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Abstract

In this paper, we deal with an attraction—repulsion model with a logistic source as
follows:

Ur=Au—YV-(UuVV)+EV - (VW) + puuf(1-u) inQ,
vi= Av—ov+ Biu inQ,
Wy = Aw — oW + Bou inQ,

where Q= x R*, Q c R? is a bounded domain. We mainly focus on the influence
of logistic damping on the global solvability of this model. In dimension 2, g can be
equal to T (Math. Methods Appl. Sci. 39(2):289-301, 2016). In dimension 3, we derive
that the problem admits a global bounded solution when g > % In fact, we transfer
the difficulty of estimation to the logistic term through iterative methods, thus,
compared to the results in (J. Math. Anal. Appl. 2:448 2017; Z. Angew. Math. Phys.
73(2):1-25 2022) in dimension 3, our results do not require any restrictions on the

coefficients.

Mathematics Subject Classification: Primary 35K45; 92C17; secondary 35A01;
35Q92; 35B35

Keywords: Chemotaxis; Global solvability; Boundedness; Logistic source;
Attraction-repulsion

1 Introduction

Chemotaxis refers to the directional movement of cells or organisms towards chemical
stimuli along a concentration gradient, which plays an essential role in various biological
processes such as wound healing, cancer invasion, and avoidance of predators [4]. The

chemotaxis model was first proposed by Keller and Segel in [5] as follows:

u=Au—xV-uVv), xe€Q,t>0, (L1)
VZe=Av—v+u, x€Q,t>0, ‘
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which describes the cellular slime mold move towards a higher concentration of a chem-
ical signal. Since it was proposed, it has attracted interest of a large number of scholar’s
and they obtained many results about boundedness or blow-up of solutions [6-11]. In
a one-dimensional bounded domain, (1.1) admits a global bounded solution [6]. But in
dimension two, the solution of (1.1) may blow-up, that is, when |uo||;1 < 47, the classi-
cal solution is global and bounded [7], and when ||ul|;1 > 47, ||uoll;1 ¢ {4k |k € N}, the
blow-up of the solution may occur in finite or infinite time [8, 9]. In dimension N (N > 3),
a small critical mass condition alone is not enough to prevent the blow-up of the solution
[10, 11].

However, cellular slime mold might experience proliferation or death during the process
of directional movement. Since then, Mimura and Tsujikawa [12] introduced a generalized
K-S model which considers the proliferation and death of bacteria, that is,

uy=Au—xV-wuVv)+f(m), x€Q,t>0, (1.2)
V= Av—v+u, xe€Q,t>0, .

where 7 > 0, f(u) represents the proliferation and death of bacteria, which we call a lo-
gistic term. Actually, T = 0 is a simplified form, which represents the case when chemicals
move much faster than bacteria [13]. When 7 = 0, we assume that f € C'([0, c0)), and it
satisfies f(s) < ¢ — us? for all s > 0, f(s) >0 if 0 < s < 1, and f(s) < 0 if s > 1, with some pos-
itive constants ¢, . Tello and Winkler [14] derived that the model (1.2) admits a unique
global bounded classical solution when either N <2 or u > % x. When t > 0, in 2001,
Osaki and Yagi [15] proved the model (1.2) admits a global bounded classical solution in
R!, and then in 2002, they also derived similar results in R? [16, 17]. In 2010, Winkler [18]
extended their results to arbitrary space dimensions with the condition u > p( for some
1o > 0. For other results related to (1.2), please refer to [19-22]. In addition, related mathe-
matical models which describe the chemotaxis phenomenon were widely studied, such as
the chemotaxis—haptotaxis model [23, 24], chemotaxis—fluid model [25, 26], attraction—
repulsion chemotaxis model [27], and so on.

To describe the formation of senile plaques in Alzheimer disease (AD), Luca et al. [28]
proposed a attraction—repulsion chemotaxis system in 2003. The interesting aspect of this
model is that it includes both chemoattraction and chemorepulsion, and the model read
as

uy=Au—xV-WuVv)+ &V .- (uVw) + f(u), in Q,
v = Av—oqv + B, in Q,
Tawy = Aw —aow + B, in Q, (1.3)

OIS VI TR
onlo2 = gnloe = 5rloe =0,

u(x, 0) = up(x), T1v(x, 0) = vo(x), Tow(x, 0) = wo(x), «x € £,

where Q = Q x R*, Q is a bounded domain; % represent the derivative with respect to
the outer normal of 32; u, v, w represent the concentration of microglia, the concentra-
tion of chemoattractant and the concentration of chemorepellent, respectively; x and &
are chemotactic coefficients; f(u) represents the proliferation or death of cells; «;, 8; > 0
(i = 1,2) are rates of production and decay of the chemicals, respectively. This model at-
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tracted a large number of scholars, and they obtained many results of this model. First,
we introduce the results if f(z) = 0. In [29], Tao and Wang derived that the model (1.3)
admits a global classical solution in higher dimensions if repulsion prevails over attrac-
tion (§ay — x o1 > 0) for the case 71 = 7o = 0; they also proved that the model (1.3) admits a
global classical solution in R? if repulsion prevails over attraction for the case 7; = 75 = 1
which needs the smallness assumption on the initial data #y. Then Jin [30] removed the
smallness assumption on g in [29], and proved that model (1.3) admits a unique nonneg-
ative classical solution when 7; = 75 = 1 in R2. The global solvability of the model (1.3) for
the case £y — a1 = 0in R? was established in [31]. The results in [32] indicated that even
for the case £ay — xa; <0, (1.3) admits a global classical solution in R? for the parabolic—
parabolic system.

For the case f(u) # 0, there are also many results. When 7; = 75 = 0, f(u) < X — pui?,
Li and Zhao [33] proved that the model (1.3) admits a unique global bounded classical

solution if

>1, &Br>xp, and p=>1,

N=>2, EBr=xP1, and p>i(V/N2+2N-N+2),

N=2, EBr<xPi, and p>2 or p=2 and > Z(xB1-EB),
=L EBr<xP1, and p>1

The results indicated that the model (1.3) admits a global bounded classical solution under
the weak logistic damping in the case £ B, > x 1, but when & B, < x 1, the logistic damping

must be stronger. Xu and Zheng [34] improved the the results in [33] for the case £ 8, = x 1

2N +2
N+2

of solutions. When 71 = 75 = 0, f(¢) < pnu(1l — u), Zhang and Li [35] proved that the model
(1.3) admits a unique global bounded classical solution if one of the following assumptions
holds:

by proving that a weaker restriction p > is sufficient to ensure the global boundedness

(@) xa1 —Eay < u,
(b)N <2,

N-2

(© —

(xar—&az)<pu, N=>3.

When 71 = 13 = 1, f(u) < Au — pu with p > 1, £, = x f1, Wang, Zhuang, and Zheng [36]
proved that the model (1.3) admits a global bounded classical solution if

N <3, or
[N+2 NVN2+6N +17-N?>-3N +4 .
p > pN :=min 7 2 , with N >2.

In [2], Li et al. proved that when 7; = 75 = 1, f(#) = u(1 — uu) with p > 1, the model (1.3)
admits a global bounded classical solution if «;(i = 1,2) > %, w > max{(4—21)(;31 + 9§ﬁ2)p,
9xp + %5,32)”} in R3. In 2022, Ren and Liu [3] improved their results in [2] by avoiding

any restriction on o; (i = 1,2).
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In this paper, we consider the following attraction—repulsion model:

uy=Au—xV-wuVv)+ &V - (uVw) + pui(l — u), in Q,
ve= Av—oqv + Bu, in Q,
We = Aw — aow + Bolt, in Q, (1.4)

bup vy w0
snloe = 3oloe = 3.l =0,

u(x,0) = up(x), v(x,0) = vo(x), w(x,0) = wo(x), «x€ €2,

where Q = Q x R*, Q C R3 is a bounded domain. All the coefficients ¥, &, u, a1, o2, B1, Ba
are positive. Actually, the model (1.4) admits a global classical solution when g > 1 in R2
[1], which requires no restrictions on the coefficients, and the logistic damping is weak.
Our results indicate that the model (1.4) admits a global classical solution when g > % in
dimension 3. Compared to the results in [2, 3], our results do not require any restrictions
on the coefficients. In fact, we transferred the difficulty of estimation to the logistic term.
Our proof is mainly divided into two parts, that is, we consider the case g > 2and £ <4 < 2.
When g < g <2, we use the iterative method to improve the regularity of u.
Then we give the assumptions of this paper:

up € COU(Q), up>0, and uy#0,
Vo € WI,OO(Q)I Vo > 0» (H)

WwWo € WI’OO(Q), wo > 0.
Our main results read as follows:

Theorem 1.1 Let Q C R3 be a bounded domain. Assume that (H) holds and q > %. Then
for any x,&, 1, 01,09, B1, B2 > 0, (1.4) admits a unique global bounded classical solution
which satisfies

||M("t)||L°°(Q) +ven) wioog) t [we. o] wieoiqy =€ forallt>0,
where C is independent of t.

2 Preliminaries

In this paper, for the convenience of writing, we denote || - ||z = || - [|zr(q). Since all the
estimates of v and w are almost the same except for the coefficients, we show the details
for v, and just list the results for w without any proof. Next, we will give some lemmas,
which will be used throughout this paper.

Lemma 2.1 ([37]) Let T>0,7t€(0,T),8>0,a >0, b>0, and suppose that f : [0,T) —
[0, 00) is absolutely continuous and satisfies

f®+af' @) <h@), teR,

where h > 0, h(t) € LL ([0, T)), and

loc

t
/ h(s)ds <b, forallte|r,T).
-1
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Then

t
sup f(¢£)+a sup / f1+5(s)ds§b+2max{f(0)+b+ar,b+1+2b+2at}.

te(0,T) te(r,T) Jt-t at

Lemma 2.2 ([38]) Assume ug € W>#(Q), and f € L%, ([0, +00); LP(R2)) with

loc

t
sup / V17, ds < A,

te(r,+00) Jt-1

where T > 0 is a fixed constant. Then the following problem:

uy—aAu+ Bu=f(x,1),
g_z |3Q = 0:
u(x,0) = uo(x)

admits a unique solution u € I ([0, +00); W>P(Q)), u; € I ([0, +00); L2 () with

loc loc

t epr 2.
sup / (el oy + llutell}p) ds < C(A, @, B) T Cla, Bre2" lluoll 0

te(r,+00) Jt-t egf —
where C(A,a, B) and C(a, B) are constants independent of T.

Remark 2.1 In this paper, we fix 7 = min{1, %} < 1. Thus, all the constants in this paper
are independent of 7. In fact, if T = 1, it is easy to see that the constants in Lemma 2.2
can be fixed. While if t < 1, it implies that T}« < 2, all the ftt_r | - | ds can be replaced by
T
Jo ™ - Nl ds.
0

Lemma 2.3 ([23]) Assume that Q is bounded and let w € C*(Q) satisfy 3—(;’ laq = 0, where n

is the outward unit normal vector to the boundary 9Q2. Then we have

9| Vw|?

<2%|Vo|’, ondgQ,
where k > 0 is an upper bound for the curvatures of Q2.

3 Main results
Using a fixed point argument similar to that in [39], we obtain the following local existence

result of classical solution to (1.4).

Lemma 3.1 Let Q C RN, N > 1 be a bounded domain with a smooth boundary. Assume
that ugy, vo, wo satisfy (H). Then there exists Tmax € (0,+00] such that the problem (1.4)
admits a unique nonnegative classical solution (u,v,w) € C°(Q x [0, Tmax)) N C>1(Q x

(0, Trnax)). Moreover, either Tpax = 00, or

tiignlax(||”("t)’|Lm(Q) + ”V("t)”LOO(Q) + HW("t)”LDO(Q)) =00, if Tiax < 00.
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By Lemma 3.1, we see that in order to prove the global existence of a classical solu-
tion, we assume that T},,« < 00, and only need to show the boundedness of || u(-, )| 1o (q) +
V(s Dl ooy + IWC B ooy for any £ € (0, Trax).

It is not difficult to obtain the following lemma.

Lemma 3.2 Let (u, v, w) be the solution of (1.4), and assume (H) holds. Then we have

t
sup ||u(-,t)||L1+u sup / /uq+1dxds§C, (3.1)
t€(0,Tmax) te(t,Tmax) Jt-1 J Q
t
swp [ olfiads=c (52)
te(t,Tmax) J t-1
t
sup / w9500 ds < C, (3.3)
te(t,Tmax) Jt—-1
t
sup v, 0)]% +  sup / v, 0|2 ds<C, (3.4)
t€(0, Tmax) te(t,Tmax) Jt-7
2 ! 2
sup w2+ sup / [we 0|2 ds < C, (3.5)
t€(0,Tmax) te(t,Tmax) Jt—-1

where the constants C at most depend on x, i, &, a1, &z, B1, B2, Uo, Vo, Wo, but are inde-

pendent of Tyax and .

Proof By a direct integration to the first equation of (1.4), we have

d
—/udx+,ufu‘“ldx:u/uqufﬁfuq+ldx+cl,
dt Q Q Q 2 Q

which means

d
—/udx+E/uq*ldx§C1.
dt Jq 2 Jq

Since €2 is a bounded domain, it is easy to see that (fQ udx)?*! < fQ u?ldx forany g > 1,
and then, by Lemma 2.1, we obtain (3.1).

Using (3.1) and Lemma 2.2, we obtain (3.2). Similarly, we obtain (3.3).

Multiplying the second equation of (1.4) by v and —Av, respectively, integrating them

over €2, and using Young’s inequality, we obtain

1d

——/Vzdx+/ |Vv|2dx+a1/v2dx:ﬂ1/uvdx

24t Jg Q Q Q
1

S—alfvzdx+C2/u2dx,

2 " Ja Q

ld 2 2 2

—— [ |Vv|"dx+ | |AvIcdx+ay | |Vv[°dx=-81 | ulv

24dt Jg Q Q Q

1
5—/ |AV|2dx+C3/u2dx,
2Ja Q

Page 6 of 16
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Combining the above two inequalities yields

d
—/ (v +1Vv|*) dx +/ (V +Vv]* +]|Av]*) dx < C4/ u* dx
dt Jg Q Q
and then, by (3.1) and Lemma 2.1, we obtain (3.4). Similarly, we have (3.5). O

Through the above lemma, we have the following results.

Lemma 3.3 Let (u,v,w) be the solution of (1.4), and assume (H) holds. Then for any r > 2,
R>1,p>1,wehave

d -1
—/updx+M/up’2|Vu|2dx+%/u"”qu
2p+q) 2prq)
§C/ (|VV| T +|Vw| 4 )dx+C, (3.6)
Q

1d 3 -2
——f |Vv|’dx+—/ |Vv|”2}D2v|2dx+ r—/ |Vv|”2(V|VV|)2dx
rdt Q 4 Q 2 Q

3
+ —alf |Vv|" dx
4 Ja

1 ~ 2R
< —a1 | Vi + Cllull 5 +C, (3.7)
4 LRI
1d 3 -2
——/ |Vw|rdx+—/ |Vw|”2|D2w|2dx+ r_/ |Vw|”2(V|Vw|)2dx
rdt Q 4 Q 2 Q

3
+ —(Xz/ [Vw|" dx
4 " Ja

2R
R=—

R
Rr-2) T+ C, (3.8)
R-1

1
= ZWZHVWHLR(r-z) + C”M”L

where C at most depend on x, i, &, a1, &2, 1, B2, o, Vo, Wo, but are independent of Tiax

and T.

Proof For any p > 1, multiplying the first equation of (1.4) by pu#~!, and integrating it over

2, for any g > 1, we have

d
_/ ude+p(p_1)/ Mp72|VM|2dx+/Lp/ WP dx
dt Jq A i
=xplp=1) f W IVuVvdx - Ep(p-1) f WV uVwdx + up / w1 dx
Q Q o

~1
S‘M/uf’—2|v14|2dx+c5/up(|vV|2+|vW|2)dx+“—p/up+qu+c6
2 Q Q 4 Jo

-1 2prq)
<%/up’2|Vu|2dx+C7/ (|Vv| 7 +|Vw|
Q Q

2<pq+q) ) da

+%/up+qu+Cg,
2 Ja

and then rearranging it we obtain (3.6).

Page 7 of 16
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Applying V to the second equation of (1.4), and multiplying the resulting equation by
|Vv|["-2Vv (for any r > 2), by a direct calculation, it is easy to see that |[Vv|"2Vy - VAv =
HIVVI2A|VY]2 - |Vv|'72|D?v|%. Now integrating the result over £ and combining with
Lemma 2.3, we have

1d
——/ |VV|’dx+/ |Vv|’_2|D2v’2dx
rdt Q Q

+(r—2)/ |Vv|’-2(V|vV|)2dx+a1/ V| dx
Q Q

1 a(|Vv|?
=/31f Vv 2VyVudsx + 7/ (Vv )IVVIrfzdx
@ 2 Jag Onm

=—ﬁ1/ u|Vv|f*2Avdx—,31(r—2)f u|Vv|"3VvV |V dx
Q Q

1 (| Vy|?
+—/ VD) G2
Q2

2 on

1 -2
< —/ |Vv|’_2|D2v’2dx+ r_/ |Vv|’_2(V|Vv|)2dx
4 Ja 4 Ja
+C9/ |Vv|’_2u2dx+/(/ V| ds.
Q Ffo)

Rearranging the above inequality, for any R > 1, we have

1d 3
——f |VV|’dx+—/ |Vv|”2|D2v|2dx
rdt Q 4 Q

3(r-2)
4

+

/|VV|"2(V|VV|)2dx+oz1/ V| dax
Q Q
§C9/ |Vv|’_2u2dx+K/ |Vv|" ds

Q Q2

=

N

a | Vy|*e2 4 C R Vv|'d (3.9)
1 V”LR(r—2) + IOHMHL% +K [Vv|" ds. .
- Q2

It is easy to see that for any § > 0 and f € L7 N L%, we have

Wl < W Ga NS < 81l llzar + Cslf lnez, (3.10)
where 1 <q; < gy, 7 €q1,q2), @ = %. Using the boundary trace embedding inequal-

ities [40], (3.4) and (3.10), we obtain
o [ 19 = e[V vE) v
<e|V(Ivm?) | + }Lal 1VvIl7 + Cle, eIV VI,
<&|V(vm?) | + }Lalnwnzr + Cle,an, DIV,
<e|V(IVvIE) |2, + ial V][5, + Ciy.

Now taking ¢ = ’;—22 and combining this inequality with (3.9), we obtain (3.7). O

Page 8 of 16
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(1) Estimates for q > 2.

Lemma 3.4 Let (u,v,w) be the solution of (1.4), and assume (H) holds. If N = 3, q > 2,
then for any p > 1, we have

t
sup ||u(-,t)||fp + sup / HV(u%’) ||i2 ds < C,, (3.11)
t€(0,Tmax) te(t,Tmax) J t-7
sup  [v(, D) 1o =G, (3.12)
t€(0, Tmax)
sup | w(-, )| i < Cs (3.13)
t€(0,Tmax)

where C, depends only on p, , uo, and C depend on @, uy. All of them are independent of
T and Tmax.

Proof Recalling (3.1), and taking Rz—fl =q+1, r=qg+1in (3.7) and (3.8), then using
Lemma 2.1, we obtain

t
sup ”Vv(~,t)||z;11+ sup / /(V(|VV|L21))2dde§C12, (3.14)
£€(0, Tmax) te(t, Tmax) Jt-1 J @2
t
sup ||Vw(-,t)||z;+ll+ sup / /(V(|Vw|ﬂ21))2dxds§C_12. (3.15)
te(0,Tmax) te(t,Tmax) Jt-1 J Q

For any p > 1, multiplying by #”~! the first equation of (1.4), and integrating the result
over 2, we have

1d

-— updx+ufuq+pdx+(p—1)/up_2|Vu|2dx
pdt Jo Q Q

:X(P—l)/ MpilVMVde—é(p—l)/ up’lvuvwdx_l_ﬂf up+q—1 dx
Q Q o

-1
51?—/ up’2|Vu|2dx+C13/ u”(|Vv|2+|Vw|2)dx+ﬁ/ u?P dx + Cyy.
2 Ja Q 2 Ja

Now rearranging it, we have

d 1 1
E/Qupdx+ Ep@—l)Lup_2|Vu|2dx+ Eup/Qu’“qu
< c13/ u? (IVv* + | Vw|?) dx + Cra. (3.16)
Q

Using (3.1), (3.14), and Gagliardo—Nirenberg interpolation inequality [34], for any g > 2,
we have

Cus / WYV d = Cys | V[,
Q

< Cs|ut ||j<7> Vv,

2q=2) _6_

2(q-2)
< Cullud | 57| V() |57+ Caslluel?,

Page 9 of 16
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<o V() [ Cell [+ o
<6V () [+ g [ wrdsc
Q

Similarly, we have
C13/ W’ |Vw|? dx §§||V(u1%)H§2 + %Mp/ W dx + C.
Q Q

Taking ¢,€ = 1’2;;, and using the above two inequalities in (3.16), we obtain

d 1 1
—/ u’ dx + —p(p—l)/ W2\ Vul*dx + —up/ udx < Cyy.

And then by Lemma 2.1, we obtain (3.11).

Now we consider the case for g = 2. Taking p = 3 in (3.16), we obtain
d 3
—/ u?’dx+2/ u|Vul* dx + —u/ u’ dx
< C18/ 1,13(|Vv|2 + |Vw|2) dx + Cyg
Q
3
< —/L/ u’ dx + Czo/ (|VV|5 + |Vw|5) dx + Co.
4" Jo Q
By Gagliardo—Nirenberg interpolation inequality and (3.14), we have
5 3%
IVVIEs = [IVvI2 ]| 3y
L3
3% 32 5 32
= G Ivvz [ L[V (Ivvi2) [ + Callovigs = C(L+ [V (IV2) [ 2)-

Similarly, we get
— 3412
1Vwiss < T [V (Vw2
Now combining these above three inequalities, we have

d 3
%/Qu3dx+2/9u|Vu|2dx+ Z/,L'/S;Msdx

< G (14 VATV 12) + S+ [ (vm2) [2) + Coo
Using (3.14), (3.15), and Lemma 2.1, we obtain
t
sup ||u(-,t)”i3 + sup / ||V(u%)||i2 ds<C. (3.17)
te(0,Tmax) te(t,Tmax) Jt—-1
By Duhamel’s principle, the second equation of (1.4) can be expressed as follows:

t
V(t) _ e—altetAVO + ,31/ e—ozl(t—s)eal(t—s)Au(s) dS,
0

Page 10 of 16
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where {e"®};-( represents the Neumann heat semigroup in ; for more details about the
theory of Neumann heat semigroups, please refer to [10, 41, 42]. Then for any r € (1, +00),
t € (0, Tmax), we have

Vv, o)

Lr

t
<& Vyglly +Cn f e an(e-9] 8 ucs)| ds
0

[e¢]
3
e Vvl + sup Jus)] 5 / e i ds < Co,
0

5€(0,Tmax)

thus, we obtain

1
Pio,2 » 2 P
CIS/ w V= dx < Coallutllpeq I VVII 2prp < Coallttllppeg < EMP/ W dx + Cos.
Q L a Q

Similarity, we have
= P 2 1 + Yo
Cis | w|Vw|dx<—-up | W dx+ Cys,
Q 4 Ja

and then, using the above two inequalities in (3.16) and taking advantage of Lemma 2.1,
we have (3.11).
Similar to the proof above, and by (3.11), for any ¢ € (0, Thax), we also have

t
VG 0] oo < € lIvollzee + Cag / e an(t - 9] 2 ¥ uts)] 1 ds
0

[}

1

s hlls + swp [u)]ys [ et s G
$€(0,Tmax) 0

and
t
[ Vv 0] oo < €I VW0l + Cog / e an (-] u(s)] 4 ds
0

[o¢]

7

< e[ Vil + Cro sup  [u(s)| / e’s 8 ds < Cao.
$€(0,Tmax) 0

The estimate of w is similar that of v, so we have (3.13). The proof is complete. O
(1) Estimates for q < 2.

Lemma 3.5 Let (u,v,w) be the solution of (1.4). Assume (H) holds, and a, + q < 5 with
qg<2.1If

t
f f u*dxds < C,,
t—-t JQ

3(antq)

g Ve have

then for any r <

t
sup / /|VV|%rdde§Cn(r)) (3.18)
-1 JQ

te(tr, Tmax)
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t
sup / /|VW|%rdde§Cn(r)’ (3.19)
TJQ

te(t,Tmax) J t—

and for any p + q < % . 5_‘2‘;;3(]), we have
t » 9
p +
sup / wdx+ sup / (Iv(2) |2 + llul¥yE;) ds < Cua (), (3.20)
t€(0,Tmax) J Q 1€(0,Tmax) J t-7

where C,(r), Cy11(p) are independent of v and T, which only depend on p, r, n, uy, vy,
and 2.

Proof Takingr=a, +q,R= % in (3.7), where {a,} is positive with a; = 1, we have

1 d a,+q—2 1
—/ |Vv|“"+qu+i/ |VV|“”+q"2(V|Vv|)2dx+—a1/ |Vv|%* dy

ay

ap+
< Callullfanty + Ca.

Then by Lemma 2.1, we obtain

t
" anp+q .\ \ 2
sup || V(- 0) ia;fq + sup / / (V(IvvI e )) dxds < Css. (3.21)
t€(0, Tmax) te(t,Tmax) Jt-1 J Q
Moreover, we select a nonnegative sequence {ri} with rx,; =2 + %;’k. Obviously, rx

is monotonically increasing. Next, we prove that if

t 7, 2
sup ||Vv(-,t) Zk,k + sup / /(V(|Vv|7k)) dxds<C (3.22)
£€(0, Tmax) te(t, Tmax) Jt-1 J 2
then
7] t Thil Ny 2
sup | VvG, )|k + sup / f(V(|VV|T)) dxds < C. (3.23)
t€(0,Tmax) te(t,Tmax) Jt-1 J Q

By Gagliardo—Nirenberg interpolation inequality, we have
e, 10 e 4 7 rp 10
% ] S < Caal o 2|V 09 ) + Cosll 199172 ] 3
< Coo(1+ [ VIV ) [2),

which means

4 5, t e 10
sup / IV, 9| g; ds= sup / [[vv(,s)| $ l EE? ds < Cy. (3.24)
€ T

te(t,Tmax) J t-7 (t,Tmax) J t—

an+q _ 5(antqg-2)
an+q-2’ r=2+ 3(an+q)

Recalling (3.7) and taking % =a,+q,(r—2)R= grk, thatis, R = T

we then have

1d r—2 3
——/ |VV|’dx+—/ |Vv|’_2(V|Vv|)2dx+—a1/ [Vv|" dx
rdt Jq 2 Jq 4 Ja
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1 2
= IV 58 + Casllullzant + Coo.

Now (3.23) is obtained by Lemma 2.1. Note that ry,; — g:’:ﬂ*% = % . ”Z:‘f;z (re — ;f?;;f;)),

where0 < 2- “2:3;2 <1, which means {ry — 553?;;2)} is monotonically decreasing, so r¢ goes
to ;f?;:f;) , thus (3.18) holds. Recalling (3.8) and taking %*q) = 2r, similarly we can obtain
(3.19) through (3.8), and thus (3.20) holds for any p + g < 24 . ~2x*4 |

2 S5-(an+q)’

Lemma 3.6 Let (i, v, w) be the solution of (1.4), assume (H) holds, and % < g <2. Then for
any p € (1,+00), we have

t
sup ||u(~, t)||12p + sup / HV(MI%) ||i2 ds < Cp, (3.25)
te(0,Tmax) te(t,Tmax) Jt-1
sup ” V('r t) “ w100 = Cr (3'26)
t€(0,Tmax)
sup | w(, )| 1o < Co (3.27)
t€(0, Tmax)

where C are independent of T and Ti,x.

. Antq
5~(An+q)

Proof Letting A,41 +q = %q with A; = 1, we see that

Ay+q  5q 1

Avq 2 5-(A+q)

’

Ap + q 5q 1 5q 1

— > > 1.
Antq 2 5-(Ay+9q) 2 5-(A1+q)
Since q > %, it indicates that {A,.,1 + g} is monotonically increasing. Thus there exists M =

M(q) such that Ay + g > 5. Then by Lemma 3.5, there exists py + ¢ > 5 such that (3.20)

holds. Since g < 2, we have
llallzs < C.

Then similar to the proof in Lemma 3.4 for the case g = 2, we have (3.25), (3.26), and
(3.27). O

Proof of Theorem 1.1 Combining Lemmas 3.4 and 3.6, we see that for any g > %,

sup V()] e <G (328)
t€(0,Tmax)

sup ||w(-,t)|| wiee < C. (3.29)
t€(0,Tmax)

Next, we use the standard Moser’s iterative technique to prove the boundedness of
llaeC-, )]l oo
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Multiplying the first equation of (1.4) by pu?~! (for any p > 2), and by (3.28), (3.29), we
obtain

d
—/ updx+p(p—1)/ up‘2|Vu|2dx+up/ u’*dx
dt Jo Q Q

- xp(p—l)/ W VuVvdx - Ep(p - 1)/ u‘HVqudxﬂip/ uP 7 dx
@ Q

1
<-pp- 1)/ w2\ Vu|? dx

\o)

1
+ Emax{xz,éz}p(p—l)/ up(|Vv|2+|Vw|2)dx+up/ i dy
Q Q

1 1
= —p(p—l)/ MP_ZIVulzdx+Cp2/ updx+—ﬂp/ WP dx,
which means

updx+—p(p 1)/up 2| Vul? dx+/updx<Cp /updx, (3.30)
Q

dt Q

where C is independent of p. By Gagliardo—Nirenberg interpolation inequality and

Young’s inequality, we have

e [ wdn=cp|ut [,
Q
4 6
< Cyop? ||”§ |7 “V(”%) |72+ C41P2||”§ ”il
= ”V(”%)”iz + Cpp’ ””g ”il’
where Cy, C41, Cyy are independent of p, and %p(p -1> i p? since p > 2. Thus, we have

2-

—IIMIIp + llullfy < CoN*2ull (3.31)

N\‘B s

L

where C is independent of p. Taking p; = 2p;1 with p1 = 2, Q; = max{sup,c 1, l4(-
Oz, lluoll .}, replacing p, & 5 by pj, pj-1 in (3.31), and by a direct calculation, for any j > 2,

we obtain

5

Lo B
Q= C¥p Q1=CY27 Qs
Then for any n > 2, we have
> Zn 5
Q. =C 232> 27 Q.

Letting # — 00, we obtain

sup  [uCo0)] o <CERT2ERY  sup [uto ).
t€(0,Tmax) t€(0,Tmax)

Page 14 of 16
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It is easy to see that Z/O:oz % and 3%, ¥ are convergent. Recalling Lemmas 3.4 and 3.6, we

j=2
have
sup ||Lt(~,t)||Loo <C.
t€(0, Tmax)
Combining this with (3.28), (3.29), we complete the proof of Theorem 1.1. O
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