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1 Introduction
In this paper, we study the nonexistence of weak solutions of the nonlinear time-fractional
biharmonic diffusion equation

8;"u+8tﬂu+uxxxx:h(t,x)|u|p, t>0,0<x<1, (1.1)

where u = u(t,x), « € (0,1), B € (1,2), 97 (resp. af ) is the fractional derivative of order «
(resp. B) with respect to the time-variable in the Caputo sense, p > 1 and / is a measur-
able weight function with 4(¢,x) > 0 almost everywhere in (0, 00) x (0, 1). Equation (1.1) is
considered subject to the initial conditions

u(0,x) = uo(x), u(0,%) = uq(x), O<w<l1 (1.2)
and the Navier boundary conditions

u(t,1) = uu(t,1) =0, >0, (1.3)

1

where ug,u; € L,

((0,1]). Namely, our goal is to establish sufficient conditions under
which the considered problem admits no weak solution.
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The topic of time-fractional evolution equations has gained considerable attention in
recent decades due to its widespread applications in various fields of science, such as
physics, chemistry and biology, see, e.g., [4, 9, 17, 18]. We can find in the literature several
studies related to time-fractional evolution equations in both theoretical and numerical
directions. In the theoretical point of view, several investigations have been made regard-
ing well-posedness, inverse problems, asymptotic analysis, decay estimates, etc., see, e.g.,
[1, 8,11, 15, 20, 23]. For some numerical contributions, we refer to [2, 5, 7].

The issue of nonexistence of solutions to time-fractional evolution equations was initi-
ated by Kirane and his collaborators, see, e.g., Fino and Kirane [6], Kirane and Tatar [16],
Kirane and Laskri [13] and Kirane and Malik [14]. Since then, this topic was developed
by many authors, see, e.g., [3, 10, 19, 21, 22, 24] and the references therein. In particular,
Tatar [22] considered the time-fractional diffusion equation

8t1+°‘u+8fu—Au:h(t,x)|u|1’, t>0,xeRY, (1.4)
where «, 8 € (0,1), p > 1 and / satisfies
h(R*t,RPx) = R°h(t, x)

for some p > 0 and large R > 0. Namely, it has been proven that if %(0, -), #,(0,-) > 0 and

28 +p

1<p§1+7;
1+ BN -28

then (1.4) admits no weak solution.

The novelty of this work with respect to the above cited contributions (in particular [22])
lies in the following facts:

(a) Problem (1.1) is posed in a bounded domain;

(b) Problem (1.1) is governed by a fourth-order differential operator.

In this paper, our approach is based on nonlinear capacity estimates specifically adapted
to the fourth-order differential operator %, the domain, the initial conditions (1.2) and
the boundary condition (1.3).

The rest of the paper is organized as follows. Section 2 is devoted to some preliminaries
on fractional calculus. In Sect. 3, we define weak solutions to the considered problem and
state our obtained results. In Sect. 4, we etsablish some useful lemmas. Finally, we prove
our obtained results in Sect. 5.

Throughout this paper, we shall use the following notations. By C (or C;), we mean a
positive constant that is independent of the parameters 7, R and the solution u. The value
of this constant is not important and is not necessarily the same from one line to another.
For a positive real number ¢, the notation £ >> 1 means that ¢ is sufficiently large.

2 Preliminaries
In this section, we briefly recall some notions and results related to fractional operators
and fix some notations. For more details, we refer to [12].

Let T' > 0. The left-sided and right-sided Riemann-Liouville fractional integrals of order
y >0 of f € C([0, T]) are defined respectively by
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and

1 T
If(t) = —/ (s—8)" Yf(s)ds, 0<t<T,
of C(y) Js f
where I is the Gamma function. It can be easily seen that
S VR = Tim T F(F) =
t1_1)r51+ If@) = tlil}l_ Lf(¢) =0. (2.1)
We have the following integration by parts rule.

Lemma 2.1 Lety >0and f,g € C([0, T]). We have

[ swiroa- [ oigoa
For T>0and £ > 1, let
M@)=THT-2" 0<t<T. (2.2)
For the proof of the following lemma, see [12, Property 2.1, p 71].

Lemma 2.2 Let0<k < 1. Forallt e [0,T], we have

I +1)

K P S A a4 _ o\t
M) = 5 e T T =0 (2.3)
i K - _ F(@ + 1) —L _ -1

MO = —g ST -0 (2.4)
d2 K _ F(E + 1) —{ L+i—2

Let y € (n—1,n), where # is positive integer and f € C"([0, T]). The Caputo fractional
derivative of order y of f is defined by

ny A"f
Dyf ) =1y == ()

1 ¢ a'f
= 2 ds, 0<t<T.
F(n—y)/o( s) ds”(s) s <t<

Let F = F(t,x): [0,T] x ] — R, where /] C R. The left-sided and right-sided Riemann—
Liouville fractional integrals of order y > 0 of F with respect to the time-variable ¢ are
defined respectively by

IYF(t,x) = I} F(-,%)(t)

L [T
F(y)/o(t S)Y T F(s,x)ds
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and
ILE(t,x) = ILF (-, x)(¢)

T
— %}/)/; (s — )Y LF(s,x) ds.

If y € (n— 1, n), where u is positive integer, the Caputo fractional derivative of order y of
F with respect to the time-variable ¢ is denoted by 8} F(¢,x) and is defined by

8] F(t,x) = DY F(-,%)(t)

n

d"F
(s,x) ds.
as”

_ 1 ! _ vl
F(n—y)/o(t *

3 Theresults
Let us first define weak solutions to (1.1)—(1.3). For all T > 0, let

QT = [01 T] X (O) 1]
We introduce the set
@7 ={p € CHQr):¢ > 0,supp() CC Qr,¢(T,-) =0,¢(-, 1) = ¢u(-,1) = 0}.

Definition 3.1 We say that u € I! ([0,00) x (0,1], A(t,x) dtdx) N LL ([0,00) x (0,1]) is a

loc loc
weak solution to (1.1)—(1.3), if

1
/ |u|ph(t,x)g0dxdt+/ uo(x)(l%_"’w(o,x)—(I?Bgo)t(o,x)) dx
Qr 0
1
+ / ()1 (0, %) dx (3.1)
0

_ /Q w(=(15799), + (I57°0),, + Puans) drdt
T

forevery T >0and ¢ € ®7.

Notice that if # is a classical solution to (1.1)—(1.3), then multiplying (1.1) by ¢ € &7,
integrating by parts, using property (2.1), the integration by parts rule given by Lemma 2.1,
(1.2) and (1.3), we obtain (3.1).

We are now in position to state our main results. We first consider the case

1
u; =0, Ug € Ll((O, 1)), / uo(x)(1 —x)dx > 0. (3.2)
0

Theorem 3.1 LetO<a <1< B <2, p>1,h(tx) >0 almost everywhere in (0,00) x (0,1)
-1
and h#1 € LL ([0,00) x (0,1]). Assume that the initial data satisfy (3.2). If there exists

loc

Page 4 of 17
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0 > 0 such that
liminf 7717 /tof . T (¢, %) dxdt = 0 (3.3)
then (1.1)—(1.2)—(1.3) admits no weak solution.
We next consider the case

1
ug =0, u € Ll((O, 1)), / u1(x)(1 —x)dx > 0. (3.4)
0

Theorem 32 LetO<a<1<pB<2,p>1,h(tx) >0 almost everywhere in (0,00) x (0,1)
and hr1 T € Lt _([0,00) x (0,1]). Assume that the initial data satisfy (3.4). If there exists

loc

0 > 0 such that

hmme“ 205k / / Wi (6, x) dxdt = 0, (3.5)
t=0 Jx=T-9

then (1.1)—(1.2)—(1.3) admits no weak solution.

We finally consider the case
1
u; € L'((0,1)), / ui(x)(1 - x)dx > 0,i=0,1. (3.6)
0

Theorem 33 LetO<a<1<pB<2,p>1,h(tx) >0 almost everywhere in (0,00) x (0,1)

and hr1 T € L} .([0,00) x (0,1]). Assume that the initial data satisfy (3.6). If there exists
0 > 0 such that
46,
liminf 7~ mx{1-2-Al 5 p/ / WPt 1(t x)dxdt =0, (3.7)
T—o0 t=0 T7-0

then (1.1)-(1.2)—(1.3) admits no weak solution.

We discuss below some particular cases of weight functions /. We first consider the case
-1
when 47T is a L!-function.

Corolle}ry 34 LetO<a<1<B<2,p>1,h(tx) >0 almost everywhere in (0,00) x (0,1)
and h#1 € L}([0,00) x (0,1)). Ifthe initial data satisfy (3.2) or (3.4) or (3.6), then (1.1)—(1.3)
admit no weak solution.

We now study the case when
h(t,x) =t"x°, t>0,0<x<]1. (3.8)
From Theorem 3.1, we deduce the following result.

Corollary 3.5 Let 0 <« <1< B <2and h be the function defined by (3.8), where p > 0 and
o € R. Assume that the initial data satisfy (3.2). If

1+p<p<1+£, (3.9)
o

then (1.1)-(1.3) admit no weak solution.
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From Theorem 3.2, we deduce the following result.

Corollary 3.6 Let0< o« <1< B <2and h be the function defined by (3.8), where p > 0 and
o € R. Assume that the initial data satisfy (3.4). If

1+p<p<1+%, (3.10)

then (1.1)—(1.3) admit no weak solution.
From Theorem 3.3, we deduce the following result.

Corollary 3.7 Let 0 <« <1< B <2and h be the function defined by (3.8), where p > 0 and
o € R. Assume that the initial data satisfy (3.6). If

0

) (3.11)
1 -max{l -«,2 - 8}

l+p<p<l+
then (1.1)—(1.3) admit no weak solution.

4 Auxiliary results
Some useful estimates are established in this section. Throughout this section, we have
O<a<1l<B<2,p>1andh=h(tx) >0 almost everywhere.

Let us consider a cut-off function & € C*°([0, 00)) satisfying
, 1 )
0<&<1, £€=0in |:O,5j|,"§zlm [1,00).
For ¢,R> 1, let

E() = (1-%)E"(Rx), x€(0,1],

that is,
0 if0<x <5,
Er(x) = 1 (1 -x)E"(Rx)  if 5 <x <13, (4.1)
1-x if % <x<1.
For £, T,R > 1, let
o(t,x) = M(£)ér(x),  (¢,x) € Qr, (4.2)

where M is the function defined by (2.2). The following lemma follows immediately from
the properties of &, (4.1) and (4.2).

Lemma 4.1 We have ¢ € ®r.

Page 6 of 17
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We now introduce the nonlinear capacity terms
SRy p 1
Cap1(¢)=/ QP |(I7 %), |P T hv T dxdt
Qr
=L 98 L -1
Capy(¢) = [ @71 |(I7 "), |7 h? T dxdt,
Qr
p -l
Capg((ﬂ)=/ PP |Qrne P TP ddt.
Qr

Lemma 4.2 Let h7-! T ell

loc

([0, 00) x (0,1]). We have

Cap, (¢) < CTP I / / BT 1(t x)dxdt.
t=0 Jx= 1y

Proof By (2.2), (2.4) (with k =1 — «) and (4.2), for all (¢,x) € Qr, we have

P (1) [P = M (e W] ()] P
dla _1
- &) pl(t)‘ ‘ 1P (1)
- Ca)[T(T - t)]*ll[ YT - 1)1 Bt (1, )

'm
—

,_|

= CT&(x)(T - ) P Thi T (£, ).

Integrating over Qr, we get by the properties of £, (4.1) and (4.3) that
T 1 w4
Capytg) = CT [ [ sala -0 Ft e 0 vt
t=0 Ja=
T 1 w 1
< CT"/ / 1 (T - 6) 151 (¢, x) dx dt
t=0 Ja=

<CTP1/ / hpl(tx)dxdt
=0 Jx=

which proves (4.6).

(4.6)

d

Similarly, using (2.2), (2.5) (with x =2 — ), (4.2) and (4.4), we obtain the following esti-

mate.

Lemma 4.3 Let hil € L1

loc

([0,00) x (0,1]). We have
S (TN
cap) ettt [ [ e dzar
=0 Jo= L

Lemma 4.4 Let hi ! e L}

loc

([0, 00) x (0,1]). We have

» (T (% 1
Cap;(p) < CR#T / / X h71(t,x)dx dt.
£=0 Jx= 1,

(4.8)

Page 7 of 17
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Proof By (2.2) and (4.2), for all (£,x) € Qr, we have

d*eg |71

—1
T = TYT - )l (x) =

On the other hand, for all x € (0, 1), we have by (4.1) that

d*e d*
T 0= 5 [(1 -0 (Rx)]
d d?
- (0w

d? d? d
=3 ((1 ¥ [£(Rx)] - 2—- [sf(Rx)])
4

d a3
= (1=%) -7 [§' (R¥)] - 45 [§" (Rw)],

which implies by (4.1) that (recall that 0 <& < 1)

d*&p 11
WP\ 7t ) S 2R’ R

and forall x € supp(%),

d4§1e
dx*

dS
-3 — [ (Rx)]

(1— )‘ E'(Rx)]| +

< C(R*&"(Rx) + R*"(Rx))

)

< CR*¢“*(Rx).

Then, from (4.5), (4.9), (4.10) and (4.11), we deduce that

w (T [® P 1
Caps(¢) < CRPIT™ / / X (T — ) P T (Rx)hP1(t,x) dx dt
t=0 xX=3p

<CRP1/ f _lltxdxdt
=0 Jx=ok

which proves (4.8).

5 Proofs of the obtained results

WP (4, %).

(4.10)

(4.11)

This section is devoted to the proofs of Theorems 3.1, 3.2, 3.3 and Corollaries 3.4, 3.5, 3.6

and 3.7.

Proof of Theorem 3.1 Let us suppose that

u e L, ([0,00) x (0,1], h(t, %) dt dx) N Lj,.([0,00) x (0,1])

Page 8 of 17
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is a weak solution to (1.1)—(1.3). By Lemma 4.1 and (3.1), for all £, T, R > 1, we have
! 2
/ |ulPh(t,x)¢ dx dt + / 1o (®) (I 9(0,%) - (I7 " 9) (0,x)) dx
Qr 0
1

+/ ul(x)lifﬁgo(o,x) dx (5.1)

0
= / |u|(|(1;_a(p)t| + |(I;_ﬂ(p)tt| + |(p"xxx|) dxdt,

Qr

where ¢ is the function defined by (4.2). On the other hand, by Young’s inequality, we have

[ wilkee) |dsde= [ (uiib o) (o7 |15 ) 1) d
Qr Qr

) (5.2)
<3 | P odrds s CCapy (o),
3 Jar
where Cap, (¢) is the integral term given by (4.3). Similarly, we have
1
/ |u||(1§‘%)n|dxdr5 - / |ulP h(t,x)p dx dt + C Cap, () (5.3)
Qr 3 Jar
and
1
|| il dnde <5 [ luphten)g e+ CCapso) .4
Qr 3 Jaor

where Cap;(¢), i = 2,3, are given by (4.4) and (4.5). In view of (5.1), (5.2), (5.3) and (5.4),
we get

1 1
/ uo(x)(l}_"‘w(o,x) - (I?ﬁw)t(o,x)) dx + / ul(x)li_ﬂw(o,x) dx
0 0

3
<CY) Cap(p). (5.5)
i=1

On the other hand, by (4.2), (2.3) (with x € {1 —«,2 - 8}) and (2.4) (with « =2 - ), for all
x € (0,1), we have

I7(0,%) = Cy T (1 - x)&" (Rw),
(I?ﬁ‘/’)t(orx) = -G TP (1 - x)&" (Rx),

L7Pp(0,x) = C3 TP (1 - %) (Rx).
Then, it holds that
1 1
| w1 60,0 - (1370),00) dv [ 10,21
0 0

1
= (CiT + G, TF) / uo(x)(1 - x)&" (Rx) dx (5.6)
0
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1
+C3 Tz’ﬁf u1 (%) (1 — x)E“(Rx) dx.
0

Since u; = 0, (5.6) reduces to

1 1

/ uo(x)(l}_"‘q)(o,x) - (Ii_ﬂgp)t(o,x)) dx+/ ul(x)li_ﬂgo(o,x) dx
0 0
1
= (CiT" + G, TP) / uo(x)(1 — x)E“(Rx) dx.
0

Since up € L1((0, 1)), the properties of & and the dominated convergence theorem give us
that

1 1
Rli)n;o/o uo(x)(l—x)“g‘z(Rx)dx:/O uo(x)(1 — x) dx.

Furthermore, the positivity of fol uo(x)(1 — x) dx (by (3.2)) and the definition of the limit
imply that for R > 1,

1 1 1
[ w1 -5 @)= 5 [ ot -y,
0 2 Jo
which yields (for 7> 1)
1 1
(C1 T 4 Cle_ﬁ) / uo(x)(1 - x)&4(Rx) dx > CT' ™ / uo(x)(1 — x) dx. (5.8)
0 0

Now, it follows from (5.5), (5.7), (5.8), Lemmas 4.2, 4.3 and 4.4 that

1 o >
Tl_“/ ug(x)(1 —x)dx < C(TI’ + TrT Pt +RP ‘ / / _11 (t,x) dx dt
0 t=0 J x:

_ZR

< C(T;allg / f = (¢, %) dx dt,
t=0 Jx=

_2R

that is,
1 " ” T pl .
/ uo(x)(1 - x) dx < c(T‘<m*”+ T“‘lRlﬁ)/ / 1 R (t,x) dx dt. (5.9)
0 £=0 Jx=
We now take 2R = T?, where 6 > 0, and (5.9) reduces to
! —(3%5+1) L+571 4917 _1
f uo(x)(l—x)deC(T pt) T / / -1(t,x) dx dt
0 t=0 Jx=T-¢
o 44,
= C(T_(lﬂw”lﬂfi +1)T% “_/ / W1 1(t x) dx dt,
t=0 Jx=T-9
which implies that

1
/0 uo(x)(1 —x)dx < CT*~ 1k ftof N shzf T (¢, ) dx d. (5.10)
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Hence, if (3.3) is satisfied for some 6 > 0, then passing to the infimum limit as 7 — oo in
(5.10), we obtain fol uo(x)(1 — x) dx < 0, which contradicts (3.2). This completes the proof
of Theorem 3.1. O

Proof of Theorem 3.2 We also use the contradiction argument supposing that u is a weak
solution to (1.1)—(1.3). Following exactly the first steps of the proof of Theorem 3.1, we
obtain (5.5) and (5.6). Since uy = 0, (5.6) reduces to

1 1
/ o (%) (15 9(0,%) — (1377 9) (0, %)) dx + / () (0, %) dx
0 0
. (5.11)
=CsT*F / u1(x)(1 — x)E4(Rx) dx.
0

As in the proof of Theorem 3.1, by (3.4), the properties of § and the dominated conver-

gence theorem, we have

1

1
lim f ur(x)(1 - x)&4(Rx) dx = / u1(x)(1 —x)dx >0,
R—o0 0 0
which implies that for R > 1,
1 1 1
/ up(x)(1 — )& (Rx) dx > 5 / u1(x)(1 —x) dx. (5.12)
0 0
Now, using (5.5), (5.11), (5.12), Lemmas 4.2, 4.3 and 4.4, we get
! —op 4p
Tz‘ﬂ/ ur(x)(1 —x)dx < C(TIH + Rl’*l)/ / X B 1 (t,x) dx dt,
0 =3r
that is,
1 sa . (T
/ u (X)(1 —x)dx < C(TP 771 + TP2RPT) / / (%) dxdt. (5.13)
0 £=0 J =
We now take 2R = T?, where 6 > 0, and (5.13) reduces to

1 P 52100 T pl o
/ ur(x)(1 —x)dx < C(T 14 T IH)/ / hP1(t,x)dxdt
0 t=0 Jx=T-¢
= C(T’(;Tpl*x% T’S 2% / / BT T (t, %) dx dt,
=0 Jx=T-0

which implies that

1 wp T 1 4
/ w1 (x)(1 —x)dx < CTP 271 / f W1 (¢, %) dx dt. (5.14)
0 t=0 T-0

Hence, if (3.5) is satisfied for some 0 > 0, then passing to the infimum limit as 7 — oo in
(5.14), we obtain fol u1(x)(1 — x) dx < 0, which contradicts (3.4). This completes the proof
of Theorem 3.2. O
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Proof of Theorem 3.3 Assuming that u is a weak solution to (1.1)—(1.3) and following ex-
actly the first steps of the proof of Theorem 3.1, we obtain (5.5) and (5.6). On the other
hand, by (3.6), the properties of £ and the dominated convergence theorem, foralli =0, 1,
we get

1 1
Rlim / u;(x)(1 —x)éé(Rx) dx = / u;(x)(1 —x)dx >0,
which yields (for T, R > 1)
1 1
(C1 T 4 Cng’ﬁ) / uo(x)(1 — x)&C(Rx) dx + C3T>F / u1(%)(1 - x)&“(Rx) dx
0 0
1 1
> C<T1_’3 / uo(x)(1 —x)dx + T>P / u1(x)(1 —x) dx)
0 0
1
> crmali-a2-p) / (uo(x) + ul(x))(l - x) dx. (5.15)
0
Then, by (5.5), (5.6), (5.15), Lemmas 4.2, 4.3 and 4.4, we obtain
1
Tmaxi1-e.2-f} / (uo(x) + ul(x))(l —x)dx
0
-B
C(Tp1+Tp[1’+RP1 / / hpl(tx)dxdt
£=0 Jx=

c(r#f + RP7T) // Wi (¢, x) dadt,
t=0 Jx=k

that is,

1
/ (0(®) + u1(x)) (1 - x) dx
0

(5.16)
EC(T max{l-o,2—B}- p1+T—max{1 o,2— ﬂ}RPl / / hpl (t,x) dx dt.
t=0 ——

Taking 2R = T?, where 6 > 0, (5.16) reduces to

1
/ (uo(x)+u1(x))(l—x)dx
0
49)
C<T7max{1 —a,2-B}— T—max {1-a,2-B}+ 521 p / / hp l(t x) dx dt
t=0 Jx=T-
ap | 46p

40
:C(T_(P*1+1ﬁ)+1)T max{l-o,2-f}+ 7 p/ / hp 1(t x) dx dt,
=0 -9

which yields

1
/ (o(x) + 1 (%)) (1 — %) dx < €T~ ™72 ﬂ“—/ / W (6 %) dxdt.  (5.17)
0 -9
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Hence, if (3.7) is satisfied for some 6 > 0, then passing to the infimum limit as 7 — oo in
(5.17), we obtain fol(uo(x) + u1(x))(1 — x) dx < 0, which contradicts (3.6). This completes
the proof of Theorem 3.3. d

Proof of Corollary 3.4 If hP_Tll e L'([0,00) x (0,1)), then for all § > 0, we have

1 —
lim/ / W ( txdxdt—/ / Wi (¢, x) dxd € (0, 00).
T—00 Ji_0 Jx=T-0 -0

Then, for T > 1,

-1

0<f f hr-1(t,x)dxdt < C. (5.18)
t=0 T

(i) If the initial data satisfy (3.2), then for all > 0, we have by (5.18) that

46p

‘“*—/ / WP (4, %) dacdt < CT 15 (5.19)
t=0 T-9

In particular, for

(p-1)1-0a)
4p ’

0<6<
we havea — 1 + % < 0, which implies by (5.19) that

lim T% 1+_/ / hl’l tx)dxdt=0
T—o0 =0 -0

Then Theorem 3.1 applies.
(ii) If the initial data satisfy (3.4), then for all > 0, we have by (5.18) that

49, T rl 1 49
T2 o1 / / WP (t,x) dxdt < CTP 25T, (5.20)
t=0 -9

In particular, for

(r-1)2-8)
4p ’

0<6<

we have 8 -2 +5 491” < 0, which implies by (5.20) that

40p _1
lim T2 51 / / “I(t,x)dxdt = 0.
T—o0 t=0 Jx=T9

Then Theorem 3.2 applies.
(iii) If the initial data satisfy (3.6), then for all > 0, we have by (5.18) that

4€p

46,
T—max{l —a,2-B}+ p/ / hp—l (t x) dxdt < CT™ max{l-o,2-B}+ (521)
=0 Jx=T-0
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In particular, for

(p-1)max{l - «,2 - B}
< 4p ’

0<6

40 . . .
we have —max{l - «,2 - 8} + pTIlJ < 0, which implies by (5.21) that

wy T 1 .
lim 7m0 / f ho T (8, %) dxdt = 0.
T—oc0 t=0 Jx=T0
Then Theorem 3.3 applies. This completes the proof of Corollary 3.4. O

Proof of Corollary 3.5 For all 6 > 0, we have (since p > 1 + p by (3.9))

T 1 ] T 1 b
/ / hP (L, x)dxdt = / / tP T xp T dxdt
t=0 Jx=T-¢ t=0 Jx=T-¢

(5.22)
1--L_ 1 =0
=CT " p1 / xP1 dx.
T—@
On the other hand, we have
C if1--2-50,
T p-1
/ x71dx<{CInT if1- -2 =0,
T-0 v b=
cT? 1) if1- 2 <o,
p-1
which implies that
1 i
f xPT dx < C(ln T + ng(lprl)). (5.23)
-9
Then, (5.22) and (5.23) yield
a1+ 30 Tt =L 0 0
T b / / WL (t,x)dxdt < C(T" P In T + T2, (5.24)
t=0 Jx=T-¢
where
alp-1)—p+40p
n@) = ,
p-1
ap-1)-p+6(3p+o+1)
¥2(0) = .
p-1
We now take 0 so that
0<0< —pf";(p*l),
2 (5.25)

Bp+o+1)<p—-alp-1).
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Notice that due to (3.9), the set of 0 satisfying (5.25) is nonempty. Namely, we know from
(3.9) that p —a(p—1) > 0. So, if 3p + 0 + 1 <0, then for all

p—alp-1)
4p ’

0<6<

(5.25) is satisfied. If 3p + o + 1 > 0, then for all

0<«9<min{p_a(p_l) ,o—a(p—l)}

4p " 3p+o+1l

(5.25) is satisfied. Remark also that by (5.25), we have y;(0) < 0 for all i = 1, 2. Then, passing
to the limit as 7' — oo in (5.24), we get

lim 7% “Pl/ / hpltxdxdt—
T—o0 =0 Jx=T~?

so Theorem 3.1 applies. This completes the proof of Corollary 3.5. d

Proof of Corollary 3.6 Using (5.22) and (5.23), for all 6 > 0, we get

P2 5% / / hpl(tx)dxdt<C(T”1 InT + T12), (5.26)
t=0 Jx=T-9
where
ey P D@D —p+40p
p-1
B-Dp-1)-p+6@Bp+0+1)
u2(0) = p-1 .

We now take 0 so that

p=(B-1)(p-1)
0<0< =

Bp+o+1)<p-(B-1)(p-1).

(5.27)

Due to (3.10), the set of 6 satisfying (5.27) is nonempty. Furthermore, we have u;(0) <0
for all i = 1, 2. Then, passing to the limit as T — oo in (5.26), we get

lim TP~ // Wi (,x) dxdt = 0,
T—o0 t=0 Jx=T—0

so Theorem 3.2 applies. This completes the proof of Corollary 3.6. g

Proof of Corollary 3.7 Using (5.22) and (5.23), for all > 0, we get
T mie2py / / Wt (6, %) dadt < C(TMO In T + T20)), (5.28)
=0 Jx=T-¢

where

(I-max{l-a,2-8})p-1)-p+46p

1) = o1
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(I-max{l-o,2-BHp-1)-p+0(Bp+o +1)

Aa(0) = -1

We now take 0 so that

p—(1-max{1-,2-B})(p-1)
0<6< ™ ) (5.29)
Bp+o+1)0<p—-(1-max{l-w,2-8}p-1).

Due to (3.11), the set of 6 satisfying (5.29) is nonempty. We also have by (5.29) that 1;(6) < 0
for all i = 1,2. Then, passing to the limit as T — oo in (5.28), we get

T—o00

wp (T 1 -
lim 7m0 f / WP (£, %) dxcdt = 0,
=0 Jx=T-0
so Theorem 3.3 applies. The proof of Corollary 3.7 is then completed. d
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