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1 Introduction and preliminaries

In recent decades, an interesting area of functional analysis, known as a metric fixed point
theory, has become increasingly attractive for research. The evolution of this theory fo-
cuses on two directions: either the generalization of metric spaces or the improvement of
contractions, and sometimes it focuses on both of them. Here, an important generaliza-
tion of metric space is (bMS) of Bakhtin [1]. At present, there are several generalizations
of (bMS) as b,(s)-metric spaces and b-rectangular metric spaces with some fixed point
results (see [2—4]). In fact, the extended concepts of (bMS), known as controlled metric
type spaces and double controlled metric type spaces, respectively, were introduced in
2018 with proving an analogue of Banach contraction principle (BCP) [5] on them [6-8].
In 2022, Karami et al. [9] gave an extension of a type of controlled metric spaces, defined
to be expanded b-metric spaces. Thereafter, in 2023, Ayoobi et al. [10] gave off a new ex-
tension of the kinds of metric spaces known as double-composed metric spaces (DCMS),
which represent the generalized expanded b-metric spaces. The first type depends on one
controlled function (incomparable function), while the second one has two different con-
trolled functions (see [11-13]).

In 2007, Huang et al. [14] replaced the real numbers by ordering Banach space and de-
fined cone metric spaces. They proved some fixed point theorems of contractive map-
pings on cone metric spaces. Despite all of these studies on cone metric spaces [15-20],
and Meng and Cho studying algebraic cone metric spaces [21, 22], there is much work
concerning b-cone metric spaces, for instance, [23-25]

© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-024-01876-w
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-024-01876-w&domain=pdf
mailto:nmlaiki@psu.edu.sa
mailto:nmlaiki2012@gmail.com
http://creativecommons.org/licenses/by/4.0/

Hijab et al. Boundary Value Problems (2024) 2024:64 Page 2 of 12

Hence, by utilizing the concepts in [9, 10], this study presents a generalization that
represents type I composed cone metric spaces and type II composed cone metric
spaces. The examples are for type I composed cone metric space, not cone metric space,
and type II composed cone metric space, not for type I composed cone metric space.
The study provides some fixed point results, involving Banach type, Kannan type, Re-
ich type, and Hardy—Roger type contractions. The focus in on the Hardy—Rogers con-
traction of (C2CMS), go to corollary in (C1CMS). Finally, the study presents the ap-
plication of the fixed point theorem to these new spaces as Fredholm integral equa-
tion.

Suppose that € is a real Banach space and # C €. The subset & is called a cone if the
following conditions hold:

(P1) {0} # & is nonempty closed,

(P2) &f+&g€e P forallf,g e P, where &1,6, >0,

(P3) fe £ and —f € P implies that § = {0}.

For a given cone #, a partial ordering < can be defined on & with respectto # by f < g
if and only if g — f € #. Also, § < g indicates that f < g and § # g, while f « g means that
g —f € int » such that int # represents the interior of .

&P is a cone in a real Banach space & via int  nonempty and < is partial ordering re-
garding &. & is said to be a normal cone if there is a constant number M > 0 such that,
forall f,g € € and 0 < f < g, it implies that ||f|| < M||g| or, equivalently, if

inf{|f+gll:f,0 € P, fll = llgll = 1} >0,

it implies a non-normal cone (see, e.g., [22]). Also, if int P is a nonempty set, it is called
solid.
In the following explanations, some basic concepts of cone metric spaces with their

properties are presented.

Definition 1.1 ([14] Cone metric space) Suppose that I' is a nonempty set. A function
de:I' x I' — & is called a cone metric on I if for each §, 0, y € I the following conditions
hold:

(CM1) 0=de(8,0) and de(8,0) =0if and only if § = o,

(CM2) de(8,0) =de(0,9),

(CM3) de(8,0) 2 de(s,y) +dely, o).
Then (T, de) is called a cone metric space (CMS).

Clearly, CMS is a generalization of the metric spaces, but the reverse is not true (see
[14]). Subsequently, the following explanations present the concepts of type I and type II
composed cone metric spaces, inspired by Karami et al. [9] and Ayoobi et al. [10], which
are special cases of Definitions 1.2 and 1.4 at & = R, as follows.

Definition 1.2 (Type I composed cone metric space) Presume I # ¢ set. A function d :
I' x I' - & is a type I composed cone metric if there exists a ¢ : # — & such that, for
each 8,0,y €T, the following conditions hold:

(C1) 0=d;(8,0) and d;(8,0) =0 if and only if § = o,

(C2) d;(5,0) =di(0,9),
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(C3) di(8,0) =¥ (di(8,y)) + ¥ (di(y,0))
Then the triple (I, d;, ¥) is called type I composed cone metric space (C1ICMS).

Example 1.3 Let § =R%, P = {t = (t1,t,) € & : t1,t, > 0}, and ' =R. Here, d;: T x ' — &
is defined by

d;(8,0) = (sinh(B1d(8, 0), sinh(B24(3, 0)))

B1, B2 = 0, where (T, d) is a b-metric space with coefficient s > 1. Then d; is a CICMS with
a controlled function,

¥(t) = (sinh(2st1), sinh(2st2)), t=(t;,5) €T

Obviously, d; is not a CMS. Precisely, it is not a b-cone metric space, which is d(§, 0) =
(8 —0)? a b-metric space at b = 2, but d(8, 0) = sinh(§ — 0)? is not a b-metric space (for more
details, see [9, 16, 26, 27]).

Definition 1.4 (Type II composed cone metric space) Assume that I' is a nonempty set
and Y1, ¥ : P — P are two nonconstant functions. A mapping d.: I' x I' — & is called
a type II composed cone metric if for each 8,0,y €I it satisfies the following conditions:
(CC1) 0=d.(8,0)and d.(8,0) =0ifand onlyif § = o,
(CC2) d.(5,0) =d.(0,90),
(CC3) dc(8,0) = ¥1(de(8, 7)) + ¥2(de(y, 0)).
Then the pair (I', d,) is called a type II composed cone metric space (C2CMS).

Each C1CMS is a C2CMS relating to ¥ (£) = ¥(t), Vt € P

Example 15 Let § =R?%, P = {t=(t1,t,) €€ : t1,t, > 0},and ' = R. Here, d,: T xI' — &
is defined by d.(8,0) = (81(8 — 0)% B2(8 — 0)%), B1, B2 > 0. Then d, is a C2CMS with two
controlled functions, 1 (¢) = (%! — 1,€*2 — 1) and v»(¢) = (2¢1,2t,), t € P. But notice that
it is not a CICMS.

Example 1.6 Let & =R?, P = {(t1,6) € € : 1,6, >0}, and ' =R. Here, d,: T x I' — &
is defined by d.(8,0) = (B1(8 — 0)? B2(8 — 0)*), B1, B2 > 0. Then d. is a C2CMS with two
1+2t1)‘71 -1 (126711 1+2t1 Y21 (1+2t2 y2-1)

controlled functions, v, (£) = ( I ) and ¥(2) = ( ) ) te
P, q1 > q» > 1. It is obvious that dé isaCICMS at g3 = q;.

2
2tl -1

2
Remark 1.7 Notice that, in Example 1.6, which is ¥ (¢) = ((1 + ), (1 + %)‘ﬂ) and

Ua(t) = (1 + 2‘1 )22, (1 + 2t2 )2), t € P, q1 > g2 > 1 also represent I regarding & as a
C2CMS, but a ClCMS at qz =q.

Example 1.8 Inthe space I' = £,(R), A: T x I' = [0, 00) is defined as

00 1/p
Alx,y) = <Z % = |p> ,
n=1



Hijab et al. Boundary Value Problems (2024) 2024:64 Page 4 of 12

p €(0,1)and 8 = {x,}, 0 = {y,}. Itis given in [10], (I", A) is a (DCMS) with functions «(t) =
B(t) = 2%rg,
Now, presuppose that & = R?, P ={(t1,t2) € § : t1,£, > 0}. Define A,: T x I' — & as

Ac((s: Q) = (MIA((S) Q):MZA(‘S: Q))y

wherever M; and M, are nonnegative constants. Then (I", A.) is a C2CMS with functions
wl(t) = (Zl/ptl,O) and Iﬂz(t) = (0,21/pt2).

In the same way, I = L,[0, 1] can be defined in Example 1.8, wherever

1 1/p
Alg.f) = ( /0 lg@®) -f@)° dt)

for each g(¢),f(¢) € I'. Then (I, A ») is a C2CMS.
Now, since each C1ICMS is a C2CMS, the focus is going to be on type II composed cone
metric spaces and the definition of their topology of C2CMS.

Definition 1.9 Let (I, d.) be a C2CMS with respect to ¥; and ¥,.
(1) The sequence {x,} converges to any n in I" if for each c € & via 0 < ¢, AN so as
de(x,,n) K cforall n> N. It is written as lim,,_ o X, = 7.
(2) The sequence {x,} is said to be Cauchy if for every c € & via 0 < ¢ AN so as
d.(%,,,%,,) < cforall m,m>N.
(3) (T, d,) is said to be complete if every Cauchy sequence is convergent.

Lemma 1.10 Let (T',d.) be a C2CMS respecting Y1 and o, P be a normal cone with
normal constant M. Let {x,} be a sequence in T, then {x,} converges to v if and only if

limnﬁoc dc(xm V) =0.
Proof The proof is obvious, therefore we omit it. d

Lemma1.11 Let (I, d.) be a C2CMS respecting 1 and vro, and let M be a normal constant
for a normal cone P. Let {x,} be a sequence in T so that {x,} converges to n and ¥ If Y
and r, are bounded, then n = V. That is, the limit of {x,} is unique.

Proof For any ¢ € & with 0 < ¢, there is N such that, for all n > N, d (x,,n) < ¢ and
dc(x,,y) < ¢, the result is d.(n, ¥) <X Y1(d.(n, x,)) + Ya(d:(x,, D).

Hence,

de(n, D) < MY (de(n, %)) + Yra(de(xn, D)) < MUY (de(m, %)) || + 112 (de (%0, 9))]1) be-
cause V1, W, are bounded. So there are constants k1, k; > 0 such that

ld:(n, )| < M(kic + kyc). Since M, kq, and k, are finite and c is arbitrary, ||d.(n, ?)| = 0,
therefore n = 9. O

Definition 1.12 [26] The function ¢ :  — P, wherever £ is a cone in a Banach space
&, is known as a comparison function if it satisfies the following conditions:
(1) Forallte &, ¢(t) < ¢,
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(2) For all ti,th € &P and t < ty, it yields ¢(t1) < ¢(t2),
(3) lim,_  ||@"(t)]| = O for each t € P.

Definition 1.13 The function ¢ : » — £, where & is a cone in &, is called an incompar-
ison function if it satisfies these conditions:

(1) Forallte P, t < ¥(t);

(2) Forall 41,5, € P and t; < 1y, it yields ¥ (¢1) < ¥ (£);

(3) lim,_ o ||¥"(£)]| = O for each t € P

2 The main results
In this section, we present some fixed point results in C2CMS. It is assumed that (T, d,)
represents a complete C2CMS with respect to the functions ¥y, ¥ : # — P, where & is

a normal cone with normal constant M.

Theorem 2.1 Suppose that (T',d.) is a complete C2CMS with P as a normal cone via
normal constant M. Let T : T' — I" be a mapping satisfying the following condition:

dc.(Ts,To) < K1d(3,0) + K2d.(8, TS) + Ksd.(o, To) + Ksd (8, To)
+ Ksd.(0,T8), V8,0€eT,
where C; € (0,1),i=1,2,...,5, and ZL K; < 1. For any wy € T', choose w,, = T"wj. So,

(1) Let 1, Yo be bounded, nondecreasing, yr, be a subadditive comparison function, and
Yy be an incomparison function.

@) | o sy (R (de(wo, w1)) + YR~ (de(wo, w))) || — O
K1+Ko+Ky

(as n,m — 00), wherever R = KK

Then T has a unique fixed point.

Proof Presuppose that wy € I'. Define a sequence {w,} in I" with w, = T"wy or w,,,; =
Tw,Vn € N. Letting § = w,_; and o = w, in the Hardy—Rogers contraction, the result is as

follows:

Ae(Wn, Wni1) = de(TWp1, Twy)
< KidcWp-1, W) + Kod Wy, Tw,-1) + Ksde(wy, Tw),)
+ Kad(Wy-1, Twy,) + Ksdc(Wy, Tw,,—1) (2.1)
2 Kade (W1, wn) + Kade(wy-1, W)

+ Ksde(Wn, Wna1) + Kade(Wi—1, Wii1) + Ksde(Wp, wy).
Note that in C2CMS, d.(w,,, w,,) = 0. By utilizing CC3 in C2CMS, the result is as follows:
Ae(Wn-1, Wni1) < Y1 (de(Wn-1, Wn)) + Yo (de(Wn, Wii1)).
Hence,

(1 - ICS)dC(Wn: Wn+1) - ’C4¢2(dc(wm Wn+l))
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= (K1 + Ko)W1, W) + Kot (de(Wn_1, wn)),
which yields with condition 1

(1= K3)dcWp, Wii1) = KadeWp, Wii1) < (1= K3)de(Wi, Wins1) — Katra (dc(wnr Wn+1))
= (’Cl + K2)dc(wn—l; Wn) + ’Cﬂﬁl (dc(wn—ly Wn))
=< (Ky + Ky + Ky (de(W_1, wn)).
Thus, v, is a subadditive comparison function, that is, ¥, (Kt) < Kt < ¢, K € (0,1). Also,

by considering ¥; an incomparison function, that is, ¥ () > ¢, the result is

dc(Wy, Wye1) < R (d.(Wy_1,wy)), where R = W By repeating this process, the

following formula is obtained:
dZ = Rnlﬁfl (d?) = Rn‘ﬁf (dC(W01 Wl))’ (2'2)

where d” = d (W, w,,1) and R"y7/(d0) is the iterative sequence of order n. Therefore, for
all m > n, there is

dc(Wm, Wn) = I//1 (dc(wm: Wm+1)) + I;Z/Z (dc(Werl’ Wn)):

MN

l ml/fl d (Wi, Wl+1))) + I»[’2n_m_1((dc(wn—l,Wn)))- (2.3)

i=m

By considering conditions 1 and 2 to establish inequalities (2.2) and (2.3), we obtain

(Wi, W) < fw;% (R (de(wo, w1))) + Y37 H (R~ (de(wo, 1)),
hence
| de(wm wa) |
nf}w;mw (R (de(wo, wp)) + vy " (R" g™ (de (wO,wl)))“ (2.4)

Letting m, n — oo and condition 2 of Theorem 2.1 hold, the result is ||d.(w,,, w,)| = 0 for
each n,m € N. Therefore, the sequence {w,,} is Cauchy in I". Since I is a complete C2CMS,
there is an element x* € I" such that {w,} — x*. Let Tx* # x*, it is assumed that

0= dc(x*, Tx*)
<Y1 (de (5" wn)) + Yo (de(Wn, Tx®)) = Y1 (de(x%, i) ) + Vo (de (Twyo, Tx™)).

By using x* instead of w,, in Eq. (2.1), we have

do (%, Ta*) = Y1 (de (6% wn)) + V2 (K de (w1, %)
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+ Kod (Wy_1, Tw,_1) + Ksd, (x*, Tx*)
+ Kyd, (w,,_l, Tx*) + Ksd. (x*, Tw,,_l)).

This implies that

<Y (dc (x*» Wn)) +Y (Icldc (Wn—l;x*) + lczdc(wn—l» Wn) + stc (x*; Tx*)
+ K4d, (w,,_l, Tx*) + Ksd, (x*, w,,))

by condition 1 and {w,} convergent to x* via Lemma 1.10, hence

<Y (Ingc (x*, Tx*) + Kad, (Wn—ly Tx*))

<Y (Kad (6", Tx*) + Ka (V1 (de(Wn-1,57)) + 2 (dc (5", TxY))).
Again by Lemma 1.10 and since v, in condition 1 is a subadditive comparison function,
the result is as follows:

< Wz (K:gdc (x*, Tx*)) + 1,02(’(:4(1#2 (dc (x*, Tx*)))

< Kado(x*, Ta*) + Kad (x*, Tx*)

= (K:g + IC4)dc(x*, Tx*)

Since K3 + K4 < 1, we obtain that
0 < d.(x*, Tx*) < d.(x*, Tx"). (2.5)

So 0 < |ld.(x*, Tx*)|| < |ldo(x*, Tx*)|| and this is inconsistency. Therefore, Tx* = x*.
Assume that T has a different fixed point g, so
0=<d.(x*q)
=d.(Tx", Tq)
< K.d, (x*, q) + KCod, (x*, Tx*) + Ksd (g, Tg) + K4d, (x*, Tq) + KCsd, (q, Tx*)
= Kido(x",q) + Kado (%", x*) + K3dc(q,q) + Kade(x*, q) + Ksde(q,5")
=K1+ Ky + Ks)dc(x*,q).

Indeed K1 + K4 + K5 < 1, which implies that || d.(x*, q)|| = 0. This further implies that x* = g
and 7 has a unique fixed point. g

Corollary 2.2 Assume (I', A) to be a complete (DCMS) and A :T xT' - R*. Let T:T —
I be a mapping satisfying the following condition:

A(TS,To) <Ki1A(S,0) + KaA(8,T8) + KsA(o, To) + Ky A(S, To)

+Ks5A(0,T8), V8,0€T,

where K; € [0,1),i=1,2,...,5, and Zis:ll(l- < 1. For any xy € T', choose x,, = T"xy. So,
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(1) Let 1, ¥a be continuous, nondecreasing, W, be a subadditive and comparison
function, and yr, be an incomparison function.

(2) 1My so0 Yot U Y1 (R (A (0,21))) + YL (R (A (30, 21))) — O (as
n,m — 00), where R = %. Then T has a unique fixed point.
3—14

In the following results, special cases of Chatterjee type and Reich type contractions are
presented by considering the cone & = R*.

Corollary 2.3 When Ky = Ky = K5 =0, in Theorem 2.1, the Chatterjee contraction is ob-
tained.

Note that, from inequality (2.1),

dc(xmxn+1) = ’C4dc(xn—11xn+1) = Icidc(xn—2’xn+l) <= ,Czdc(xO’erl)

= Ky de (i1, %0) < -+ < K3"d (%1, %0).
So, the proof just takes R" = K2" < 1.
Corollary 2.4 When K4 = K5 =0, in Theorem 2.1, the Reich type contraction is obtained.
Moreover, as consequences of Theorem 2.1, we present the following two corollaries.

Corollary 2.5 Suppose that (', d,) is a complete C2CMS, and let M be a normal constant
for a normal cone P. Assume that T :T' — T satisfies the (BCP)

d.(Ts,Teo) = Kdc(8,0), V8,0€T,Ke(0,1). (2.6)

For any wy € T, choose w, = T"wy. Suppose that
(1) 1, Yo are bounded, nondecreasing and vry is a subadditive function;
Q@) I X (K de(wo, wh)) + Y1 (K" d(wo, w1)) | = O (as n,m — o0), where
Ui (Kid(wo, wr)) and =1 (K" 1d.(wo, w1)) denote the iterative functions.
Then T has a unique fixed point.

Proof Note that this corollary is a direct consequence of Theorem 2.1 by taking K, = K5 =
Ks=Ks=0. O

Theorem 2.6 Assume (I',d,) to be a complete C2CMS with P as a normal cone via the
normal constant M. Let T : T' — I" be a mapping satisfying the Kannan contraction condi-

tion

dc(T(s; TQ) = Icldc((s’ T‘S)
+Kad (0, To), V8,0 €T, where Ky,KCy € (0,1),K; + Ky < 1.

For any wy € T, choose w, = T"wy. Suppose that
(1) V1, Y2 are bounded, nondecreasing and v, is a subadditive comparison function.
Q@) 1| 052wy (Rid(wo, wh)) + YL (R d(wo, w)) || = O (as n,m — 00),

where R = 1'_%2. Then T has a unique fixed point.

Page 8 of 12
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Proof Note that this corollary is a direct consequence of Theorem 2.1 by taking Ky = K4 =
Ks=0. O

The following result is analogous to the Hardy—Rogers type fixed point theorem, dis-
cussed as an open problem in [10], when R* = * C & = R as a special case in this theorem.

3 Applications
This section provides a few applications of already proven results.

Example 3.1 Consider the space of all continuous real-valued functions I"' = C[a, b] and
d.(f(1),g(t)): T x ' — &, where & =R2, P = {v = (v,1n) € & : v, v, > 0} is defined as

de(f().g(0) = (Br sup |f(0)-g(@)]. B2 sup |f(x) - g(x)]),

t€(a,b] 7€[a,b]

B1, B2 > 0,and Y1, Y : P — P by Y1 (v) = (e — 1, — 1), ¥r2(v) = (v1,v2). Then (', d,) is
a complete C2CMS with two functions 1, ;.

Proof 1t is only proving the triangle inequality. By using n <e” — 1 and |n — 9| < |n| +
[9],Vn, ¥ € R, the result is as follows:
If (t) - ()] = |[f(x) = h(x) + h(z) - g(z)|
= |f@ - k@) + |h(o) ()]
< [ewf)_h(”l - 1] + ‘h(r) —g(r)‘.

Hence,

’

sup |f(1) —g(1)| < [ePrelatt VOO _1] 4 sup |h(z) - g(2)

t€la,b] t€(a,b]

scalar constant 1, 8, > 0. So, the result is

de(f (), g(2)) = 1 (de(f (), h(2))) + Ya(de (h(z), g(2)))-

Therefore, (I',d,) is a C2CMS via {1, V5. It is not difficult to show the completeness
of . d

Remark 3.2 r1(v) = (sin™}(v1),sin"! (1)) in Example 3.1 can be considered, so (I',d,) is a
C2CMS. While considering 1 (v) = ¥2(v), (T, d,) is a CLCMS.

Theorem 3.3 Let I" = Cla, b] be the C2CMS given in Example 3.1. Consider the following

Fredholm integral equation:

b
FD)=0()+ / (1, c.f(0) de, (3.1)
wherever 3(t, ,f(7)) : [a,b)? x R — R is a given continuous function satisfying the follow-
ing condition for all f(t),g(t) € T, 7,5 € [a, b]:

Q(1)
|b-al’

3(e, 6,/ (1) = 3(7,5,4(0)| < (32)
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where

Q(r) = K3 d(f(t),g(t)) + Ky d(f(t), Tf(r)) + K3 d(g(r), Tg(r))
+ K, d(f(r), Tg(r)) + K5 d(g(r), Tf(‘l,')),

where (U',d) is any completeness metric space, where K; € (0,1), i = 1,2,...,5, and
S Ki<1.

b
Tf(r) =0O(1) + / S(I, g,f(t)) dc. (3.3)

Then the integral Eq. (3.1) has a unique solution in T".

Proof Let T : T — I be defined by Eq. (3.3), and then d (f(t),g(t)) be defined in Exam-
ple 3.1. Hence,

de(Tf (), Te(0) = (B1 sup |Tf(x) - Tg(0)

t€lab]

By sup |Tf(r) - Tg(@)])
t€(a,b]
since

sup |Tf(1:) - Tg(r)|

t€la,b]

sup
t€la,b]

b b
o) + f 3(t, 6,f(1)) de - O(t) - / 3(t,5.8(0) dg’

IA

b
SuP]/ 13(7, 6. (1)) = 3(7, 6,8(1)) | dg

t€la,b

b
Q(7)
sup / ds
t€labl Ja |b—ﬂ|

Qr) [P
Til[fm |b—al /a 4
<K d(f(r),g(r)) + Kz d(f (), Tf (7))
+K3d(g(v), Tg(v)) + Kad(f (1), Tg(r)) + K5 d(g(), Tf (1)).

Thus,

de(Tf (v), Tg(r)) < K1 d(f(1),g(1)) + Ko d(f (1), If (1)) + K3 d(g(7), Tg(7))
+Kad(f(v), Tg(v)) + Ks d(g(r), If (7).

Then ¥, ¥, are bounded and ; is an incomparison function, but ¥, is a sub-additive
comparison function and subadditive. That is, all the conditions of Theorem 2.1 are satis-
fied, so there is s € I' such that T/ = k. This implies that the integral Eq. (3.1) has a unique
solution. d
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4 Conclusions

Based on the theoretical and practical aspects explained above, the study presents sev-
eral concepts of generalized cone metric spaces, namely type I and type II composed cone
metric spaces, with some examples. It provides some results for the Banach, Kannan, and
Hardy—Rogers type fixed point theorems in C2CMS. Moreover, it illustrates the appli-
cation of Hardy—Rogers type fixed point theorem for Fredholm integral equation. The
results provide answers to the open problem extension in a generalized C2CMS of Hardy—
Rogers contraction in Ayoobi et al. [9]. Finally, the study recommends the following issues
for future studies: the strongly composed cone metric space. Also, this concept can be ap-
plied for high order structures in generalized contractions and established for non-normal
or nonsolid with some new applications with nonlinear (or fractional) differential equa-

tions.
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