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1 Introduction

In this paper, we study the following class of fractional advection—dispersion equations
whose nonlinear terms contain Caputo fractional derivatives, and the equations have
inhomogeneous Sturm-Liouville boundary conditions, instantaneous and noninstanta-

neous impulses:

dr1 B s | ¢ .
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where0<f<1l,a=1- g, and % <a <1.A>0and x>0 are two parameters, 4, b, c,d > 0,
A and B are real numbers. OD;’S and tD}ﬂ denote the left and right Riemann—-Liouville frac-
tional integrals of order B, respectively. (D¢ denotes the left Caputo fractional derivatives
oforder .0 =g <] <81 <lp<S3 <+ <ty <S <te1 = T. f; € C((5}, 21] x R x R,R) and
Fi(t,u,y) = fou fi(t,s,y)ds. The instantaneous impulses J; € C(R, R) start to change suddenly
at the points ¢, and the noninstantaneous impulses continue during the finite intervals
(t,sj] for j=1,...,m. Besides,

Lop L8 LB i LB o
A 3 oD, " (u (%)) + 3 Dy ()| = 3 oDy (u(t)) + 3 (D (u(t)))
1 5, 1 s,
- EODt (M(t,-))+§tDT (w () )
where

oD (s5) + D ((s5)) = Jimy (thﬂ (1) + tDTﬂ(u/u»),

oD; P (/ (£5)) + D (u/ (£7) = Timy < oD; (w (t) + D (u’(t))).
—>tj

The emergence of the fractional advection—dispersion equation can effectively solve
the problem that classical second-order convection—diffusion equation cannot accurately
simulate the anomalous diffusion phenomenon, so the fractional advection—dispersion
equation is widely applied in the anomalous diffusion phenomena, such as groundwater
and soil pollution, porous media, fluid mechanics, polymer and nuclear magnetic res-
onance (see [5, 14, 27]). Not only that, the fractional advection—dispersion equation has
also been extensively used in the simulation of turbulent flow, chaotic dynamics of classical
conservative systems, and other physical phenomena (see [1, 3, 22]). There have been some
related studies (see [2, 4, 9, 24, 29]), for example, reference [11] considered the following
symmetric fractional advection—dispersion equation with Dirichlet boundary value con-
dition:

d(1 1,
35 oD W @)+ o D W W) )+ AVELu) =0, ae.t€[0,T),

w(0) = u(T) = 0,

where 0 < 8 < 1, A > 0. When the nonlinear term did not meet the Ambrosetti—Rabinowitz
condition, the authors gave the existence of solutions of the above equation through the
minimization principle. However, the authors did not consider the impact of impulses.
Regarding the instantaneous and noninstantaneous impulses, the most prominent fea-
ture of instantaneous impulse is that it can more deeply and accurately reflect the changing
laws of things and fully consider the impact of instantaneous sudden changes on the state.
What is more, we also need to point out that the noninstantaneous impulse proposed by
Hernéndez in 2013 can successfully solve the problem that instantaneous impulse cannot
be used to simulate the evolution process of phenomena such as dynamics (see [12]). For
related research work, please refer to literature [16, 31]; especially, in the literature [30], the
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authors studied the following fractional noninstantaneous impulse differential equations:

tD%t"(f)D(tlu(t)) :ﬁ(t’ l/l(t)), te (Si; ti+1]r i= 0’ 1,...,m,
AGDS DY u(ty) = L)), i=1,2,...,n,
DENEDu(t)) = (DS EDYu))), t € (tysil, i=1,...,m,

DFGDYus)) = D GDFus)), i=1,2,...,m,

u(0)=u(T) =0,

where % <« <1, and they got the existence of at least one solution of this boundary value
problem by using the minimization principle. Note that the authors considered the Dirich-
let condition here.

Last but not least, the Sturm—Liouville problem arose in the Fourier treatment of heat
conduction. Later, Sturm and Liouville generalized the Fourier method, which formed the
famous Sturm-Liouville theory. And the Sturm-Liouville problem plays an important
role in heat conduction of uniform thin tube of finite length, axial and torsional vibra-
tion of rod, and microwave transmission (see [13, 18]). Based on the above, the Sturm-
Liouville problem has also come into the attention of scholars in recent years (see [21, 23]).
Reference [8] focused on the existence and uniqueness of solutions to the Sturm-Liouville
problem with Hilfer fractional differentiation based on Banach’s fixed point theorem and
analyzed the behavior of the solutions. Later, the author used the Laplace—Adomian de-
composition method to study the series solutions of fractional Sturm-Liouville equa-
tions with singular and nonsingular kernels, respectively (see [7]). And [28] discussed the
following symmetric fractional advection—dispersion equation with only homogeneous

Sturm-Liouville boundary value condition:

d/1 __ 1
by (5 oD P (1)) + 5 ,DTﬁ(u/(t))) = M (u(?)), a.e.t €[0,T],

1 1
au(0) - b(E oD;P 1 (0) + 5 Dy’ z/(O)) =0,

1 1
au(T) + d<§ oD; U/ (T) + 3 thu’(T)) =0,

where 0 < 8 <1,a,¢>0, b,d >0, and A > 0. The existence of infinitely many solutions
to this boundary value problem was obtained by using the Ricceri generalized variational
principle when f : R — R was an almost everywhere continuous function.

Compared with the above excellent work, the nonlinear terms in the boundary value
problem (BVP as an abbreviation) (1.1) contain fractional derivatives, which means that
BVP (1.1) has no direct variational structure, which makes the treatment of this kind of
problem not only rely on the critical point theory, but also be combined with the iterative
method. Because the research process is relatively complicated, there are a few studies on
the existence of solutions of fractional differential equations with fractional derivatives in

nonlinear terms (see [6, 10]). Recently, reference [19] considered the following p-Laplacian
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fractional differential boundary value problem with Dirichlet condition:

1
DT (W%(w(t)owu(ﬂ)) +Au(t) = f (&, u(t), GDFu(®)) + h(u(t)),

u0)=u(T)=0, ae.te[0,T],

where % <a<l,p>2and 1 >0.w e L*[0,T], ¢p(s) = Is|P~2s, f € C([0, T] x R x R, R),
and /1 : R — R is Lipschitz continuous. The authors proved that there was at least one so-
lution to the above problem via the mountain pass theorem. On the basis of this article, the
authors used the same method to investigate the existence of solutions for fractional (p, g)-
Laplacian differential systems with nonlinear terms containing fractional derivatives, in-
stantaneous impulses, and Dirichlet conditions (see [20]).

Inspired by the above research background and the existing research work, this arti-
cle investigates BVP (1.1). The research on fractional advection—dispersion equations has
been ongoing, but to our knowledge, there is no work that studies the nonlinear terms
of fractional advection—dispersion equations that include fractional derivatives, let alone
systems with nonhomogeneous Sturm-Liouville conditions and noninstantaneous im-
pulse conditions. Note that when the coefficients and constant terms in the nonhomoge-
neous Sturm-Liouville condition are selected as 0 and 1, the Sturm-Liouville condition
will degenerate into the Dirichlet boundary value condition, which means that the Sturm—
Liouville condition is more general. In these respects, the problem studied in this paper is
new and necessary. What is more, as for the assumptions, the assumptions of the impulse
terms in this paper are weaker than the corresponding parts in reference [6], which is a
highlight of this paper.

2 Preliminaries
For convenience, in this section we remind the readers of the relevant definitions and

properties of fractional calculus.
Definition 2.1 [17, 25] Let u be a function defined on [0, T']. The left and right Riemann—

Liouville fractional integrals of order 0 < y < 1 for the function u denoted by oD, u(t) and
D7 u(t), respectively, are defined by

oD, u(t) = %}/) / (t—5)" tu(s)ds
0

and
- I .
D7 u(t) = m/; (s — )" u(s)ds,

provided the right-hand sides are pointwise defined on [0, T'], where I" > 0 is the gamma
function.

Definition 2.2 [17, 25] Let u be a function defined on [0, T']. The left and right Riemann—

Liouville fractional derivatives of order 0 < ¥ < 1 for the function u denoted by (D} u(t)
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and ;D}u(t), respectively, are defined by

d _
oD} u(t) =+ oD} uct) = o y)dt</ (t-s) Vu(s)ds)

and

DY u(t) = 4 DVl u(e) = _41£</T(s— t)_yu(s)ds>
== PO ra sy a\ ’
where t € [0, T1.

Definition 2.3 [17, 25] Let u € AC([0, T],RY). Then the left and right Caputo fractional
derivatives of order 0 < y <1 for the function u denoted by ngu(t) and ﬁD}%u(t), respec-
tively, are defined by

DY u(t) = oD} '/ (t) = ——— T (1_ / t—9)"u/'(s)ds

and

Dru(t) = — D il (t) = F(l— ) / (s— 1)/ (s)ds,
where t € [0, T1.

Property 2.1 [17] Let u be continuous for a.e. t € [0, T], the left and right Riemann-—
Liouville fractional integral operators have the following properties:

th_yl (th_mu(t)) — OD;VI—VZM(t) and tD}yl (tD}yzu(t)) = tD}yl_mu(t), Y1, V2> 0.

Property 2.2 [17] If u € L7([0, T],RN), v € L1([0, T],RN) and p > 1, g > 1, }9 + é <l+y
orp;ll,q;z’l,}?+é:1+y.Then

OT[OD;yu(t)]v(t)dt = /(;T[tD_Tyv(t)]u(t)dt, y > 0.
Property 2.3 [17]If0 <y < 1and u € AC([0, T],RN), then
oD, 7 (D} u(t)) = u(t) — u(0) and D7 CDYu(t)) = u(t) — u(T).
According to Definition 2.3 and Property 2.1, we know that
L b L b Loetepye L oetem
3 oD, (u(®) + 3 (D (u (1) = 3 oDy ™ (o D; u(?)) - 3 D7 (D7ut)), (2.1)
wherea:l—gand%<a§1.

Let LP([0, T],R)(1 < p < 00) and C([0, T'], R) be the p-Lebesgue space and a continuous
function space, respectively, with the norms

r 1
el = (/ Iu(t)lpdt>p, u e IP([0, T],R)
0
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and

lltlloo = max |u(t)l, ue C([0,T],R).
te[0,T]

Definition 2.4 Let % <a <land1 < p < co. The fractional derivative space E*? is defined
as the closure of C*°([0, T'], R), that is, E“? = C>([0, T'], R) with the norm

1
T T »
||u||a,p=( f EDCu(tPdz + / |u<t>|Pdt).
0 0

It is obvious that E*? is the space of functions u(t) € L?([0, T], R) with an @ order Caputo
fractional derivative {DYu(t) € L#([0, T'],R). According to [15], the space E*” with p €
(1,00) is a reflexive and separable Banach space. What is more, for the convenience of
writing, when p = 2, we mark E*? as X.

For the convenience of readers, we will review Holder’s inequality and Young’s inequality
here.

Hbélder’s inequality: If u € LP([0, T],RN), v € L1([0, T],RN), p > 1, and }17 + é =1. Then

T T }7 T ,11
/ |u<t>v(t)|dts( / |u(t)|1’dt) < / |v<t>|th).
0 0 0

Young’s inequality: If x and y are nonnegative real numbers, p > 1 and }7 + é =1. Then

xy <Yl + C(Y)y,

_q
where C(7) = %.

Lemma 2.1 [28] If% <o <1, then for any u € X we have

T T 1 T
- cD%u)*dt < — | (GDYu@®)(CD%u(t))dt < ——— €D u(t)|dt.
cosna/O oDy u®)|"dt < /0 (oD w()( D7 u(t)) __COSM/O lo D7 u(®)]
Lemma 2.2 The norm ||u||q2 in X is equivalent to
Tc o o b 2 d 2 %
llull = —/ (oD u()GD7u(t))de + ;(M(O)) +E(M(T)) . (2:2)
0

Combining Property 2.3, Lemma 2.1, and Holder’s inequality, the following lemma can
be derived.

Lemma 2.3 There is a continuous and compact embedding X — C([0, T],R). And there
exists a constant A > 0 such that

llloe < Allull

for u € X, where ||ul| is defined by (2.2).
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Lemma 2.4 [15] Assume that % <« <1 and the sequence {u,} weakly converges to u in X,
that is, u, — u in X. Then u, — u in C([0, T, R), that is,

lln — ttlloc — O
as n— oo.

It follows from the boundary conditions of BVP (1.1), integration by parts, and (2.1) that
we can define the weak solution # of BVP (1.1) as follows.

Definition 2.5 A function u € X is called the weak solution of BVP (1.1) if u satisfies the
following equation:

1 (T b 4
-3 /0 [(SD?u(t))(iD‘%v(t)) + (iD‘}u(t))(f)D‘Zv(t))] de + ;u(O)v(O) += W(TYW(T)

A B =
+ ;V(O) - ;V(T) + 1 FZII,‘(M(t/))V(t/)

m L1
2y / "t u(e), SR u(d)ve)de = 0, Yy € X.
j=0 vSj

Since there is no way to define the energy functional for BVP (1.1) directly, for each
u € X, we first fix any w € X and define ], : X — R as shown below

_ 1 TCD“tCD"tdt b oZd TZAO BT
Iw(u)——§/0 (6D u())(GDFu(2)) +%(u( )) +2_c(”( ) +Z”( )—;u( )

m
) |
j=1 70

1, A
=§|Iu|| +—u(0)
a

B m
—zu(T)+u/_ZI/O

Mo i
L(s)ds =1 / Fi(t,u(t), $D%o(t)dt
j=0 Y5

M(ti)

m tir1
I(s)ds -2y / Ei(t,u(t), {D%w(t))dt. (2.3)
j=0 VS

Then, according to the existing conditions, the Fréchet derivative of J, at point u € X
can be obtained as

1 T
Jo(wyv =~ 3 / |:((C)D‘Z u(®)((D7v(8)) + ((DTu@®) oDy V(t))i| de
0

b d
+ —u(0Ww(0) + —u(T)w(T)
a c

A B "
+ ;v(O) - ;v(T) + 1 le(u(t;))v(t,«)

Jj=1

m tj+l
> / fit,u(®), SDXw(®)v(t)dt, Vv € X. (2.4)
j=0 “5

Page 7 of 17
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It follows from Definition 2.5 that if # € X is a solution of J,(#)v = 0, then u is a weak
solution of BVP (1.1). And, by [31], the weak solution of BVP (1.1) is its classical solution.

Lemma 2.5 [26] Let E be a real Banach space and ] € C(E,R) satisfy the Palais—Smale
condition ((PS)-condition for short). Suppose that

(1)J(0)=0;

(2) There exist p >0 and ¥ > 0 such that J(uy) > O for all uy € E with ||xo|| = p;

(3) There exists uy € E with ||uy|| > p such that J(u;) < 0.

Then z = inf), ; maxseqo,171/(h(t)) > ¥ is a critical value of ], where

A = {h € C(10,1], E)|1(0) = o, h(1) = ur}.
3 Main results
Now, we make the following hypotheses.
(Hy) For j =1,...,m, there exist some constants L;, Zj, M;, A_/I,» >0and 0 < 1;, 7; < 1 such
that
—Lily|7 = M; < )| < Lily|7 + M; fory € R.
(Hy) For j = 1,..., m, there exist some constants R; > 0 such that
(%) = (| < Rjlx —yl, forx,y € [-C*,C7],
where C* = ACj, A is defined by Lemma 2.3, C; will be given later.
(H3) For j=0,1,...,m and t € (s}, t;,1], there exist some constants Kj, K, Np, N3 > 0,

N1>0,n,0,w>1,0<1<2,8§>0,0<¢ <1 such that

Sitx,y) < Kilx|" + Kalx|7 |yl for |x] <6, y € R,

Sit:%,9) > Nix” — Na|y|* = N3 forx>0, yeR.

(Hy) For j=0,1,...,m and t € (s}, tj,1], there exist some constants Py, Py, P3 >0, 6 > 2,
0< &, 0 <2 such that

St %,9)% — OF(t,%,y) > —P1|x|* = P2|y|° = P5 for x,y € R.
(Hs) Forj=0,1,...,m and t € (s}, ¢j,1], there exist some constants Q;, Q, > 0 such that
[fi(t, x1,91) = fi(t, %2, 52)| < Qulx1 —xa| + Qaly1 — ya2l, for x1,%3 € [-C*,C*], y1,y2 € R.

For the convenience of writing, we first define a few notations, as shown below.

8% |A|s |BIS 2\ (LT
Oi=55-——-——- Oa= M;s ),
1 -2 (L

j=1

K Ts™  AKp8°* TTC
= +

O3 -
n+1 o+1 (—cosma)?
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Theorem 3.1 IfO; > 0 and (1O, + LO3 < Oy, suppose that (Hy) — (Hs) hold, then BVP (1.1)
admits at least one nontrivial solution.

Proof The whole proof process is divided into three steps.

Step 1: Prove that J, satisfies the (PS)-condition.

Suppose that {u,} C X is a sequence with {J,,(u#,)} bounded and lim,,_, o J/ (#1,,) = 0. Then,
for any fixed w € X with ||@| < C;, according to Lemma 2.3, (H;), and (Hy), it follows from
(2.3) and (2.4) that

0Jo(un) = I, (tn)thy

0 AB -1 B -1
=5 = Dllal* + A6-D - 20D, ()
a
up(t;) m
+9uZ f s — 1Y L)t

j=1
m tis1
—?»Z/ (91’/0, un(t), oDf () = fi(t, un(?), SD‘Z‘w(t))un(t))dt
j=0 5

0 |A](6 — 1A |B|(@ —1)A
z(——l)nunnz— - N2t ]l — - (74

—WZ(

Iu 5+t +MA||un||)

m
-ny <Z,«Aff“ (M ks +M,~A||un||>

j=1

m tis1
—AZ/ (P1|u,,(t)|5 + Py|5D% ()] +P3>dt
j=0 v

Al@ -1)A  |B|(6 - DA " "o
= Dl P —(' D8 BOZDR 003 mn =D tn Y

c , ,
j=1 j=1

_QMZ

||un I+t —MZL AT |24y |77 = AP T AS [l €
j=1

T
- AP, / 6 DY w(8)|°dt — AP5T.
0

Note the assumptions of 1 < 7;+ 1, 7+ 1< 2,0 > 2,and 0 < £ <2 and the fact that J,(u,)
is bounded and lim,,_, o J, (4, )i, = 0, so we get that {u,} is bounded in X.

On one hand, since {u,} is bounded in X and X is a reflexive space, there exists a subse-
quence of {u,}, still record this subsequence as {u,}, such that u,, — u in X. Then, based
on Lemma 2.4, we get u, — u in C([0, T'], R). Thereby,

<J () =T, (), by, — 1 >— 0,
(Ij(un(tj)) - Ij(M(tj)))(Mn(tj) - u(t)) — 0,

<ﬁ(t, u(t), GDf (1)) = fi(t, u(t), SD‘Zw(t))>(un(t) —u(?)) = 0
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as n — 00. On the other hand, in view of (2.4), we have
llzen — I4||2 = <]¢/g(un) —]Zo(u), Uy —U>—[L Z (I](un(t/)) —Il(u(t]))) () — (1))
j=1
i tj1
+ A Z / / (f;(t; Mn(t)’ (C)D(;[U)(t)) _ﬁ(t, M(t), (C)Dl:a)(t))) (Mn(t) _ u(t))dt
j=0 V5

-0

as n — oo. Combining the above two aspects, we can get u, — u in X. In summary, /,
satisfies the (PS)-condition.
Step 2: Prove that J,, admits a critical point by the mountain pass theorem.
LetO<p=*% and ll#|| = p, then from Lemma 2.3 one has ||#|, < Alu| = Ap =6 for
u € X, where 5 is given as (H3). Further, notice that (2.3), (H1), and (H3), using Holder’s

inequality and Lemma 2.1, we can get

Ti+1

L., |AIA |B|A 2 (LA
() > = - ull - ——||ull - §
Jo(u(2)) 2||u|| P flull C flull MH —

RN

1 |A|A |B|A
>l = ==l = == lu ||—MZ ||u||f/“+MA||u||

a5 +MjAIIM||>

K
21 u(t)| "+ 3D?w(t>|‘>dt

A T A1 MGATH |u||7
e [ s A/ loDf w(t)|'dt
+1 o+1 0

52 |A|6 |B|S L;sut!
e DS (B )

T2A2 a c Ti+1
j=1
KT8 Ko TH
-A + L - ].
n+1 (0 +1)(—cosma)2

Recall that we assume O; > 0 and ©O; + 103 < Oy, so we chose p small enough so that
Jo(u) > ¥ >0 for |lull =
Next, let us define io(¢) = 22 € X and ||ito|| = 1. Hence, for any x >0, by (2.3), (H3), and

lluoll

Lemma 2.3, we get

e |AlAx - IBIAX

_ X _
]w(Xu0)§7||u0”2+ llzoll + p llzzol|

+“Z

L Ar}+1Xr,+1 - _ _
< 7o)/ +M;Axlluoll)

- 1 lew+l - o+l c o e
—kz o7 = Nox [uo(D)I16DF @(B)]° — N3 x|uo(®)] |de
0 5 w+1

2
X~ - |A IAX _ |B | X -
5—2 llito I* + llzoll + llzzol|

Page 10 of 17
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Z,+1Xrl+1 B _
+MZ< iz 0||Ij+1+MiAX||b_l0||>
AN Xzzr+l m ti+1 B . T
DD / |i20(£)] 7 *1dt + AN2 x Al o | / D eo(t)| dt
@+ j=0 Y5 0
+AN3T x Allasol|
2 [lAIA |BIA ” T
_X? (—|; 2 +MZM;A+AN2A/ |3D‘;w(t)|<dt+AN3TA)X
j=1 0
LATT L ND N [
+MZ Ti+1 ”1_w+12/s, lao(®)|" " dex . (3.1)
= =,

It follows from @ + 1> 2 and 1 < 7; + 1 < 2 that J,(x#o(t)) = —00 as x — 00, which
means that there exists xo > 0 large enough such that J,(xoit0) < O with | xoto| >
0.

Finally, combined with /,(0) = 0, according to the mountain pass theorem, it can be
inferred that there is a point # € X such that J/ (i) = 0 and J,, (i) > 9 > 0.

Step 3: Construct the sequence {u,} C X such that #,, — u* in X, and u* is the solution
to BVP (1.1).

Suppose a sequence {u,} C X satisfying ];H (#,) =0and J,, ,(u,) >0 >0 with [u,| <
C; for all n € N. For certain u; € X with |u;|| < C;. From Step 2, it can be seen that there
is uy € X such that ],;1(u2) =0and J, (u3) >0 > 0.

And then we are going to prove that ||uz|| < C;. As a matter of fact, by (3.1) and

Lemma 2.1, we have

]ul(l’tZ) < max ]Ml(XlZO)
0<yx<oo

2 a

< max
0<yx<oo

2 JAIA B|A "L ATy bt
|:X +| | X+| [Ax Z(/ X
j=1

+ U _7+1\_/1ij)
c — Ti+1

)‘-NIXWH m i1 T
- 72/ |ﬁo(t)|w+1dt+AN2XA/ |5D‘;‘u1(t)|{dt+AN3TXA}
o +1 s 0
2 moE o Fel | Tl
X~ |AlAx |BJAx LT x5 -
< max | — + + + — + MA
_0<X<oo|:2 a c M; Ti+1 X
)\‘lewﬂ m Ga . NZXAT CC
R / |ao(£)| 7t + ——————= + AN3T X A
@ +1 20 (—cosma)2
1 2 Ti+1 o+l
< max |=—x“+Cyx +Csx7" —Cyx ,
0<x<oo | 2
where
2-¢
AlAIBIA - AN AT 2 Cf
c, = A | 1BIA | w3 A+ 2R 2T NG TA,
a i (—cosma)?



Qiao et al. Boundary Value Problems (2024) 2024:101 Page 12 of 17

L At/” AN,
Cs—uz —le/ Ao

Define G(x) = x> + Cox + C3x7*" — C4x™*1, then we discuss G(x) in two cases.

Case 1: When 0 < x < 1, we have G(x) < % +Cy+Cy=Cs.

Case 2: When 1 < x <00, one has G(x) < (3 + Co + C3)x> = Cax” " for 1 <7+ 1<2
and @ + 1> 2. In this case, let H(x) = (5 + Co + C3)x* — Cux™*', then if H'(x) =
2(3 +Cy + C3)x — Ca(w + 1)x ™ =0, it can be calculated that H(X) = max;<y<oc H(x) = Cé,

1

- 23 +Co4C3) | 77 .
when y = y = NI . In conclusion, J,, (#2) < max{Cs, Cs} = D.
On the other hand, by (Hy), (2.3), and (2.4), combining Lemma 2.1 and Lemma 2.3, we
get
0
(5 = Dl
A -1) B -1) w2()
=0,y (u2) = J,, (u2)ur — uz(0) + uy(T) - 9#2/ Ii(s)ds
a c
+ Y L))
j=1
m tiv1
+A Z / (91‘}(& uy(t), oDf u1(t)) —fi(t, us(t), SD‘Zul(t))uz(t)> de
= Js;
Al(6-1A BJ|(6
<o+ AOZD8 )  BOZDE, 9u2< ||u2||ff“+MA||uz||>

m
uy (ZjAf’“ a5 + My A | ||)

j=1

m [j+1
+,\Z/ (plmz(t)ré + Py |SD%uy (£)[° +P3)dt
j=0 “5j

JAl(0 - 1)A  |B|(6 - DA " m
<6D 0 M;A M;A
- +< d— O Y MiA Y WA ) o]

a - -
Jj=1 j=1

7j+1

lla2 |

m 1
LAY
Z j
+on Ti+1
7

m T
+ 10y LA |7 + AP TAS i€ + APZ/O |6 D%uy (£)|°dt + AP T

j=1
m m
_ AP, T3 CP
<D+ Dillusll + Y Dallual|7 + )" Dsllua|7*! + Dala| + # +AP;T
i i1 (- cosmx)2
AP T “c? 20 — 4
<0D+D* +Di+ D+ Df+ 27 +APT + lla]l%, (3.2)

(=cos mx) 2
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where
|A|6 - 1)A |B|(6 —
Dy = +0u M;A + M A,
- ie- ROV IIDS
9 L-AT/H _ B
D2 = M}i, D3 = H/L]'AT/+1’ D4 = )\-Pl TAS,
Ti+1
and

0-2
D} + =5~ luall,

5
D <
el = 55—

1+7;
5m(l+1)\ Ty =
0-2

1-71
DmmW“s—El(

iy

/

- 1- 5m(1+1)\ 5 o5 0-—
D ‘E}+l < ] D 7 2,
sllu |l =— (79_2 ) 3 +10mlluzll
—-&( 58 = 0-
Dyl < 225 75 Dﬁ+ TRLCLE
are obtained by Young’s inequality. Besides,
5
D= D3,
2(60 —2)
“1 5m(1 + 1)) i—’ 2
*_ — T emil+ T SNl
D=2 (W) D
j=1
“ Sm(l+ )\ T 2
Dt m(1 + 7 9~
= —_— D ,
D=3 () o
§( 55\
pr= 228 (55 VT prE
) <0—2> *
Arrange both sides of (3.2) to get
10 AP, T2 C]
||u2||2§—<9D+D’{+D§+D§+DZ 27Q+AP3T).
0-2 (—cosma)?
20 , 3
Take C; = (91_02(91) +D5 + D5 + D5 + D} + M + )\.PgT)) to get |luz|| < C;. Thus,
(—cosma)2

according to this processing method, it is natural to prove that ||u,| < C; for every n € N.
Since ||uy|| < C1, ||4nlloc < AC1 = C* can be obtained by Lemma 2.3.

According to the above, we know that there exists a subsequence of {u,,}, still record this
subsequence as {u,}, such that 4, — u* in X. Then, based on Lemma 2.4, we get u,, — u*
in C([0, T1,R). And then we have to prove that u, — u* in X.

Proof by contradiction. Suppose that {u,} diverges in X, i.e., there exists €y > 0 for any

N > 0 such that for all # > N we have ||u,,,1 — u,|| > €.
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In view of /|, (up+1)(hns1 — 1) =0 and ];n_l(un)(uml —u,) =0, based on (H), (Hs), and
Lemma 2.1, one can get

2
126141 — |

=(]L/¢n(un+l) _]1;”_1 (”n))(urnl - Mn) - MK Z (Ij(u}ﬁl(tj)) - I/(un(t/))> (un+l(tj) - un(tj))

j=1

m ti+1
+A Z / (ﬁ(t, Un1(8), oDF tn(8)) = fi(t, un(2), SD‘}un_l(t))) (Uns1 () — un(2))dt
j=0 5

m "t
<Y Riluna &) — a2y / Qultt1 (8) — ()P de
j=0 VS

j=1

m tiv1
+A Z/ Q2[oDf un(t) = §DF -1 (O] |41 (8) — u(2)|dE
j=0 “Sj

m
<2C* Y Rilltss = thnlloo +20QuTC* [th1 = thy oo
j=1

1
2

T
+20Q (7) 21 — thnlloo-
—cosma

Simplify the above formula and arrange it to get

2 2
”un+1 - un”oo = Z||u}’l+1 - un” > ZG();

1

2
where Z = 2C*u Z;ZIR,» +20Q TC* + ZAQZCI< r ) . Thus, there is €; > 0 for any

—CosTTo

N > 0 such that for all n > N é we get ||t41 — tnllo > €, which is in contradiction with

u, — u* in C([0, T'],R) as n — oo. In other words, we can get u,, — u* in X as n — oo,
and then

D7 un()GDTV(E) — GDFuO)GDTv(®)), (DFun()(GDE V()

= (DU () GDyv(©),

éz,t,,(O)v(O) — éu*(O)V(O), 0—lu,,(T)v(T) — gz,t*(T)V(T),
a a c c

D L)) = Y L@ W), [t (D), §DF 1 ()WL)

j=1 j=1

— filt, u" (@), Dy u*()v(t)

as n — oo. Combining the fact that J; (u,)v = 0 for all v € X gives J.(u*)v = 0
for all v € X, which implies that #* is a weak solution of BVP (1.1). Similarly, it can
be proved that lim,_, o Jy, ,(#s) = J,+(u*), and it follows from J,  (u,) > ¥ > O that
Jo+(m*) > 9 > 0, which indicates that u* is a nontrivial classical solution of BVP (1.1).

O

Page 14 of 17
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4 Examples
Example 4.1 Letﬁ:%,azl—gzg,T:m:I,A:M:Z,a:b:l,c:d:S,and

A = B =2. Consider the following fractional boundary value problem:

d

1 _1 1 -1 5
- a( E ODt ° (Lt/(t)) + 5 tDl ’ (I/l/(t))) = Zﬁ(t, M(t), f)Dt6 u(t))r le (Sj’ tj+1]r ] =0,1,

1 1 11
<§ oDy @ () + 5 oDy " (u (0)))—u(0)=2,

11 1t

3(5 oD (W (1) + - Dy 3(u’(1))> +3u(l) =2, @
1! 1 1

A (5 oD, *(u'(t1)) + ! ° (Lt’(t1))> =20 (u(t1)),

oD, * (W () + Dy * (') = oD, (1) + Dy * W' (1), t € (11,511,

oD W/ (s)) + Dy * (' (s7)) = oD, > (/' (s7)) + Dy > W/ (s7))s

where 0 =sg <ty = % <81 = % <ty=1.Letl1(u) = |u|%,thereexistL1 =L, =2,M; =M =1,
and 1, = 71 = % such that (H;) holds. And we easily know that (H;) holds with R; = 1.
Choose Fi(t,x,5) = (1 + £)x® + %4> sin? y + 2| cos |, s0 fi(t,x,) = 6(1 + t)x° + 3t2x% sin’ y.
When Ky =12, K, =3, N1 =6, N\, =N3=0,8=2,1=50=2,1=1,w=5and { = },

(H3) holds. Moreover, (Hy) and (Hs) hold for 6 =6, Py =P, =0,P3=12,§=0=1, Q;
60(C*)* + 6C*, and Q, = 12(C*)%. Thus, based on Theorem 3.1, BVP (4.1) has at least one

nontrivial solution.

5 Conclusion

This article considers a class of fractional advection—dispersion equations with Sturm-—
Liouville conditions and instantaneous, noninstantaneous impulses, where the nonlinear
term includes fractional Caputo derivatives, i.e., BVP (1.1). Since BVP (1.1) does not have
a direct variational structure, after defining the function space, we construct a convergent
sequence through iterative methods and combine the mountain pass theorem to ensure
that the limit of the sequence is the solution of BVP (1.1). It should be pointed out that
Sturm-Liouville conditions in BVP (1.1) are more general than the Dirichlet condition,
and the assumptions set in this article are looser. Therefore, the work done in this article

fills a gap in the research field of fractional advection—dispersion equations.
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