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1 Introduction and main result

Consider the following second-order differential equation
(0p(x) + agy(x*) — bp,(x7) + 2()f (x) = e(t), (1.1)

where ¢,(s) = |s|P~2s with constant p > 2. Variable x € R, ¢t € R, x* = max(x,0), x~ =

1
max(-x,0). a and b are positive constants (a # b) satisfying a » + b ? = 2w}, w is an

1
irrational number, f(x) = o(|x|), z(t) and e(¢) are 27, periodic functions with 7, = %

When p =2, Eq. (1.1) is turned into
K +axt —bx” +z()f (x) =e(t), m,=m. (1.2)

Provided that z(£)f (x) = 0, e(¢) = 1 + y h(¢) in which A(¢) is a suitable function, investigat-
ing the boundedness of solutions to Eq. (1.2) is very complicated. Ortega [1] proves that
every solution to Eq. (1.2) is bounded if # € C*(S'), where S! = R/27Z, and y is sufficiently
small. Under certain conditions on the initial data, Alonso and Ortega [2] obtain that there
exists a function e(¢) to ensure that all solutions to Eq. (1.2) are unbounded. Ambrosio
[3] establishes the boundedness to solutions to fractional relativistic Schrodinger equa-

tions. A differential inclusion system involving the p(¢)-Laplacian is investigated in [4].
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Giacomoni et al. [5] utilize the bifurcation theory to discuss the multiplicity for a strongly
singular quasi-linear problem. The asymptotic properties of solutions for a second-order
nonlinear discrete equation of the Emden-Fowler type are acquired in [6]. Under appro-
priate restrictions, Jiao et al. [7] discuss the boundedness of all solutions to Eq. (1.2) (see
also [8—10]).

11
Forp>2,whena ? + b7 = 2w}, where o™

is an irrational number, Yang [11] inves-
tigates Eq. (1.1) and obtains that all the solution to Eq. (1.1) are bounded under certain
assumptions. Liu [12] discusses the bounded condition for Eq. (1.1) provided that f is
smooth and xgrinoo f(x) is finite. Ma [13] discusses the bounded condition for Eq. (1.1) pro-
vided that f is unbounded and z(¢) = 1.

When p = 2, without the assumption that ) Eripoo f(x) is finite, Zhang [14] has acquired
the conditions to ensure that each solution of Eq. (1.1) is bounded. In this work, we will
extend the result in [14] to the case p > 2 under the following assumptions:

(A1) :2(t), e(t) € CO(SY), where S! = R/27,Z.

(A2): If f(x) € CO(R \ {0}) N CO(R), then there are two positive constants C and zﬁ <y<
1, such that [xf®(x)| < C|x|”, provided that x € R \ {0} and 0 < k <6.

(A3): There exist positive constants 8; and B, such that pB; > g8, > 0, where positive
constants p and ¢ satisfy }9 + % =1and

xf (x) > Bilx|” Y, % (x) < Balx|”*!, xeR\ {0}

Here, we mention that condition (A;) does not require z(¢) = 1, namely, condition (A,) is
different from z(¢) = 1 in Ma [13]. Now, we state our main conclusion.
Theorem 1.1 Assume that p > 2 and (A1) — (A3) hold and z = ﬁ 02”” z(t)dt # 0. Then
every solution of Eq. (1.1) is bounded, namely, sup(|x(t)| + |x'(¢)]) < co.
teR

We set F(x) = fg f(s)ds. In this work, we utilize ¢ and C to denote any positive constants
(not concerning their quantity). &, /, m and » are nonnegative integers.

The structure of this work is the following: Sect. 2 presents action-angle variables, ex-
changing time and angle variables, and several lemmas. Section 3 provides the proof of
Theorem 1.1.

2 Preliminaries
In this part, we provide several lemmas that help prove Theorem 1.1. Throughout Sect. 2,
we assume that the hypotheses of Theorem 1.1 always hold.

2.1 Action-angle coordinates
Letx’ = —w@,(y), theny = —»'Pg,(x'), and the equivalent form of Eq. (1.1) is the following:

¥ = —wp(y), Y = ola19,(x") — b1g,(x7)] + 0" P[z(t)f (x) — e(t)]
with the Hamiltonian function

Hx,y,t) = gmq ¥ gwl P + by [P) + 0 P (2(DF(x) — e(t)x), 2.1)

_1 _1
where a1 = w?a, by = w™b, a; and b; satisfy lllp + blp =2.
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Let sin,(t) satisfy the problem
(Pp(C'®))) +¢p(C(1)) =0, C(0)=0, C'(0)=1.

From the conclusions in [15-17], we confirm that sin,(¢) is a 27,-periodic C? odd func-
tion with sin, (7, — t) = sin,(t) for t € [0, %”] and sin, (21, — t) = —sin,(t) for t € [y, 27, ].

Moreover, for ¢ € [0, 22] and sinl/y(t) > 0, sin,(t) € (0, (p — 1)1%) is implicitly given by

sinp(t) ds
[
0 1- %)E

p

Suppose that v(¢) satisfies the initial problem

(ppx' () + a1pp(x") = b1gp(x™) =0,  x(0) = (p— 1)1%, %'(0)=0.
Letting ¢,(v') =u and g = p/(p — 1) > 1 yields

wl”  alv PP a

: (2.2)
q p q

Using (2.2), we obtain that the action-angle coordinate transformation vg: x =
1 1
(dir)P (), y = (d1r)7u(8) with dy = pa;'. ¥ is a symplectic transformation since its value
of the Jacobian determinant is 1. Under v, Hamiltonian function (2.1) is transformed
into
h(r,6,8) = wr + 0" PZOF(dyr)? W(6)) — 0" Pe(t)(dyr)? (6) € CVS(RY x S x SY).

(2.3)

Let E = {# € S': () = 0}. When 6 € S'\E (¢ € S! is a parameter), we have h(r,t,60) € C°
with respect to r.

2.2 Lemmas
Utilizing the ideas in [13, 14, 18], from conditions (A;) and (A3), we obtain the following

conclusions.

Lemma 2.1 Forr>> 1,k <6, it holds that

+1
0¥ E(dyryp v@))] < Cr*

)4

05 (drr)P wO))] < CrF,
in which 0 € S* provided that k =1;0 € S'\ E ifk > 2.

Lemma 2.2 Let

27rp 1
E@r) = f F((dro™tr)? v(0))db. (2.4)
0
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For r > 1, the following conclusions hold

y+1

FEO@ <™, k<s,

- _qprtl
F(ry=c 7

and

gy ¥l

F'(ry<-Cr 7.

Proof For the sake of simplicity, we write x = (dla)‘lr)ll’ v(0). Using (2.4) and noticing that

E(N[0,27,] is a finite set, we have

Fr)= 1 / f(x)xdb.
[027,]\E

Using condition (A3) yields

_ 1 y+l
F'(r)= _/ S(x)xdb > ﬁ/ 7o = o
pr Jio2q,\E bpr Jiozn,\8

Differentiating (2.4) with respect to variable r, from the above analysis and condition (A3),

we have
I/l 1 2 1 ol
F'(r)= ) fx)x°d6 — —F'(r)
pre Jozn,\E qr
1-
< B[ e Fo)
pre Jozn,\E qr
- 1 -
< by LEg
prp qr
- (ﬁ _ l) F'(r)
pbr g/ r
< (ﬁ — 1>Cr_2+y7+1,
pbr g
which finishes the proof. d

From Lemmas 2.1 and 2.2. combined with condition (A;), we obtain that the following

conclusion holds.

Lemma 2.3 Let hy(r,0,) = 0 P2()F(dyr)? v(8)) — o' Pe(t)(dyr)P v(B). For r > 1,¢ € St
then
v L

1053/ (r,6,8)] < o <77, (25)

in which 6 € S* provided that k =1;0 € S' \ E ifk > 2.



Xing et al. Boundary Value Problems (2024) 2024:103 Page 50f 13

Let
a(r,0,8) = r P (r,0,1). (2.6)
From Lemma 2.3, for r 3> 1, we have
0kalg(r,0,0) < ¥5, k+l<e. 2.7)
Lemma 2.4 Forr> 1,k + [ <6, then
0<cr <h(r,t0)<Cr,
orh(r,t,0) > %, (2.8)
|0kl h(r,t,0)] < Crk+t,
in which 0 € S* provided that k =1;0 € S'\ E ifk > 2.

Proof From (2.3) and Lemma 2.1, we obtain

lim —=w>0,
r—>+00

and forr > 1,

oh d
I 0+ 0" P2)d, F(dir)P v(0)) — Lo Pe(t)dyr)r " w(6) > 2,
ar p 2
which together with (2.5)—(2.7) completes the proof of (2.8). O

Lemma 2.5 [15] Provided that function f(x, t) satisfies
|50,/ (6, )] < Cx7 | (s, 0)

for all sufficiently large x >0 and all k,[: k + | <N, where N € N. Suppose that
f(x,t) > cx f(x,8)>0

for all sufficiently large x > 0. Then, the inverse function g(y,t) of f in x satisfies
0K0lg(y, )| < Cy gy, 1)

forall K + [ < N and all sufficiently large y.

Using Lemmas 2.3 and 2.4, for 4> 1,¢ € S!, we have
|9ralr(h,t,0) < Ch™1, k+i<6, 0eS'\E. (2.9)
Thus, we write (2.3) as

h(r,0,8) = wr + rPg(r6,8), r=r(ht,6). (2.10)
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In fact,! v(¢) € C%(S!) does not belong to C*(S'). We exchange the time and angle vari-
ables to prove Theorem 1.1.

2.3 Exchange of time and angle variables
Based on the conclusions in [15], the identity rd® — hdt = —(hdt — rd@) guarantees that if
we can solve r = r(h,t,0) from (2.3) as a function of /, t, 6, then

dh

LS
do - ot b

dt  or
5= ﬁr(h, t,0), (2.11)

i.e., Eq. (2.11) is a Hamiltonian system with a Hamiltonian function r = r(%,¢,6) in which
action, angle, and time variables are /, £, and 0, respectively. The following lemma gives a
more detailed description of r in (2.10) according to the magnitude of /.

Lemma 2.6 Provided that h > 1,6 € S'\ E, t € S, it holds that

r(h,,0) = VI — P Z(O)F (dyw )P w(8)) + Rk, £, 0), 2.12)
where
1850IR (1, 1,6)] < CHTE"0) | k4 i<e. (2.13)

Proof Using the identity (2.10) yields
r=wlh- a)‘lrll’g(r, t,0). (2.14)

Utilizing the identity (2.6) and the Taylor formula, we obtain that function g = g(r,0,t)
satisfies

9(r,0,8) = g - w1 g,0,1)

=g(w™'1,0,1) + Ro(h,t,0)

= (@ ) P P2 F(dyoo  h)P v(0)) — dP 0" Pe(t)W(6) + Ro(h, 1,6), (2.15)

in which Ro(,£,0) = — [} /(w1 — s Lr7 g, 0, ) Lr7 gds.
Substituting (2.14) into (2.15), we have

r=w - g, t,0) @ H)P (1= rp g)p
= w - g t,0) (@ )P
1, ! L 11
+—w gt 0)(w h)l’/ (Q-sh"rrg)r "h™'rrgds
V4 0

=wlh- w’pz(t)F((dla)’lh)}? v0)) + Ri(h,t,0) + Ry(h, £,0) + R3(h, £, 0),

1C* is four times continuously differentiable functions in R or S', and C° is six times continuously differentiable functions
inRorS'.
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where
sl 1 1 -1 " 1
Ri(h,t,0)=0" P h!’/ g h—sw 'rrg,0,t)rrgds,
0
1 a1, (1 Ll 11,
Ry(h,t,0)= —w " P’hP (Q—-shreg)r rrgads,
p 0
1
Rs(h,,0) = d” & P v(@)e(t)h?.
Direct computation gives
OkoLr? (h,1,0) = 3 1o 0 8 K, 1, 0001202 (1, 1,6) - - - 1 31 r(h, 1,6)
withl<m<k+lL ki+ky - -+ky=kandl +I +---+1, =1 Using (2.9) yields
\8kalr? (h,,0)] < CH ™.
Similarly, we acquire

|k olg(h,1,0)| < CH ",

|8,f8tlgr(w_1h — Sa)_lr!l’g, t,0)| < C’k’“%,

Using p > 2 and the expression of R; yields

2+2

0K8!R (i, £,0)] < CHT* 175" < ek,
Analogously, we obtain

1959 Ry(h, £,0)| < CHTr*Y,

|0K0! Ry (1, £,0)] < Ch**5.

Letting R(h,t,0) = Ry(h,t,0) + Ry(h,t,0) + R3(h, t,0), we obtain that inequality (2.13) holds.
d

2.4 Canonical transformation
In this part, two lemmas are established to make sure that the Poincare map of the new
system is close to a twist map.

Lemma 2.7 There exists a canonical transformation v, of the form: 1 : (A, ) — (h,t)
h=r+UMt0), @=t+V(Ht0),

where U and V are 2w, periodic about 0. Under v, the Hamiltonian function (2.12) is
transformed into

nu,e,0)=w - w*ﬁ%F((dlxw*I)% v0)) + Ri(h, ¢,0). (2.16)

Page 7 of 13
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Moreover, for . >> 1,0 e S'\ E, t € SY, it holds that

|050L Ry (1, ,0)] < Cokemasty 5H gy <5, (2.17)
Proof We make a transformation v : (A, ¢) — (k, ¢) implicitly given by

B=ht3:510060), @=t+8,50t0) (2.18)
with

t 1

$1(0,1,0) = /0 Pz OF (o™ o) )a
Under v, Hamiltonian (2.12) becomes

1100 ,6) = @ (0 + 8,51 - w‘p2F<(d1a)‘1(A +9,5,)? v(@)) + 3,5,

- a)fpzl(t)F((dla)fl()\ + 8t51))1%v(9)) + R(A + 0:51,t,60)

—w - a)’péF((dl)»a)’l)}’v(G)) + Ry( 0,0)

+ Rs(X, 0,0) + Rg(A, 0,0) + R7(A, ,0),
where z;(¢) = z(t) —z and

1
J — / 8AF((d1w‘1(/\ 09,817 v(e)) 9,S1du
0
20 ! L 1 . 1
= —7 f((dw)‘ A+ Matsl))”V(9)>V(9)d1w_ (A + 10:81) 19:S1dp, (2.19)
0

1
Rs=— / w‘pzl(t)adlwqu((dlw_l(A + uatSl))I_l’V(9)>d1w‘18t51d,u,
0

R6 = BGSI()H t: 9)1
R7; = R(A + 0,51,t,0).
From Lemma 2.1, for A > 1 and k + [ < 6, we have
kel

1959;S1(0,1,0)] < CA™ 7, (2.20)

which together with (2.18) yields

y+1 (221)

1 3 -2+ 22
2 < 3<pt()»,(0,9) < 27 |8)»t()"’(p79)| <A L

For 2 < k + [ <5, utilizing direct calculations gives rise to

+1 +1
10530, 0,00 < CLT 7, 18k 0k, 0)] < C T (2.22)

Page 8 of 13
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k¥
First, we prove |af 8pr4| <CAi k%% Direct computation gives
0F0L0,810,8,0) = Y 018100, 1, 0) 01t 202t - - 0y ol

withl<m+n<k+l,m+ki+ky - -+ky=kandl; +15 +---+1, =1 Using (2.20), (2.21),
and (2.22) yields

0501 8,51] < ok
In the same way, we obtain
195310+ pdeS1) 7| < CA
and
3

00Lf (o™ G+ 18, $1)P V() | < Co

Noticing 0 < Iﬁ <y <1, from (2.19), we have |8f8£)R4| < o/ Similarly, we obtain

+1
0faLR <A, i=5.6.
Applying (2.13), (2.21), and (2.22) gives rise to
|958L Ry | < CATFmastrp),

Set Ri(A, ¢,0) = Ra(h, 0,0) + Rs(X, 0,0) + R(A, ¢,0) + R7(A, ¢,0). Hence, inequality (2.17)
holds. O

Next, we eliminate the new time variable 0 at the first time by constructing the trans-

formation.

Lemma 2.8 There exists a canonical transformation o : (A, ) = (A, T):

Yaih=A  @=1+850,0)).
Under vy, the Hamiltonian (2.16) is transformed into

ra(A, T,0) = 0 A — wPZF(X) + Ro(R, T,0). (2.23)
The new disturbance term R, satisfies

1050/ Ry(0, 7,0)| < Cpkvmasty 15H) (2.24)

fork+1<51>1,0eS'\ EandteSh.



Xing et al. Boundary Value Problems (2024) 2024:103 Page 10 0of 13

Proof We choose generating function
o 1 —
S2 (A, 0) :/ w PZF(dyw AP v(0)) — F(L)]d6.
0

Under v, then the Hamiltonian (2.16) is transformed into

(A T,0) = 1%, 0,0) + 09Ss = 0 IA — 0 PZF(L) + Ra(R, T,0),
where

Ry(%,7,0) = Ri(A, T + 3,5,,0). (2.25)

Thus, inequality (2.24) is obtained from (2.17), (2.23), (2.25) and Lemma 2.2. The proof of
Lemma 2.8 is finished. g

3 Proof of main result
Without loss of generality, we only need to prove Theorem 1.1 for the case & > 0. For e < 0,
the proof is similar. For given 0 < § < 1, define transformation ¥3 : (A, 7) — (v, 7) by

FM=8veP®), 1=1, 1<v<4. (3.1)

Dueto A — +00, F'(A) = 0, thus A — +00 < 8§ — 0. For A = A(8v), the following estimates
hold.

Lemma 3.1 c67°17 < A(8v) < CS7717, |9K0(8v)| < CA(SY) Kk <4.

Proof From Lemma 2.2 and (3.1), we have ¢§ i <Aov)<C$ v .

Differentiating (3.1) with respect to v, we have F”()) = @”8%~!. Using Lemma 2.2 yields

wP8z71 @P827 A SA cSA cSA
< = <

= | =1= [ <] o=l —=l=—<Ci
(0 Froon — -t TPy v

|0yA| = |

Taking k(k > 1) order derivative about v on both sides of (3.1), we obtain

s=k
F'()afa+ Y Feafa0 - 81 =0
s=2

with k; + kg + -+ - + k; = k. Thus,

s=k T k1 4 qk ks
95, FGrD3 3,2 . .. 0,5 A

P F'Q)

From Lemma 2.2, using the induction methods yields
|0ka] < Cr, k=2,3,4,

which completes the proof of Lemma 3.1. d
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From the definition 3, we have

v _ 5-1w-1“1'f”(x)d—K =5 wPZF" (V)3 Ro(X, T,0)
do W T z A I

Introducing a new time variable ¢ by = —¢ yields

YL 5,8), T =l s b,1,5,8) (3.2)
- = y LL,U,0), o = v1T,V,0) .
a1V g0 Tovth

where

L, 1,9,8) = 8 1w P2E" (M), Ro(A, T, —0),

L(v,1,9,8) = =, Ry(A, T, D).

Lemma 3.2 Provided that p > 2, ﬁ <y<l,0<8<kKL,k+l<dandteS'\E(i=12),
it holds that

18%al1,(v,7,9,8)| < C8°, (3.3)

where o = yfﬁ(—l +y)>0.

Proof For k =0, we have

= - r+l P v+l
|92 1a] = 10,9, Ro(h, 7, )] < CA7H "7 < camimp Chmetimnd < ¢,

Using the assumption y > Iﬁ derives “7” <y.We have |3/ 1,] < C5°.
For k > 0, we obtain

18KaL1,| = 1958 8, Ry, T, 1))

_ y+l
< Cx 1+max{ 7 v}

<CS yfﬁ(—1+max{ VTH,)/})

< Cs°.
For [;, we have the same estimate. The proof of Lemma 3.2 is completed. O

From Lemmas 3.1-3.2 and (3.3), we see that the solutions of (3.2) with initial value v(0) =
vo € [1,2], T(0) = 7p do exist for 0 < ¢ < 4m, if § « 1. Integrating (3.2) from 0 to 27, we
derive that Poincaré map P in (3.2) takes the following form

p. ] mp=T0- w127, + 8(vo + P2 (v, 70, 8)),
| v2r, = Vo + 8P1(vo, 70, 8),

where |0% 8! P;| < Cs7 M fork+1<4,i=1,2.

Vo " T0
Since P is a Poincaré map in (3.2), it is an area-preserving, and thus it possesses the

intersection property in the annulus [1,2] x SL. Namely, if " is an embedded circle in
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[1,2] x S! homotopic to a circle v = constant, then P(I) N T" # @ (see [18]). Now, we have
verified that the mapping P satisfies all the conditions of Moser’s twist theorem. Hence,
there exists an invariant curve I's of P surrounding vy = 1 if § < 1. The I's is located in
ring domain {(v,7)|8 < v < 26}. Note that § — 0 < A — oo. The points (%, ¢,0) satisfy-
ing r1(%, ¢,0) = r1 (A 9,0)|p)er, form an invariant torus T? in the extended phase space
(A, ¢,0). Thus, ¥1(T'5) is an invariant torus for Eq. (2.1) in (x,y,£) € R? x S!, which is
far away from (0,0), where ¢ = ¥11o. The solution of Eq. (2.1) starting from inside of
¥ ~1(T's) is contained inside of ¥~!(I'5). Thus, the solution of Eq. (2.1) is bounded. The
proof of Theorem 1.1 is finished.
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