¢ > ¢y this
problem admits a positive solution. Here, in contrast to the Morse iteration method,
we construct the L% estimate of the solution. In particular, we give the specific
expression of ¢o.
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1 Introduction
This paper is concerned with the existence of standing-wave solutions for quasilinear
Schrodinger equations of the form

iz = -Az+ W(x)z - p(|z1*)z -k Al(|z*) (1z1*)z, xRN, (1.1)

where W (x) is a given potential, « is a real constant, and p, / are real functions of essen-
tially pure power forms. Quasilinear equations of the form (1.1) appear more naturally
in mathematical physics and have been derived as models of several physical phenom-
ena corresponding to various types of /. For instance, the case of I(s) = s is used for the
superfluid film equation in plasma physics [1]. In the case I(s) = (1 + s)%, (1.1) models the
self-channeling of a high-power ultrashort-wavelength laser in matter [2]. If {(s) = (1 —s) 3 ,
(1.1) also appears in the theory of the Heisenberg ferromagnetic spin chain. We refer to
[3—-6] and their references for more details on this subject.

Here, our special interest is in the existence of standing-wave solutions, that is, solutions
of type ¢(x, t) = exp(iFt)u(x), where F € R and u > 0 is a real function. It is well known that
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¢ satisfies (1.1) if and only if the function u solves the following equation of the elliptic

type:
—Au+ V(x)u-— KAl(uz)l/(uz)u = p(uz)u, xeRY, (1.2)

where V(x) = W(x) + F is the new potential function. If we let I(s) = (1 - s)%, o(s)=¢'(1-

s)‘% and V(x) = A + ¢/, we obtain the equation

Ku

AV1-—u2=¢ —¢'u, xeRY, (1.3)

1-u? 1—u?

—Au+ Au—

which originally appears in the Heisenberg ferromagnetic spin chain. In the mathematical
literature, few results are known on (1.3). In a one-dimensional space, Briill et al. [7] stud-
ied the ground states u for (1.3) with lim,_, o #(x) = 0. For a higher-dimensional space,
in [4], Takeno and Homma constructed the expression of the solution to boundary value
problems for second-order nonlinear ordinary differential equations.

More recently, Wang in [8] considered the following quasilinear Schrédinger equation:

u u
—Au+ \u - AV1I-—u?=¢ —¢u, xeR3 (1.4)
V1 —u? V1 —u?

He generalized the result given in [7] to a three-dimensional space.
The main objective of the present paper is to study the following quasilinear Schrodinger

equation

u
—Au+ V(x)u— AV1—u? =clulf?u, xeRV, (1.5)
V1 —u?

2
that is, the case I(s) = (1 — s)%, p(s) = ¢s"7 . To the best of our knowledge, up to now, there
are no results for (1.5) on RN for the superlinear case.

We observe that the critical point of the functional

2
I(w) = %/RN[(I - ﬁ)wuﬁ + V(x)u2:| dx — ; /RN |ul? dx (1.6)

solves the Euler-Lagrange equation (1.5). From the variational point of view, there exist
two difficulties to overcome for this functional (1.6). One is that the functional is not well
defined in H!(RY). The other is how to guarantee the positiveness of the principle part.

In order to overcome these two difficulties, we will focus on the following functional:

1 2 ”;2
Io(u) = —/ [(1— u >|vM|2 + V(x)u2j| -2 jupas, (1.7)
2 JrN 1-ku? p  JrN

where « > 0 is a constant. Obviously, if u, is a critical point of Iy(u), then u, solves the

equation

u p=2
“Au+ V@ — ———AV1-ku?=ck 2 |uff2u, xeRY. (1.8)
V1 - ku?
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For the solution #, of (1.8), we rescale u, = K3, Then, u satisfies (1.5). Furthermore,
according to [9], (1.8) can be reformulated as the following problems of the form:

—div(gz(u)Vu) +gw)g ()| Vul* + V(x)u = CKI%z lulPu, xeRN, (1.9)

where g(t) = /1 - t2 It is obvious that g(¢) is a singular function. Now, to avoid the
singularity, by usmg the cutoff technique introduced in [8], we continuously extend the

domain of the function g(t) to all of [0, +00). More precisely, we consider the function

I(t2 .
5 if0<t< ;
T 1kt i T (1.10)

. 1
\/(9 viven t ey HEZ o

where 6 > @ Clearly, g (¢) € C1([0, +00), [0, +00)) and g, (¢) decreases in [0, +00). Sub-
stituting this form for g(¢) in (1.9), we obtain the following Schrodinger equation:

—div(g2(u)Vu) + g (w)g, ()| Vul* + V(x)u = ox’T lulP?u, xeRN (1.11)

and the critical point of the functional

bz
CcK 2

p

I.(u) = l/}R‘I\I[gf(u)lvm2 + V()] dx -

+\?
5 /RN(M ) dx (1.12)

satisfies the equation (1.11).
Here, the previously defined g, (¢) is obviously bounded satisfying 0 < a; < g (¢) <1,

Tt 9 59* . Hence, the functional I, () is regular and nonsmooth. For the exis-

where a; =
tence and the L°° estimate of the critical point of the functional (1.12), we follow the ideas

shown in [9, 10] and make the change of variables:

v=G.(u) = /ugK(s) ds, u= G;l(v). (1.13)
0

Thus, by using the change of variable (1.13), the nonsmooth functional I, (#) can be trans-
formed into a smooth functional

Je(v) = %/RN[WVR + V(@G (W) dx - % fRN(G;I(v)*)de (1.14)

and the quasilinear problem (1.11) is reformulated as a semilinear equation

—-Av+ V(x) G () = CKTZ (G wy

N
& (G (v) Gl <R (1.15)

Consequently, in order to find the nontrivial solutions of (1.11), it suffices to show the
existence of the nontrivial solutions of (1.15). We also observe that if v, is a critical point
of the functional J, (v), then u, = G (v,) is a solution of the problem (1.11). Hence, in this
way we only need to discuss the existence of the critical point v, of the smooth functional
Ji(v) by the critical-point theory. In what follows, we assume that

r=2
ck 2 =1
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only as a convenience. If we can prove that the critical point #, of the functional (1.12)
satisfies

1

1
oo = |G (V)| < NGT: =0 372, (1.16)
K

then this function u, is good for what we want since g, (#) = g(u) = /1 - lfliz under this
situation. That is, in this case, the functional (1.12) is exactly the functional (1.7) and thus
u, is a weak solution of equations (1.8) and (1.9). Then, the function

1 1

Uu=Kk2u,=c P2u, (1.17)

is the solution of (1.5).

Based on the description in the previous paragraph, the key step is to construct the es-
timate of |V, |«. Then, we can achieve the expression of ¢y by the inequality (1.16) such
that, if ¢ > ¢g, (1.16) holds and so u = c_l’%2 u, solves the equation (1.5). To this aim, ac-
cording to the arguments in [11], we first obtain the H' estimate of v,. Then, combining
this H! estimate, we construct the L™ estimate |v,|». We must point out explicitly that,
instead of the Morse iteration method used in [11], we use the method of converting inte-
gral inequalities into differential inequalities, which can be found in Lemma 5.1 on p. 71 in
Ladyzhenskaya and Ural’tseva [12] and is used to study the L*> estimate of the nonlinear
elliptic equations on bounded domains, to construct the estimate of |v, |,. Moreover, all
the constants in this estimate are well known.

Throughout this paper, we assume the potential V(x) € C'(RY, R) satisfies

(V1) Vx) = Vo> 05

(V2) Vix) = Voo
and we make use of the following notations: Let X be the completion of the space CS°(RY)
with respect to the norm

1
2

lluel| = [/RN(IWIZ + Vx)u?) dx} .

By (V1) and (V3), X is equivalent to H'(RY). The symbols |u|, and |u| are used for the
norm of the space LI(RN) with 2 < g < +00 and g = 0o, respectively.
The corresponding result is as follows:

Theorem 1.1 Forall 0 > @, let

(0-2(1+(p-2)(2*p)
—2 e *_ _ *_ 2

o = 672 266 0-DCT ) -2 190 p»( P2 ]oo(vl)> , (118)
P

whereb=(p-2)(1+2*-p+ %),p >2,07 = 9(29__519);2, Cy is the best Sobolev constant and

vy is the least energy solution of the functional

1 1
Joo(V) = —/ [IVV + Voo 2] i — —/ [v[? dx.
2 JrN p JrN

Then, for ¢ > co, the quasilinear problem (1.5) admits a solution u under the conditions (V1)
and (V).
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Furthermore, we obtain a Pohozaev identity for this class of quasilinear equations, which
is used to prove the nonexistence results of solution for (1.5), while we justify that p = 2*
is the critical exponent for equation (1.5).

Theorem 1.2 Suppose p > 2%, |u| < uy < 1 for some uy and V(x) satisfies 2V (x) + x -
VV(x) >0 forall x € RN. Ifu € C*(RN) is a classical solution of (1.5), then u=0.

2 The modified problem
In this section, we consider the following equation

—Au+ V(x)u— %A«/ 1-xu?= CKI%Z (u*)p_l, xRN and k > 0. (2.1)
—KU

If we rescale the solution of (2.1) u, = K3 u, then u solves

u -1
—Au+ V(x)u - AV1I-w2=c(u*)’, xeRN. (2.2)
— AV (")

In what follows, we will establish a positive solution of (2.1). To this aim, we first intro-
duce g, (¢) defined in (1.10) and focus on the following Schrédinger equation:

—div(g2(u)Vu) + g (w)g, ()| Vul* + V(x)u = o’ (u*)pil, xRN, (2.3)

We will prove that there exists a positive solution u, for (2.3) with |u,| < ﬁ. Direct

calculation shows that #, is indeed a solution of (2.1) and thus /ku, is a solution of (2.2).
It is well known that (2.3) is the Euler—Lagrange equation associated with the energy

functional
p-2
1 2 2 2 Kk 2 +\P
I(u) == [gK W) |Vu|” + V(x)u ]dx— (u ) dx. (2.4)
2 JrN RN
Thus, by using the change of variable (1.13) and recalling our assumption T = 1, the
nonsmooth functional I, () can be transformed into a smooth functional
1 2 ~1(,)2 1 ~10,\+\?
J(v) == [|VV| + V)G (v) ]dx— - (GK ) ) dx (2.5)
2 Jpy D JrN
and the quasilinear problem (2.3) is reformulated as a semilinear equation
G—l G—l +\p-1
—Av+ V(x)—= W) _ G vy xRN, (2.6)

& (G1v)  g(Gl(v) '

Therefore, in order to find the positive solution of (2.3), it suffices to study the solutions
of (2.6) via the mountain-pass theorem. Thus, we need the following lemma to show some
properties of the inverse function G_1(¢).

&T Y17 we have

Lemma 2.1 Forany 0 >
(1). 6y := Y5042 g (1) <1 forall t > 0;

6-1
Glo _ 1

(2) . limzao ¢
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(3). limss oo G;tl(t) = %;
4). t<Gl(t) < %tfor all t > 0;
(5) —Wlfm < g,(t(t)g’,((t) < OfOV all t >0.

Proof This lemma is mainly from [8], here the proof is provided to readers only as a con-
venience. By the definition of g, (£) and L'Hospital’s rule, properties (1)—(3) are obvious. By
(1), for ¢ > 0, we have 61t < G, (¢) < g(0)¢t, which implies (4). Now, we prove the property
(5). If t < \/%, we have

tg.(t)  tg:(®) —kct> 0

> _

g @) 282t (1—wt2)(1-2«t2) ~ (H-1)(0-2)

L

Too e also have

by direct computation. If £ >

tg.(¢) o 0
a0 = O-1)6-2) U

In the following lemma, we establish the geometric hypotheses of the mountain-pass
theorem.

Lemma 2.2 There exist po, ag, such that ], (v) > ag for |v|| = po. Moreover, there exists
e € H'(RN) such that J.(e) < 0.

Proof By Lemma 2.1-(4) and Sobolev embedding, we have

J.(v) = %/RN[WVF + V)G (v)*]dx - }7 A;N (G W) da

P

1 0
> —/ [le|2 + V(x)vz] dx — 1—/ (V+)p dx
2 JrN p JrN
> 2Ry,
-2
Therefore, by choosing py small, we know that
1l
ap = 2,00 Cpy >0
and, hence,
Je(v) = ao  for|lv|| = po.

In order to prove the existence of e € RN such that J, (e) < 0, we fix ¥ € C3°(RN, [0,1])
with supp ¢ = B;. Thus, by Lemma 2.1-(4), we obtain

)= [ Vo + VoG el e [ (67

2

t tP
<= | [IVoP+6*Veop?|dx—— | ¢ dx.
2 JrN p Jry

Page 6 of 18
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Since p > 2, it follows that J, (t¢) — —oo as t — o0o. Then, the result follows considering
e = t¢ for ¢t large enough. O

In consequence of Lemma 2.2, we can apply the mountain-pass theorem without the
(PS)-condition found in [13] to obtain a (PS),, sequence {v,}, where c, is the well-known
mountain-pass level associated with the function J,, that is,

JeWn) > ¢ and J.(v,) >0 asn— oo.

Lemma 2.3 The sequence {v,} is bounded.

Proof As {v,} C H'(RN) is a Palais—Smale sequence, we know that

S = f V= f V)G )P d— f (G- (,)")
2 RN 2 RN p RN

(2.7)
=¢, +o(1).
Moreover, for any ¢ € H'(RN), we have J/ (v,,)$ = o(1)|¢||, that is,
/ [Vv Vo V-G g (G r ¢>] dx = o(D)]|¢ 2.8)
RN ! 8« (G,ZI(VH)) gK(G,;l(Vn)) N ' )
Now, fixing ¢ = G.1(v,,)g. (G (v,)), it follows from Lemma 2.1-(5) that
V(G (vi)ge (G (vw)) | < |:1 + Mg’ (Gl(v,,))i||an| < |Vvl. (2.9)
‘ g B & (G ()™ " -
On the other hand, using Lemma 2.1-(1) and (4), we have
|G (v)ge (G wa) | < 67 vl (2.10)

Combining (2.9) and (2.10), we see that ¢ € HY(RN) with ||¢|| < 6;2||v,||. Thus, using ¢ =
G (v)gc (G1(v,)) as a test function in (2.8), we derive that

o(M)|Ivull = ],: (Vn)G,Zl(Vn)gk (G,;l(Vn))

_ G;l(v,,) S ) . ,
= /RN[(I‘FmgK(GK (Vn))>|VVn| + V(x)|GK (Vn)i

(2.11)
- (G;l(vn)*)p] dx

5/ [IVv. 2+ V) G m)| - (G (va)*)?] di.
RN

Therefore, combining (2.7), (2.8), and (2.11), we infer the inequality

pee +0(1) + o) vl = ple V) = TL(v) G (vi)ge (G (Vi)

p—2/ [|Vvy,|2+ V(x)‘G;l(v,,)‘z]dx
RN

>t -
-2
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>‘B_2
-2

vall?,
which shows the boundedness of {v,}. O

Since {v,} is a bounded sequence in H(RY), there exist v, € H'(RN) and a subsequence
of {v,}, still denoted by itself, such that

va = v in H'(RY),

Vo — Ve inLL (RN) for q € [2,2%)

loc
and
V(%) > ve(x) ae in RN,

Proposition 2.1 The weak limit of v, of {v,} is a nontrivial critical point of J. and J.(v,) <

Ce.

Proof To begin with, we first prove that v, is a weak solution. To this aim, we must prove
that

J.v)p =0, V¢ eH'(RY),

that is,

G (v) (Gl ) P! _ 1N
/RN I:VVKV¢ + V(x)gK(G;l(vK))(p - 2 (G100 ¢} dx=0, V¢eH'(RY).

Since C°(RYN) is dense in RV, we will show the last equality only for ¢ € C5°(RN).
In what follows, for each R > 0, we consider ¢z € C°(RN) verifying

0<¢r=<1 forx € RY,

¢r(x) =1 for x € Bg(0)

and
¢or(x) =0, Vx e B3,(0).

By [13], there is z € L(B,(0)) such that
vl < ‘z(x)’ a.e. in Byp(0).

Consequently,

G;l(vn) G;l(V,() ‘
G " Gy e )
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and

(Gt vyt (Gt

GG " glGy e in B0

Moreover, by Lemma 2.1-(1) and (4),

G (vy)

T 0| = O Vel ] <67Vl
K K n

’ V(x) Var

and

G_1 n+ -1 _ —(p—
|( « V)" vadg| <07V vl x| < 6,7 1)|Z(’C)|p|¢1’3|‘

g (G ) "

Hence, by the Lebesgue Dominate Theorem, we have

G (va) G (ve)
/I;N V(x)mVn¢R dx—)/ V( )m K¢R dx (2.12)
and
(Gl va) ! (G vyt
L. 2 G0 YT L e Gy 2139

The same type of arguments shows the limits below

G (vy) G (ve)
\/RN V(x)mv,(qbkdx—)/ V( )qu‘mdx (2.14)
and
/ (G;l(vn)+)p-lv body f (G;l(vKr)P-lV b (2.15)
N g (GA(,) F N g(G () T ‘

Now, the above limits combined with J, (v,,) (v,¢) = 0,,(1) and J (v,,)(vc§) = 0,(1) give

/ Vv, — Vv, [*pr(x)dx — 0
RN
and then it follows that

/ Vv, — Vv, |2 dx — 0.
BR(0)

Recalling that R is arbitrary and v, — v, in LIZOC(RN ), we are able to conclude the v,, — v,
in H} _(RN). Thereby,

]/i (Vn)¢ — ],Q(VK)¢¢ Vo € Cgo (RN)

Since /! (v,)¢ = 0,(1), the last limit yields J (v,)¢ = 0 for all ¢ € C°(RN), that is, v, is a
critical point for J,.
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Now, we will show that v, = 0. To this aim, we suppose that v, = 0 and claim that in this
case {v,} is also a Palais—Smale sequence for functional J, ~ : H*(RN) — R defined by

Jieoo(V) = 1/ |VV|2dx+1Voo/ ’G;l(v)|2dx—1/ (G;l(v)+)pdx. (2.16)
2 Jan 2% Jan pJen

On the other hand, we know that V(x) — Vi as |x| — oo, |G;1(s)| < 6;!|s| and v, — 0 in
L} (RYN), therefore

1
JeW) =Jeovn) = 5 / Ve - Voo]|GZ ()| dx — 0. (2.17)
R
—1 s _ .
Moreover, as g‘(GG‘l((s))l) <07's|, it follows that
sup U/(V Yo -J. (v )q&’ = sup / [V(x)— 7 ]qudx -0 (2.18)
lpist T s Jen A S)! ' '
Next, we claim that for all R > 0, the vanishing
lim sup f [Vu2dx =0 (2.19)
n%ooyE]RN Br(»)

cannot occur. Suppose, by contradiction, that (2.19) occurs, then by Lions’ compactness
lemma [14], v,, — 0 in L1(RYN) for any g € (2,2*). Jointly with Lemma 2.1, we derive that

lim [ (Gl(va)*) dx=0

n—00 JpN
and

. (G )yt
lim —

v,dx =0.
n—00 JRN gK(G;l(Vn))

Moreover, using the limits below

1T, g2 G 1 2 Gl
lim —| |G>! %« ¢l = lim — 1 < gl=0,
SE’%SzD C O 2 (G1(s)" | oo sl |G 6)] (G
we also have
G (v,
lim |:|G;1(v,,)|2 - ﬁv] dx =0.
n—00 & (G (vy)

Therefore,

ZCK + 0(1) = 2]/( (Vn) _],L (Vn)Vn

-1
_ G : 2 GK ) n]d
/RND Sl - G
2 _1 Y (G,ZI(VH)Jr)p_l
_;AN(GK (va)) dx + . mvndxao,

which is a contradiction, since ¢, > ag > 0.
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Thus, {v,} does not vanish and there exist &, R > 0 and {y,} C RN verifying

lim [Vul2dx > a > 0. (2.20)

n—00 BR(J’)

Setting v, = v,(x + ¥,,) and using that {v,} is a Palais—Smale sequence for J, »,, we know
that {¥,} is also a Palais—Smale sequence for J; o.. Therefore, there is 7, € H*(R") such
that

V= Ve inH (RY) and J, (%) =0.

Furthermore, by (2.20), we also have 7, # 0. Henceforward, without loss of generality, we
assume that

7.(x) > e (x) and Vi,x) > Vi (x) ae. inRY.
The last limit, together with Fatous’ Lemma, lead to

2CK = lim Sup[zjk,oo (f’n) _],:YOO(‘N/n)G;l(Vn)gK (G;l(f’n))]

_ . G;l(f/n)g,/((G;l(‘jn)) ~ 12 2_19 —1/~ \+\?
= —hyrlllsip[/RN 2 (GA) [VV,|°dx — 7 _/RN(GK V) ) dxi|
GlW)g (Gl () o ny. 2-P PR (2:21)
- |fdx — —— G (Ve d
L. FA(ICS) B | (G2 as
= 2]K,oo(l~/l() _],;'OO(T/K)G;I(IN/K)gK (G;I(IN/K ))

= 2];(,00 (17/()1

which shows that J, - (V) < ¢,. Now, following the arguments given in [15], if we define

Do (xlt) ift>0;
0 ift=0

aK,t(x) =

and y (¢) = V¥, ,(x), we achieve
r?jloxjf(,oo (V (t)) = Jie,00(Vic)
and J o (y (L)) < O for sufficiently large L > 1. Then, by the definition of c,, there holds

e < trell[g)f]]/{ (?(t)) =/ (); (Z)) < ]K,oo (7; (Z)) =< tg}g)l(]];(,oo (V(t)) = ]K,oo(‘jk) = Ck»
which is a contradiction. Thereby, v, is a nontrivial critical point for J,. Moreover, repeat-
ing the same type of arguments explored in (2.21), we have that J, (v.) < ¢,. O

3 L*° estimate

This section is mainly to show the L estimate of the function v, = G, (u,) obtained in
Proposition 2.1. To this aim, we need the following fact first to show the H! estimate of
V-
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Lemma 3.1 The solution v, satisfies ||v, ||> < if%”.

Proof As v, is a critical point of ], it follows that

pee =ple (ve) _]/(VK)G,Zl(VK)gK (G,;I(VK))
> ]);2 2 -1 2 ]
z= [AN Vv, dx+/RN V(x)}GK (v,()‘ dx |.

Then, by Lemma 2.1-(4),

-2
pee > p_|:/ |VvK|2dx+/ V(x)|v,<|2dxi|,
2 RN RN

which implies that

< 2

Ivell? < 225

From now on, we consider the functional

1 1
Joo () = 5 /]RN(WVl2 + VOOQfZVz) dx - 1—7 v/ﬂ@(v*fdx

and we denote ¢, the mountain-pass level associated with J,, which is independent of .
Since J (v) < Joo(v), we deduce that ¢, < c~. Consequently, by Lemma 3.1, the solution v,

must satisfy the estimate

2
v l? < 252 (3.1)
p-2

Now, we construct the estimate of |v, | via the following two lemmas.

Lemma 3.2 The solution v, of the semilinear equation (2.6) satisfies

Ve — 1] dx < 2C%0, P al 2| A1,
Al

where Aj={x e RN : v (%) > [}, = |V |ogs,a=1— %, and |A;| denotes the Lebesgue measure
of the set A;.

Proof For any ¢ € H'(RN), the solution v, of (2.6) satisfies

Gl (v)9 (G )P 'e
’ dx M \VkI¥Y dx — AL d . -
[ vvevoan [ YW T e >

Page 12 0of 18
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By taking ¢ = (v, — [)* as a test function in (3.2) with [ > 0, applying Lemma 2.1-(1) and
(4), we have

G—l K+p—1 I(_l+
/|VVK|2dx§/ (G )y (v ) dx
Ay A

(G (w)
<6 f G ™ (e — D dw
A
p-1 1 (3.3)
-1 1 o* 2% o 2% 2*_;11
<0; </ |GK (VK)| dx> (/ [v—1 dx) |4 2
A A
591'705"2( Ve |2 dx) ( lv—1? dx) A .
Al A

Combining the Sobolev inequality

( [ve — dx) < CN( |WK|2dx>
A A

and the Minkowski inequality, we have

2
*

« 2
< lve — )2 dx)
A
1

2 nP, p-2 2% » o 2% # zop
<Cy0, "« ’ v =I|I° dx +1A; ’ Ve =17 dx ) A2
! !

, (3.4)
« 2% 2%
< C?vel"’a"‘z[( Ve =11 dx) A=
Ap
1
-1 " 2%
+1|A,|1-’”z*( ve — 12 dx) }
Aj
Moreover, by the Holder inequality, we have
1
2* S 1-L
NAIL < | Iveldx < el” dx | A]7T2 <a]Ayl 77,
Ay Ay
that is,
a\?
|4 < (1> . (3.5)

1
If we take o = ¢ (2C30; aP~2) ¥, we have

2%—p
2*—p o
2 0P, p-2 % 2 0P, p-2
CyO1 ol Al < Cyb "o (—)

A % (3.6)
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Consequently, combining (3.4) and (3.6), we conclude, if [ > [, that

1
" 2% _ -1
( lve — )2 dx) gzci,elpap-2z|,4,|1—%. (3.7)
Ay
Thus, jointly with

1

* 2*
Ve — I dx < ( v, =1 dx) |A,|1*zi*,

we finally have

[ve — Il dx < 2CH60,7a?~21|Aj| . (3.8)
Ay

Lemma 3.3 The solution v, of the semilinear equation (2.6) has the following estimate:
Vel <2145 (2077 CR)* P14 0-20" D),

Proof Inspired by Lemma 5.1 of [12], we consider the function

O = e-ndx

A

For this function, we have —f'(/) = |A,|. Therefore, (3.8) can be rewritten as

F(0) <2C}0 7 2U(-f (). (3.9)
If we integrate this inequality with respect to [ from /o to /i,y := |V« |0, We obtain

I <157 1 (2C20, P 2) T (F(lo) T — f (L) 15 ).

1
Moreover, jointly with (3.5), recalling that [y = oz(ZCi,Ol_ PaP~2)T 7 we infer that

2*%a
|Ag|“ < (;ﬁ) = (2(:13[9;1’0(1”*2)’1
0

and then, by (3.8),

a

(Flo)) ™ (2677 C) ™ < (2C360, 0?2y | Ay, |9 ™ (2677 Ciy) T = 377, (3.10)
Therefore, we have

1 <218,
which implies the desired inequality

*_ *
|V[(|oo — lmax < 21+‘1—l (201_17(:'12\[)2 Pa1+(p72)(2 -p)
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=201 (0,7 C)Y Pa D),
whereb1=1+i+2*—p. d

4 Proof of Theorem 1.1

Proof of Theorem 1.1 A direct consequence of Proposition 2.1 and Lemma 3.3 is that v, =
G, (u,) solves (1.15) and has the estimate

el =271 (67 CR)” 020, (@1)
Combining Lemma 2.1-(4) and (3.1), we infer that

lheloo < 67 1veloo < 67127 (077 C)” ot 02

< 9;12b1 (el_pci[)z*_p (CN ||VK ”) 1+(p-2)(2*-p)

(4.2)
. ol 2 1+(p-2)(2*p)
< 9—121719 p(2 p)C1+P(2 D) i v .
— Y1 1 N p_2]oo( 1)
Now, to ensure that
|24 | L 63 cr (4.3)
u <— = cr2,
K 100 GK'

we select

V1)

(p-2)(1+(p-2)(2*-p))
-2 _(p— *_ _ *_ 2
Cozzbl(p—Z)epTel(p 2)(1+p(2 p))C(Az; 2)(1+p(2 p))(%]w( ) )

Thus, inequality (4.3) can be satisfied if only ¢ > ¢y. Obviously, equation (1.11) is indeed

equation (1.8) under the situation of |u, | < \/%. Hence, u, solves (1.8) and then u =
1
K? u, = c¢ P2y, is the solution of (1.5). Thus, we complete the proof. O

5 Proof of Theorem 1.2

In this section, we will prove the nonexistence results for equation (1.5). To this aim, we
first show a Pohozaev identity and we justify that the critical exponent for this class of
problems is 2*.

Lemma 5.1 (Pohozaev identity). Suppose F(x,u,r) € CL(RN x R x RY) satisfies
div F,(x,u, Vu) = F,(x, u, Vi), (5.1)
where

Fr(x:u;r): (Frl(x,u,r),Frz(x,u,r),...,FVN(x,u,r),), r= (rl)VZ,u'er))

oF(x,u,r
Frl'(x’urr) = %y
i
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and

OF(x,u,r)

Fu(x:uxr): I

Then, if F(x, u, Vu), x - Fy(x, u, Vi), and F,(x,u, Vu) - Vu € LY (RN), there holds the following
identity

N/ F(x,u,Vu)dx+/ x~Fx(x,u,Vu)dx—/ F.(x,u,Vu) - Vudx =0. (5.2)
RN RN RN

We omit the proof of this lemma, since it can be mainly found in [16].

To present the Pohozaev identity associated to (1.5), we rewrite equation (1.5) as

2 2
div((l " >Vu) - (MLM' + V(x)u = clulP2u. (5.3)

1-u? 1-u?)?

Thus, the integrands in (5.2) can be expressed as

1 § \4 P
Flo,u, Vi) = = (1- —2— )|Vu® + (x)uz_c|u| ,
2 1-u? 2 »

x - Fyloe,u, V) = %(x VV()u®

and

u? )
F.(x,u,Vu)-Vu = 1—1 > )1 Vul”.

Moreover, if |u| < ug < 1, we have

MZ

<C

1-
’ 1-—u?

Consequently, we achieve the following lemma based on Lemma 5.1 under the conditions
[Vu|?, V(x)u?, (x- VV(x)u?, and u? € LY(RYN).

Lemma 5.2 Suppose that u € C*(RN) is a solution of (1.5) and |u| < ug < 1. Then,

p— 2 .
N-2 <1_ u )|Vu|2dx+/ NV (x) + (x VV(x))M2dx
RN RN

2 1-—u? 2
cN

:—/ [ulP dx
P JrN

if [Vul?, V(x)u?, (x - VV(x))u?, and u? € L}(RY).

(5.4)

Now, we show the nonexistence result of the solution for (1.5).

Page 16 of 18
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Proof of Theorem 1.2 On the one hand, the Pohozaev identity associated to (1.5) is

u? ) 1 2
/RN(l— 1_142>|Vu| dx+N_2/l‘§N(NV(x)+ (x- VV(x)))u® dx

*

(5.5)

2
- |u|? do.

P JrN

On the other hand, multiplying (5.3) by u# and integrating it, we have

u? u?|Vul|?
1- v ? - —— - dx 2 = / 2 dx. 5.6
/RN< 1_"‘2)| uldx /RN (1-u?)? ’ RN Viru'dx =1 RN |ul” dx. (5.6)

Combining (5.5) and (5.6), it follows that

2|V |2 1
/RN (’;_;)2 dx + N_3 /H‘QN(2V(9¢)+ (x-VV(x)))u2 dx

(5.7)
2*
= n(— - 1> / |u|? dx.
p RN
Thus, if p > 2* and 2V (x) + (x - VV(x)) > 0, we conclude that
2 \V/ 2
/ wIvul 4o,
rN (1 —u?)?
which implies that # = 0 and we complete the proof of Theorem 1.2. O
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