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1 Introduction

The focus of this research delves into the existence of solutions of the following problems:

‘D'"Z(B)=OB, Z(B), 3<it<4,0<ct<o,Bel0,0], @)

Z20@) =-20(), i=0,1,2,3, '
where ¢D¥ represents the Caputo fractional derivative with a specific order denoted by the
symbol #, and ®: [0,0] x R — R.

In the last few decades, noninteger-order calculus became very interesting to mathe-
maticians and modelers. Fractional differential equations play a major role in applied sci-
ences. The fractional derivatives provide an excellent description of the ecological models,
anomalous diffusion, turbulent flow in a porous medium, synchronization of chaotic sys-
tems, and disease models; see [1-6].

The investigation of differential equations involving fractional calculus has attracted
considerable attention and importance in the realm of mathematics research due to their
capability to describe nonlinear and nonlocal phenomena in diverse scientific disciplines.
These equations incorporate fractional derivatives and generalizations of integer-order
derivatives employed in classical calculus. Nevertheless, solving fractional differential
© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The

images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-024-01878-8
https://crossmark.crossref.org/dialog/?doi=10.1186/s13661-024-01878-8&domain=pdf
mailto:s.aljurbua@qu.edu.sa
http://creativecommons.org/licenses/by/4.0/

Aljurbua Boundary Value Problems (2024) 2024:71 Page 2 of 12

equations explicitly can be a difficult task, mainly when the order of the equation lies be-
tween 3 and 4.

Fractional differential equations (FDEs) have emerged as a subject of considerable in-
terest from researchers due to their ability to capture hereditary effects and long-term
memory. The use of fractional calculus has proven to be a potent tool in modeling dy-
namic phenomena that exhibit such characteristics. This makes fractional calculus a suit-
able methodology for analyzing anomalous transport in complex heterogeneous aquifers
and for exploring various applications in disciplines like biology, chemistry, physics, and
economics. It is crucial to solve FDEs with antiperiodic boundary conditions, which are
observed in many situations, including local or midpoint conditions, as demonstrated by
several studies in the literature [7-12].

In fractional calculus, several researchers have explored the existence of solutions for
antiperiodic boundary value problems in many methods theoretically and numerically.
Ahmad and Nieto [13] used Leray—Schauder degree theory to investigate the existence
results for

D*F(B)=0(B, Z(B)), 1<it<2,p¢el0,0],
F00)=-ZWe), i=0,1,

where ¢D¥ represents the Caputo fractional derivative of order 7, and © : [0,0] x R — R.

Agarwal and Bashir [14] expanded the analysis to include fractional differential equa-
tions and inclusions. They utilized the nonlinear alternative degree and Leray—Schauder
theory to obtain their results. The research contributes to the theoretical understanding
of antiperiodic boundary conditions and provides insights into the behavior of solutions
under such conditions.

Ahmed [15] explored the existence of solutions to FDEs of order & € (2, 3] for

D'"Z(B)=OB, Z(B), 2<it<3,B€(0,0],
FD0)=-29), i=0,1,3,

where ¢D* represents the Caputo fractional derivative of order i, and ® : [0,0] x U —> U

for a Banach space (U, || - ||). The paper contributes to understanding fractional calculus

and its application to boundary value problems, where the existence results were obtained

via the contraction mapping principle and Krasnoselskii’s fixed point theorem.
Furthermore, in [16], scholars acquired the existence of solutions to

‘D*Z(B)=0B, Z(B), 1<it<2,0<e<o,pel0,0],
ff(i)(@) _ —ff(")(a), i=0,1,

where ¢D* represents the Caputo fractional derivative of order #, and © : [0,0] x R — R.
This research expands the understanding of fractional differential equations with non-
standard boundary conditions and provides insights into the behavior of solutions under
parametric antiperiodic constraints.

We structured this paper as follows. The following section provides a background infor-
mation, including definitions and theorems. Section 3 presents the results. Finally, Sect. 4
concludes the paper.
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2 Preliminaries
Definition 1 For Z(8) € C"([0, 00],R), the Caputo fractional derivative of order i > 0,
denoted by <D, is defined by

1

CDﬁg(ﬂ):r(n-a)

B
| b-sriizveas,
0

where n = [u] + 1.

Definition 2 For any order # > 0, the Riemann—Liouville fractional integral of a function
Z(B), denoted I*, is defined by

I"Z(B) =

1 P -1
G /0 (B - 8)L 2(8)ds.

Lemma 2.1 [17, 18]
For it > 0, the general solution of ‘D* 2 () = 0 is given by

Z(B)=m+mB+mp’+--+n.p", (2.1)
wheren, e R,t=1,2,...,n.

Lemma 2.2 The unique solution of

(2.2)

DEF(B)=3(B), Bel00],3<a<4,0<i<o,
FIE) =-2s), i=0,1,2,3,

where 3 € C[0,0], is given by

B (a_ syi-1 ¢ n syl o (0 evi-l
Z(8) - /0 %MMJU) €™ 2 ()ds+ /O &3«3)%}

7 2l TT@ r@
[ =S Uy =t

L 62 +o)—4p’ - 12,36408— (C+0)lo® - 4o +&] UOC (lf(‘;_)?s(a)dé
+/O” %3(5)(15]. 22

Proof By utilizing equation (2.1) for the constants , € R, k = 1,2,3,4, we have

Z(B) =1"3(B) — m1 — maP — n3p> = naff

NGRS

——3(8)d8 — 1 — 2B — 03B — M, (2.4)
0 " (&)
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where

o[ [ ]

(C+o) (¢ —8)i2 (o
" [A F(—&)““dslf r(—1>M&dq

@Co)[ (¢ (c-8)"2 7 (o —8)"3
+T[ ey 3(8)ds + ey 3(5)d8]

@ 10)lo? e + 21T 7 - 0)" (o)t

(C 8)14 -2 ( 5)” 2
n2=2[0 Tatyamas [FC 50 as)

E+0) ”@—8V3 (0 =8
"1 [orm—m(““ / T@-2) wmﬂ

(eo_) ¢ (e _ 8)12—4 o ((7 _ 5)u—4
U e [ oo s)

1|: ¢ (2_6)12—3 7 (o _8)£¢—3
0

ns = Z mB((S)dS + ; m3(5)d5]

@[ [* -y (o i
8 |:./0 Fa—3) 0%+ | WB(SM(S],

B 1 ¢ (6_8)ﬁ—4 7 (o - 8)12—4
Na = 1—2[ A ———3(8)ds +

FGo3) O‘Faiérﬁ”dﬂ'

Substituting the values of 11,72, 13, and 74 into equation (2.4) leads to the solution to
equation (2.3). O

Remark 2.1 It is worth noting that the expressions in (2.3) pertain to the nonlocal FDE,
which is characterized by an order & € (1,2] as per the findings of [16]. Similarly, the first
four terms correspond to the nonlocal FDE with order # € (2, 3]. Upon raising the order
to & € (3,4], the solution to the problem will incorporate an additional term, as indicated

in Lemma 2.2.

Remark 2.2 The solution of the classical problem

D*F(B)=3(B), Peloo],3<it<4,
FZ00)=-ZW(), i=0,1,2,3,

is
B (/3 _ 8)@—1 1 o (0’ _8)1‘4—1
:ﬁm=ﬂ —ﬁﬁ—ymw—iﬁ 30

+w—w)”w—W4 (@B-B?) [° (c-8)+3

i Jy a0V T ) Tasy 0%
6/320'—4/33—03 6(0._8)12—4
.\ = [ /0 T30 da}. (2.5)

Page 4 of 12
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Upon careful examination of equations (2.3) and (2.5), it becomes apparent that four
supplementary terms have been introduced in comparison to [14]. Furthermore, the first
two components in (2.5) correspond to the problem characterized by an order of &z € (1, 2],
as observed in [13]. Similarly, the first three terms in (2.5) dovetail to the problem of order
i € (2,3], as reported in [15].

Theorem 2.1 Let % be a Banach space. Let &7 € 2B be an open bounded subset with 0 €
P, and let K : P —> P be a completely continuous operator such that |Ko| < ||lo| for
every w € 0. Then K has a fixed point in 3 7.

Theorem 2.2 [19, 20] Let & be a Banach space, and let w € & be a nonempty closed
convex subset. Let ¢, and 5 be e operators such that 11 + 5P, € w for By, B2 € w.
Suppose that 1 is continuous and compact and ¢, is a contraction mapping. Then there
exists 8 € w such that § = K18 + 8.

3 Results
Let # = C([0,0], R) with [| Z°|| = supgc(o,,) | Z°(B)I. Define K: % —> # by

(KZ)B)

P (B8
=A ez o)

1 ¢ (6_5)1}—1 7 (o _8)12—1

ero—2B[ [C@E-p*° 7 (0 -8)*?

T [A ra_p 2@ Z@)dor | ?@jﬂ4x&3u»ﬁ}
Bl(E+0)—Bl—to[ (% (—8)i?

' 4 [ ) T2 OO Z0)d

T(i-2)

6B%(C+0)—4B% —12B¢0 — (C+0)[0? —4io + &)
+
48

+ /a w@(s, Z(9)) ds}
0

O(8, Z(5)) ds

|: 6(6—5)5‘_4
“1Jo TG-3)

o (O‘ _ 5)12—4
+/0 m@(& Z(9)) da]. (3.1)

Theorem 3.1 Let © : [0,0] x R — R be a continuous function satisfying ||O(B8, Z1) —
OB, ) <L\ Z1 - 2| forall B € [0,0] and 21, Z5 € R, with LM < 1, where

{SO’Q +¢ (0 +0)-2Bl(c™ 1+ |Bl(c+0) - B] - co|(o™2 + & 2)
M = max — + ~ + =
peloo) | T'(ze + 1) 210 () 200 (- 1)
1682 + o) — 43 —12B¢0 — (¢ + 0)[0? - 4B0 + &2]|(c™ 3 + &*3)
" 24T (i1 — 2) }

Then problem (1.1) has a unique solution.
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Proof Define K: % — # asin (3.1). For a fixed point, setting maxgejo,0] | ©(8,0)|| =
oo and taking r > uM, we will show that KB, C B, :={Z e W : | Z| <r}.For g € B,, we

have

|c2)B)|

B (lg _ 8)12—1
f/o 106, 26) ~e6,0] + [o6,0]]4s

& n syl
+%[/ (c 83 (|06, 2 () - 06,0 + |©6,0)]] s

o ((7 8)14 1
+/0 ) [[©(s, Z(5) - 06,0 +|©@,0)|]ds

-2
e =2 [Tt o, 2) - 00000 + oo

o _su-2
+/0 (lf(;:l) [|©(s, Z5)) - 0,0 + }}@(5,0)”]015]

e Pl [FEED o, 20) - 06,0+ o 0] )4

o -3
[ o6 2 6) - 06.0] + [06.0] 4
0
. |6;32(E+a)—4ﬁ3 —12B¢0 — (¢ +0)[o? — 4o + ]|
48

E(A 5
><|:/0 ;(u 3)[||®(5 L Z(8) - 06,0 + |06,0)]] ds

o ( _5) -
- [ 06, 26) - 06,0 + [o6.0]as]

P (B- a)" ORI GRS 7o -9r!
<(Lr+u)[f d8+§|:/0 @) d8+‘/0 TG d81|
1@ +0)=2BIT [¢ (- 8)2 7 (o - 8)"?
M— Uo C@-1) d8+/o r@-1 d(s]

|/3[(6+U)—,3]—6(7| ¢ — 8”3 (U 8143 ]
' 4 [/o INUR Z)d / T(a-2)

.\ |682(¢ + o) —4B> — 128¢0 — (C + 0)[0? —4Bo + ]| [ € (e—8)it
0

48 I'(it - 3)
o (U _8)12—4
+/0 5(ii - 3) da]

ds

<(Lr+p) 2184 + o+ |(€+0)=2B|(c* + )
T 2[ r@+1y NG
1Bl(¢ +0) — B] - Co|(c™2 +&42)
+ A
2T (i — 1)

1682(¢ + o) — 4> — 12B¢0 — (¢ + 0)[B% — 4¢o + ¢*]|(o%73 + &73)
" 24T (7 - 2) }
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P -8

< IKZ(8)— (KZ)B)I < /0 15, Z:(5)) - © (5, 25(5)) | ds

1 5(_5)1%1
+5[/0 i |06 210) -0(6, 2:6)| 45

o ( 8)” 1
. /0 et 2i) - (6,%(3>)Hd5]

I€+0) 28| [ fEe-g2
+
0

. Ty 106, 210) -0 (6 2:0)| 4o

"(o‘ 5) -2
- [ o6, 2i0) - 006, 2300 | s

|ﬂ[(5+0)—ﬁ]—cg|[ @ - 5)i3
* [

. gy 1006, 210) -0 (5 2:0)| 4o

+ / il 3||o(<s 2.6)) - 0(5, 2:0))| da}
0

INOES
6B%(B +0)—4p> —12B%0 — (¢ + 0)[0? — 4Co + &)
’ 48
) -4
<[ (;( e, 2.6) - (6, 2:6)) | d

o( _8)14—4
v [ S e 2ie) - (s, 2:0)| o]

B
§L||%—%II[/
0

|C+0)=2BI] [ (@C-8)"2 7 (0 - 8)i-
M Uo ra-n @), r(ft—nda]

+'5[(@+0>—ﬁ1—éa|[ fe-ope U(0j5)i’_3d5]
4 o D@-2) o I@-2)

N 16B2(¢ + 0) — 43 — 1280 — (¢ + 0)[0? - 4¢o + 2] [ ¢ (e—8)it

48 o I(@#-3)
o (0__8)12—4
+/0 (@-3) da]

M
=< ?Lllf% -2l

(ﬁ—a)ﬂ-lda+_[ ‘e- 8)“ (a 8)“ ]
: 2L,

ds

so that [|((K.27)(B) - (KZ)(B)Il < LM|| 21 - 2.

By the assumption LM < 1 it follows by the Banach contraction principle that X is a
contraction, which implies that there exists a unique solution for the antiperiodic problem
(1.1). O

Lemma 3.1 The operator KC defined in (3.1) is completely continuous.

Proof Let % C W . Then there exists A; > 0 such that (%7, 23)| < A; for all 8 € [0,0]
and X e % .

Page 7 of 12
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Define the operator K as in (3.1). Then

[(K2)(B)|
P8
5/0 5 |©(8, Z(8))| ds

1 c = 5)12—1 7 (o _5)1‘4—1
- 5[ @ |®(8,5‘f(8))|d8+/0 NP |®(8,ff(8))|d5]

@+ 0)=2BIT (£ @=8)"2 (o Syz
T [ o T@-1) }0(5’§(5))|d5+]0 a1y 106 E»’f(é))}da}

1Bl(c+0) =Bl -éo|[ [¢(@E—58)"3
' 4 |: s T(@-2) |©(8, 2(5))| ds

+/g (G_A—S)H|®(8,ﬁ(6)){d8}
0

I'(iz—2)

|68%(C + o) — 483 - 128C0 — (C + 0)[0? — 4o + &3]
+
48

E(e-8)t
* |:/0 li(a ~3) |©(8, Z(9))| ds

v / T, f(a)){da]
0

I'(iz—3)
[ {2|ﬁf‘|+aﬁ+aﬁ (7 + o) = 28| (™ + &4 1)
< A;| max — + —
Bel0,0] 2T (u + 1) 4T (i)
, |BlE+0) - Bl - o (0?2 +¢"2)
ar(i-1)
|6,32(c+c7) 483 —12B¢0 — (¢ + 0)[0? — 4¢o + 32]|(o™3 + ¢#3) 4
48T (i1 — 2) ”_ »
which implies that ||(.Z)| < A,. Further,
(K2 (B)]
P (B -s8)"2
O(s, Z(8))|ds
- 0 ("_1) ‘ ( )’

1 (¢ —8)*2 o (o - 8)*
+§[/0 O |®(3 Z(5))|ds + /0 T |®(5 ff(a))|d5]

(¢ +0)—28| €-8)= 7 (0 - 8)”3
+ 2 U F(ﬁ_z)\o(a,ﬁf’(a)ﬂdmfo T |@(5§f )}da}
1BlE+0)-Bl-Co|[ [©(E-o)"*
N B c+04 Bl - co |:/0' ;(&0_3) |®(0,£”(0))|d0

(o - 8)”4

O(s, Z(8))|ds

[ 06,20 as]

{Mﬂ”1|+0”1+0”1 (€ +0) = 2BI(0"2 + )

<A;| ma +
= 1[ 5 2T (2) AT (G- 1)

Bel0,0]
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|ﬂ[(e+a)—ﬁ]—eo|” »
4T (i1 - 2) mo

Hence, for all 81, B, € [0,0], we have

B2
(KZ)(B2) - (KZ)(By) S/ﬂ |(KZ) (8)|ds < As(B2 - Br)s

so that K is equicontinuous on [0,0] and thus, by the Arzeld—Ascoli theorem, is com-

pletely continuous. O

Theorem 3.2 Let © : [0,0] x R — R be continuous, and let the following assumptions
hold:

L 1©(B, 1) - O(B, 25)| < LIIO(B, 21) - OB, L) VB € [0,0] and 21, 25 € R;

2. 108, )1 <g(B), ¥(B,g) € [0,1] x R, where g € L1([0,0],R");
Then problem (1.1) has at least one solution on [0,0] if LK < 1, where

|0£¢+2£¢ |(E+G)—2ﬁ|(0i’_1+2ﬁ_l) |ﬁ[(2+0)—ﬂ]—2G|(G'2_2+2'2_2)
K = max —~ + = + ~
geloo] | I'(z + 1) 20 () 2I(z—1)
16B2(¢ + o) —4B% —12B¢0 — (¢ + 0)[0? — 4¢o + &2]|(0™3 + &¢#3)
+ .
24T (22 - 2)

Proof Fixr > %M, where M is defined in Theorem 3.1, and consider B, = {Z € # :
I Z|| < r}. Define the operators %] and J#; on B, by

B _§)i-1
ca2e - [P 20 d,

((B))(B)

L[ -8t
‘_5[0 I (&)

O(8, Z(5))ds + /Oa %@(5, Z(5)) da]

)

@+0) =28 [T (E-8)" 7 (o - 8)i
[ e 2o [T e 20) )

+/3[(€+U)—/3]—2a[ ¢(e-8)"3
0

7 Py 0(8, Z(5)) ds

o (U _8)12—3

N 6B%(C+0)—4B> —12B¢0 — ( +0)[o? —4io + &)
48

o (O_ _8)i¢—4

¢(e—s)it
<[ Tt et zera: [ Fetrenro)m]

For £, %, € B,, we have

1425+ o250 < g <
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Thus JA 24 + #3,25 € B,. By assumption 1, %, is a contraction mapping if LK < 1. Also,
the operator %] is continuous due to the continuity of ® and is uniformly bounded on 5,

b (B —5)i-! gl 18]
|4 28] sfo 106204 < ElL

Moreover, in view of assumption 1, we define sup 4, #,)c0,01x5, |©(B8, 2)|| = Omax, and
we have

|4 2)(BY) - (. 2) ()|

1
T T(@)

A1 . N
/O [(B1 - )" = (B - 8)1]0(5, Z(5))

B2 N Oloo N N N
; /ﬂ <ﬂz—8>"-l®(a,f<8>)dsn< 190 154, — gy + i - g,

L “T(m+1)

According to [21], the norm value is does not depend of 2 and approaches zero as 8,
tends to B;. This implies that 7] is relatively compact on B,. By the Arzela—Ascoli theo-
rem, % is compact on B3,. Therefore problem (1.1) has at least one solution on [0,0]. [

Theorem 3.3 Let © : [0,0] x R — R be a given continuous function satisfying |®(8,
ZPB)<2B)+E\Z) for Bel0,0], Z €R,and & >0, and let 2 € Loo([0,0],R*) with
&< %, where

{ 30t +¢" (o +8)-2B|(c™ + )
YV = max = ~
geloo] | 2 (22 + 1) 4T (1)
1Bl +0)— Bl —Co|(c™2 + ")
4T (% —1)
16B2(c + o) —4p3 —12Bé0 — (¢ + 0)[02 - 4B0 + &32]|(c™3 + ¢*3) }
" 48T (7—2) '

Then problem (1.1) has at least one solution.

Proof Define the operator K asin (3.1) with 2 = K2, and let B, = {Z € C[0,0]||| Z°(B) <
rll}. Setting D(p, Z) = pKZ, p € [0,1] and Z € C(R), we have that d,(Z) = & -
D(p, Z) =% - pKZ is completely continuous.

If  # pKZ forall & € 813,, thenforall p € [0,0], deg(d,, B,,0) = deg(I- pK %, 5,,0) =
deg(dy, B,,0) = deg(dy, B,,0) =1 #0 € B,.

For at least one 2 € B,, we have & — pK.Z = 0. Then

|Z(B)| = [oKZ(B)]

P -9t 1[ (¢ -9
5/0 W|®(8,f(8))|d§+§[/o W|®(8,&‘”(8))|d§

o (O‘ _ 8)1)—1
+f0 W|®(5, D@”(S))M(S}

6+0 —2B| [¢(@E-p)i2
K [/o AL

Page 10 of 12
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o (O‘ _8)i¢—2

N |ﬁ[(6+0)—ﬁ]—€a|[ ¢(@e-8)n-3
0

Z NP |©(8, Z(8))| ds

o (O‘ _ 6)&—3
+/0 mm(& ff(a))wa]

|68%(C + o) — 483 - 128¢0 — (C + 0)[0? — 4o + &3]
+
48

|: c (2—5)5‘_4
X ~
0

P |©(8, Z(8))| ds

o (O‘ —8)'2_4

i A Ay _ -1, sl
S[IIQH +(50|QP|] max 30A+c s |(o +¢) 2l3|(? +c7)
geloo] | 28(z + 1) 4T (1)

1Bl +0)- Bl -Eol(c™* +E"?)
4T (1)
16B2(¢ +0) —4p3 — 1280 — (& + 0)[02 - 4B0 + &]|(0™3 + &473)
" 48T (&1 - 2) }

121 <1211+ &E1Z1]v

Therefore
121v
Z| < .
120 =4
The proof is complete by choosing r > k@%. O

Example 3.1 Consider the following FDE problem:

N __1 [

DXZB) = Grapngzp P <[0,201], (32)
Z0(0.01) = -20(2.01), i=0,1,2,3,
All the assumptions of Theorem 3.1 are satisfied, since |©(8, 27) - O(B, Z3)|| < 5; 121 -

DLl u= %, ¢ =0.01, 0 =2.01 with M ~ 6.721799, and LM =~ 0.082882 < 1 Therefore the
solution to (3.2) exists.

4 Conclusions

The nonlocal antiperiodic boundary conditions in a fractional differential equation result
in additional terms in the integral solutions, as discussed in this paper. The outcomes of
the study are in agreement with the situation where the classical antiperiodic problem
of the interval [0,0] is shifted. As ¢ approaches zero from the positive side, the results
obtained in this paper are consistent with the results of the classical antiperiodic problem,
as reported in [14].
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