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In this paper, a semipositone anisotropic p-Laplacian problem

on a bounded domain with the Dirchlet boundary condition is considered, where
AW -1) < f(u) <Bwa-1)foru>0,f(0) <0and f(u)=0foru <-1.ltis proved that
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solution uj, € L*°(£2) via combining Mountain-Pass arguments, comparison principles,
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1 Introduction

Mathematically, a positione is a particular kind of eigenvalue problem involving a nonlin-
ear function on the reals that is continuous, positive, and monotone. A semipositone is an
eigenvalue problem that would be a positone eigenvalue problem except that the nonlinear
function is not positive when its argument is zero.

Semipositone problems naturally arise in various studies. For example, consider the
Rozenwig—McArthur equations in the analysis of competing species where “harvesting”
takes place. The study of positive solutions to these problems, unlike the positone case,
turns into a nontrivial question as 0 is not a subsolution, making the method of sub-
supersolutions difficult to apply. Semipositone problems, again unlike positone problems,
give rise to the interesting phenomenon of symmetry breaking (see [8]).

Consider the nonlinear eigenvalue problems of the form

-Apu=A(4) in,
u=0 on 0€2.

(1.1)

When f is positive and monotone, it is referred to in the literature as a positone prob-
lem. The case where f satisfies, f(0) < 0, f is monotone and eventually positive, is referred
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to in the literature as a semipositone problem. The study of positive solutions to semi-
postone problems is considerably more challenging, since the range of a solution must
include regions where f is negative as well as where f is positive. The study of semiposi-
tone problems was first formally introduced by Castro et al. in 1988 (see [7]) in the case of
Dirichlet boundary conditions, where several challenging differences were noted in their
study when compared to the study of positone problems.

Perera et al. [16] consider the p-superlinear semipositone p-Laplacian problem

-Apu = wil - inQ,
u>0 in €,

u=0 on 02

and proved the the existence of ground-state positive solutions (see [4—6, 9] for other
cases).
Alves et al. [2] prove the existence of a solution for the class of the semipositone problem

—Au=hx)(f(u)—a) inRN,

u>0 in RN,

via the variational method together with estimates that involve the Riesz potential (see
also [1, 10, 11, 21]).

Fu et al. [14] prove the existence of positive solutions for a class of semipositone prob-
lems with singular Trudinger—Moser nonlinearities. The proof is based on compactness
and regularity arguments.

Castro et al. [6] study the existence of positive weak solutions to the problem (1.1). Here,
we refer to [6] and study the existence of positive weak solutions to the problem

—Agu =A(u) inQ,
u=0 on 0€2,

(1.2)

where —A? is the anisotropic p-Laplace operator, €2 is an open smooth bounded domain
in RN, N > 2 and the function f : R — R is a differentiable function with f(0) < 0 (semi-
positone), which implies that # = 0 is not a subsolution to (1.2), making the finding of
positive solutions rather challenging (see [15]).

We set _p> = (p1,...,PN), where

N g

1<p1’p2;-~~)pN7 Z_‘>]~)

i=1 £

py=max{p;:i=1,...,N}and p_:=min{p;:i=1,...,N}.
Let p denote the harmonic means p = N/(3_, pii), and define

N N Np
P =TSN 1 “"N-7
(Zi=117i)_1 p

and poo = max{pﬂp*}.

Here and after, we assume p, < p*. Thus, po = p*:
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(H1) Suppose there existg € (p, — 1,p* — 1), A > 0, B > 0 such that

Aw?-1)<f(u) <Bui-1) foru>0,
fu)=0 foru <-1.

(1.3)

(H2) Assume an Ambrosetti—Rabinowitz-type condition, i.e., that there exist 6 > p, and
M € R such that

uf (u) > 0F(u) + M, (1.4)
where
F(u) = /Ouf(s)ds.
Remark 1.1 Equation (1.3) implies that there exist positive real numbers A;, B; such that
F(u) <Bi(Jul”' +1) forallueR (1.5)
and
F(u) = A (lu|7' +1) forallueR. (1.6)

With respect to the above, the main result of this paper is Theorem 1.2. Our result ex-
tends the result of [5, Theorem 1.1] and [6, Theorem 1.1].

Theorem 1.2 There exists A* > 0 such that if 1. € (0,A*), then the problem (1.2) has a pos-
itive weak solution u; € L*().

The rest of the paper is organized as follows. In Sect. 2, the suitable function space that
is the anisotropic Sobolev space is recalled and necessary facts are also recalled. In Sect. 3,
we study the Mountain-Pass Theorem and Palais—Smale condition for the problem. In
Sect. 4, we present the proof of the main result, Theorem 1.2, which shows the existence

of a positive solution of the problem (1.2).

2 Function spaces
Here, we define the anisotropic Sobolev spaces (see [18—20] and references therein), to
which the solutions for our problems naturally belong, by

WP (Q) = {u e WH(Q): [, Wi <oo,i=1,...,N},
Wy (Q) = WP (@) N WH(Q)

with the norm

N
||u||WL7(Q) = /Q’u(x)‘ dx + Z(/Q
i=1

. 1
pi Pi
x| .
i

u
0x,
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We consider Wol "7 (Q) endowed with the norm

N

u — =
il 157 g Z(/

i=1

N
= Nl
i=1

u

. 1
i pi
—| dx

0X;

We recall the following theorem [13, Theorem 1].

Theorem 2.1 Let Q C RN be an open bounded domain with a Lipschitz boundary. If

N

1
pi>1, foralli=1,...,N, Z—>1,
i1 Pi

then for all r € [1,p*], there is a continuous embedding Wol’p () C L'(Q2). For r < p*, the
embedding is compact.

Definition 2.2 An element u € Wol’p (2) is called a weak solution to (1.2), if
—

forall g € W7 ().

u
axl

pi-
a_u 99 dx=x | f(u)pdx (2.2)

0x; 0x; Q

Associated to (1.2) we have the functional J; : p (€2) = R defined by

pi
—| dx—-A / F(u(x)) dx. (2.3)
Q

N

1

Ji(u) = —
i=1

Remark 2.3 ], is a functional of class C! and the critical points of the functional /; are the

weak solutions of (1.2) (see [17] for a similar argument).

By the Mountain-Pass Theorem we can prove the existence of one solution of (1.2) and

then we show for the proper value of A that the solution is positive.

3 Mountain-Pass Theorem and Palais-Smale condition
The next two lemmas prove that J; satisfies the geometric hypotheses of the Mountain-

Pass Theorem.

N
Lemma 3.1 Assume ¢ € Wol’p (2) denotes a positive differentiable function with

ol 7( ) = 1. There exists A1 > O such that if A € (0,)11), then J;(cA™"¢) < 0, where
wy'P (@

r= >0,c=((N+1)ptA7 1||qb||qul ) and A; is given by (1.6).

q” P+
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Proof Since
N

191,15 Z( |

i=1

then fo, |52 P dx < 1foralli=1,

d¢

J

hence,

Bxi

N

(],

i=1

d¢

pi
— dx> <

axi

Pi P
o]
qlo

(2024) 2024:34

¢

0x;

pi pil
) B 1’

.,N. Also, p; > 1, therefore

. 1
i ?i
dx | ,

¢

Xi

N

(],

i=1

d¢

pi B
— dx) .

396,'

Let s = cA™", then by (1.6), we have

Pi
A(sd»)—z / LA fﬂ F(s¢) dx

N Spi Pi
= — — dx—A/F(sqb)dx
Q
N opi
<X —x/ F(s) dx
- Q
N - op;
< REL AA; / (s7'¢pT" — 1) dx
bp- Q
Nsp+

<

< —AA1/(sq+1¢q+l—1)dx
Q

NsP+
= T AT P A + 1AL
p_

- {ALZ_’“ _AlcqﬂxfW”*lquHZii} 2411
<o {N;_”‘” — Ay e ||¢||Zii} + AR,
Thus,
Ji(5) < cp*{N — }‘%qu*l} + 11l
T {g _ A%A—r(q+1)+l+rp+ } £ AAQ
_ _Cp+;:rp+ FAA Q.

g+1

-1
Taking A1 < min{1, (p_A;|2|cP+)@+»+) }, the lemma is proven.

(3.1)

(3.2)

Page 5 of 13
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Lemma 3.2 Assume r = pm 1 > 0. There exists T >0, ¢c; > 0 and *, € (0,1) such that if
llatll, 1rs () = AT, then J, (u) > c1(tA7")+ forall & € (0, Az).

Proof By the Sobolev embedding Theorem 2.1, there exists K7 > O such that if u €
W()lvP+(Q), then ||ul| 41 < Ky ”u”Wé,[u, @ Assume

r:min{(ZpJ(lqﬂBl) Scllul 1p+(9)} (3.3)

If || u]] Wirs () = tA™", then

pi
— dx—kfF(u)dx
Q

1 9 P+
> — o dx—k/F(u)dx
P+ Jol| 0% Q
A"
= —A/ F(u)dx
P+ Q
AP+
S (@7) —)\/Bl|u|q“dx-)\|sz|31
AP+
> O BT 197 gy ~ MBS
P+
TAT)P+
_ @y — B K @Dy e QB
P+

-L—P+
=)\ 7P+ { —— AP QB }
2p,

P+
> AP+ T_

4p,’

where we have used that t < (2p+K{1+1B1)” (see (3.3)). Taking c; = 2;% and Ay =

A -1
T 7+ (4p, B1|2|)” 177+, the lemma is proven. O

Next, using the Mountain-Pass Theorem we prove that (1.2) has a solution u; €
—
W2 ().

Lemma 3.3 Let A3 = min{A, Ay}. There exists ¢ > 0 such that, for each ) € (0,13), the
functional ], has a critical point u, of mountain-pass type that satisfies J, (u;) < coA7P+".

Proof First, we show that J, satisfies the Palais—Smale condition.

Assume that {u,}, is a sequence in Wol'p(Q) such that {J;(u,)}, is bounded and
J; (u,) = 0. Hence, there exists v > 0 such that

/
(]A(un)’ un) < ”un ” Wé';)(ﬂ)

for n > v. Thus,

‘Z/

du, | N </ du, |
i=1 Q

1
>pl dxf—k/f(u,,)u,,dx forn>v.
Q

0X; 0x;
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Let K be a constant such that |/, (u,)| < K for all # = 1,2,.... From (1.4), we obtain

N
>,
llpl/

<K.

u, P

: A A
o, dx—gfﬂf(u,,)undx+ §M|Q|

du, [P
Bx,-

dx—k/ F(u,)dx
Q

From the last two inequalities we have

N . N L
11 du, |V 1 du, [P\ 7i 5
Z(———)/ “ dx—Z—(/ " ) dx <K - ZMIQ|. (3.5)
i-1 Di 0 Q axi i1 0 Q 8xl' 0
Now, we consider two cases. Case (i): If (fQ ity |1’L)Pz <1, fori=1,. N, then {u,} is a

1
bounded sequence. Case (ii): If there exists 1 <j < N such that ( fQ [ dun |1’1' )% > 1, then
du, |V

bpj !%] j
( / dx) < / dx.
Q el 0

This shows (3.5) can be written as

G-3)(U,

This proves that {u,} is a bounded sequence. Thus, without loss of generality, we may

by
N p )’
the Sobolev embedding theorem we may assume that {u,} converges to u in L7(<2). These

ouy,

3xj x/

N

)4

i=1

ou, du, [P

N A
dx) <K-ZMIQ.

8961‘ ax,'

assume that {u,} converges weakly. Let u € W/Ol P (Q) be its weak limit. Since g <

assumptions and Holder’s inequality imply

/ M () (18 — ) — 0. (3.6)
Q
From (3.6) and lim,,_, ;0 J} (¢1,,) = 0, we have

ouy,
ax,'

pi—2
Oy (Oun DU 1, (3.7)
ox; \ dx;  0x;

N
lim E f
n—+00

=1 /€

Using again that u is the weak limit of {x,} in Wol P () we also have

ou P~ u, 0
" P _ 2% ) ax-o. (3.8)
Bxl ox;  ox;

8x,

HEIPOOZ /

Page 7 of 13
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By Holder’s inequality,
du, P oulProu\ [du, ou
> ) (G- 2 )
0x; 8x, 0x; 0x; ox;  ox;
N -1 1 .
9 . p 9 ” 12 9 9 Di 9 ” 9 pi
zz/(” e e B L S P
1 Q ax,- Bxi 8x,» Bxi 8xi 8?65
N ; -1
ou, du [P du, [P 0
:Z / - 21 ) ax- / ) I e
0x; 3xi ol 0x; dx;
du [P
_ / ou Un dx
Q 8xi 8xi

) pi-1 . 1
i f du,| / ouy [\ f dulr \7 (3.9)
dx; ol Ox; ol 0%;

i=1

pi-1 1
9 bi P 9 . bi i 9 Di
- / o dx / " dx +/ ou dx
ol 0x; ol 9% ol 0x;
N ) ri-1 , pi-1
du |V )Pt (/ duy, P )m ]
= —| dx - dx
;”:(/s; d%; al 0x;

ou

LCL

7'

)

Xi

>0.

The relations (3.7)—(3.9) imply that

w3 [(f 3
(L

Xi

i ri-1

") ([ )]
)

. 1
Pi »i
—| dx) ,

8.76,‘

ouy,
8xi

Bx,

ouy,

PN\
“ (]
Q|0

This shows that for eachi=1,...,N

pi b
(1274
n—00 Q Q
= |lull

which implies that lim,,_, o ||, || W&‘F( wh P

Xi

ouy,

836,‘
L7
Since u, — u, u, — uin Wy (Q).

This proves that Jj satisfies the Palais— Smale condltlon.

From (3.1) we obtain

r(g+l) ~14pyr r(g—p+)+r _

max{J; (s¢):s >0} < Np. g +1) p+))f”*’+kA1|Q|
== Drp (g + DD

= C’Z)»_p+r+)»A1|Q| (3.10)

< C/Z)L_p"r + AP AL Q|

—p4r
I:Cz)\‘ P+ 5
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where C = max{fQ |§_Z|pi dx:forl <i<N}and D = A1||¢||ZI}. With this estimate and

Lemma 3.2, the existence of u,, € Wol’p (2) such that VJ, () = 0 and
c (T)»_r)p+ <Ji(up) < cpd ™" (3.11)
follows by the Mountain-Pass Theorem. O

Remark 3.4 The solution u;, € Wol’p (R2) is indeed in L*(L2) (see [12, Lemma 2.4]) and [3,
Sect. 4]).

Lemma 3.5 Let u; be as in Lemma 3.3. Then, there is a positive constant My such that
Mor™ < [ ]l oo- (3.12)

Proof Note that there exists ¢; > 0 such that J(#;) > ¢;A™P+. On the other hand, F(s) >
min F > —co and f(s)s < Bi(|s|7*! + |s|) for all s € R. Then, there is a constant C; > 0 such
that

ou pi
—| dx

}\/Qf(u)\)u;\dx:i:/;z

8xi

>p_J(u;) +p_/\/QF(uA)dx

>p_CiA7P* + p_|QAmin F

> Cl)\,ier’.

Thus, lim; ¢ || #3 ||cc = +00. On the other hand, by (1.5),

A/f(ux)uxdeBﬁ»/(Wﬂqﬂ + |upl) dx
Q Q
§B1K/(||Mx||‘£1 ¢l 1) dx
Q
< 2B,y |4,

where we have used the fact that 0 < A < 1. Finally, taking M, = the lemma is

(&1
2B1|9]”
proven. |

Lemma 3.6 Let u) be as in Lemma 3.3. Then, there exists c3 > 0 such that

>

forall . € (0,A3).

Pi

9
R (3.13)

Bxi
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Proof By (1.4) and the definition of u;,

6 —
r [
Q

hp MIQ
0

i f () dox < /Q (uf () — poFluty)) dx -

ol 0x;

o

ol

ou i

' Ap.M|Q2
dx—p+/F(u,\)dx—p7||
Q

0

/F(u x| _ 21
6

(3.14)

Bxl
<A TP 4
= ZCZ)L_VP+ )

where we have used 0 < A < 1. Now, the result follows from (3.14) and the fact that #; is a
weak solution of (1.2). a

4 Existence of a positive solution
Now, we can prove Theorem 1.2 as follows.

Proof Suppose there exists a sequence {};};,1 > A; > 0 for all j, converging to 0 such that
the measure m({x € ; u,\‘(x) <0})>0.

Letting w; = %, we see that
N 2
0 [|ow; P aw;
- (| ) <), @
i=1

From Lemmas 3.5 and 3.6 there is a constant C3 such that

3W 1 bi ou, . |Pi
: 2( ) [ e
l 0%; ll24; 1l 00 ol 0%
N .
0 L |Pi
< / e dx
i1 M())\, 8965 (42)
N
1 ou,, |P
<M 2l d
<MY / |
i=1
<Cs.
This shows that foreachi=1,...,N
9 . |Pi
/ il dx <y (43)
ol 0x;
and therefore
N . 1
8W/‘ Pi pi
-~ = d < Dj. 4.4
9115 Z(/Q - x) <D, (4.9

Page 10 0of 13
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By [3, Proposition 4.1] (or [13, Theorem 2]) the sequence w; is uniformly bounded in
L>°(2). Therefore, one may denote its limit by w.

Next, using comparison principles [12, Lemma 2.5], we prove that w(x) > 0.

Letvg € Wol’p*(Q) be the solution of

Ay vo=1 ing,

(4.5)
Vo =0, on 0€2.
Let Kj := A; min{f (¢); t € R} ll2s; ||OCI”+ The solution v; of the equation
-A, vi=K; inQ,
P+7] ] (46)

Vo = 07 on BQ,

is given by v; = ( K)llﬁ Vo.
Since )Llf(uk )||u)\ ||oop* > Kj, it follows by the comparison principle in [12, Lemma 2.5]
that w; > v;. Then, the fact that vj(x) — 0 as j — 0 implies that w(x) > 0 for all x € Q.
(]I\\[[p " > 1. This result, together with the
Sobolev embedding Theorem, (1.3) and Lemma 3.6, gives

Since, by hypothesis, g > p, — 1, we have s =

/g (a7 i < Bo2 /Q (I3, |42 + 1) dix

NI’+

< C(lluy, | ;’; . 1) (4.7)

NP+

C(03A Np+ +1),

where C > 0 is a constant independent of j and, without loss of generality, we have assumed
lls;lloc > 1. From (4.7) and the fact that S;,N’;; =1 we see that {A;f(u,,)|lu, || =) }is
bounded in L*(£2), so we may assume that it converges weakly. Let z € L*(S2) be the weak
limit of such a sequence. Since A; ll223; ||&_p*) — 0asj— +o00 and f is bounded from below,

z > 0. Now, if ¢ € C°(2), then

N -2 -2
owlPilow 9 ow; [P ow; 9
Z/ id < id ¢>dx= limZ/ W <ﬁ ¢>dx
P ax, dx;” Ox; j=oe = 0x; ox; 0x;
72 0 9
— l 1-p;
lmZ NS < = axl> x
8M}Lj

Pi—2< Bu,\j 3_¢> e (4.8)

N
> Tim [y, 157D /
j—00 J e P ax,» ’ Bx,-

ol 0x;

— h 1-p+ .
- Iim /Q ot 1122 3f 15 )p dx

= / z¢p dx.
Q

Therefore, —A?w > z. Since [|Wjllcc = 1, w #0. By [12, Lemma 2.5], w > 0 in .

Page 11 0f 13
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Therefore, since {w;}; converges w in L*°(£2), for sufficiently large j, w;(x) > 0 for all x € Q.

Hence, u;, (x) > 0 for all x € 2, which contradicts the assumption that

This contradiction proves Theorem 1.2.

m({x, u)\j(x) < 0}) > 0.
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