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1 Introduction

Convex functions are a fundamental and widely-used mathematical concept in various
fields of analysis and optimization. A function is considered convex if the line segment
connecting any two points on its graph lies either below or on the graph itself, indicating
a curve that is upward-curving. Convex functions have notable properties, including the
fact that the slope between any two points is either increasing or constant, making them
valuable in optimization problems to find minimum or maximum values. The definition

known for convex functions is as follows:

Definition 1 [12] Let I be convex set on R. The function x : I — R is said to be convex

on [ if it satisfies the following inequality:
X (Eh+ (1=D2) <tx () + (1L-)x (h2) (1.1)

forall A;,A; € I and t € [0, 1]. The mapping x is a concave on [ if the inequality (1.1) holds
in reversed direction for all £ € [0,1] and A1, A, € 1.

To define convexity on co-ordinates let us first consider a bidimensional interval A :=
[A1,A2] X [1, 2] in R? with A1 < Ay and 1 < io. A formal definition for co-ordinated

convex function may be stated as follows:
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Definition 2 [11] A function x : A — R will be called coordinated convex on A for all

(%1,%2), (91,92) € A and ¢, s € [0, 1] if it satisfies the following inequality:

X (tx1 + (1 =g, sy1 + (1 - s)yg)

<tsx(x1,y1) + (1 = 8) x (x1,¥2) + s(1 — £) x (%2, y1) + (1 — £)(1 — ) x (%2, 2).

It is clear that all convex functions are convex on co-ordinates. However, not every func-
tion that is a convex function in coordinates has to be convex (see, [11]).

In the realm of inequalities, one prominent result is the Hermite—Hadamard inequality,
which holds for convex functions. This inequality gives upper and lower bounds for the
average value of a convex function over an interval. It serves as a powerful tool in various
mathematical analyzes and has applications in diverse scientific fields (see, e.g., [12], [25,
p.137]). Hermite—Hadamard inequality is stated that if x : I — R is a convex function on
the interval I of real numbers and A1, A, € I with A; < Ay, then

Mtdp) _ 1 A2 = xGa) + x ()
x( . )_M_M/M x(0)ds < S (1.2)

If x is concave, the inequality that is stated above is provided reversely. The references may
be seen for the examples of Hermite—Hadamard’s inequality for some convex function on
the co-ordinates in mathematics literature [3-5, 7, 8, 10, 22, 23, 28, 31]. Recently, this in-
equality has been expanded by many researchers. The left side of the Hermite—Hadamard
inequality, namely the midpoint type inequality, has been the focus of many studies. Mid-
point type inequalities for convex functions were first derived by Kirmaciin [21]. In [32],
Sarikaya et al. generalized the inequalities (1.2) for fractional integrals. Igbal et al. proved
corresponding midpoint type inequalities for Riemann-Liouville fractional integrals in
[15].

In [11], Dragomir proved the Hermite—Hadamard inequality, which formed the basis of
this article and is valid for co-ordinated convex functions on the rectangle from the plane
R2,

Theorem 1 Suppose that x : A — R is co-ordinated convex, then we have the following

inequalities:

A+ A 1 1 *2
p 1+ 2’M1+M2 e / X 8’M1+M2 s

2 2 20— )i, 2

1 H2 AL+ A
+ / x( - Z,p) dp] (1.3)

M2 — K1 Sy 2
1 /szuz (
< x(8,p)dp dd
(Ao = 2) (2 — 1) oy, Jiy

1 & 1 *
5—[ / X6, )b + A/ 2(6,2) s

4l Ay — 2

Al 2= A1 Iy
K12 1 2
+ / x(h1,0)dp + / X()»z,p)dp:|
M2 =M1 Juy M2 — K1 Sy

- X 1) + x (g, p2) + x (Ao, 1) + x (Ao, p2)
— 4 .
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The inequalities in (1.3) hold in reverse direction if the mapping x is a co-ordinated concave
mapping.

The fractional calculus [16, 19, 24, 26, 27] is defined as any random real number or
derivative and integral calculus in complex order. As a result of having various uses in
other branches besides mathematics it is an updated study area. These definitions are the
most notable definitions of Caputo, Riemann—Liouville, Griinwald—Letnikov play an im-
portant role in many fields such as physics, biology, and engineering. However, it is known
that these definitions have some difficulties despite their availability. For instance, unless
derivative of order in Riemann-Liouville fractional derivative definition is a natural num-
ber, derivative of fixed function is not 0. Likewise, the function f must be differentiable in
Caputo fractional derivatives. Moreover, many definitions of fractional derivatives do not
provide the quotient formula, the product of two functions, and the chain rule. In order to
overcome these and similar difficulties, conformable fractional derivative was defined by
Khalil et al. in [17]. Khalil et al. described the higher order (« > 1) fractional derivative and
the fractional integral of order (0 < @ < 1). They also proved important theorems such as
the product rule, the fractional mean value theorem. They solved conformable fractional
differential equations for fractional exponential functions (see, [2, 13, 17, 33]). Thus, con-
formable fractional integrals became an important field of study for many researchers. For
some papers on conformable fractional integrals, please see [1, 6, 14, 17, 18, 29, 30].

The definitions and mathematical underpinnings of conformable fractional calculus
principles that are used later in this study are provided below:

Definition 3 [19] For & € L1[n1,n2], the Riemann—-Liouville integrals of order « > 0 are

given by
« £(8) = 1 8(8 D e dt, S (1.4)
ok )—F—a)/m o le(@yds, S5 .
and
T80 = wry / (t-8)"sdt, s<m, (1.5)

respectively. Here I' is the Gamma function. The Riemann-Liouville integrals will be
equal to the classical Riemann integrals for the condition « = 1.

Definition 4 [28] Let & € L1([n1,12] X [?1,,]). The Riemann—Liouville 1ntegrals]a
ik oy ,]a o and J,/ ,9_ of order o, B > 0 with 11,91 > 0 are defined by

+1?+1

,n+,9+$(8 p)

I’(ﬁ) /m /p ) Hp —5)P (L s)dsdt, 8>, p >, (1.6)
J:M £(5,p)
fﬁz(S—t“ Ns—p) e s)dsdt, 8>, p <D, (1.7)
P

F(ﬁ) m
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Tyl €. p)

n2
1

no e
~ T@rg) /5 " (t—8)*"Yp—s)Plet,s)dsdt, 6 <y, p >0, (1.8)

and

IZz"i%— £(8,p)

_ 1 n o2 et 5ot
= W/a /p (-8 s—p)E(t,s)dsdt, 8<nmp <, (1.9)

respectively.

Definition 5 [16] For & € L;[n1,12], the fractional conformable integral operator ﬁ]fl‘l K3

and ﬂlgzj of order B8 >0 and « € (0, 1] are presented by

1 P -n) = -n)*\ E@®
By -
7, .60)= T ;) /m( - ) T dt, t>m (1.10)

and

pra psy L W((nz—a)“—(nz—t)“)ﬁ‘l 30
I, £@3) F(ﬁ)/a - ERe dt, t<n, (1.11)

respectively.

Definition 6 [9] Let & € L1([n1, 2] x [91,9,]) and let 31, #0, y» #0, o, 8 € C, Re(x) > 0
and Re(B) > 0. The generalized conformable integral of order «, 8 of £(3, p) are defined by

Y172 0,8
("L 6) 6, p) (1.12)

1 g (5—n1)yl—(t—n1)”)°‘_1
- T()r(B) /n /19 ( 2

(o —9)” = (s—v1)2\ ! &(t,3)
* ( s ) C—mynGs—onin B
(") 6. p) (1.13)
o1 2P (=) = (2 =) )a_l
~ T()(B) /5 /ﬁ ( n
(o= 00" —(s— 1)\ &(t,5)
) ( Y2 ) (2 — )1 71(s — 9172 dsdt,
("1, )6, p) (1.14)
L r /1’2 ((6 — )"~ (=) )
F(O[)r(ﬂ) m Jp V1
(92— p) = (2 —5)> ! &(t,s)
) ( Y2 ) (t =)' (D —s)l dsdt,
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and
2 _ 1 _ ERAYS
<V1y21:2ﬂ192 £)(5,0) / / ((772 5))/ (772 £)” ) (1.15)
(= )2 = (D2 —8)?\"~ &(t,s)
g ( " ) (7 (0, —9in

Remark 1 [9] If we choose y; = ¥, = 1in (1.12)—(1.15), then we have the fractional integrals
(1.6)—(1.9), respectively.

Remark 2 [9] If we consider « =1 and 8 =1 in (1.12)—(1.15), then we have

)
1,1
)80 = /n s E-m- o e (110
11 &(ts)
)60 = [ Gt g o 1
1,1 _ ” &(,s)
Urfog€)(8:1) = /,7 || o e (19
and
1,1 o &(t,s)
o060 = [ [ Gty g e (19

Theorem 2 [20] Assume that & : [n1, 2] X [0, 2] = R is a co-ordinated convex function
and let y1 70, Y2 #0, 1,72 € (0,1], Re(a) > 0 and Re(B) > 0. The following inequalities
hold for generalized conformable fractional integrals.

n+ny + 0
s( 12 2 12 2) (1.20)

_ 2722 T+ DI(B + Dyiy) |:yly21aﬁ S(m i Vit m)
- (N2 = n)N(Dg — D1)728 { 2

+V1V21"‘ £ 771""72 U1+ 92 pnngb m+mn U1+
by 2 o0y 2 7 2
yiva 7B m+mnm U1+
+ 1772 02§< 2 3 2_

- E(n1, 1) + E(1, 02) + E(n2, 1) + E(2, D)
< 2 )

2 Midpoint type inequalities for co-ordinated convex functions
Lemma 1 Let& : A:= [n1,12] x [91, 93] C R? — R be a partial differentiable mapping on
(n1,m2)] x (01, 02). If 9 aiatss € L1(A), then the following identity holds:

s(m +1 D1+ ﬂz) L 20722 e+ DB + D'y o1

2 72 (2 = M) (g — 07)72P

|:V1y2 (771+772 l91+172>
X +§ 5
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o 5(771“72 191+192> yiva g g<771+772 191+15‘2)

vy 2 2 307 2 2
innpEd g 7)1+772’191+l92 A
13,93 2 2

Vl %) (7]2 - 7]1)(192 - 1)

AL / [ (5 G (5]

82 1+t 1-t 1+s 1-s
E ( 1+ 2, D1+ 192) dsdt

X otas\ 2 Mt 2

LG - (55 ]

1+t 1-¢t 1-s 1+s
s( n+ N2, 191+ 5 l?z)det

atas 2 2 2

LGS T (5 ]

9% (1-t 1+t 1+s 1-s
il 9, ) dsdt
8t83( g Mty Tyt Ty 2) S

LG T (5 ]

32 —t 1+t 1- 1
E( 2 m+ * 12, 37-91+ 55192)6186#},

8t8s 2 2
where

2Pyl (B 4 1)
AT >

2
o« +§ 771+772 U1+ 0y Y '71+772’191+192
2 2 2 2

+.2V1a_1y1°’r(0(+1) +%_ 1+n2 191+192 P g 771+7’}2’191+l92 '
(2 = )7 2 " 2 2

Proof By integration by parts, we get

-a-gn 1 (1-(1-97\" 0%
’l-f/[ ( " )][@‘(7m )]%
(1+t 1-t 1+s

1-s
+ , D1+ Dy | dsdt
3 m 5 n2 ) 1 5 2> S

LG5 T (5
o yzﬂ V2 n "1

-2 dE[ 1+t 1-t Les . 1-s.
X — + , +
(m-mas\ 2 "7y Ty T

U 2 1—(1—t)n>°“1 10
+/o (772—771)< 1 -9 as
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2 2 2

Ir1 1-(1-5)7\" 2 195 (m+ny l+s 1-s
= _ﬂ_ s ’ 191+ 172
o Ly 72 m—m/yr 9s\ 2 2 2

2u Li1i-(1-om )”‘1 08
_ 1_pn-122
(N2 —m) /0 ( V1 (1-2) as

1+t 1-t 1+sﬂ l—s29 ala
X + , + s
5 m 5 M2 ) 1 5 2

_ 2 /1[l_(1_(1_S)V2)ﬁi|§(nl+n2,1+sl91+I_Sﬁz)ds
(2 =)y Jo Lyf V2 s\ 2 2 2
Py

(n2=m) Lo Y1
1 1-(1-s)vz>ﬁ}
AL (55

0 1+t¢ 1-¢ 1 1-
X—E( . n+ 12, +Sl?1+ zsﬂz)ds}dt]

1+t 1-t¢ 1+s 1-s
X( m+ N2, o+ ) 02) dt}ds

ds 2 2 2
T 525
S (a-m)\n ) (B—1h) 2 72
28 Li1—(1-sm\F! . {m+n 1+s 1-s
_(192—191)/0( ) ) A-97 5( 2 72 o 2 02)d{|
. 2 /1<1—(1—t)yl>“_1
(m2=m1) Jo 121
(1) 2 1+t 1-t D140,
x (1-t)" {<y2> (192_1?1)‘5( S Mt )

28 /1(1—(1—s)h>ﬁ‘1
(02 -11) Jo V2

1+t 1-t 1+ 1-
X (1 —S)n_lé"( n+ N2, Sﬁl + Sl?z) ds} dt

2 2 2 2

_ 4 1 <7)1+772 191+192)
(12 = m) (B2 = 1) eyt 2 72

o) [ (55
(2 =) (02— 1) \n1 0 V2

B n+n l+s 1-s
1-s)r! , » ¥y | d
x (1-5) 5( D) ) 1+ D) 2)5

B 4o <i>ﬁ/1<1_(1_t)y1>a1
(2 —m)(@2-9)\»./) Jo "

_ 1+¢ 1-¢ 7}1+192
1-pnt , dt
x (1-1) é( St )

4af 1 1(1—(1—t)yl)"‘1
’ (712—711)(792—191)[/0 /(; "
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B-1
x (L—-gnt <—1 —a- S)m) (1-9)77!

V2

1+t 1-t l+4s_ 1-
x$< M+ e, D + Zsﬂz)dsdt]. (2.3)

2 2 7y

n (2.3), using the change of the variables, we can write

B 4 1 <U1+772 191+192)
(2 = m) (D2 — V1) yf‘yf 2 72

_ 48 L 2 728 V2 1B (771+r]2 M)
(n2 — n1) (02 — V1) ylo‘ (192_191) F(IB)( I +§) 5

4o 1 2 ne 1+ 772 U+ 192)
_ il ()", nrv
(12 = m) (B2 = 1) f ('72—771) ) E( 2 2
4af 211992728 (o)T'(B) (mn 1P %')
(2 = m) (D2 = V1) (2 = m)"1* (g — V1)72P U
X(’I1+’72 191+192>' (2.4)

+

)

2 2

Thus, similarly, by integration by parts it follows that

we [T (25 I - (55 ]

9% [1+¢t 1-t 1-s l+s
s v Dy | dsdt
atas( n+ 2 1t 5 2) S

2 2 2
_ —4 1 (n1+nz 191+192>
(n2 = m) (B2 = 01) gyt ,

2 2
4p 1 2 7 2 1B <771+772 l91+792>

—_ 1—‘ [7 ,
" O =)@ = 90) yf‘(z‘}z—ﬁl> B Lo =5

4o 1 2 e m+n %+
(o) rmeo(n 252)

+
(2 = n1) (D2 = 01) f \ 12 —m
B 4(1,3 ZVIQZWﬂF(a)F(ﬂ) (ylnla_ﬁ 75)
(12 = m) (D2 = 1) (n2 — n1)"% (5 — 01)72P Ute
X(’h;nz’l?l;ﬂz), (2.5)

b, / e (5 T (5

1-¢ 1+t¢ 1+sﬁ l—sﬂ dsdt
+ , + s
Btas g MT Ty Ty T
_ —4 1 <n1+nz 191+192>
(12 = m) (D2 = 01) gyt 2 72
48 1 2 7p m+ 772 P+,
- —a( ) L(B)(1)5) :
(n2 —n)(W2 — ) vy \ D2 — 2
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4 1 2 e N +ny O+
+ _ﬁ( ) F(a)(yllg§)< 1 2’ 1 2)
(2 =n)(D2 = V1) y) \m2—m 2 2 2
~ 4ap 27192728 T ()" (B) (g
(2 = M) (P2 = V1) (2 — n)"® (g — V1)72F 1201
Y + U
X(’?1+772’ 1t 2)’ (2.6)
2 2
and

v T ( S G (5 ]

1- 1+t 1-s l+s
il 9, ) dsdt
atas( 2 2 1Y 2> s

2
4 1 (’71"’772 191+192>
(772—771)(192—191))/1)/2 272

48 1 2 7p 2 1B (771+772 1+ U
(= m) (@2 = 01) ¥ <192—191> re) 1192—5) 2 72 >

_ Aot i( 2 )ylar(a)(ylla€)<7h+ﬂz 791+192)
(12 = m) (B2 = 01) f \ma—m o 2 2
N 4ap 271a2V2ﬂF(a)F(ﬂ) (VWZI“Lﬁ 75)
(12 = m) (D2 = 1) (n2 — n1)"1% (5 — 041)72P R

T + v
X(m;’?z, 1; 2)' 2.7)

By the equalities (2.4)—(2.7), we obtain

o, B
- Oy — 10
Yi'vs (2 17761)( 2 1) I —L—Is + 1]

é(m +7y Oh+ 02) ne-1onB-IT (o + 1)I(B + yfyl
» +
2 2 (72 = m)Ne(Dy — 07)12P

X ym b of 1+772 M ALY M+ U1 +0
'7119 2 nl 93 D) ;—2
rya g nm+n M
+ Ir] lylf( 2 ) )

innpl S(771+772 191+192>:|_A
1393 2 ’

This completes the proof.

Next, we start to state the first theorem containing the midpoint type inequality for

generalized conformable fractional integrals.
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aéts

Theorem 3 Assume that the assumptions of Lemma 1 hold. If | ===

| is a co-ordinated
convex function on A, then the following inequality holds.

’5 (771 im D+ 02) 2 e OO i (28)

2 72 (2 = m)71e (g — 07)72P

|:y1y2 (7’]1 + 7]2 191 + 192)
X L&
UM 2

e g m+mn U1+0 ylnlaﬁ & m+mn Ui+
ni0y 2 72 ny 07 2 72

innpd s(7)1+772 ﬁ1+l92>i|_A‘

1305 2

g (ﬂz—ﬂl)(ﬁz—ﬁ1)|:l_i3(a+Li)][l_i3<ﬂ+l’l)}
16 Y1 V1 Y2 V2

8% 9% 8%
Hata (9| + 575 atds

(771: 2)

9%&
, U
‘8t83(n2 2)

I

(an 1)

where A is defined by (2.2) and B(-,-) refers to the Beta function.

Proof From Lemma 1, we acquire

’ ; (771 +p D+ 172> 2112281 (g + )T (B + D)y vy
2 72 (n2 — m)Ne(y — Op) 728

o Vm o 1+772 U1 +0 g e g (Mt U1+ 0
Lo, 2 Uge 2 72

n+mn 0+t : n+n %+t
s (m g o3 )

yf*y{‘(nz - 771)(172 — )

{/ /[ (5 e (55 ]

é 1+t 1-t 1+s 1-s
m+ 12, U + 125

(2.9)

=<

dsdt
atas\ 2 2 2 2

//[ (S G (5]

S 1+t 1-t 1-s 1+s
N+ 72, ?91+Tl92

dsdt
3tds 2 2 2

//[ () ()
%8 % v )

—t 1+t 1+Sﬁ 1—50
X + , +
atas g MF Ty Tyt T

LG O T - (55 ]

dsdt
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25 —t 1+¢ 1—50 1+sﬂ
+ , +—
gras\ 2 Mt T Tyt Ty

dsdt}.

Since | o £ | is co-ordinated convex function on A, then one has:

‘S(m +10 + 192) 2ne-1onB-1T (¢ + 1)T(B + 1)]/1"‘)/2'S
+

2 72 (2 = n)11® (g — 01)72P
y [Vlnla;ﬁwg(nl + 7721 Y+ 172)
v 2 2
nn Ia £ m + 772 U1+ 0 gl (Mt U1+ 7
by 2 ny0 2 72
y1v2 j%B m+n2 U+ _192 _
* 1’72 02$< 2 72 A

_ A (=)@ - 9)

N4 CRE P,
O (25 s
+<u)<¥>‘a;§ (2, 91) + (IT>< )‘m nz,ﬁz)]dsdt
N
) e (202 s
(%)
(

)

(59 (%) e (55| st
G (S - (=5 ]
() (5 s+ (5

(5

1- 3%t
( )‘ata (1, 92)
32
+<1+t)(lgs>‘3t§ (n2,%1) ) 12 )‘ata (nz,ﬁz)]dsdt
(- (et
V1 )/zﬂ
1-t i3 1-t\[/1+s)\| 0%
(5 () s+ (5°) (57 e
1+¢ 2t 146\ /1+s
+<T)(T>‘8t& (n2, 1)) + (T)( 5 )‘ata (72, 02)

v (=)W - 9)
16

(7727 191)

]dsdt

1-
(771: '02)

oo

— (1, %)
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LT =5 M- (557 )

0 82 2 32
H at;j (1, 91)| + 3t§ (1, )| + ¢ ——(n2, 01| + § ——(n2,2)

0tds dtos

_ W[l - 2p(art i)} [1 ~p(p1 i)}
16 7 7 V2 2

)

i3 i3 i3 i3
) ’ A ) ) 19 )
X Uara (m1,91)| + 3¢9s ——(m, D) | + 3t9s (12, 91)| + ’81‘85(”2 2):|
which finishes the proof. d

Remark 3 In Theorem 3, if we choose y; = 1 and y, = 1, then the following inequality for

Riemann-Liouville fractional integrals is achieved

O + 0 20-198-1p nr 1
‘5(771+7’l2 1+ 2)+ (fz+ ) (/3; ) (2.10)
2 (2 = m)* (P2 — th)
£ 771+772 t + 1
+I9+ 2
B n+n %+ 771+772 v+,
+]:;}’2925( P ’ 9 ) nz 0+§( )
B m+mnm U1+
il (—2 5]
(772—771)(192—191) B
16 a+1/\B+1
82&- 82%- 325 2
X Hata (n1,00)| + 3t0s —(n,0)| + ‘ata (72, 1) | + ‘ata (125 2)i|
where
PATB+D)[ 5 (m+m D1+ g (M+n2 U1+D2
_ . , i , 2.11
e []1,}( ST >+L,zs( th2 Dt )] @11)
2“ T(a+1) 1.6 n+ny U1+ Vs n+ny U1+
T —mne M 2 72 n 2 72 ’

The inequality (2.10) is the same of [10, Remark 5].

Remark 4 If we choose y; = y» =a = 8 =1 in Theorem 3, then Theorem 3 reduces to [23,
Theorem 2].

Theorem 4 Assume that the assumptions of Lemma 1 hold. If | af |7, g > 1, is a co-

ordinated convex function on A, then the following inequality holds.

ny+n2 4 +192
HTT) (212)

+

2112201 (o + DT(B + Vyfyy [ p g (mEm 772 D1+ Dy
(n2 = m)71% (D — 1) 728 Dot 2

Page 12 of 21



Kiris et al. Boundary Value Problems (2024) 2024:65

o 5(771“72 191+192> ylnlaﬁ g<771+772 191+15‘2)
’ 07

oy ’

2 2 2 2
+m,21a - $( 1+ 12 ﬂ1;l92>i|_A‘

< —("2_"1)(192_191)[(16 16, ( p+1,i))<16— 1—63(,3p+ 1,i>>}p
16 Y1 5! 1) 1)

82%- ( ﬁ ) 325 825 q
x | |=—=(n, +|—= == ,
ras U1 3tds 3t9s

q q q

+

82

dtds

Q=

(71, 92) (12, 91) (12, D2)

where A is defined by (2.2), B(-, -) refers to the Beta function and 119 =1- é.

Proof By using the well-known Hoélder’s inequality for double integrals, since | pTon 514 is

convex functions on the co-ordinates on A, we get

B
() - () (2.13)
Y1

Vo V2

é 1+t 1-t 1+s19 1_519
aras\ 2 Ty Ty ity
1-(1-t 1 [(1-1-s”\/P z
e 5 G A
N1 Vs Y2
1+¢ 1-t 1+s 1-s 1 g
, %
( 8t8s( n + 5 12 5 o1 + 5 2> det)
1
(/ / t)y‘)ap)(l—(1—(1—s)”2)ﬁp)dsdt>p
Vl J/2
1+t\ /1+s\]| 8% 7 [1+¢t 2t
X{(T)(T)‘ata o] +(13) (55 et
1-t\/1+s T /1-t\[1-s
+ (T) <—> ﬁ(flz, ) (T) (—> %(Uzrﬁz)
11 1 1 1 1 Il’
<= 1-—Blap+1,— 1-—B(Bp+1,—
Y1y, V1 V1 V2 V2

9 32%' q 2
(16 az0s V| * 15| oos
61)},

Here, we take advantage of the fact that

dsdt

4

<

q

q
ds dt}

q q

(771; 2) (772, 1)

16 atos

9%
E m(ﬁz, V)

(-0 <w/-o,

foranyw >0 >0andj> 1.
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Similarly, we have

1 1 1-(1-tn 1 1-(1-s5)7\*
L ( ) ) _ﬁ_<7( 9 ) ‘ (2.14)
o YL Y V2
1-s 1+s
, U1+ ——0 ||dsdt
8t85< o 2 1T 2) st}
11 1 1 1 1 11’
<< 7g|\1-—Blap+1— 1-—B|Bp+1,—
Y1 Vs "1 V1 V2 V2
9% q 2 q q
X (16 9tos (771, 1) 16 9tds (7717 2) 16 9tds (772’ 1)
3 82%- )q %
* 16| az0s ™ 7Y) )
Lreltr /1--om\*| 1 [1-1-s57\F
LA
o Jo I[N ¢! Vs V2

2
5 -t 1+t 1+s 1-s
, 2 Dy || dsdt
dtos 2””2"22”225}
11 1 1 1 1\\1?
S—a—ﬂ 1-—Blap+1,— 1-—B(Bp+1,—
)41 )2 )4t V1 Y2 Y2
q 25 q 25 q
) D R yﬂ D e )
(16 az0s TPV | ¥ 15 520 P2 ¥ 1 s 1 PV
8% N
16 3t9s —(n2,2) ) ,
and
1 11 —(1-tn 1 1-(1-s7\*
1 ( 1-2 ) _ﬁ_<7( ) )‘ (2.16)
o YL Y V2
1+t 1-s 1+s
, M+ — || dsdt
8t83< T 2) s
1 1 1 1 1 1 Il’
=< 7g|\1-—Blap+1— 1-—B|Bp+1,—
Y1 Vs "1 "1 V2 V2
9% q 2 q q
X (16 9tos (771, 1) 16 9tds (7717 2) 16 9tds (772’ 1)
9 82%- )q %
* 16| oz0s %) )

If we substitute the inequalities (2.13)—(2.16) in (2.9), we obtain the desired inequality
(2.12). O
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Remark 5 If we take y; = 1 and y, = 1 in Theorem 4, then the following inequality for

Riemann-Liouville fractional integrals is achieved

2 2

1+ N2 712 U1+
17*§ 2

+]aﬂ <1+772 191+192) ﬁ§<1+772 1915192)

m+n2 D1+ Uy 20‘_12l3—1I‘(a + 1)F(/3 : 1)
’§< ’ > (12— 1)* (D — 01)P (2.17)

2 2
B n+n U+
+/:112»192§< 2 7 2 -D

_ (2 =m)(@> = 1) [( 16ap )( 166p )]}7
- 16 ap+1 )\ Bp+1

325 q 82%-
S0
39s o205 20V

q 2

+

q

LI

R
——(n1,%) EYEY

q:| i
Theorem 5 Assume that the assumptions of Lemma 1 hold. If |%|q, q=>1,isa co-
ordinated convex function on A, then we have the following inequality:

82
) H 2 )

2 72 (N2 = n)N(Fg — V1) 728

Y1y2 D s
X|: Ia; +%.(771+772’ Lt 2)
oo 2 2

- m+m U1+0 g N+ 772 U1+ 7
+ Inir’,_92—€:< ’ I 19 g

‘5(771 +1y U1+ 192) N 2ne-1nB-1P (o + 1T(B + I)J/ft)’zﬂ (2.18)

2 2 2
yiya job M+ Y1+ 19_2 —
* 1'72 025( 2 72 A

-

2+1 -
< =228y (1) ! [(1 - iB(a 1, i)) (1 - iB(ﬂ +1, i))]l
Y172 4 51 " ) 1)
X {([3ﬂ —ZB(a +1, i) +B(a +1, E)]
2 1 Y1
X [% —2B</3 +1, i) +B(ﬂ +1, —)] i
2 V2

q

ﬁ(’h; 1)

3 1 2 2 92

|22 Coplast,— ) +Bla+1, =) || 2 -B(p+ L =5 (i, 2)
| 2 " 151 2 9tds
[ 2 9% !
- _B 1, — ’

+ <a+ 7/1) 3t9s (772 1)

——(12,2)

:||:%—2B(ﬁ+1,i)+3(ﬁ+l 3)]
2 V2
J[5 -2 2 2) g )
i y 2 atas
52

+([%—23(a+1,%)+B<a+1,%>]|:3—3(ﬂ 1, 2):”2%5 (1, 1)
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2 Y1 Y1

q
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| I
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Here, A is defined as in (2.2).

Proof By using power-mean inequality, we get
( —(1-tn ) 1 (1_(1_s)n>ﬁ‘
1 yzﬁ Y2
S 1+t 1-t¢ 1+S19 l_sﬂ

+ , +
atas\ 2 g Ty ity

(- —t)Vl) i_(1—(1—s)m)f‘
4! )/2‘3 Y2

Iy =

dsdt

Q=

(

1-
ds dt)
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( —(1—t)V1)
V1

S 1+t 1-t 1+Sﬁ 1—s29
+ , +
dtos\ 2 MT Ty TR

el
yf V2

q i
ds dt) .

. . . . 92 .
Taking into account co-ordinated convexity of | Wi |7, we acquire

1 - - 2 P
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Similarly, we have
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By considering (2.19)—(2.22) in (2.9), we obtain the required inequality (2.18). O

Remark 6 If we take y; =1 and y; = 1 in Theorem 5, then the following inequality for

Riemann-Liouville fractional integrals is achieved
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1 1 3 26 +3 25( ﬁ)q
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3 Conclusion

In this research, we acquired some inequality of midpoint type for co-ordinated convex
functions by means of conformable fractional integrals. In the future studies, researchers
can obtain some new inequalities with the aid of the different kinds of co-ordinated convex

mappings or other types of fractional integral operators.

Author contributions
T.Y.U and G. B. wrote the main sections. H. Band M. V. C. revised the paper. M. E. K supervised the paper.

Funding
There is no funding.

Data Availability
No datasets were generated or analysed during the current study.

Declarations

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare no competing interests.

Author details

"Department of Mathematics, Faculty of Science and Arts, Afyon Kocatepe University, Afyonkarahisar, Tirkiye. ?Pontificia
Universidad Catdlica del Ecuador, Facultad de Ciencias Naturales y Exactas, Escuela de Ciencias Fisicas y Matemdticas,
Sede Quito, Ecuador. *Department of Mathematics, Faculty of Science and Arts, Diizce University, Dizce, Tirkiye.

Received: 23 February 2024 Accepted: 6 May 2024 Published online: 23 May 2024

References

1. Abdelhakim, A.A: The flaw in the conformable calculus: it is conformable because it is not fractional. Fract. Calc. Appl.
Anal. 22, 242-254 (2019)

2. Abdeljawad, T.: On conformable fractional calculus. J. Comput. Appl. Math. 279, 57-66 (2015)

3. Akkurt, A, Sarikaya, M.Z,, Budak, H., Yildirim, H.: On the Hadamard'’s type inequalities for co-ordinated convex
functions via fractional integrals. J. King Saud Univ., Sci. 29, 380-387 (2017)

4. Akkurt, A, Sarikaya, M.Z., Budak, H., Yildirim, H.: On the Hermite-Hadamard type inequalities for co-ordinated convex
functions. Appl. Comput. Math. 20, 408-420 (2021)



Kiris et al. Boundary Value Problems (2024) 2024:65

. Akkurt, A, Sarikaya, M.Z., Budak, H., Yildirim, H.: On the Hermite-Hadamard type inequalities for co-ordinated convex

functions. Appl. Comput. Math. 20(3), 408-420 (2021)

6. Akkurt, A, Yildinm, M.E, Yildinm, H.: A new generalized fractional derivative and integral. Konuralp J. Math. 5(2),
248-259 (2017)
7. Alomari, M., Darus, M.: The hadamards inequality for s-convex function of 2-variables on the coordinates. Int. J. Math.
Anal. 2(13), 629-638 (2008)
8. Bakula, MK.: An improvement of the Hermite-Hadamard inequality for functions convex on the coordinates. Aust. J.
Math. Anal. Appl. 11(1), 1-7 (2014)
9. Bozkurt, M., Akkurt, A, Yildinm, H.: Conformable derivatives and integrals for the functions of two variables. Konuralp
J. Math. 9(1), 49-59 (2021)
10. Budak, H,, Yildirim, SK, Kara, H., Yildirim, H.: On new generalized inequalities with some parameters for coordinated
convex functions via generalized fractional integrals. Math. Methods Appl. Sci. 44(17), 13069-13098 (2021)
11. Dragomir, S.S.: On Hadamard's inequality for convex functions on the co-ordinates in a rectangle from the plane.
Taiwan. J. Math. 4, 775-788 (2001)
12. Dragomir, S.S., Pearce, C.E.M.: Selected Topics on Hermite-Hadamard Inequalities and Applications. RGMIA
Monographs, Victoria University (2000)
13. Hyder, A, Soliman, AH.: A new generalized 8-conformable calculus and its applications in mathematical physics.
Phys. Scr. 96, 015208 (2020)
14. Hyder, AA, Almoneef, AA, Budak, H., Barakat, M.A.: On new fractional version of generalized Hermite-Hadamard
inequalities. Mathematics 10(18), 3337 (2022)
15. Igbal, M., Bhatti ve, M.I, Nazeer, K.: Generalization of inequalities analogous to Hermite-Hadamard inequality in
fractional integrals. Bull. Korean Math. Soc. 52(3), 707-716 (2015)
16. Jarad, F, Ugurlu, E, Abdeljawad, T, Baleanu, D.: On a new class of fractional operators. Adv. Differ. Equ. 2017, 247
(2017)
17. Khalil, R, Al Horani, M., Yousef, A, Sababheh, M.: A new definition of fractional derivative. J. Comput. Appl. Math. 264,
65-70(2014)
18. Khan, T.U, Khan, M.A.: Generalized conformable fractional operators. J. Comput. Appl. Math. 346, 378-389 (2019)
19. Kilbas, A.A, Srivastava, H.M,, Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. North-Holland
Mathematics Studies, vol. 204. Elsevier, Amsterdam (2006)
20. Kiris, M.E,, Bayrak, G.: New version of Hermite-Hadamard inequality for co-ordinated convex function via generalized
conformable integrals. Filomat (2024)
21. Kirmaci, US.: Inequalities for differentiable mappings and applications to special means of real numbers and to
midpoint formula. Appl. Math. Comput. 147(1), 137-146 (2004)
22. Latif, M.A, Alomari, M.: Hadamard-type inequalities for product two convex functions on the co-ordinates. Int. Math.
Forum 4(47), 2327-2338 (2009)
23. Latif, M.A, Dragomir, S.S.: On some new inequalities for differentiable co-ordinated convex functions. J. Inequal. Appl.
2012(1), 28 (2012)
24. Miller, S,, Ross, B.: An Introduction to Thr Fractional Calculus and Fractional Differential Equations. Wiley, New York
(1993)
25. Pecari¢, J.E, Proschan, F, Tong, Y.L: Convex Functions, Partial Orderings and Statistical Applications. Academic Press,
Boston (1992)
26. Podlubny, I.: Fractional Differantial Equations. Academic Press, San Diego (1999)
27. Samko, G, Kilbas, A.A., Marichev, O.l.: Fractional Integrals and Derivatives: Theory and Applications. Gordon & Breach,
Yverdon (1993)
28. Sarikaya, M.Z: On the Hermite-Hadamard-type inequalities for co-ordinated convex function via fractional integrals.
Integral Transforms Spec. Funct. 25(2), 134-147 (2014)
29. Sarikaya, M.Z, Akkurt, A, Budak, H., Yildirm, M.E., Yildirnm, H.: Hermite-Hadamard's inequalities for conformable
fractional integrals. Int. J. Optim. Control Theor. Appl. 9(1), 49-59 (2019)
30. Sarikaya, M.Z, Budak, H., Usta, F.: On generalized the conformable fractional calculus. TWMS J. Appl. Eng. Math. 9(4),
792-799 (2019)
31. Sarikaya, M.Z, Set, E.,, Ozdemir, M.E., Dragomir, S.S.: New some Hadamard's type inequalities for co-ordinated convex
functions. Tamsui Oxf. J. Inf. Math. Sci. 28(2), 137-152 (2012)
32. Sarikaya, M.Z, Set, E,, Yaldiz, H., Basak, N.: Hermite-Hadamard's inequalities for fractional integrals and related
fractional inequalities. Math. Comput. Model. 57(9-10), 2403-2407 (2013)
33, Zhao, D, Luo, M.: General conformable fractional derivative and its physical interpretation. Calcolo 54,903-917 (2017)
Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Page 21 of 21



	New version of midpoint-type inequalities for co-ordinated convex functions via generalized conformable integrals
	Abstract
	Mathematics Subject Classiﬁcation
	Keywords

	Introduction
	Midpoint type inequalities for co-ordinated convex functions
	Conclusion
	Author contributions
	Funding
	Data Availability
	Declarations
	Ethics approval and consent to participate
	Competing interests
	Author details
	References
	Publisher's Note


