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1 Introduction

The field of mathematical analysis known as fractional calculus (IFC) is actively expanding.
It has much applicability to everyday issues because its nonlocal properties are suitable for
describing copious memory phenomena, not only in pure and applied mathematics but
also in biology, physics, chemistry, and engineering; we suggest the reader to the famous
books [1-3]. The history of FC is almost as old as classical calculus that deals with integer
order, but FC focuses on differential and integral operators of noninteger order (fractional
order). The study of FC currently holds great interest for many academics and researchers.
The abundance of different types of fractional operators derived from various charac-
teristics is one of the fundamental advantages of FC. A variety of these operators have
been applied in many works, and the most illustrious ones are Riemann-Liouville (RL)
and Caputo types. Afterward, many works continuously tried to create and develop some
new fractional operators for over a decade. For example, the Hilfer fractional derivative,
a generalized derivative operator between RIL and Caputo, was introduced by Hilfer [4].
Katugampola type is the generalized fractional operator that unifies R and Hadamard
types into a unique form proposed by Katugampola [5]. Jarad et al. [6] generated pro-
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portional RL and Caputo types of fractional derivatives under exponential kernels. Next,
Ahmed et al. [7] constructed Hilfer type of proportional fractional derivative, which com-
bines the proportional RL. and Caputo types, while Vanterler and Oliveira [8] proposed the
Y -Hilfer fractional derivative and its properties. Mallah et al. [9] proposed the ¥ -Hilfer
proportional fractional derivative operator (i -Hilfer-PFDO). However, some researchers
developed many other types of new fractional operators, which helped to expand the frac-
tional calculus field, see [10—15] and the references therein.

Over the years, fractional derivatives and integrals have been in the form of the gamma
function I'(+). In [16—18], in recent years, Diaz et al. proposed the k-gamma function Ik (-),
it is the generalization of I'(-) in which I't(-) — I'(-) when parameter k — 1. Recently, a
great deal of research has been done on the idea of fractional derivatives and integrals with
k. The fractional operator has been developed utilizing the k-gamma function, and there
are a lot of fascinating publications available. For example, Mubeen and Habibullah [19]
created the k-RL fractional integral operator, which is the generalized version of the RIL-
fractional integral operator. Romero et al. [20] constructed the k-RL fractional derivative,
which is the generalized version of the RL fractional derivative. Moreover, Kucche and
Mali [21] introduced the (k, y)-Hilfer fractional derivative operator ((k, y)-Hilfer-FDO)
and some crucial outcomes for obtaining the corresponding to the nonlinear differen-
tial equation under the (k, ¥ )-Hilfer-FDO. Aljaaidi et al. [22] introduced the generalized
(k, ¥)-proportional fractional operator. For more relevant results, we suggest the reader
to recent application works [23—38] and the references cited therein.

The literature review through the research mentioned above [9, 21, 22, 39] inspired us
to fulfill the gap of the study in this area because this has not yet been taken into ac-
count by the integrated concepts between the ¥ -Hilfer-PFDO and (k, y)-Hilfer-FDO.
Here, we propose a new concept of the proportional fractional derivative operator, the
so-called (k,)-Hilfer proportional fractional derivative operator ((k, y)-Hilfer-PFDO),
a more generalized version covering a broader range of fractional operators. The (k, ¥/)-
Hilfer-PFDO has the advantage of allowing you to change the parameters &, p, § and the
function v, which covers the conventional fractional differentiation operators. This al-
lows us to unify and acquire the attributes of the fractional operators discussed previously.
Some properties are proved. Using the y-Laplace transform of the proportional deriva-
tives in RIL and Caputo types, we can give the following property that links the RLL and
Caputo general proportional fractional derivatives. We explain how fractional integral op-
erators affect differential operators and vice versa. Next, we present the relation between
the fractional proportional derivatives in sense of RIL and Caputo types applying the -
Laplace transform. Furthermore, we study the existence and uniqueness of the solutions
for the higher-order initial value problems under (k, y)-Hilfer-PFDO using Picard’s itera-

tive technique as follows:

Zki)“'ﬂ’p;wu(t) = )L(k,o)%u(t) +f(tu(®), telaT], n-l<a<n,
(1)

lim o ZO-Pok-c)-iko iy =9, 6 eR, i=0,1,...,n—1, A<0,
t—at

where ZkQ‘*’ﬁ'p”” is the (k, y)-Hilfer-PFDO of order « and type 8,0 <8 <1,0<p <1,k >
0, D"V is the (k, yr)-proportional derivative of order i, i = 0,1,...,n—1,n € N, ., Z"k-"FV

is the (k, y)-proportional fractional integral of order nk — n > 0, where n = « + B(nk — a),
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and f € C([a, T] x R, R). The Hilfer-type fractional model offers an effective mathemati-
cal framework for describing and comprehending complicated systems and processes in
natural problems. It was widely used to apply numerous theories and cover a wide range
of scientific and technical areas such as anomalous diffusion, viscoelasticity, dynamical
systems, control theory, signal processing, biomedical engineering, geophysics, environ-
mental science, economics, renewable energy, and so on. Especially, no prior discussion of
the existence and uniqueness of solutions to the proposed problem (1) has used this new
fractional formulation.

The remaining section of this work is distributed as follows. Sect. 2 provides some es-
sential definitions, lemmas, and theorems that are applied throughout this work. In Sect.
3, we develop new generalized concepts of (k, {)-Hilfer-PFDOs and their properties. In
Sect. 4, we define the v/ -Laplace transform for the proposed operators and provide exam-
ples. In addition, the existence and uniqueness result of the proposed problem is studied.
In Sect. 5, two given examples are shown to illustrate the applicability of our results, while

the conclusion of the paper is presented in Sect. 6.

2 Preliminaries
In this section, we give some definitions and lemmas for the v -Hilfer proportional frac-
tional operator and the (k, ¥)-Hilfer fractional operator and their properties.

Assume that J :=[a,T], 0 <a < T < oo is a finite interval, and ¢ : 7 — R is a strictly
increasing continuous function with v'(¢) # 0. The space of a continuous function x on J
is defined by C(7, R) equipped with the norm ||x| := sup,. 7 {|x(¢)|}. The space AC"(J,R)

of n-times absolutely continuous differentiable functions x on 7 is defined by
ACHTR) = {x: T — Rlx" ™ € AC(T, R)},
and the weighted spaces X := C, (7, R) and X" := C;"w (J,R) of x on J are provided by

Cay (T, R) = {x: (a,b] > R|(¥ (&) - ¥(a))"x(t) € C(T, R)},
Coy(T,R) = {x: T — Rix(t) € C" (T, R), 2" (£) € Cary (T, R)},

equipped with the norms ||x||x := sup,. 7 [(¥(£) — ¥ (a))*x(¢)| and [|x[xn := Z?;ol @ +
4 || Note that CJ , (7, R) = Ca,y (T, R).

2.1 ¥ -Hilfer proportional fractional operators (¥ -Hilfer-PFOs) with properties

For convenience and ease of computation in this work, we define a symbol as follows:
o
¢

-1 a_
PN )= B OO )y (), a<s<r<T. )

Definition 1 (Y -proportional derivative operators (-PDOs) [40, 41]) Assume that o; €
C([0,1] x R,[0,00)),i=1,2, p € [0,1], for t € R such that

lim 0'1(10) t) =1, lim UO(,O, t) =0, lim 0'1(10) t) =0, lim O'O(P,t) =1,
p—0% p—0* p—>1- p—>1-
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and o1(p,t) #0, p € [0,1), and ap(p,£) #0, p € (0,1]. Then the ¥-PDO of order p is given
by

f'@®
v(t)

DV f(t) = o1(p, O)f () + 00(p, £) 3)

Especially, by taking oyp(p,t) = p and 01(p,t) = 1 — p, the operator (3) can be rewritten
(called the left-sided ¥ -PDO of order p) as

oY =(1- [ , 4
00 = (=P O+ p s )
which corresponds to the left-sided y-proportional integral operator (y-P10) [40],
t
ARIIOE % / T (6 (s)f (s)ds, where T OPVE(e) =£(0). )

By applying mathematical induction and changing the order of the integral for (5), we
obtain the following left-sided -PIO of order n equivalent to the left-sided -PDO,
D"V f(t), defined by [40]

B 1 ‘ ’ 1 o1 ’
L") = — / W (& s1)y (s1)ds; — / W (51,5209 (s2)dlsy -+
P P Ja

a

1 Sn-1
X [ 1w sav s,

= ,O”I{(n)/ f\IJ;_l(t,s)w/(s)f(s)ds, ®)

where D7V = 9PV DYV ... D"V and T'(n) = [, s"'e~ds, n € N. In addition, the right-
_(_J

n—times

sided ¥-PDO of order p is defined by

DLVF(t) = (1- p)f(t) - pf; /((tt)), LV — VY. oY )
N— ——
n—times

Now, by applying (6), the definitions of the left-sided and right-sided ¥ -proportional
fractional integral and derivative operators (¥ -PFIO/y-PFDO) are introduced as follows.

Definition 2 (y-RL-proportional fractional integral operator (1 -RIL-PFIO) [40, 41]) As-
sume f € L}(J,R), « € C, Re(r) > 0, p € (0,1], ¥ (¢) € C"(J,R) with ¥/'(t) #0,and n € N

such that # = |« ] + 1. Then the left-sided and right-sided 1/-PFIO of order « of f are given
by, respectively,

. 1 L e /
o LOPVE(E) = po / Ty @) () (9)ds,

b
IZ:P;Wf(t) _ ﬁ/t /1)‘-11‘:;:1(5, t)l/f/(s)f(s)d&
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Lemma 1 ([40-42]) Assume a € C, B € C, Re(x) >0, Re(B) >0, and p € (0,1]. Then, if f

is a continuous function, we obtain
I a,p3r (ﬂ T ﬁ,pn//f(t)) =,7 B.psr (ﬂ T ""p”/jf(t)) =, ‘“ﬁ'P”’ff(t).

Definition 3 (1/-RL proportional fractional derivative operator (-RIL-PFDO) [40, 41])
Assume @ € C, Re(a) >0, p € (0,1], f € C(J, R), ¥ (¢) € C"(J,R) with ¥'(¢) #0,and n € N
such that # = |« + 1. Then the left-sided and right-sided ¥ -RL-PFDO of order « of f are
defined by, respectively,

RL . . . @n,p;\/f t n-o—1 /
K :D Dt,Pv‘//f(t) - @ Y (HI n—a,pv‘//f(t)> = m/ f\pw (t,S)I/f (t)f(S)dS,
) ) ) @":P;V/ b 1
RV f(e) = DL (T 1)) = T / 9 6 Oy (9)f (5)ds.
- t

Definition 4 (y-Caputo proportional fractional derivative operator (y-Caputo-PFDO)
[40, 41]) Assume @ € C, Re(a) >0, p € (0,1],f € C"(T,R), ¥ (¢) € C"(J,R) with ¢'(¢) # 0,
and n € N so that n = |o] + 1. Then the left-sided and right-sided v -Caputo-PFDO of
order « of f are defined by, respectively,

ggo‘vp;\ﬁf(t) A (Qn,p;l/ff(t))
1 t n—-a— , 70
T e M (n—a) / TW TN (G )Y () (D f(s)) ds,
C@Zyﬂﬂ/’f(t) _ IZ—Q,P;‘// (Qgp:i/'f(t))

1 b n—a-1 ;W
= m/ T s )Y () (DS (5))ds.

Definition 5 (y-Hilfer proportional fractional derivative operator (y-Hilfer-PFDO) [9])
Assume o € C, Re() >0, p € (0,1], B € [0,1], f € C" (T, R), ¥(¢) € C"(J,R) with ¢'(£) #0
sothat n = |a] + 1, n = {1,2,...}. Then the left-sided and right-sided ¥ -Hilfer-PFDO of
order « and types B of f are defined by, respectively,

;{@ a,ﬁrp;‘/ff(t) =7z B(n—a),p;vr (@n,p;w (ﬂI (l—ﬁ)(n—a)ypn/ff(t))), (8)

Hayuboib f(g) = TP0-ahoib (@gp;w (TP n-adov f(t))). ©)

Lemma 2 ([9, 40-42]) Ifa, u € C with Re(o) > 0 and Re(i) > 0, then for any p € (0,1], we
obtain the following relations:
02 e o ] = Atz o o] = i
LA
(i) B w197 a) | = Rt () Dy [T )| = i
Twh b, 0);
i) P [0 0a) ] = e W ) M [ b | = ol ¢
T b, 0).

Page 5 of 32
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2.2 (k, ¥)-Hilfer fractional operators with properties

Definition 6 ((k, y)-RL fractional integral operator ((k, ¥ )-RL-FIO) [42]) Assume f €
LY(J,R), a € C, Re(a) > 0, and k > 0. Then the left-sided and right-sided (k, y)-RIL-FIO
of order « of f are defined by, respectively,

a; 1 ! %7 /
) / W s () o), (10)
O3 1 bl %1 /
IZ,/( f(t) = kI’k(ot)/t M (s, )Y (s)f (s)ds, (11)
where
Ii(z) = /Dosz_le_%ds, z€eC, Re(z)>0. (12)
0

In addition, some well-known important properties of (12) are as follows:
i1 (% .
Me+k)=2li@), Tk =1, Te@=ki"T (1), T@=limTi). (13)

Furthermore, By(, ) is the k-beta function [17], which is given by
1. w
Bi(z, w) = X f sk Y1 -s)kds, z,weC, Re(z),Re(w)>0. (14)
0

The following are some important relations between I'x(z) and By (z, w):

Cr(2)Ti(w) zw
Bi(w)= o E 05 and ]B%k(z,w)_—]B%(k /) (15)

Definition 7 ((k,)-RL fractional derivative operator ((k,¥)-RL-FDO) [21]) Assume
a€C,Re(x)>0,k>0,feC(J,R), ¥(t) e C"(J,R) with ¥'(¢£) #0, and n € N such that

n = |a/k] + 1. Then the left-sided and right-sided (k, ¥)-RL-FDO of f of order « are de-
fined by, respectively,

RED™VE(E) = kD ™Y (ah TV (1)) = kwfkﬂ )Y () (s)ds,

ka(nk o) /

RO £(r) = D (T £ (1) = > / T s 0y () (9)ds,

ka(nk

n : n
where D "% = DV, DY 4DV = (54" and (DL =1 DLDL - 4DL = (- 4)
—_— [y

7 time n time

and the left-sided and right-sided i -derivative operator of order « of f are given by, re-
spectively,

/@)

f(@)
k
Y (2)

vI(t)

KDVF(E) = k and DLf(6)=- (16)
Definition 8 ((k,y)-Caputo fractional derivative operator ((k,)-Caputo-FDO) [21])

Assume o € C, Re(a) >0, k>0, f € C"(J,R), ¥ (¢) € C"(J,R) with ¢'(t) #0, n € N such
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that n = |a/k] + 1. Then the left-sided and right-sided (k, ¥/)-Caputo-FDO of order « of f
are defined by, respectively,

; nk—o; n; 1 ! ke ’ n;
g,kfga'wf(t) = gy Ik (kCD "/’f(t)) = m/ ll(\pwk l(t,s)lp (S)(kg 'wf(s))ds,

nk—a

OO =Ty (DL W) = o, s 00 6) (D5 6)) ds.

ka nk o) f
Definition 9 ((k, ¢)-Hilfer fractional derivative operator ((k,y)-Hilfer-FDO) [21]) As-
sume o € C, Re() >0, k>0, B €[0,1], f € C(T,R), ¥(¢) € C"(TJ,R) with ¢'(£) #0 so
that n = |a/k] + 1, n € N. Then the left-sided and right-sided (k, ¥)-Hilfer-FDO of order
a and types B of f are defined by, respectively,

ak:D aﬂ'/ff(t) — kIﬂnk a); ( :Dnt/f( kI (1-B)(nk-a); Wf(ﬂ)) (17)
DI F() = T (08 (T ). (18)

Lemma 3 ([21, 42]) Ifk>0, B € [0,1], , u € C so that Re(x) > 0 and Re(u) > 0, then we
obtain the following relations:
w_ _ ) “_
) T i 0] = e P ), T e 6] = 1 X

Ty(p+a) k T (p+e)
Ji+a
1\11_"_ (b t);
N RL a1y 51 _ w19, RL aw gkt _ T
(i) FD aw[k\y x (t,a)] = Ay © (g a) D) [\y (b,t)] S

1y T !
kqu (b, 1);

(i) 10 1w ha)| = e S e o [T )] = s

n-a

L b,

3 Main results
In this section, we define the generalized (k,v)-proportional fractional integral and
derivative operators and their properties.

3.1 (k, ¥)-RL proportional fractional operators and properties

Under all assumptions in Definition 1, we give the definition of (k, {)-proportional deriva-
tive operators. By taking oo(p,t) = kp and o1(p,t) = 1 — p into (3), the left-sided (k,v)-
proportional derivative operator ((k, ¥/)-PDO) can be defined as

f/
V@)

KDV = (1= p)f (t) + kp (19)

which corresponds to the left-sided (k, )-proportional integral operator ((k, 1)-PI10O),

ak VPV = i /tf\llo (t,5)V'(s)f (s)ds, where . T %"Vf(t)=£(¢). (20)
pk J, Y

By applying mathematical induction, the left-sided (k, )-RL-PIO of order n of f is de-
fined by

H 1 ‘ ’ 1 5 /
aw IO = / AACEN (s1)dsi / W (51,909 (s2)dlss - -
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Xi/ . fq’?k(Sn—l:sn)w/(sn)f(sn)dsn
1 L ,
= m/ Z)\pw l(t,S)llf (s)f(s)ds, meN, k>0, (21)

where k@mﬂ;w = k@”“”k@"”” .. ,kgp;\ﬁ'

n—times

On the other hand, the right-sided (k, ¥)-PDO can be defined as

L0 - (1= o) O -knT 0 2)
which corresponds to the right-sided (k, ¥)-PIO
Loy 1 b N ’ .05
Iy f@) = E./ k\IJW(s, DY’ (s)f (s)ds, where Ii,k f@t)=f(). (23)

By applying mathematical induction, the right-sided (k, 1)-RL-PIO of order n of f is de-
fined by

oo 1 b , 1 (? ,
L0 = / LW (s1,0Y (s1)dsi — f (W (52,509 (5:)dsy -
S1
1

b 0
Xﬁ/ T (S S0V (50 )f (50) Sy

Sn-1
1

b
- - 1 ’
T /t WYy (s, )Y’ (s)f(s)ds, mneN, k>0, (24)

where ;DL =, 28,8V .. DLV,

n—times

Lemma 4 Let f be an integrable on J, k >0, p € (0,1], n € N. Then we have
@ (TO) =f0) and DL (T ) =10,

Proof By using (21) and (19), we have

. . . 1 0o ,
aliiad <u,kIn,p’wf(t)> = D" {W L PV Yt s)y (S)f(S)dsj|

S [@‘” (Wlkmk) I f%*(mW’(s»‘(s)ds)]

1 . - |
= Wk@ Loy |:(1 _ p)/u i\pw l(t,s)x// () s
ko d 0o /
+W dt (/ﬂ Z\ij Nty (S)f(s)ds>i|

1 . /
" ko k=) @‘b[/ (Ve (s)f(s)ds}.
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Repeating the process, it follows that

k@n,p;l/f (a,kI”’p;‘”f(t))

1 H ! n-n ’
= Ko T Gk (1~ D) ki’”””“”w[/a (s <s>f<s>ds}

— %[kgﬂﬂﬂ</‘ eT(‘/’(t )w (S)f(s)ds):|

|:(1 p)/ ek,o (Vf )1/, (S)f(s dS+ lﬁk/ft)%<‘/; ek,o (‘/’ )w (S)f(S ):|

= £(@).

The proof is done. d

Now, by applying (21), the definitions of the left-sided and right-sided (k,)-
proportional fractional integral and derivative operators ((k, ¥ )-PFIO/(k, ¥/)-PFDO) are
introduced as follows.

Definition 10 ((k,v)-RL proportional fractional integral operator ((k,)-RL-PFIO))
Let f € LNJ,R), @ € C, Re(a) >0, k >0, p € (0,1]. Then the left-sided and right-sided
(k, ¥)-RL-PFIO of order « of f are defined by, respectively,

o, — 1 P k
TN = / Wi 9w () (), (25)
IV (t) = o /bplll%_l(s V' (s)f (s)ds (26)
P phki@) e ’

where I'x(a) is given by (12).

Definition 11 ((k, y/)-RIL proportional fractional derivative operator ((k, {)-RL-PFDO))
Let ¢ € C, Re(xr) >0, k>0, p € (0,1], f € C(J,R), ¥(t) € C"(J,R) with ¢'(t) #0, and
n € N such that n = | Re(«)/k] + 1. Then the left-sided and right-sided (k, ¥)-RL-PFDO of
f of order « are defined by, respectively,

BEDUPVF(E) = 1D " (o) T f()

@”vp?‘/f t nk—a 4 ,
=T [ 1w o wyoas
& kT p(nk — o)

k@"ﬂ¢( nk am//f( ))

RL@‘X P llff(
@n’pﬂ'[l nk—a

b
-t [ rw F s 0y (5)f(9)d
p"kT‘“krk(nk—a)/r Wyt GOV

Next, the essential properties of (k, ¥)-RIL-PFIO and (k, ¢)-RL-PFDO will be investi-
gated.
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Lemma5 Leta,w € C, Re(a) > 0, Re(w) >0,k >0, p € (0,1] such that Re(w)/k > 1. Then
we obtain the following essential relations:

(i) a,kza’ﬂ;w[ﬁwg’l(r,a)] 0oy F 7N ), Re(a) > 0;
ok Fk(w+a)

(id) I;“’,f;“’[;\yg‘l(b,t)] %;\y 1), Re(a) > 0;
’ ok Ti(w+a)

i) D [0 a)| = £ 0w, 74, a), Re(a) > 0;

) DL [w @, t)] = & ffnk)gw " b, 1), Rela) >

ka‘ @) oy, T .
kakoc v, (t,a),Re(oc)ZO,

) Mowv[pui™ e,

(vi) RL@WW[[)‘W (b, ’f)] ”rf&ka 0w, (b, 1), Rele) = 0

In particular, form=0,1,...,n—1, we have
@] =0 and DLW B0] =0

Proof The proofs for properties (i) and (ii) are fairly similar. We shall prove (i), whereas
the proof of (ii) is equivalent. Property (i) will be directly proven. By applying (2) and
Definition 10, we have

T [Py a)]

= m‘/ e kp( (w(t) w(s))%_ pT (w(s) w(a))%_llﬂ/(s)ds
k
n Ly@-v@) ¢ , 5
) e/ipkﬁ / WO -v6) " (W6 -v@) v 6)ds. 27)
k a

Changing the variable (¢ (¢) — ¥ (a))z = ¥ (s) — ¥ (a) with (12)—(15), equation (27) can be

rewritten as

W O-y(@)

ak L%V [i‘pf—l(t:“)] = m]ﬂ W) -y (@)t

f-1 o
><<1 M) (W) =¥ (@) * v ()ds.

YO -v()
oy ey (1 .
— k=Y ? - Y = ! Q—Id
- % "’\p (L‘ a).

p ¥ Te(ar + ) ©

The proof of property (ii) is similarly processed. Next, we will prove property (iii), while
(iv) is analogous. By applying (2) and Definition 11, it follows that

k@n,p;'// [l’:\pf—l(t’ tl)] _ kgn—l,p;w (kgp;w [lfq"f_l(t, a)])
= k@n—l,p;w [(1 -p) (e T L)~ d/(ﬂ»(lp( £ - Ip(a))f_l)

ko d (et .
RZ0) dt( W () - (a)t )]
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= plo =KD" [ VO () (a7 ]
= plw k(D" [gwfk Twa)).

Repeating the above process, it follows that

w-nk

(DAY [;’ v, a)] =" (@=K) (@=20) - (@ (n-2)k) (W, * " (t,a)

Vlr‘k(w) pq’ kk*1

“Trw_ni v B

Finally, we will prove property (v). By using Definition 11, we have
8o e [Lw i 6@ =@ (i T [p0 ] ) ]). (28)

By using properties (i) and (iii), equation (28) can be written as

. w_ r . w+nk-a _
R ) et (G (LRI )
ok Ti(w+nk-a)
13N _
_ '07’((6’)) ', 5 1(,;,“),
Ti(w—a) k
The proof of relation (vi) is the same. O

Lemma 6 Leto € C, Re(w) >0,k>0, p€(0,1],and v = Then we have

1+,o(k n
M) ax T 0 = (2 ) oI £ (1) and ;,,}f;wf(t):(g> 7" f o)
(i) 1 D"PVF@) = [1+plk—1)]" (@””"/ff( )andk@gp””f(t)=[1+p(k—1)]"(@g“”f(t));

a

(i) B vy = (%) " (HDEf@) and® Dy f(0) = (p—vk)_% (RLQE’V“”f(t)).

Proof We will prove relation (i) by directly proving only the left-sided case, while the right-
sided case is similar. Using (13) and Definition 10 yields

TP f() = — : / 0wk 45y () ()ds

k,o% I'(a) Ja

_ ;) / w7 sy (s)f (s)ds

Next, we will show relation (ii). By (16) with v = k ;> one has

Pk
1+p(k-1

fo 1

H2
v 1epk-n IO

DY) = (1 -v)f(t) +v

which implies that

k@p;‘/ff(t) =[1+ plk=1)] @V;llff(t).

Page 11 of 32
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Repeating the process, it follows that

KDV = ([1 +p(k=D]DW ... [1+p (k=-1)] @V;fo) (t)

n—times

=[1+p(k=D]" D"Vf ().

The proof of the right-sided case of property (i) is similar. Finally, we will show relation
(¢ii). From properties (13), relation (i), and Definition 11, it becomes

RL iy c,p3¥ i e ! /
Py PYL(E) = s / Py (&, )Y (s)f (s)ds
ko & Ti(nk —a)

o [ P e
= (t,s S)f(s
nk—o  nk-o nk—a k

kp & kT ( kk ) Ja

_ L+ pk—1) 2" /‘ﬁw(

pnkkaknk—a (n_%)

DV (4 (¢) — ¥ (S))”‘%‘l ¥ (s)f (s)ds

14 n—% YA n—-%.v;
() sty e (e E)

i (L) B )
ok
The proof of the right-sided case of relation (iii) is the same process. g
The semi-group properties of the (k, 1)-PFIO are shown below.

Lemma 7 Leto; € C,Re(;) >0,i=1,2, k>0, and p € (0,1]. Then we have
(i) ak T Otzvp;‘/f( T al:p:‘/’f(t)) = ak T a1+az,p;1/ff(t) = ak « T Loy <ak T az,p;wf(t)).

(ii) Iﬁ,p;w( T wf(t)) IZ}:otz;P;‘ﬂf(t) _ IZ};/W( To2P5 wf(t))

Proof By directly presenting, we will show only relation (i), but (ii) is a similar process.
From Definition 10 and (13), we get

kT (i T “bﬂﬂ”f(t))

= ﬁ;/ e VO () - (1)) T (2)
kp® Ti(a2)

x(% / oS OO () —w(s»“k”w/(sy(s)ds)dr
kp® T'x(o)

1( )Tk )/t/repk_”lwM<1/f(t)—¢(r))“%—1
ko)l o) Ja Ja

X (Y (T) = () Ty () (s)f (s)dsdx
= o) tay ! /\eﬁ(]ﬁ([)i S)Ip,(s)
k2p~ %" Ti(an)Ti(er) Ja

x [ / W) - p() () - w<s>>“%—1w'<r>dr}/(s)ds.
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Setting (¥ (¢£) — ¥ (s))z = ¥ (t) — ¥ (s), it follows that

ak T Q2P (a'k T a1,p;v/f(t)>
1 t
/ekp YO (g (6) 9 (s) Ty )
k2 Fk(al)rk(aZ)

1
X |:‘/. zaTl‘l(l —Z)a%_ldz:|j(s)ds
0

1 p a1+ot
: / v, © T sy () (9)ds

kp Tilag + g
=ax L al+0t2,p:‘/ff(t).

a1+a

O

The proof is done.

Lemma 8 Assume that f is an integrable on J, k >0, n € C, Re(n) > 0, p € (0,1], and

0 <m < [Re(n)] + 1. Then we obtain the following relations
(29)

O (T ©) = i)

DL (T ©) = T O (30)
Proof We will prove relation (29) by directly showing, while (30) is similar. By using Defi-
nition 10, (19), and (16), we get

(¢, s)w’(s)f(s)ds]

AU E

. . . 1 t
k@m”"‘/’ (a,kI”’p"’/f(t)) — k@m,)oﬂ/f |: - / ]/;q,
kpxTx(n) Ja

—  m-Loy oY 1 ' % d
o [m (ker,((m / 0 () ) s)}

: N “’“’[(1 p)/ p‘p% (&)Y (s)f (s)ds

- ———®

i kP%Fk(Tl)
ko d t o
VO dr ( / v 9y (s)f(s)dsﬂ
- 1 N /
kp*~Ti(n - k) 0 |:/a Wy (LY (s)f(s)dsi|

= D (G T ().

Repeating m-times the same process, it follows that

k@”bpﬂlf (a,kI”’p;wf(t)) — a,k_’[ﬂ—mkyp;‘/ff(t)

The proof is done.
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Lemma 9 Let w, n € C, Re(n) >0, Re(w) >0, k>0, p € (0,1], m € N, Re(n) > Re(w), and
n = |Re(w)/k] + 1. Then we obtain the following relations:

BL gyt <u,kI"'p”/’f(t)> =t ITOPVE (1), (31)

RL,prw(IZ,f wf(t)) - wp'/ff( 0. (32)

Proof We will prove relation (31) by directly showing, while (32) is similar. From Defini-
tion 11, Lemma 7, and relation (29), we have

B (g TH(0)) = kD (g T (T F())
_ k@n,pn/f (ﬂykInkfwm,pn/ff(t))

= kT Q)
The proof of property (32) is similar. The proof is done. d

Lemma 10 Let @ € C, Re(a) >0, k >0, and p € (0 1], then
() aaT* (D) = (0 e koo (e f@))

i=1p 15 Fk(a+k—ki)

(if) Z2 v (RLQW 0 d’f(t)) =f(t) - X": (}:57(“) [k@g—i,p;w( rk-ap; Vb )>]

i=1 p k Ty(a+k—ki

5

Proof From property (29) in Lemma 8 with m = 1, we obtain

§O (T h(t)) = he). (33)
By using (33) with h(t) replaced by A(t) = ;4 Z**V (s,i@‘"'p“/’ f (t)), we have

kT (B (1))
0 (a0 (o (e ) )

- k@p;df (a,ka“"'p”/” (ﬁ@mpﬂ/ff(t)))

t o
= k@'lm/l (W'/‘ Z\I/‘f/ (t,S)lﬂ ( )ak@c‘pwf(s)ds> (34')
p & Ti(k +a) Ja

By direct computation with integration by parts technique, we get
1 Lo« _
— / 1[:\1/1]2 (t, )V (s) (Sﬁga’p"/’f(S))ds
kp * Tilk +a) Ja

1 Loa
- [twl e @ () as
kp ® Tr(k +a) Ja

1 ! e ’ R -1,p; nk-a,p;
- [ el 60 [0 (e ) Jas
kp ® Ti(k+a)/a

Page 14 of 32
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1
= kta
ko * Tk +a)

i [ 8T i1 (et

1 toag , . .
- ot J, 1 v wzenso) o
1Y K\&) Ja

{/ﬂti\y;ki &)y’ (s) (1 - P)[k@n_l'p;w <a,k1"k_”’p”/’f(s)>]ds

,‘:\Ilg(t,zz)

B ,0% ik +a) [kgn_l'p;w (ﬂkank_a’p;wf(“Jr)) ]
k

Repeating the procedure of integration by parts at nth-step, we obtain
1 L«
P / 2’%(t,s)w/(s)(ﬁﬁﬁa'ﬂ'wf(s))ds
kp * Tk +a) Ja

1 ¢ % _n , .
= @k e ) f W GO (TS () ) s
14 Ko —n a

n p\[}%iiﬂ(t a)

Y s D[ (uzeriya) |

-l P (o + 2k — ki)

1

to,
_ E/‘ epk_pl(w(t)_w(s))w,(s)f(S)dS

'U\IIk l+1(t a)

_: : Ot+k ki

PEY) (o + 2k — ki)

(07 (e )] 3

Substituting (35) into (34), we have
kT (ifi@""”“bf(t))

ol [% / e VOO g (o) (5)ds

pl[l k l+1(t 61) 4
B KD, rk-epi £+ :| 36
T L (el 0)) 0

By applying property (iii) in Lemma 5 and Lemma 8, relation (36) can be rewritten as

follows:

: ; wl 1" tww-ve,,
a,kI“’ﬂ"”(f‘LkE“”"‘”f(t)) _ ka"”[g / £ VOV 1o ds:|

n k@n—i,/);gl/( Ink—a,p;V/f(aJr))

_ @Pﬂ/f P\Ij%_Hl :
Z N (o + 2k — ki) ‘ [k o d)]

n p\I/k (l’ 61)

=f6)-) — =

o1 p F Tila+k—ki

) [k’Dni’p id (a,kInkfa’p;wf (ﬂ+)>] .

The proof is done. The process of the proof in relation (ii) is the same. d
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3.2 (k, ¥)-Caputo proportional fractional derivative operator and properties
Definition 12 ((k, y)-Caputo proportional fractional derivative operator ((k, y)-Caputo-
PFDO)) Leta € C,Re(e) >0,k >0, p €[0,1],f € C"(T,R), ¥(¢) € C"(T,R) with ' (¢) #0,
and # € N such that n = [Re(«)/k] + 1. Then the left-sided and right-sided (k, ¥)-Caputo-
PFDO of order « of f are defined by, respectively,

SDUF(R) = ok T (D" (1))

1 t o nk—ot 1 , i
- \p @nypn/f ds,
p T KT ik - ) / 9V (k f(S)> *

C@Z}f Vlf (t) = Vlk —a,05% (kggﬂﬂ/'f(t)>

1 b nk—a _ o
= W(k)/ P, I(Syt)lﬁ,(s)(k@ép’wf(s))d&
p F kTi(nk —a) Jt

Lemma 11 Let a, w € C, Re(a) > 0, Re(w) > 0, k >0, p € (0,1] such that Re(w)/k > —1.

Then e
0 5’ @a,p;llllip\yk t, )] kak( )Z\IJ]#T_I(I‘J,LZ);

Ti(w-a)

) o5t [pwi o, t)] = f;f Ce) oy 7 (b, 1),

In particular, form=0,1,...,n—1, we have

SO vika| =0 and  Copt[pwne.n] =0
Proof By applying Definition 12 and properties (i), (iii) in Lemma 5, we have
0 [pu ] = oo (s g i )

p"T'i(w) gk

( Inkotpl//l:ﬂqj T (t’a)D

" Tr(w - nk)
_ pETi@) o
\I/ t,a).
" Tiw-a) ¢ a)
The proof of property (i) is similar. O

Lemma 12 Leto € C, Re(w) >0,k >0, p € (0,1], and v = Then
0) S0 r) - () F Cotrrey

(ii) C:thm//f(t) _ (E) Cgf,v;wf(t).

1+p(k D*

Proof By applying property (i) in Lemma 6 and Definition 12, it follows that

gkga,p;wf(t) _ a,kI”k“"’””” (k@n,p;wf(t))

nk—a

:(é> ’ [1+,0(k—1)]”[uI"_%'V;w<©n’v;wf(t)>]

k [
_ (kl> )
0

The proof of property (ii) is similar. The proof is completed. d
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Lemma 13 Let k, w, n € C, Re(w) > 0, Re(n) >0, p € (0,1], n = [Re(w)/k] + 1, and Re(n) >
nk. Then we obtain the following relations:
() S (akTVVF©) = kTP f 1)

@) D (T ©) =T f @),
Proof We omitted the proof since this lemma is similar to the proof in Lemma 8. g

Lemma 14 Let o € C, Re() >0, k>0, Re(a)/k € (n L,ul,neN,and p € (0,1]. Then
/’q, (

(i) axZ" (S,k@“’p“/fﬂt)) 1 - i mk@n 0 £ a);

o, 1 bt n—i, H
(ll) IZ/(p]/j(Cgb/fv/f t)) Z (pk)” l(n l)‘ 9 pd/f(b)

i=1

Proof From property (i) in Lemma 8 with m = 1, we obtain

(D7 (kT (E)) = he). (37)
Using equation (37) and h(t) = ;42" (g,k@“"""'f (t)) implies that

Iapw( DUV f(t )) (a_ka’p“”< Iap'#( DUV (¢t ))))
= D7 (a,kaJ'”k’p;w (kgn’p;wf(f)»

= v ; t " 4 0%
— </<p"“1“k(nk+k)fﬂ v (680 (5) (107 f(S))ds>.

By using integration by parts, we have

1

m f LY, (6s)Y(s) (kgn’p;wf(s)>ds

. e IR AL G (A (0|

1 6o / s
:m[(l—p)/ﬂ LV (6 s)y (s)(@ Wf(s))azs

t d
VAT n-1,0;%
+k,0/a kqj‘/’(t’s)_ds (;{D f(s))ds]

1

_ n—1,p;¢
- kp”*le(nk+/<)[ kp v (t S)(kg " a )>

t
+nkp / f\y;l(t,s)w/(s)(kg”‘l'“‘”f(s))ds]
Repeating the procedure of integration by parts at nth-step yields that

a,kz-a,ﬂ;lb (ikga./)ﬂ//f(t» — k@ﬂ;l/f [ﬁ/ e kp L )w (s)f(s)ds

n plpn+17i(t a)
a L , n—i,p;¥
; (pky™ ™ (n+ 1 - i) (k@ f(a))}'
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By using equation (16), Lemma 5, and Lemma 8, we have

Iﬁtm#( @am#f( ))

n oTk (nk + (2 — i)k) p\I/‘/l '(t,a)
=f- ZI: (k)" Ty (nk + (1 = i)k) (1 + 1 — i)!

(@ f(a))

Pt a)

kv n—i,05
-3 AT (o).
Z (k)™ (n —l)!( )
The proof of property (ii) is similar. The proof is completed. d

3.3 (k, ¥)-Hilfer proportional fractional derivative operators and properties
Definition 13 ((k,v)-Hilfer proportional fractional derivative operator ((k,)-Hilfer-
PFDO)) Let @ € C, Re(a) >0, k>0, p € (0,1], B € [0,1], f € C"(T,R), ¥(¢t) € C"(JT,R)
with ¥'(£) #0 so that n = [Re(a)/k] + 1, n € N. Then the left-sided and right-sided (k, ¥)-
Hilfer-PFDO of order « and types § of f are defined by, respectively,

H POV f(g) = oy T Prk-edoiv ( LD (ﬂy I (-B)0k-a)pip f(t))), (38)
,B.0; k—a),p; 03 —B)(nk—a),p;
TR f0) = T (@l (TP @) ). (39)

Lemma 15 Leta, w € C, Re(a) > 0, Re(w) > 0,k >0, p € (0,1] so that Re(w)/k > —1. Hence

, . -1 K T (
() Howrv [pu )]:*;k(wk;‘“wT (t,)

@) "o e e, t)]—p”k (v, b,

Tk (w-a)
In particular, form=0,1,...,n-1, we have

LD [0 (a) | =0 and DL LW (b0)] =0,
Proof Definition 13, property (i) in Lemma 5, and property (i) in Lemma 8 imply that
00909 [l 0]
= g TPk-pip (kgn,p;vf (a‘ (TP lk=c)piy [Z v, a)]))

Til(w i i w+(1-B)(nk—a) 1
_ k( ) ’kIﬁ(nk—oz),p,w (kgn,p,w [i \ij k (¢, d)])

(1-8)( nk a)
P Fi(w + (1 - B)(nk - a))

nF w ) w—a—ﬁ(nkfﬂl)71
_ (@) (,kI’g(”k’””"w[/f‘l’w_ x (t,a)])

p P T (0 + (1 - B)(nk - @) — k)

pt Ii(w) -
m Z\Ij k (t,ﬂ).

The proof of property (ii) is similar. d

Lemma 16 Let o € C, Re(w) >0,k >0, p €(0,1], and v = #ﬁ_l). Then
. . 7% a .
Q) BDmbrvf@) = (1) HDEAA()
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.. o,B,0; v % EBusy
(i) o5t = () o @,

Proof Definition 13, properties (i) and (iii) in Lemma 6 yield that

H QWP f(£) = o TPk (k@n,p:w (a, TP ok iy f(t)))

( v )ﬂi R e (ﬂz(l‘ﬁ)(”‘%)'“;‘”f 0))

kp

- (i) HOEAY£(y).
kp

The proof of property (ii) is similar. d

Lemma 17 Let w, n € C, Re(w) > 0, Re(n) >0, k >0, p € (0,1], n = |Re(w)/k] + 1, and
Re(n) > nk. Then we obtain the following relations:
i) BBV ()T f(©) = as TP f (0

(ii) H@Z)]f,p;w (IZ,’,f”/’f(t)) _ IZ,Zw'p;wf(t)‘
Proof We omitted the proof because the process is similar to that in Lemma 8. O

Lemma 18 Let o € C, Re(w) >0, k>0, p € (0,1], and n = Re(a) + B(nk — Re(w)). Then
() 0k (HDUPIVF(E)) = a0 (DM f():

(if) IZ,kpﬂ/' (ngf,p;wf(t)) _ IZ,'k””/’ (RLQZ,’Z;wf(t))'
Proof By applying Definition 13 and property (i) in Lemma 7, we have

i TPV (Zkga,ﬁ,pn// f(t)) = o TP (mkIﬁ(nk—a)yﬂﬂ/f ( (DY (a'kzu—ﬁ)(nk—a),p;w f(t))))
- a,kIa,p;w (a,kI”’“'p”/’ (%(@ n,p;tlff(t)))

— a‘kI””’”/' (ﬁ@ n,p;l//f(t))'

Using property (i) in Lemma 10 yields that

kT (D f(0))
T
-y s () [0 (o f(a)) |-

i1 ,o”T Tr(n + k — ki)

The proof is completed. g

4 y-Laplace transform and uniqueness result
4.1 Y-Laplace transform for the (k, ¥)-Hilfer-PFOs
In this subsection, we investigate some basic properties of (k, ¥)-HPFOs, which are pro-

posed below.
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Definition 14 ([43]) Assume that f : [¢,00) — R is a real-valued function, ¢ € C([a, 00),
R) with v(¢) > 0. Then the v -Laplace transform of f is given by

Lo = f VOV L)y (1)t Vs, (40)

where the right-hand side of the above equation is valid.

Definition 15 ([43]) A functionf : [0,00) — R is said to be of {-exponential order if there
are nonnegative numbers ¢, M, and T so that |f(£)] < MeV® forall t > T.

Theorem 1 ([43]) Letf € Cyy (J,R) and Y (t)-exponential order so that f1)(¢) is piecewise
continuous on J . Then the yr-Laplace transform of f1)(t) exists, where

1@

() _ e
Ly {fH O} =sLy(fOY-f@),  f ()_Vf(t)

Now, the generalized convolution integral is given as follows.

Corollary 1 ([43]) Assume f € Cj, 1(J,R) so that f, i =0,1,2,. -1, are of Y-
exponential order and f is a piecewise continuous function on J . Then the generalized
Laplace transform of f"(t) exists where

n-1
Ly (f" o) =s"Ly {fO} - s a).
i=0

Next, we provide some details about the Mittag-Leffler (ML) functions, which are used
to studying the theory of fractional calculus.

Lemma 19 ([44]) Assume z € C, a >0, and B > 0. Then the ML functions for one param-
eter and two parameters are provided by, respectively,

o0 2k o0
7 1N d ]EOIO(+
Z I'(ka +1) an pE ; k+1a+ﬁ)

IfE,(-) and Eq g(-) are two nonnegative functions, we have the following properties:

1

Ey(2) :=Eq1(2) <1 and Eqp(z) < T (3)’

Vz <0, (41)

with E(0) = 1 and Eq g(0) = 1/T'(B).
The -Laplace transforms of basic functions were defined as in Lemma 20.

Lemma 20 ([43]) Leta, B € C, Re(a) > 0, Re(B) > 0, and |s%| < 1. Then we have the follow-
ing properties:
() Lyf1}=1,5>0;
(i) Ly {w(t) v(@)'} = s> 0;
(iii) Ly {erVOV@Y = L 55
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(iv) Ly {@VOV@OLF@)) = L, (f(2)}(s - N);
W) Ly {0 =¥ (@) Bup (AW @) - p(@)?)} = 52

The ¥ -convolution integral operator of two functions is given below.

Definition 16 ([43]) Assume that f and g are two piecewise continuous functions on J

and of yr-exponential order. The ¥/-convolution of f and g is given by

(F %0 ) (0) = / FOg (W @) + v (@ - v()) v ($)ds,

where (f #, €)(t) = (g %y £)(0).

Definition 17 ([43]) Assume that f and g are two piecewise continuous functions on 7

and of y-exponential order. Then we have the following relation:

Ly{f(8) g g0)} = Ly {f(O}Ly{g(1)}.

Next, the ¢ -Laplace transforms of (k,y)-PFDO, (k,)-PFIO, and (k, ¥)-HPFDO are

provided as follows.

Theorem 2 Assume that f € Coy (T, R) and is of Y -exponential order such that (D" is
piecewise continuous on J . Then the vr-Laplace transform of 19"V is defined by

Ly (@ F@©)) = (1= p + kp9)Ly (f(0)) - kof (@).
Proof By using equation (16), Theorem 1, and Definition 17, it follows that
[
v'(0)
= (1= )Ly (FO) + kp[sLy [F(0) - f(a)
= (1= p +kps)Ly{f (1)} - kpf (a).

Ly [1@7Vf(0)} = ﬁw{(l - p)f(0) + kp

}: (1= P)LYFO) +kpcw{f ©) }

v'(2)

The proof is completed. g

Corollary 2 Assume f € C;‘l([a, o), R) is such that f, i = 1,2,...,n — 1, are of Y-
exponential order on J and f" is a piecewise continuous function on J. Then the -

Laplace transform of (D" is given by
n-1 ’
Ly (D O} = (1= p+ kps) Ly (FO) ko Y (1= p +kps)' (12" f(a).
i=0

Proof It is easy to show by mathematical induction. We omit the proof. O

Now, we will show the only the i -Laplace transform of the left-sided (k, )-PFIO.
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Theorem 3 Assume a € C, Re(x) > 0, and p € (0, 1]. Suppose that f is a piecewise contin-
uous function on [a, t] and of -exponential order. Then we have

Ly{f(1)}

IO T

Proof By applying Definition 10, Definition 17, and Lemma 20, it follows that

Ly sV f(0)) = ﬁ {f*wekp D (1) - w(a»i-l}
o
:mﬁw{f t)}ﬁw{ekﬂ VOV () - w(a))_l}
k
YA
pkrk(a)‘c‘”{f”}‘c*”{(‘”(” V@)t }( kp)
(%
= (&) 7 Ly{f ()}
k,o%Fk(oz)(s—k—p1 t
__ L)
(k,os—,o+1)%.
The proof is completed. O

Next, the y-Laplace transform of the left-sided (k, ¥/)-RL-PFDO is analyzed.

Theorem 4 Assume o € C, Re(a) > 0, Re(w)/k € (n—1,n), k>0, p €(0,1], f € .ACZJ/,(],
R), ¥ € C*"(J,R) so that ' > 0, and , I *PVf is of yr-exponential order, i =
0,1,....,n—-1,neN. Then

Ly {52V} = (1= p + kps) Ly f(0))
n-1
—kp Y (1=p+kps) <a,kI”k‘“‘ik’p;"”f (ﬂ*)).
i=0
Proof Using Definition 11, Corollary 2, and Theorem 3 implies that
Ly {2k @)}
— ﬁw { an,p;llf (a,kI”k’“’p”/’f(t))}

= (1= p +kps)" Ly [ as T (1))

n-1
—kp Z (1-p +kps)" [/(Qi’p;’/’ (mkl'”k_“'p””f(a))]
i=0
1-p+ kps) ! . .
= Ly —kp Y (1= p+kps) (a,kI”k‘“"k"’ v (a)>
(k,os -p+ 1) i=0
n-1
= (L= p +kp) EL 1) ko Y (1= p 4 kps) ™ (a4 f(a)).
i=0

The proof is done. d

Page 22 of 32
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Next, the ¥ -Laplace transform of the left-sided (k, ¥r)-Caputo-PFDO is proved.

Theorem 5 Let @ € C, Re(e) >0, Re(e)/k € (n—1,n), k>0, p € (0,1], f € ACZ}W(J, R),
¥ € C(J,R) so that ' > 0, and ; D"V f is of Yr-exponential order,i = 0,1,...,n—1,n e N.

Then
n—1
Ly (DY@} = (1= p+ kos) [ﬁw (fO)-kpY_ (1= p+kps) ™ (ki)i”’;"’f(a))}-
i=0

Proof Using Definition 12, Corollary 2, and Theorem 3 yields that

Ly {50} =Ly ia,kI"k_a’p”// (kg"’p”//f(t))}

1 .
- Ly @)
(kps—p+1) «

1

- [(1 —p+kps)"Ly{f(t)}
(kps—p+1) &

n-1

ko Y (1= ko) (1910 |

i=0

n-1

= (L= p+kp)E Ly F(O) ko Y (1= p 4 kp9)F7 (1D f(a) ).

i=0

The proof is finished. d
This result studies the y-Laplace transform of the left-sided (k, ¥)-Hilfer-PFDO.

Theorem 6 Assume o € C, Re(a) >0, Re(w)/k € (n—1,n), k>0, p €(0,1], f € .ACZ}W(J,
R), ¥ € C"(J,R) so that V' (t) > 0, and 4 IT-PUk-0V £ is of vr-exponential order, i =
0,1,...,n—1,n € N. Then we have

n-1

; e B n(1-B)-1-i
Ly (2P @) = (L= p+ kps)E Ly(f@))—kp Y (L= p+kps)* 0P

i=0

x [kgi,pn/f (a,kz(l—ﬂ)(nk—a),p;wf(a))].

Proof By applying Definition 13 and Theorem 3, we have

Ly {Z2%Pr f ()]

= /.jw [a’kIﬂ(nk—a%p;w (k;gn,p;w (a,kI(l‘ﬁ)(”k“”)’p”/’f(t))) ]

1 ‘ e
= e Lo { (DY (u,kI(l Bkt ¢ t)) ] (@2)
(1-p+kps)

From Corollary 2 and Theorem 3, we obtain

ﬁw { k@mﬂ;d/ (a,kl'(lfﬁ)(ﬂkfa),p:wf(t)) }
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(1= p+kps)' L w[u,kI“‘ﬁ)(""'“)""'/’f(t)}

n-1
p Z (1—p+kpsy 1 [kgi,p;w (a,kI(lfﬁ)(nkfa),p;\//f(a))]
i=0
(1-p+kps)"
= (=f)(nk-a) Ly{f@)}
(I-p+kps) &
n-1 )
—kp D" (L= p +kpe) M@ (TP f (@) | (43)
i=0

Substituting (43) into (42), we obtain the following result:

Ly @V f(0)} =

1 1- k
( Loy ?xnk — L0

(1-p+kps) &
n-1

_kp Z (1= p +kps)y" 1 [kgi,p;v/ (a‘kI(lﬁ)(nka)yp;‘//f(a))])
i=0

1-p +kps) 1~
= (1= p+kps)E Ly {f ()} —kp Z( P p)nkoz)
iz0 (1-p+kps) &

x [k@iw;w (a,kI(l_ﬂ)(”k_“)‘p”/’f(a)) ] )

The proof is done. d
This part considers the Cauchy-type problem in the context of (k, )-Hilfer-PFDO.
Example 1 The Cauchy-type initial value problem under the (k, ¥)-Hilfer-PFDO

ZkD“'ﬂ”’;‘pu(t) = )L(kp)%u(t) +f(t), alke(n-1,n), k>0, pe(0,1], <O,

(44)
lim kIl B onk—c)=tkopivr (1) = ¢;, ¢; € R, Bel0,1],i=0,1,...,u-1, neN,
t—at
has the solution u(t), where
u(t) = (ko) ¥ / (0l 9B g (M0 - v ) E) v 6ds
. Blnk-a)+a
n-1 _ p.g, it T -n
Cig ll/‘// (t,a) o
3 By, s, (20 (0 - (@) ). (45)

. k-
— (kp)” B(n kot o

By using the v/ -Laplace transform to the first equation of (44), we obtain the result

Ly {52 u@) = £y {0 20} + £y (0. (46)

From Theorem 6, equation (46) can be written as

Y " ; 1-— k n—-1-i
[(1—p+kps)F—(kp)H] Ly{u@®)y =Ly {f&)} +kp Zil( p; p)S)nkoz :
i=0 Pt KPS
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Then

1 n-1-i- (”]Ii_a)
ey
i=0 ((S— pk;p)F )(/00)1+ -

KO pent.
_)k

(47)

>,

From Lemma 20, it follows that

e ik, (A(w(t)—w(a))%)}

£y e YD (o) -y 2 10
(S _ %)nfl—ifw
I
and
£ {5 VOV () — ya) FIEg ¢ (A0 - piant) | - ————.
\0{ k'k( )} (S—/;(—;l)F—)»

Equation (47) can be computed as

u(t)
=L {(kp Ly B VIO @) - y(a) B g (MU0 - ¥@) %)]L’w{f(t)}}

n-1

+£¢1{ Z |:(kp)” -

i=0

Bnk— ot)+oc 0
(a, LB ok—a)=ikpit u(a)>

. Blnk—a)+a _n

<Ly i BN )y @)

XEy |, bkcaa, ()\ (W (t) - w(a))%) ” }

et [ty {5 OO G - p@ E Ry g (hw 0 - pant) s/ 0]

n-1

+ Z |:eﬁ;<ﬂ1 WOy a) lp( ) Iﬂ(ﬂ)) ﬁ(nk;ot)w n ()\(W(t) - Iﬂ(ﬂ))%>

i+ ﬂ(nk;ot)ﬂx _"]E

Q1L
T+

. Blnk—a)+a g
X(kp)n_l_ 7 z + (u’kzﬂ_ﬁ)(nk—u)—lk,p,wu(a)>:|

-Gt z\vi‘l(t,s>E%,% (2 © -y ) w6 6)ds

_ . Blnk—a)+a ]
k .

)t «
"B, ., scare, (200 = p(a) ) (ko)™

n-1
+ |:c, ,’j\l/ plee
i=0

L

Equation (45) is obtained.
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4.2 Uniqueness result
This section studies the existence and uniqueness of solutions of the proposed problem
(1). By applying the y-Laplace transform to the proposed problem (1), it follows that

) = o)t [ 10 09 g (rw 0 - )T o s uto)ds

a

1 it Blnk—a)+a n
ni 9,;() \IJW k (t, (l)
+

i (kp)™

A, B i e, (MU0 - v (@), (48)

Next, we will establish the existence and uniqueness result for the proposed problem (1)
by using Picard’s iterative technique, see [45] for more details.

Theorem 7 Suppose that there is a positive constant M so that sup, ; {f (¢, u(t))} <M,

and there is a positive number y so that [f(t, ui(t)) - f(t, uz(t))| <ylui(t) —ux(¥)|,Vt € J,

u; € C"(J,R), i = 1,2. Then there is one and only one solution u(t) of the proposed problem

(1) on J provided that

((W(T)a— Y (a)) ) <1 (49)
apkTi(a)

Proof 1t is easy to present that the proposed problem (1) has a solution corresponding to
the solution of equation (48). Firstly, we define

. Bnk—a)+a
_ i+ =—7-n
-l 951'[()‘1111, k (lf,&l)

up(t) = Z

=0 (kp)

e By 1 snkane, (MW@ -y (@)?t), (50)
i+ == -n ’

) = o) + (o) F [ L0 0B g (M0 - WO )0 s (0, (5)

a

where j € N. Clearly, the term u;(£) = uo(t) + ’lzl[ul(t) — u;_1(¢)] is a partial sum of the

series term uo(2) + Yo [i(¢) — -1 (¢)]. The goal is to demonstrate that a sequence {u;(2)}

converges to u(t). By using mathematical induction, for ¢ € 7, it follows that

(@t
””1'—“/—1“ =My’ 1(%), ieN. (52)

Using (50)—(51) and property (i) in Lemma 5 implies that

a1 - ol = H(km% [ f 9B g (20 - ) )y s ualonds

- M(k,(;)7 ‘
r (%)

MUIGENIO)LY
apkTi(a)

/ W(6) = () Ey (9)ds

Then, for j = 1, we have that inequality (52) is satisfied.
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Next, we will show that inequality (52) is satisfied for j = r. Since

2ty 1 — ur|]

= o | [ 1w ey (w0 - v )y s s

- [ v B (O - ) ) 6 G (0)ds

<y | [ 0] w9y g (o - )T )06 ) - a1 ds
< My’(“”(T)J—W‘”)%)r<kp>-‘i f g B (@ -y )y s
= oz,oﬂ_‘k(a) ., k> 1383
a  r+l
; My,((W)a— wa))k) ,
aptTi(a)

it implies that inequality (52) is satisfied for j = r + 1. By using mathematical induction,
(52) is satisfied for each j € N, and for all t € 7, we get

0o 00 ¢ J
Z||u/—u/_1||sMZ[y’”(—WT)””(“” ” 63)
j=1 =1

ap¥Ti(cr)

From assumption (49), the right-hand side of (53) is convergent. Therefore, the term
Z;.)fl llzej — u;j—1 || is also convergent, which implies that g + > i Nl — w1 || converges.
By setting u* = ug + Zlofl |41 — u;_1]|, we obtain

||uj —u* || -0 as j— oo, (54)
which yields that the solution of the proposed problem (1) exists. From (54), one has

lfCuwr () =fCu* )| <y |y —u*| >0 as j— oo
Hence,

Jim (6, 17-1(8) = (6 u(0). (55)

Taking the limit j — oo in (51) and using (55), it follows that

) = o)t [ 1087 09 g (A0 - )T 0 5 uto)ds

a

Blnk—a)+a

n-1 ) i+ T n
Qik \I"]/, (t,a) o
+ Z iy Blik-c)va E%,HH —ﬂ(nk?‘)m -n ()\,(Iﬂ(t) - lﬁ(d)) k )’
=0 (kp)" T F

which shows a solution of the proposed problem (1).
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Finally, we will show that problem (1) has a unique solution. Assume that u(z) and #%(z)

are the solution of problem (1), we obtain that

”u - itH = (k,o)_% sup
teJ

)

.
_/ rwi T 9

a

K
VoS
>
>
<
N
A
=
|
<
<
%)
=
<
R
N—"
<
Py
&
=
gl
N
=
[
D
Y
1)

R

<yt [ 0wl 6B g (w0 - )T )6 ) - )] ds

<y WD) -yt -
- apt (e '

Hence, it follows from assumption (49) that || u-— Zt” =0, that is, u(t) = u(z). O

5 Some examples
This section gives two examples of the proposed problem (1) to show the theoretical main

results.

Example 2 Consider the following Cauchy-type initial value problem under the (k, ¥)-
Hilfer-PFDO:

10In2
H o oinp2 17,829 3t% + 2t 17\ %
"3 y(t) = —— 6 = t
08 wh =1\ o)
9e u(t)] (56)

+ . ,
2082 +3t+1) 5+ 2|u(t)

. 4-5In2 17, ¢2-9 4
lim (s 7715 2005 u(t) = .

From the proposed problem (56), we obtain that « =In2, 8 = 2/3, p = 17/20, k = 8/10,
V() = exp(2t —9)/5, A = —6,a =0, T = 5, 6 = 4/3. Then

3742t 9e~% |u(2)]
fu(®) = n(2t+5) 22 +3t+1) 5+2u®)

For u; € R, i = 1,2, and ¢ € [0,5], we can compute that |[f(¢,u1(£)) — f(¢ ua(t))| <
(9/10)|uy () — us(t)|. The assumption in Theorem 7 is satisfied with y = 9/10. Hence,

T) - 3
(W()a—W(‘Z)) ~ 0.7797850224 < 1.
apkTi(a)
Since all conditions in Theorem 7 are satisfied, the proposed problem (56) has a unique

solution.
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Example 3 Consider the following Cauchy-type initial value problem under the (k, ¥)-
Hilfer-PFDO:

10v/3

2 9

H V3,2, 5iIn(2¢+3) _ cos(t” + 2t) 63
0,%© 510 u(t) = g T 3 00 u(t)

4sin(£ +2t)  |u(?)]|

+ . ,

5+In(3t+1) 2+ |u(t)] (57)
lim |, 219’§f,%;ln(2t+3)u(t) =L
t—0* 7 10 10
lim o DD (0 WA = ’1%;‘“(2”3)u(t)) S
t—0* 10 10 5

From the proposed problem (57), we obtain that a = +/3, g = 4/5, p = 7/10, k = 9/10,
Y()=In(2t +3), A =-3,a=0,T = 3,6y =7/10, and 6; = 6/5. Then

cos(t? +2t) 4sin(t* +2t)  |u]
b ult) = : .
ft,u) £3t+2 + 5+In(3t+1) 2+ |u

For u; € R, i=1,2,and ¢ € [0, 3], we can compute that |[f (¢, u1(¢)) — f(t, u2(2))| < %Iul(t) -
u;(¢)|. The assumption in Theorem 7 is satisfied with y = 2/5. Hence,

T)- 3
(I//()a—l//(ﬂ)) ~ (0.6245508422 < 1.
apkTi(a)
Since all conditions in Theorem 7 are satisfied, the proposed problem (57) has a unique

solution.

6 Conclusion

In this study, we proposed the most generalized version of the Hilfer derivative operator,
which is (k, )-Hilfer-PFDO, and developed certain essential properties. The -Laplace
transform has shown to be an excellent tool for investigating the characteristics of the pro-
posed operators and solving the Cauchy-type problem with an initial condition under the
(k, ¥)-Hilfer-PFDO. In addition, the existence and uniqueness result for the higher-order
initial value problem under (k, v)-Hilfer-PFDO has been established by using Picard’s iter-
ative technique. To demonstrate the usefulness of our results, we provided some examples
that illustrated the new extensions.

Finally, we argued that the obtained results are novel and generalize previous ones from
the literature. It is important to note that the proposed operator combines the current ones
in terms of (k, ¢)-RLL-PFDO and (k, ¥)-Caputo-PFDO, respectively. For different func-
tions ¥ and the different parameters 8, p, and k, the proposed operator reduced different
types of fractional derivative operators, which were previously constructed. The details
can be shown in Table 1. This achievement can be viewed as an advance in the qualita-
tive part of extended fractional calculus. Furthermore, the obtained results are a major
motivator for academics and researchers to study this form of extended fractional calcu-
lus. Then, we will concentrate our efforts on applying these extension fractional operators
to real-world problems and researching novel features and inequalities associated with
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such operators in the future. Especially, an intriguing challenge is to provide an extension
of Gronwall’s inequality using the (k, 1 )-proportional fractional integral and to investi-
gate the existence and uniqueness of the initial/boundary value problems using the (k, ¥)-
Hilfer proportional fractional derivative. On the other hand, it appears that the (k, v)-
Hilfer proportional fractional operator may be generalized by simply taking the variable
order «(t) and type B(¢) € (0,1].
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