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1 Introduction & preliminaries
In recent decades, various publications have focused on generalizing the Hermite—
Hadamard inequality and developing trapezoid- and midpoint-type inequalities that pro-
vide bounds for the right- and left-hand sides of the aforementioned inequality. The au-
thors [11] demonstrated various similar trapezoid-type inequalities and developed the
Hermite—Hadamard inequality for Riemann-Liouville fractional integrals. Kara et al. [8]
identified the following Hermite—Hadamard inequalities:

Let v : [a,b] — R be a monotone increasing function such that the derivative ¥" > 0 is

continuous on (g, b). If g is a convex function on [a, b], then

a+b CB+1) (g .y (a+b\ 4.4 (ﬂ+b>] gla) +g(b)
g( 2 )SZA(w,m(l)[ be( 2 )+ TG\ = = 2 (1.1)

where the 1 -Hilfer operators are defined as follows:

1

ﬁjuv:g(x) = F,B)

/ VO - 0) g0 de,
B AV I p-1
Tie) = 5 / VO - vm) g0 de,
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and

G(s) =g(s) +gla+b—5s),

B B
Agp(1) = (w(b)—w(“;b)) + (w(#) —w(a)) :

See [3,7,9, 12] for further information on comparable results.

In [13], the author introduces a novel class of functions, called /-convex functions.

Definition1 Let/:/ C R — R, where (0,1) C J, be a nonnegative function, /2 # 0. We say
that f: I € R — Ris an /z-convex function if f is nonnegative and for all x,y € I, & € (0,1)

we have

f(ax +(1- a)y) < h(a)f (x) + h(1 — a)f (). (1.2)
If the inequality in (1.2) is reversed, then f is said to be /-concave.

By setting

« h()) = A, Definition 1 reduces to that of the classical convex function.

« h(A) = 1, Definition 1 reduces to that of P-functions [4, 10].

o h(A) = A%, Definition 1 reduces to that of s-convex functions [2].

e h(A) = % Y ke )\%, Definition 1 reduces to that of polynomial #n-fractional convex
functions [5].

Recently, the authors of [1] presented a new class of function, called B-function.

Definition 2 Leta < b and g: (4,b) C R — R be a nonnegative function. The function g

is a B-function, or g belongs to the class B(a, b), if for all x € (a, b), we have

a+b

g(x—a)+g(b—x)§2g<7)- (1.3)

If the inequality (1.3) is reversed, g is called an A-function, or we say that g belongs to the
class A(a, b).

If we have the equality in (1.3), then g is called an AB-function, or we say that g belongs
to the class AB(a, b).

Corollary 1 Let h:(0,1) — R be a nonnegative function. The function h is a B-function if
and only if for all 1 € (0,1), we have

1
h(k)+h(1—k)§2h(§>. (1.4)
o The functions h(A) = . and h(X) = 1 are AB-functions, B-functions, and A-functions.

o The function h(A) = A, s € (0,1] is a B-function.
«+ The function h() = % Y i Ak 1, k € N is a B-function.

The weighted fractional integrals are defined as follows:
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Definition 3 ([6]) Let [4,b] C [0,+00). Let 8 > 0 and ¢ be a positive, increasing differ-
entiable function such that ¥/'(s) # 0 for all s € [a, b]. The left- and right-sided weighted
fractional integrals of a function f with respect to the function ¥ on [a, b] are respectively
defined as follows:

]ﬁ:ﬁf(@ = m /: 1//’(t)(1ﬁ(x) - w(t))ﬂ_lw(t)f(t) dt, a<x<b; (1.5)
b
oY fx) = m / VOO -v) W@ d, a<x<b (16)

where w is a weighted function and the gamma function defined by

r'(B) :/Oootﬁ’le"dt and Br(B)=T(B+1).

For these operators, consider the following space:

b
Xla,b] = {f S llx= ( / OGIVAG) dt) < oo}.

For special choices of ¥, w, and B, we get already known results.
(1) Taking w(t) = 1, the operators reduce to the ¥ -Hilfer integral operators of order
B>0.
(2) For ¥ (¢) = ¢, we get the weighted Riemann—Liouville operators.
(3) For yr(¢) = ¢t and w(¢) = 1, the operators are simplified to Riemann-Liouville integral
operators.
(4) Taking ¥ (¢) =t, w(t) =1, and B = 1, the operators reduce to classical Riemann
integrals.
(5) Setting ¥ (£) = In(¢) and a > 1, we get the weighted Hadamard operators of order
B>0.
(6) Setting ¥ (£) = In(z), w(t) = 1, and a > 1, the operators are simplified to Hadamard
operators of order 8 > 0.
The purpose of this study is to generalize the Hermite—Hadamard inequality given in [8]
for the i-convex function and weighted 1 -Hilfer operator with conditions. For this aim,
we assume / is a B-function.

2 Hermite-Hadamard inequality

This section establishes Hermite—Hadamard-type inequalities for s-convex functions us-
ing v -Hilfer operators. Throughout this paper, we consider that 0 <a < b < 00, 8 >0, and
¥ is a positive differentiable increasing function on (a, b).

Theorem 2.1 Let h be a B-function and w a nondecreasing function. If f € X|a,b] is an
h-convex function, then the following inequalities hold:

w(a) (a+b\ _TB+Dw(EDT[ 4, a+b\ gy (atbh
oy ( 2 )5 2200, F) [IWF< 2 )”W’“*F( 2 )}

1
2
< 2h<1>w(b)(w>,
2 2

(2.1)

Page 3 0f 18
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where

F(r)=f(t)+fla+b-1) (2.2)

and

b\\’ b
ow.5)= (40w ()Y + (v(“2) -via) 23)

Proof Since w is a positive nondecreasing function on [a, 8],
(1) forall T € [a, “—;b], we have 0 < w(a) < w(t) < w(“—zb) < w(b), and then

a+b

a7 =
I e

(2.4)
- M a+b @ ﬂ.
=5 (n(*57) -ve)
(2) forallt e [” ,b], we have 0 < w(a )<w(%)§w(r)§w(b), and then
b B-1
@(wm—w(";b)) =/, (vor-u(57)) wewwar y
2.5

w(b) a+b\\’
ST(W(b)—V/< ) ))

Letting f be an /1-convex function, we have for any t € [a, b],

f(a;b> =f<%(a+b—r)+%r)
1 1

and then

f(ﬂ;b) §h<%>F(r). (2.6)

Multiplying (2.6) by (1//(%) —¥(1))#~1y/(t)w(r) and integrating over 7 € [a, “*b] we ob-

tain
a+b }371
(‘”b>/ e )( ( ) wm) w(z)dr
o p-1
th) / w’m( (‘”b) W(r)) W(e)F(z) dx.

By using the left-hand side of (2.4), we deduce

B a+b
f(a;b><1/f(ﬂ+b> Va )) - h( )L(B + )w(%57 )]wa+ (a+b>‘ 2.7)
w(a) 2

Page 4 of 18
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Now, multiplying (2.6) by (¥ (t) — W(%))ﬂ‘lw/(f)w(r) and integrating over t € [%,b],
we get

b B-1
f(ﬂ ; b> /M (w(f) - w(a ; b)) v/ (0)w(r)dt

2

b p-1
= h(%) Lh (1/’(’) -V (d . h)) V' (0)w(t)F(x) dr.

2

By using the left-hand side of (2.5), we deduce

a+b a+b\\’ _ HGQTB+1)w(%E) 4, (a+b
() (oo o(13)) S (220

Adding the inequalities (2.7) and (2.8), we obtain

w(a) ,(a+b I8+ 1)w(%h) m <ﬂ) b (ﬂ)}
() < 2 >5 229, ) [’W’” 2 ) e F\) ) @9

Let us prove the second inequality in (2.1). Since any t € [a, b] can be written as T = (1 —
t)a + tb for t € [0, 1], we have

F(r)=f((1-t)a+tb) +f(ta+ (1-1)b).
Applying the /-convexity of the function f, we get

F(t) =f((L=t)b + ta) +f((1 - t)a + th)
<h(L-t)[f() +f(a)] + H(D[f(b) + f(a)]
= (W) + h(1 - D)[f(B) +f@)].

Applying (1.4), we deduce

F(r) < 2h(%>[f(b) +f(a)]. (2.10)

Multiplying (2.10) by ((%2) — ¥(1))?~1y/(r)w(r) and integrating over 7 € [a, %2], we
obtain

a+b

=z b p-1
/ w/(r)(w(“; )—wm) W(e)F(z) de

a+b

3 A1
§2h(%>[f(b)+f(a)] / w/(r)<w(“;b)—w(r)> w(z) dr.

By using the right-hand side of (2.4), we deduce

B
[F(b) +f(@] (w(ﬂ) —w(a)) . e

B
r+1)) " F 5

w,at

(a + b) _ 2n(5)wib)

27w
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Now, multiplying (2.10) by (¥ () — w(#))ﬁ‘ll/f’(t)w(t) and integrating over t € [%,b],
we get

b p-1
/ (wr)—w(ﬂ)) W (OW)E() de

atb
2

b LA\ A1
szh(%>[f(b) c@) [ (w(w—w(“; )) ¥ (ewie) d.

2

By using the right-hand side of (2.5), we deduce

a+b\\’
5) = iy VO N(ro-v()). e

2h b
F(/3+1)Iwa (a+b>_ (3)w(b)

Adding inequalities (2.11) and (2.12), we obtain

F(,B+1)W(#) a+b a+b
2900, P) [IW” ( 2 ) i F ( 2 ﬂ

A3 (2)

This finishes the proof. O

(2.13)

The following results are dependent on the function / presented in Theorem 2.1. First,
assuming /(«) = o, we get the following result using the weighted v -Hilfer operators for

convex functions.

Corollary 2 Let f € X[a, b] be a convex function. Then the following inequalities hold:

r 1)w( L
war(*3) = g (457 e

w1021

(2.14)

where F(t) and Q(y, B) are defined by (2.2) and (2.3), respectively.

By setting /() = 1, we get the following result using the weighted v -Hilfer operators
with an f being a P-function.

Corollary 3 Let 8 > 0andf € X[a, b] be a P-function. Then the following inequalities hold:

a+b r(ﬂ+1)w(“7+b)[ (a+b> (a+b)}
W(“)f( 2 )5 aw.p [t ) (5 215)

<2w(b)(f(b) +f(a)),

where F(t) and Qr, B) are defined by (2.2) and (2.3), respectively.

Using /(a) = o, we obtain the following result through the weighted v -Hilfer operators
and s-convex functions.
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Corollary4 Letf >0,s € (0,1],andf € X[a, b] be an s-convex function. Then the following
inequalities hold:

w(a) .(a+b FB+ WD) 5, (a+h gy fa+Dh
5 ()= T (7)o ()

(2.16)
< 2]—sw(b) f( +f(ﬂ)
= — )
where F(t) and Q(r, B) are defined by (2.2) and (2.3), respectively.
Taking h(« Zk o 3 , we deduce the following result through the weighted  -Hilfer

operators and n- fractlonal polynomial convex functions.

Corollary 5 Let 8 > 0andf € X[a, b] be an n-fractional polynomial convex function. Then
the following inequalities hold:

w(a) (a+b\ _TB+DWE[ 5, (a+b a+b
Cs f< 2 )5 2900, F) [JWF< 2 ) ot ( 2 )}

< Gt (0219

(2.17)

1

where F(t), Q(, B) are defined by (2.2), (2.3), respectively, and C, = Zk 1 % k.

Remark 1 If we choose ¥ (t) = 7 and (1) = Int in Corollaries 3, 4, and 5, we obtain
Hermite—Hadamard inequality for P-functions, s-convex functions, and #n-fractional poly-
nomial convex functions involving the weighted Riemann-Liouville fractional operator
and the weighted Hadamard fractional operator, respectively.

3 Weighted trapezoid-type inequalities

This section presents weighted trapezoid inequalities and their particular results utilizing

welghted Y -Hilfer operators with w being symmetric with respect to 4> “*b (i.e., w(t) = w(b +
—t)). To accomplish this, we must first establish an equality in the following lemma.

Lemma 3.1 Assume w is a differentiable and symmetric with respect to “2 47 function, and
suppose h is a B-function. Let f : [a,b] — R be a function where (wf) is a differentiable
mapping on (a,b). Then the following identity holds:

f@+fb) F(ﬁ+1)w(%)[]ﬁ,¢, F(u+b) o (a+b)]
2 20y, 8,w) | 2 wat 2
4<I>(1/f 5 )/ Ay (1) (3.1)

x |:(Wf),< ;Ta 1+t )_( f)( I;Tb>]df’
where

»\\* b B
@(w,ﬁ,w)=(w(b>—w(“; )) w(b)+<w<“; )—wa)) w(a). (3.2)
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B
A‘/,yﬂ(f)=<1ﬁ(a;b)—lﬁ(1;‘[d+I;Tb))
1-1 1+7 a+b\\?
+<1/f< Sat— b)—l/f( 5 )) (3.3)

Proof Let

a

%b B
e (w(#) —w(r)) (WY () d. (34)

Integrating by parts (3.4) and using (2.2), we get

- p a+
boa . (w(ﬂ)—w(r)) W) E@)|F

2 2
o3¢ a+b p-1 ,
8 / (w( u ) - w(r)) W (0)w(0)E(z) dr.
Therefore
B
=-(#(57) -v@) w@ra s re w30 )LE(450). 69

Similarly, let

b b B
:bfafw (w(r)_w(“; )) (WEY () dr. (3.6)

Integrating by parts (3.6), we obtain

_ B
- (w(b)—w(“;b )) W(B)F(B) - T(8 + 1)w<¥)1§32’f(¥). (37)

J2

Since F(a) = F(b) =f(a) + f(b), we conclude from (3.5) and (3.7) that

b—
2= 1) = @, B,w)(f(@) +£(1)
b b b
(s r(e5) ()]
thus
f@ ;f(b) . r(zi ; Dw(“3?) [I%_ F(ﬂ) Y, F(M)]
v, B,w) 2 2

b-a
= 74<I>(1p,/3,w) U2 =T1).

Page 8 of 18
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On the other hand, since F'(t) = f'(t) —f'(a + b — t) and w(t) = w(a + b — T), we get

(wF)’(r):w’(r)(f(r)+f(a+b 7)) +w (f(r flla+b-1))
=w () (r) +w)f (x) -w(a+b-t)f(a+b-1)
—-wla+b-1)f"(a+b-1))
= (wf) (x) - (wf) (a+b-1).

From (3.4), we get

axb

hega [ (w(‘”b ) w(r)) (00f) (©) — (ufY @ + b= 7)) d.

By changing the variable v = %a + —b we obtain

1 a+b l+s 1-5 p
i [ (55) v (e 5)
x [(wf)/(¥a+ IT >-( wf) (—a+ ?b)]ds.
Similarly, from (3.6) we deduce
1 1-s 1+s a+b\\*
pe [ ((Fer570)-9(55))
|:(wf) ( ?b) —(wf)'(%cw %b)]ds.

Consequently,

1
Jo—Ti = /0 Ad,,ﬁ(s)[(wf)’(lgs ﬂb) —(wf)/<¥a+¥b)}ds. (3.9)

Finally, we acquire the needed equality (3.1) by substituting (3.9) into (3.8). d

Remark 2 Putting w = 1 in Lemma 3.1, we get [8, Lemma 3.1].

Theorem 3.1 Under the hypotheses of Lemma 3.1, if |(wf)'| is an h-convex mapping on
la,b] and h is a B-function, then the trapezoid-type inequality holds, namely

fla)+f () LB+ DWE[ 5y L (a+h a+b
2 2d>(vf B,w) []W'b ( 2 ) Pt <T>N

(b- )h
<—

=20y, B,w

) (3.10)
Loy @)+ 0w 0] fo |Ay,5(5)| ds.
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Proof Taking the absolute value of the identity (3.1) and using the /1-convexity of the func-

Dl e(4 ) e |
= 200y 5W)/} 80| ‘(Wf) (—Sm%b)‘
o (e 5 Je
“4¢ubﬁ1w¢/’A¢ﬁs”[ ( ) ( ;S>}[Mwﬂ%an+|nywn]¢g

Given that / is a B-function, setting o = % and 1 -« = 5 yields

‘f(a)+f(b)_F(ﬁ+1)w(#)[] ( ) v <u+b)”
20y, B, w) 2 w2

(b - a)h(;
‘Wf |4y s@|[| e @] + |Guf) (B)] s .

tion |(wf)'|, we get

‘f(a) +f(b) T(B+1w(*%?)
20(y, B, w)

The following results are obtained via the weighted v -Hilfer operators and depend on

the function % given in Theorem 3.1.

Corollary 6
(1) IfI(wf)| is a convex mapping on |a, b], then

f(a)+f(b)_F(ﬂ+1)w(%)[]ﬁv, (a+b> 1 <a+b):H
2 20, B, w) 2 waat 2

< bma
40y, Bw

1
sl @]+ oy ®l] [ 1ayp0]ds.

Particularly, putting w = 1, we get [8, Corollary 3.4].
(2) IfI(wf)| is a P-function on |a, b], then

F@+f®) T+ D, (a+h ash
2 20(0.Bw) [IW”‘ ( 2 ) it ( 2 )”

< 2-4
~20(y, B w

[I(Wf)(a)l |(wf) ()] / Ay 5(s)| ds.

3) IfI(wf)| is an s-convex mapping on [a, b], then

fla)+£(b) F(ﬁ+1)w(%)[ a+b a+b ”
2 20y, B,w) Tus-E ( 2 ) + e F ( 2 )

b-a

1
= sriag g [0 @]+ [ ©)] [0 I4y,5(5)|ds.
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4) If |(wf)| is an n-fractional polynomial convex mapping on [a, b), then

f(a)+f(b)_F(ﬂ+1)w(%")[]ﬁv, (u+b> Y p <a+b):H
2 20, B, w) 2 woat 2

b 1
< e oY @]+ oY O] [ g0 s
where ®(y, B,w), Ay g(s) are defined by (3.2), (3.3), respectively, and
Cu= %Z/’Ll(%)’

Theorem 3.2 Letp>1 and}% + 1% = 1. If |(wf)'|P is an h-convex mapping on [a, b), then

fla)+f(b) T(B+1w(%d) by p(a+h a+h
2 20(y,B,w) []W”" ( 2 ) T F ( 2 )”

(b-a)2h(R)? [ 1 ,
= W(zfo |Ay505)| ds)

(b - @) 2h(3))? , /
SW( f [Ay.50)] ds) (Y @] + | (wf) (B)]).

Proof Taking absolute value of (3.1) and using the well-known Holder’s inequality, we

(3.11)

==

(Y @[ + |y ®))?

obtain
f(@) +£(b) F(ﬁ+1)W(“+b)[]ﬁw (mb)”ﬁ,wF(ﬂ)”
2 2([)(1//,3 ) w,b~ 2 w,at 2
_44)—/ Ay 505)] (wf( %4 ﬂb)‘d

ds

(wf)<1+s %b)

1- 1
( s . +sb>
2

(f) (1+s ?b)

ity e
p
= sty [, s ‘“) ([

ds)p
b-a v ¥ P\
+ 4—(1)(%,3,“/) (./o |A,,,,,g(s)| ds) X ( ds) .

1 1 1 1
Notice that forp > 1,A,B>0,A? +Br < 2'°p (A +B)7,and |(wf)'|? an h-convex function,

we get

f@+f(b) T(B+Dw(*) []ﬁ,,ﬁ_F(a + b) . ]ﬁ,,,,f(ﬂ)”
2 200y, B,w) |'™ 2 wia 2

—4q>(wﬁw)(/ [Avs @ ds) K
X |: (wf) <17a 1;S>

b
a (/|AW(S)| ds)

<
T 40y, B,w)

r 9
ds:|

ds + wf)(1+s %)

S
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([BCR) (3 or - oorie)

Since / is a B-function, we get

‘f(a) +f(b)  T(B+Dw(3?) [IﬁIZ’F<aT+b) L F<a + b):”

2 20y, B, w) wat\ 75
(b—a)(2h(1))? v L
= 4o, pw) (f\Aw I ds) (|wfY @]+ [ry @)

This proves the first inequality in (3.11).
Notice that the inequality A? + B? < (A + B)” yields the second inequality in (3.11). O

Setting w = 1 and /(s) = s in Theorem 3.2, we get the following corollary.

Corollary 7 Letp>1 and 1% + 117 = 1. If|f'|P is a convex mapping on |a, b), then

F@+FB) TGO,y (a+h\ 5y (a_er)]’
‘ 2 29(w,ﬂ)[‘7bF< 2 )* T b\ =

1
7

b- ’ " 1
49(1;5)( / [Avs ds) (F@l +lr @) (312)

1

b-a ! 2 v / !
Sm<zfo Ay 5(5))| ds) (If @] +[f' (&)

)

which is a better estimate compared with [8, Theorem 3.5].

4 Weighted midpoint-type inequalities
This section establishes some weighted midpoint inequalities for weighted 1 -Hilfer op-

erators using the identity in the following lemma.
Lemma 4.1 Under the hypothesis of Lemma 3.1, the following identity holds:

FB+1)[ gy (a+h a+b a+b
29(wﬁ)[’ F( 2 ) e ( 2 )]_f< 2 )

b-a
" 4Q(y, pw(LL)

Qy,
x fo (Qv,B)
—A,,,,f,(s))[(wf)(l : 219) (wf) (¥a+?b>]d&

where Q(V, B) and Ay, (1) are defined in (2.3) and (3.3), respectively.

Proof Let

b B B
fa= bfa/a [(w(ﬂ;b> - ‘”(“)) - (\”(a;b) —1/f(f)> ](wF)’(r)dr. (4.2)
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By using (3.4), we get

_ ab B
PR / (w(“;”)—wm) (WEY (¢) de
o5 b p
[ (n(*57) - vo) e
:< (ﬂ+b> (a)) (WF)(T)| b2 J1
—a
+b a+b
JUCSRTEES
a+b . 2
—<I/f< 5 )—I/f(a)> WE)a) = 7 — ).
Applying (3.5), we obtain
R UESE wa)) wn(%37)
_I‘(ﬂ+1)w<ﬂ+b)lwu+ <a;b>.

(4.3)

Similarly, let

b B B
R2=bfa/@h[<w<b)—w<“;b)> —<¢r(r)—¢(#)) ](wF)/(r)dr. (4.4)
Using (3.6), then we have
_ b B
& R, - /7 (mb)—w(%”’)) (wF) (1) dr
b B
- [ (vo-v(52)) e
B
(ow-s(52)
B
)

v 2
a+b
= (W(b)— ¢<T ) wF)(b)
b
—2(w<b) w( )) ( f)(‘” ) =
and applying (3.7), we get

oo
—2<w<b)—w<“+b)> ( f)(“”’)

2
wE)(©)|ag - 2=

(4.5)
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From (4.3) and (4.5), we have

b-a

—( 2 —Ry)
4Q(y, Byw(%2) @)
B+1) VP a+b a+b a+b
2mwﬁ{Lb( 2) ””( 2>]f(2 )
In addition, according to (4.2),
a+b B B
vy [ ((550)-ve) - (o(5) -vo) |
X ((wf (t) - (wf)(a+b- ‘L')) dt
_ 1 a+b @ p a+b 1+s 1—sb p
[ L557) ) (o (557) (50 5570)) |
[(wf) (1 ik %b) - (wf)’(%a + %b)] ds.
Similarly, from (4.4) we get
B b 2
weit [ (550) - (o (55)) ]
X ((wf () — (wf) (a+b—t)) T
1 a+b 1-s 1l+s a+b\\’
[lo-v(57) (T 50) - (5)) ]
X |:(wf)/<:a + 219) - (wf)’(ﬂa + ?b)] ds
As aresult,
1
Rz—R1=/ (Q, B) - Ay,p(s))
0 (4.7)
X [(wf) (1 s 2b) ( f)’(£u+2b>:|ds.
2 2
To obtain the desired equality (4.1), substitute (4.7) into (4.6). O

Remark 3 Put w=1 in Lemma 4.1, we get [8, Lemma 4.1].
Theorem 4.1 If|(wf)'| is an h-convex mapping on [a, b] and h is a B-function, then

FB+1)[ gy [a+h a+b a+b
‘29mmﬂ>P“bF< 2 ) I <_5_)}_f( 2 )’

(b - ah(L)
2009, Byw(<L) QY B) ~ Ay,p(s)| ds.
= ZQ(w,ﬁ)w(%)H f)@)]+ / el v.6(5)| ds

Page 14 of 18
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Proof Taking the absolute value of the identity (4.1) and using the s-convexity of |(wf)'|
and inequality (1.4), we deduce

FB+1)[ gy (a+h a+b a+b
‘ZQ(w,ﬁ)[]W"’F< 2 ) Tt ( 2 )}_f( 2 )’

< boa 1|Q(1/f,ﬁ)—Aw(S)|
4Q(y, B)w(%L) Jo ’

o (5o o)l fon (e 557 o
»

Q A
49(wﬁ) a9y, By =) Jy 190.8)- A4t

x [(h(%) +h<“ ))(|<wf) @) + I(Wf)/(b)|)]ds

(b-a)h(3)
20y, Byw (%)

[0 @)] + [0 ®)]] /0 100, B) ~ Ay 5()| ds.

This ends the proof. d

The following results are obtained using the weighted v -Hilfer operators and depend

on the function / given in Theorem 4.1.

Corollary 8
(1) IfI(wf)'| is a convex mapping on |a, b], then

FB+1)[ gy (a+b a+b a+b
‘mw,ﬂ)[lw’”( 2 ) o F ( 2 )]‘f( 2 )‘
b-a

< w2 B @+ [ )] / 1200, 8) - Ay 5(5)| ds.

Particularly, putting w = 1, we get [8, Theorem 4.2].
(2) IfI(wf)| is a P-function on |a, b], then

FB+1)[ gy (a+b B p a+b a+b
‘mw,ﬂ)[lw’”( 2 ) e (Tﬂ‘f ( 2 )‘

b-a
< - @ @ @ @ @ @O
2Q(v, B)w(%E)

1
[0 @)] + [oary @] [ 1200 ) - Ay 0] ds
(3) If (wf)| is an s-convex mapping on [a, b], then

rB+1)[ gy (a+b B g M B a+b
‘29(1/1,5)[JW"’_F( 2 )”W“* ( 2 )] f( 2 )‘

b-a , , !
= sty pye [0 @]+ ) [ 19200,8) - g 0] ds
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(4) If |(wf)| is an n-fractional polynomial convex mapping on [a, b, then

FB+1)[ gy (a+b a+b a+b
e (50) e (55)] 2 (57)

(b-a)C, ) , 1
< m“(wf) @] + |(wf) (b)|]/0 1, B) — Ay 4(s)| ds,

where Q(, B), Ay, p(s) are defined by (2.3), (3.3), respectively, and C, = % ZZ;I(%)%.

Theorem 4.2 Letp > 1 and 1% + % = 1. If|(wf)'|P is an h-convex mapping on [a, b), then

FB+1)[ gy (a+h a+b a+b
29(w,ﬂ)[lw"’F< 2 ) I ( 2 )}_f< 2 )’

(b—a)(2h(}))? ( 1 ) )
b=a)CRG)? (o (6w 8)-a .
549(1//,,3)”#) /0’ (¥, B) = Ay p(s)|” ds

x (|wf) @ +|wf) ®)])

b —a)2h(1))?
zisz(;)/(e%( f (200, 8) = Ay s dS) (|0 @] + |0 ®)])-

N

AN

AN

Proof Taking the absolute value of (4.1) and using the well-known Holder’s inequality, we

obtain

CB+1) [ 5y a+b a+b a+b
29(1//,/3)[’%”( 2 ) ik (T)}_f ( 2 )‘
(wf) (—a+¥b)
b-a 1+s 1-s
" aQ(y, pmD) wf) <_“+Tb>

b-a 1 p 1
fm(fo |20 8) ~ Ay (9)| ds)
ds)E

< wf)(l s 1;5)
b-

A QY A ”d)
(I/f ﬁ (a+b) (/ | ﬁ) l’fﬂ(s)| $

sy

B) - Ay p(s)|

49(1& B)w (“*b)/| W,

/’ (¥, B) = Ay p(9)]|

=

S |
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1 1 1 1
Noticing that A? + B < 27 (A + B)? and |(wf)'|? is an h-convex function, we conclude

FB+1)[ gy (a+h a+b a+b

‘mw,ﬁ)[’wﬂ( 2 ) I E ( 2 )}’f< 2 >‘
b—

- (f |y, ) - Av/ﬂ(S)}pdS) 2'r

S—
4Q(y, B)w(4L)
P _
i [ (e 132)

[/1 ,(l—s 1+s)
X —a+ ——
A 2 2
l

Y
d5:|

b-a
< s i (2 120 -asa0 )’
Tl 1 »
x (/0 [h(Ts) +h<§)}[|(wf)/(a)|”+|(wf)’(b)|"]ds> .
Puttingo = 5 and 1 -« = ﬁ yields
rg+1) a+b a+b a+b
‘mw,ﬁ)[’“" ( 2 ) e ( 2 )}_f( 2 )‘
(b - a)(2h(} 7 1

W( / W, 5) = Ay ds) (oY @ + |ouy )7

This proves the first inequality in (4.9).
The second inequality in (4.9) is clear from the inequality A? + B? < (A + B)*. (|

Setting w = 1 and /(s) = s in Theorem 4.2, we get the following corollary.

Corollary 9 Letp>1 and 1% + 117 = 1. If|f'|P is a convex mapping on |a, b), then

‘M[Iw <a+b) i <a+b):|_f(a+b>’
22,5 T\ 2 ) e .
b a v 1/ , » ) p}g
<A [ 1ot~ @) (raf - rop) (@.10)
b-a

< a2 [ lew - a0 ds) (f @] +

).

which is a better estimate compared with [8, Theorem 4.5].

5 Conclusions

In this study, we recalled a new function class, namely that of B-functions, and utilized it to
derive a novel version of the Hermite—Hadamard inequality for weighted 1 -Hilfer opera-
tors. We also established two new identities involving weighted i -Hilfer operators for dif-
ferentiable functions. By combining these identities and the properties of the B-function,
we obtained several trapezoid- and midpoint-type inequalities for /z-convex functions.
Our results not only extend the existing literature on inequalities involving fractional op-
erators but also provide new insights into the behavior of z-convex functions under these
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operators. Additionally, our methods can be applied to other fractional integral operators

by using B-functions.
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