Hindawi Publishing Corporation
Boundary Value Problems

Volume 2007, Article ID 14731, 25 pages
doi:10.1155/2007/14731

Research Article
Eigenvalue Problems and Bifurcation of Nonhomogeneous
Semilinear Elliptic Equations in Exterior Strip Domains

Tsing-San Hsu
Received 19 July 2006; Revised 10 October 2006; Accepted 20 October 2006

Recommended by Patrick J. Rabier

We consider the following eigenvalue problems: —Au+u = A(f(u) +h(x)) in Q, u >0
inQ, uc€ H(Q), where A >0, N=m+n=>2, n>1,0 € w < R is a smooth bounded
domain, S = w X R", D is a smooth bounded domain in RN such that D cc' S, Q =
S\ D. Under some suitable conditions on f and h, we show that there exists a positive
constant A* such that the above-mentioned problems have at least two solutions if A €
(0,A*), a unique positive solution if A = A*, and no solution if A > 1*. We also obtain
some bifurcation results of the solutions at A = 1*.

Copyright © 2007 Tsing-San Hsu. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

Throughout this article, let N = m+n>2,n>1,2* =2N/(N - 2) for N > 3,2* = oo for
N =2, x = (y,2) be the generic point of RN with y € R™, z € R".
In this article, we are concerned with the following eigenvalue problems:

—Aut+u=A(f(u)+h(x))inQ, uinH}(Q), u>0inQ, N=2, (1.1),

where A >0, 0 € w = R™ is a smooth bounded domain, S = w X R*, D is a smooth
bounded domain in RN such that D cC S, Q = S\ D is an exterior strip domain in RY,
h(x) € L*(Q) N L% (Q) for some go > N/2 if N > 4, go =2 if N = 2,3, h(x) > 0, h(x) #0
and f satisfies the following conditions:

(f1) f € C1([0,4),R"), f(0)=0,and f(t)=0ift<0;

(f2) there is a positive constant C such that

| f(5)] < C(It|+t|P) forsomel<p<2*—1; (1.1)
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(f3) limy—ot 1 f(£) = 05
(f4) there is a number 8 € (0,1) such that

Otf'(t)= f(¢#) >0 fort>0; (1.2)

(f5) f € C?(0,+00) and f"(t) > 0 for t > 03

(f5)* f € C*(0,+c0) and f"'(t) >0 for t > 0;

(f6) lim—q+ t'~% f"(¢t) < C where C is some constant, 0 < q; < 4/(N —2) if N > 3,
q1 > 0if N =2.

IfQ=RN or Q=RN\D (m=0in our case), then the homogeneous case of problem
(1.1)) (i.e., the case h(x) = 0) has been studied by many authors (see Cao [4] and the
references therein). For the nonhomogeneous case (h(x) # 0), Zhu [18] has studied the
special problem

—Au+u=uP+h(x)in RN,

1.3
uin HY(RY), u>0inRY, N=2. (13)

They have proved that (1.3) has at least two positive solutions for || k|12 sufficiently small
and h exponentially decaying.
Cao and Zhou [5] have considered the following general problems:

—Au+u = f(x,u)+h(x) in RN,

1.4
uin HY(RY), u>0inRY, N=2, (14)

where h € HY(RN), 0 < f(x,u) < ciu? + cu with ¢; >0, ¢; € [0,1) being some con-
stants. They also have shown that (1.4) has at least two positive solutions for [|hllg-1 <
C,SPtV2(p=1) and h = 0, h # 0 in RY, where S is the best Sobolev constant and C, =
¢ "V (p— DI - c)/plpe-Y,

Zhu and Zhou [19] have investigated the existence and multiplicity of positive solu-
tions of (1.1), in R¥ \ D for N > 3. They have shown that there exists A* > 0 such that
(1.1)) admits at least two positive solutions if A € (0,A*) and (1.1)) has no positive solu-
tions if A > A* under the conditions that h(x) = 0, h(x) # 0, h(x) € L*(Q) n LNV2(Q)
(y>0if N=4andy =0if N = 3), and f satisfies conditions (f1)—(f5). However, their
method cannot know whether A* is bounded or infinite.

In the present paper, motivated by [19], we extend and improve the paper by Zhu and
Zhou [19]. First, we deal with the more general domains instead of the exterior domains,
and second, we prove that A* is finite, and third, we also obtain the behavior of the two
solutions on (0,4*) and some bifurcation results of the solutions at A = A*. Now, we state
our main results.

THEOREM 1.1. Let Q = S\ D or Q = RN\ D. Suppose h(x) > 0, h(x) # 0, h(x) € L*>(Q) N
L% (Q) for some qo > N/2if N = 4, qo = 2 if N = 2,3, and f(t) satisfies (f1)—(f5). Then there
exists \* >0, 0 < A* < oo such that
(i) equation (1.1)) has at least two positive solutions uy, Uy, and uy < Uy if A € (0,4*),
where uy is the minimal solution of (1.1)y and Uy is the second solution of (1.1))
constructed in Section 5;
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(ii) equation (1.1)) has at least one minimal positive solution uy«;
(iii) equation (1.1)) has no positive solutions if L > A*.
Moreover, assume that condition (f5)* holds, then (1.1)y+ has a unique positive solution uy«.

THEOREM 1.2. Suppose the assumptions of Theorem 1.1 and condition (f5)* hold, then
(i) uy is strictly increasing with respect to A, uy is uniformly bounded in L (Q) N H)(Q)
forall A € (0,A*], and

u — 0 inL*(Q)NHNQ)asA — 0%, (1.5)
(i) Uy is unbounded in L™ (Q) N H} (Q) for A € (0,A*), that is,

lim [|[U[] = lim |Gl = e, (1.6)

(iii) moreover, assume that condition (f6) holds and h(x) is in C*(Q) N L*(Q), then all
solutions of (1.1)) are in C>*(Q) N H2(QY), and (A*,uy+) is a bifurcation point for
(1.1)) and

uy — wx in C**(Q) N H*(Q) as A — ¥,

1.7
Uy — up=  in C>*(Q) N H*(Q) as A — 1*. (17)

2. Preliminaries

In this paper, we denote by Cand C; (i = 1,2,...) the universal constants, unless otherwise
specified. Now, we will establish some analytic tools and auxiliary results which will be
used later. We set

F = | fs)ds,
0
172
lull = (IVul? +u?)dx)

1/q
jul = ([ uttax) ", 1<q<e,
Q

ulle = sup |u(x)|.
x€Q

First, we give some properties of f (). The proof can be found in Zhu and Zhou [19].

LemMma 2.1. Under conditions (f1), (f4), and (f5),
(i) letv=1+06""'>2, one has that t f (t) > vF(t) for t > 0;
(ii) t‘l/ef(t) is monotone nondecreasing for t >0 and t~' f (t) is strictly monotone in-
creasing if t > 0;
(iii) for any 1,1, € (0,+c0), one has

fla+n) = f(t)+f(n),  flu+n)# f(0)+f(a). (2.2)
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In order to get the existence of positive solutions of (1.1)), consider the energy functional
1:H}(Q) — R defined by

I(w) = II (IVul? +12)dx — Aj “Vdx AJ hudsx. (2.3)

By the strong maximum principle, it is easy to show that the critical points of I are the positive
solutions of (1.1)).
Now, introduce the following elliptic equation on S:

~Autu=Af(u)inS, ueHS), N=>2, (2.4)

and its associated energy functional I® defined by
I (u) = ;J (1Vul? +12)dx Aj dx, ueHL(S). (2.4)

If (f1)—(f4) hold, using results of Esteban [8] and Lions [15, 16], one knows that (2.4)) has a
ground state w(x) >0 in S such that

S§® =1%(w) =supI”(tw). (2.5)

>0
Now, establish the following decomposition lemma for later use.

ProrosiTioN 2.2. Let conditions (f1), (f2), and (f4) be satisfied and suppose that {uy} is a
(PS)q-sequence of I in HY(Q), that is, I(u) = a+o0(1) and I' (ux) = o(1) strong in H~'(Q).
Then there exist an integer | > 0, sequence {x.} € RN of the form (0,2) € S, a solution  of
(1.1)y, and solutions u' of (2.4)y, 1 < i <, such that for some subsequence {ux}, one has

uk —u  weakly in H} (Q),

!
() — I(@)+ > 1% (u'),
y = (2.6)
Uy — (E-i—Zu"(x—x};)) — 0 strongin H}(Q),
i=1

x| — o0, |xi-xl| — o, 1<i#j<l,

where one agrees that in the case | = 0, the above hold without u’, x}.

Proof. This result can be derived from the arguments in [3] (see also [15-17]). Here we
omit it. O

3. Asymptotic behavior of solutions

In this section, we establish the decay estimate for solutions of (1.1)) and (2.4);. In order
to get the asymptotic behavior of solutions of (1.1),, we need the following lemmas. First,
we quote regularity Lemma 1 (see Hsu [12] for the proof). Now, let X be a C!! domain
in RV,
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LEmMa 3.1 (regularity Lemma 1). Let g: X X R — R be a Carathéodory function such that
for almost every x € X, there holds

| fOou)| < C(lul+|ul?)  uniformly inx € X, (3.1)

where1 < p <2* — 1.
Also, let u € Hj(X) be a weak solution of equation —Au = f(x,u) + h(x) in X, where
h € LN2(X) N L*(X). Then u € L1(X) for q € [2, ).

Now, we quote Regularity Lemmas 2—4, (see Gilbarg and Trudinger [9, Theorems 8.8,
9.11, and 9.16] for the proof).

LEmMMA 3.2 (regularity Lemma 2). Let X C RN be a domain, g € L*(X), and u € H'(X)
a weak solution of the equation —Au+u = g in X. Then for any subdomain X" CC X with
d’ = dist(X',0X) >0, u € H*(X') and

lullgzeey < CUlulla oo + l1gllzeo) (3.2)

forsome C = C(N,d"). Furthermore, u satisfies the equation —Au+ u = g almost everywhere
in X.

LemMa 3.3 (regularity Lemma 3). Let g € L*(X) and let u € Hy(X) be a weak solution of
the equation —Au+u = g. Then u € H3(X) satisfies

Il ) < Cliglliza), (3.3)
where C = C(N,0X).

LEMMA 3.4 (regularity Lemma 4). Let g € L2(X) N L4(X) for some q € [2,0) and let u €
H{ (X) be a weak solution of the equation —Au+u = g in X. Then u € W>4(X) satisfies

llullweay < C(llullzax) + igllzace)s (3.4)
where C = C(N, g,0X).
By Lemmas 3.1 and 3.4, we obtain the first asymptotic behavior of solution of (1.1);.

LemMa 3.5 (asymptotic Lemma 1). Let condition (f2) hold and let u be a weak solution of
(1.1)), then u(y,z) — 0 as |z| — co uniformly for y € w. Moreover, if h(x) is bounded, then
ue CH(Q) forany0<a< 1.

Proof. Suppose that u is a solution of (1.1)), then —Au+u = A(f(u) + h(x)) in Q. Since
f satisfies condition (f2) and h € L*(Q) N L% (Q) for some qo > N/2 if N > 4, qo = 2 if
N = 2,3, this implies that h € L>(Q) N LV?(Q) for N > 4 and h € L*(Q) for N = 2,3. By
Lemma 3.1, we conclude that

ueli(Q) forqgel2,00). (3.5)

Hence, A(f (1) + h(x)) € L*(Q) N L% (Q) and by Lemma 3.4, we have

u€ W»(Q)nw»(Q), qo> % if N >4, qy=2if N =2,3. (3.6)
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Now, by the Sobolev embedding theorem, we obtain that u € C, (Q). It is well known that
the Sobolev embedding constants are independent of domains (see [1]). Thus there exists
a constant C such that, for R > 0,

el 2= \Be) < Cllullw2ao (g for N =2, (3.7)

where Bg = {x = (,2z) € Q| |z| < R}. From this, we conclude that u(y,z) — 0 as |z| — co
uniformly for y € w. By Lemma 3.4 and condition (f2), we also have that

lalloo < lluallweao iy < C(lullgo +IAf () + AR(x)]|,, ) < Cullullg, +ACa (ullg, + 1Al ),
(3.8)

where C,, C, are constants independent of A.
Moreover, if h(x) is bounded, then we have u € W4(Q) for q € [2, ). Hence, by the
Sobolev embedding theorem, we obtain that u € C*(Q) for a € (0,1). O

We use Lemma 3.5, and modify the proof in Hsu [11]. We obtain the following precise
asymptotic behavior of solutions of (1.1), and (2.4), at infinity.

LEMMA 3.6 (asymptotic Lemma 2). Let w be a positive solution of (2.4)), let u be a positive
solution of (1.1)), and let ¢ be the first positive eigenfunction of the Dirichlet problem —Ag =
M@ in w, then for any e >0 with 0 < e < 1+ Ay, there exist constants C,C, > 0 such that

w(y,z) < Cgp(y)exp(— 1+ X4 —elzl),
w(y,z) = Co(y)exp ( - 1+A1|z|> lz|~=D2 " gsz] — o0, y € @, (3.9)
u(y,z) = Co(y) exp ( - 1+/11|z|) |z|~ (=12,

Proof. (i) First, we claim that for any ¢ > 0 with 0 < ¢ < 1 + 1, there exists C; > 0 such that

w(y,2) < Ceg( y)exp( \1+A —slzl) as |z| — o0, yE@. (3.10)

Without loss of generality, we may assume ¢ < 1. Now given ¢ > 0, by condition (f3) and
Lemma 3.5, we may choose Ry large enough such that

Af (w(y,2)) <ew(y,z) for |z| = Ry. (3.11)

Let g = (gy,4:), 9y € 0w, |g:| = Ry, and B a small ball in Q) such that g € dB. Since ¢(y) >
0 for x = (y,2) € B, ¢(q,) =0, w(x) >0 for x € B, w(q) = 0, by the strong maximum
principle (d¢/dy)(g,) < 0, (aw/0x)(q) < 0. Thus

lim w(x)  (dw/dx)(q)
o, 9O (09/9y)(ay)

> 0. (3.12)

Note that w(x)g~!(y) >0 for x = (y,2), y € w, |z| = Ry. Thus w(x)¢~'(y) >0 for x =
(3,2), y € @, |zl = Ro. Since ¢(y) exp(—+/1+21; —¢lz|) and w(x) are C'(w X dBg,(0)), if
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set

C.= sup (w(x)¢*1(y)exp<\/1+ll—8R0>), (3.13)

YE®,|z|=Rg

then 0 < C, < +o0 and
Cep(y)exp (—\/Tl—eRo) >w(x) foryea,|z| =R,. (3.14)
Let @ (x) = Ceop(y) exp(—+/1+ Ay — ¢lzl), for x € Q. Then, for |z| > Ry, we have
ot W(n - 1))
z

A = 1) () = (= @) () = ~Af (w) + (

> —ew(x) + e (x) = (D] — w) (x).

®:1(x) (3.15)

Hence A(w — ®@1)(x) — (1 —&)(w —Dy)(x) = 0, for |z] = Ry.

The strong maximum principle implies that w(x) — ®;(x) <0 for x = (y,2), y € @,
|z| = Ry, and therefore we get this claim.

(ii) Let

‘I’(y,z)=<l+\/%)<p(y)exp(— L+ lz]) 121702 for (y,2) €Q. (3.16)

It is very easy to show that
-AY+¥Y <0 foryen, |z large. (3.17)

Therefore, by means of the maximum principle, there exists a constant C > 0 such that

w(3,2) = Cp(y)exp =1+ Alzl) 2|12
as|z| — », y €. (3.18)
u(y,z) = Co(y)exp ( -4/ 1+A |z|> |z|~(n-1)72

This completes the proof of Lemma 3.6. O

4. Existence of minimal solution

In this section, by the barrier method, we prove that there exists some A* > 0 such that
for A € (0,A*), (1.1), has a minimal positive solution u), (i.e., for any positive solution u
of (1.1),, then u > uy).

LemMa 4.1. If conditions (f1) and (f2) hold, then for any given p > 0, there exists Ay > 0 such
that for A € (0,A¢), one has I(u) >0 forallu € S, = {u € H(}(Q) [ lull = p}.

For the proof, see Zhu and Zhou [19].

Remark 4.2. For any € > 0, there exists § >0 (§ < p) such that I(u) > —eforallu € {u e
Hy(Q) | p—38 < llull <p} and for A € (0,1¢) if A is small enough (see Zhu and Zhou
[19]).



8 Boundary Value Problems

For the number p > 0 given in Lemma 4.1, we denote
B, = {ue HY(Q) | lull < p}. (4.1)

Thus we have the following local minimum result.

Lemma 4.3. Under conditions (f1), (f2), and (f4), if Ay is chosen as in Remark 4.2 and
A € (0,Ao), then there is a uy € B, such that I(ug) = min{I(u) | u € B_p} <0and uyisa
positive solution of (1.1)).

Proof. Since h# 0 and h > 0, we can choose a function ¢ € H}(Q) such that [ he > 0.
For t € (0,+00), then

2

_r 2, 2y o
I(tg) = 5 JQ(IVq)I +¢%) AJMF(t(p ) AtJtho )

2
< SlpIP+ACE [ (g +e 1 1gIP) <2t | o
2 Q Q

Then for t small enough, I(t9) <0.So o = inf {I(u) | u € B_P}. Clearly, & > —co. By Remark
4.2, there is p" such that 0 < p’ < p and o = inf{I(u) | u € B_pr}. By Ekeland variational
principle [7], there exists a (PS),-sequence {ux} C B_pr. By Proposition 2.2, there exists a
subsequence {u}, an integer [ > 0, a solution ' of (2.4)), 1 <i <1, and a solution u in
B_pr of (1.1)) such that u; — uo weakly in H}(Q) and « = I(u) + zﬁzllm(ui). Note that
I°(u) = 8§ >0 for i = 1,2,...,m. Since uy € B_p, we have I(uy) > a. We conclude that
I1=0,1(up) = a,and I’ (ug) = 0. O

By the standard barrier method, we prove the following lemma.

LEMMA 4.4. Let conditions (f1), (f2), and (f4) be satisfied, then there exists A* > 0 such that
(i) for any A € (0,A*), (1.1)) has a minimal positive solution uy and ) is strictly increas-
ingin \;
(ii) if A > A*, (1.1)) has no positive solution.
Proof. SetQy = {0 <A< +oo | (1.1)) is solvable}, by Lemma 4.3, we have Q) is nonempty.
Denoting A* = sup Q) > 0, we claim that (1.1), has at least one solution for all A € (0,1*).
In fact, for any A € (0,A*), by the definition of 1*, we know that there exists A > 0 and
0 <A <A <A* such that (1.3),, has a solution uy- > 0, that is,

—Auy +uy =N (f(un) +h) = A(f (ur) +h). (4.3)

Then uy is a supersolution of (1.1)). From h > 0 and h # 0, it is easy to see that 0 is a
subsolution of (1.1),. By the standard barrier method, there exists a solution ) >0 of
(1.1)) such that 0 < u), < uy.. Since 0 is not a solution of (1.1)) and A’ > A, the maximum
principle implies that 0 < u) < uy. Using the result of Graham-Eagle [10], we can choose
a minimal positive solution uy of (1.1),. O
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Let u) be the minimal positive solution of (1.1), for A € (0,4*), we study the following
eigenvalue problem

—Av+v=wf (u)vinQ,

1 | (4.4)
veHy(Q), v>0inQ,
then we have the following lemma.
LEmMA 4.5. Under conditions (f1)—(f5), the first eigenvalue py of (4.4) is defined by
= inf” (1Vv2+v2)dx | v € HY(Q), J £ () vidx = 1}. (4.5)
Q Q

Then
(i) a is achieved;
(ii) ur > A and is strictly decreasing in A, A € (0,A*);
(iii) A* < 400 and (1.1)y+ has a minimal positive solution uy+.

Proof. (i) Indeed, by the definition of y;, we know that 0 < gy < +o0. Let {v} C H}(Q)
be a minimizing sequence of y,, that is,

L)f’(u;t)vidx=l, J‘Q<|Vvk|2+vi)dx—>m ask — oo, (4.6)

This implies that {v¢} is bounded in H{ (), then there is a subsequence, still denoted by
{vr} and some vy € H&(Q) such that

vk — vo  weakly in H}(Q), 47)
Vg — vy a.e.in Q. ’

Thus,
JQ ( | Vo | + vé)dx < limianQ ( | V| + v,%)dx =u. (4.8)

By Lemma 3.5 and the conditions (f1), (f3), we have f’(u)) — 0 as [x| — co, it follows that
there exists a constant C > 0 such that

|f'(m)] <C VxeQ. (4.9)

Furthermore, for any € > 0, there exists R > 0 such that for x € Q and x| = R, f'(u)) <e.
Then

‘J f’(m)|vk—v0|2dx SJ' f’(uA)|vk—vo|2dx+J f’(m)|vk—v0|2dx
Q BrnQ 0\Bg

<C |vk—v0|2dx+sj lve — o | dx.
BRF‘IQ Q\BR

(4.10)



10  Boundary Value Problems
It follows from the Sobolev embedding theorem that there exists ki, such that for k > k,,
I |vk7v0|2dx<£. (4.11)
BrNQ
Since {vi} is bounded in Hd (Q), this implies that there exists a constant C; > 0 such that
J [vi —vo *dx < C). (4.12)
Q\Bg
Therefore, we conclude that for k > ki,
‘ J f’(m)|vk—vo|2dx’ < Ce+ Cie. (4.13)
Q
Takeing ¢ — 0, we obtain that
J f () vidx = 1. (4.14)
Q
Hence
J (|Vv0|2+v3)dx2m. (4.15)
Q
This implies that vy achieves y. Clearly, |vy| also achieves . By (4.17) and the maximum
principle, we may assume vy > 0 in Q.
(ii) We now prove gy > A. Setting A"’ >A >0 and A" € (0,A*), by Lemma 4.4, (1.1))- has
a positive solution u) . Since uy is the minimal positive solution of (1.1),, then uy: > uy as
A > A. By virtue of (1.1)y and (1.1)), we see that
Ay —w) + (uy —ur) =1 f(un) =Af () + (A = M)h. (4.16)

Applying the Taylor expansion and noting that A’ > A, h(x) = 0 and () = 0, f(t) >0
for all £ > 0, we get

—A(uy =) + (uy —wp) = A =) f () + A ' () (ur —r) >Af () (urr —n).
(4.17)

Let vy € H} (Q) and vy > 0 solve (4.4). Multiplying (4.17) by v, and noting (4.4), then we
get

[J)LJ () (up — up)vodx >AJ f () (uy — up) vodx, (4.18)
Q Q

hence py > A. Now let v) be a minimizer of 4, then

J'Qf'(uy)vidx > L)f’(u;t)vidx =1, (4.19)
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and there is ¢, with 0 < t < 1 such that
Jnf, (ur) (tv) dx = 1. (4.20)
Therefore,

uv < 2lnll* < |l = m, (4.21)

showing that p, is strictly decreasing in A, for A € (0,A*).
(iii) We show next that A* < +oc0. Let Ay € (0,A*) be fixed. For any A > 1y, we have
) > A and by (4.21), then

Uy = b >A (422)

forall A € [Ag,A*). Thus 1* < +c0.

By (4.4) and u) > A, we have
J (|Vul|2+\u)t|2>dx>J’ Af' (w)uidx, (4.23)
Q Q
and also we have
J ( | Vuy |2 + | uy |2)dx— J Af (up) updx — J AM(x)uydx = 0. (4.24)
Q Q Q

By condition (f4) and (4.23), we have that

JQ (1 2+ | |*)dx = L)/\f(ul)mdﬁ Jn/lh(x)mdx < HJQAf’(u,\)uidx
+ M2 funl] < Ol[aal® + Al Al

(4.25)

ThiS lmplies that
| — 6 :

for all A € (0,A*). Since A* < +o0, by (4.26) we can obtain that |[u)]] < C < +co for all
A € (0,A*). Thus, there exists )« € H} (Q) such that

uy — up+ weakly in Hj (Q),
L N \
uy — uy=  strongly in L (Q) for2 < g < N_ A— A%, (4.27)

uy — uy= almost everywhere in Q.

For ¢ € H}(Q), by condition (f2), we obtain that

J (VuA-Vq)+uA<p)dx%I (Vupe - Vo +upep)dx
o as A — A%, (4.28)
AJ Flu) +h (pdx—»A*J (f (ur+) + h)pdx
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From (I;(u1),¢) = 0 and let A — 1*, we deduce I}, (up+) = 0 in H™'(Q). Hence, u+ is a
positive solution of (1.1)y.

Let u be any positive solution of (1.1)+. By adopting the argument as in Lemma 4.4,
we have u > u) in Q for A € (0,A*). Let A — A*, we deduce that u > u)+ in Q. This implies
that uy+ is a minimal solution of (1.1)y=. O

5. Existence of second solution

When A € (0,A*), we have known that (1.1)) has a minimal positive solution u) by Lemma
4.4, then we need only to prove that (1.1), has another positive solution in the form of
Uy = uy +7, where v is a solution of the following equation:

—Av+v=A(f(ur+v) — f(r)) in Q,

. . (5.1)
v>0inQ, veH(Q).
For (5.1), we define the energy functional J : Hj (Q2) — R as follows:
J(v) = %J (|Vv|2+v2)dx—)tj (F(up+v*) —=F(w) — f(ua)v)dx. (5.2)
Q Q

Using the monotonicity of f and the maximum principle, we know that the nontrivial
critical points of energy functional J are the positive solutions of (5.1).
First, we give an inequality about f and u;.

LemMma 5.1. Under conditions (f1), (f2), and (f5), then for any € > 0, there exists C; > 0 such
that

flur+s)— f(u) = f'(m)s<es+Cesf, s=0, (5.3)

where 1 < p <2* — 1 and uy is the minimal solution of (1.1),.
For the proof, see Zhu and Zhou [19].
LemMA 5.2. Under conditions (f1), (2), (f4), and (f5), there exist p > 0 and « > 0 such that

J(v) s,z a>0, (5.4)

where S, = {u € H} (Q) | |lull =pl.

Proof. By Lemma 4.5, it is easy to see that, for all v € H{ (Q),

JQ(|VV|2+v2)dxZmsz'(uA)vzdx. (5.5)
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Again, by Lemma 5.1 and Sobolev embedding, we obtain that
J(v) = ! J (IVv|? +v2)dx—/lj (F(ua+v*) —=F(w) — f(ua)v*")dx

2||V||2——J ' (ur |v+| dx — AJ J fun+s)— f(w) — f'(ur)s)dsdx

l 2__J + _ 1 J + /1 + | pH1
2||v|| f(wm)|v | dx Ae [v | dx — 2410 Ce|vh | dx
l||V||2 A w2 - /\8HV||2—€||V||erl

2 Pl ¢

1

=5k Y = A =me) vl = Celivl P+
(5.6)

Since py > A, we may choose ¢ > 0 small enough such that gy — A — Agye > 0. If we take
&= (p —A)/2Apy, then

1
J(v) = ZMXI(H)L—)&)IIVIIZ—CIIVIIP“. (5.7)

Hence, there exist p >0 and & > 0 such that J(v) [s,> & > 0. O

Similar to Proposition 2.2, for the energy functional ], we also have the following re-
sult.

ProrositioN 5.3. Under conditions (f1), (f2), and (f4), let {vi} be a (PS).-sequence of ].
Then there exists a subsequence (still denoted by {vi}) for which the following holds: there
exist an integer | > 0, a sequence {x,i} < RN of the form (O,zL) € S, asolutionv of (5.1), and
solutions u' of (2.4), 1 < i <1, such that for some subsequence {vi}, as k — o, one has

Vk — 7 weakly in H} (Q),

!
J(ve) — J@) + D> I° (')
i=1

(5.8)
Vi — <v+ > i (x - x ) — 0 strongly in Hj(Q),

x| — oo, |xi-x| — oo, 1<i#j<],

where one agrees that in the case | = 0, the above hold without u’, x}.

Now, let § be small enough, D? a §-tubular neighborhood of D such that D? cC S.
Let7(x):S — [0,1] be a C* cut-off function such that 0 < # < 1 and

) 0 ifxeD; (5.9)
X) = . .
g 1 ifxes\D.
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Let ey = (0,0,...,0,1) € RN, denote

7o =2 sup |x| +1,

xeD? (5.10)
wr(x) =w(x—7en), 7€ [0,00),

where w is a ground state solution of (2.4),.

LEMMA 5.4. Let conditions (f1)—(f5) be satisfied. Then
(i) there exists ty > 0 such that J(tnw;) <0 for t = ty, T = 10,
(ii) there exists Ty« >0 such that the following inequality holds for T > Ty:

0 <supJ(tqw,) <I®(w) = S~. (5.11)

t=0

Proof. (i) By the definition of  and Lemma 2.1(iii), we have

Jomwe) =3[ (19 o) P ) =2 [ [ () = f )

t2

<5 | UV iwo "+ (’7Wr)2>dx—/\J;\BBF(th)dx,

(5.12)

Noting part (ii) of Lemma 2.1, we see that F(u)/(v~'u”) is monotone nondecreasing for
u >0, where v =1+ 67! > 2. Thus, for any given constant C > 0, there is ug > 0 such that

F(u) = Cu” Yu=uy. (5.13)

Let 1y be a positive constant such that B"(0;ry) = {y | |y| <1y} CC w, B*(0;1) = {z |
lz| <1}, Qp = B™(0;79) X B"(0;1), and Q,, = B™(0;19) X {z+ Ten | |z] < 1}. By the defi-
nition of 7y, we have that Q;, cC Q\ 58 for all 7 = 7. This also implies that there exists
to = 0, as t > ty, we have

F(tw;) = CP'w! V71 >10, VX € Q1. (5.14)

Therefore, as t >ty and 7 = 79,

I 2 2
J(tqw,) < fJ’ (|V(7’]WT)| + (nwy) )dx—)tCt”J wldx
2 QO Qir
2 (5.15)
< —||11w,||2—/1Ct”J w”dx.
2 o
Since v > 2, we can choose t; > 0 large enough such that (i) holds.
(i) By (i), J is continuous on H{(Q), J(0) = 0, and Lemma 5.2, we know that there

exists t; with 0 < t; <ty such that

sup] (tnw;) = sup J(tqw:) V7= 10. (5.16)

t=0 t1<t<ty
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For 7 = 19, t; <t < 1y, by condition (f2), (2.5), Lemmas 2.1 and 3.6, we have

J(tnw,) = gL} ( |V (qwe) |+ (an)z)dx—AJQF(tnwf)dx

_/\Ll Joqwr (f(ur+s) = f(w) = f(s))dsdx

2 2
< t—J (—Aw+w)(;1§w)dx+t—J |Vn,|2\w|2dx—lj F(tw,)dx
2 Js 2 Js S

+/\L JtWT f(s)dsdx—)tjQ JOMWT (f (ur+5s) = f(w) — f(s))dsdx

tnwy
2

twr
ssmt—oj |V11|2|(DT|2dx+)LJ J F(s)dsdx
2 Jps\p s Jo

tnwy
] s = £ ) - f(9)dsx
< 8% +C.exp ( — 271+ — e‘r) +AC,[D5 [(tu;) n (t;::_)jﬂ]dx
tnwy
A ] s = £ ) - f(9)dsx
<8+ Ceexp (— 214y —er) —AL LWT (furts) — Flun) - F(s))dsdx,

(5.17)
where 0 < e < 1+, and C; is independent of 7.
It follows from the Taylor’s expansion that
4 1 144
flur+s) = f(s)+ f'(s)ua + Ef ui, &€ (s,ur+s). (5.18)

From (f5) and the above formula, for f; < t < g, we obtain that

;" ()~ Flan) - fo)as
0 (5.19)

[ f ))ds = [(twe) ™ Cue) = £ () e wen

0

I\

Since w; >0 in S, there exists y; > 0 such that
we = pp in Q. (5.20)
By the definition of w; and u;(x) — 0 as x| — oo, we see that for 7 large enough,
tiwe = uy in Qq4, (5.21)

then part (ii) of Lemma 2.1 implies that there exist y, > 0 and 7; > 0 such that, for 7 > 1y,

(howe) ™ f (tiwe) — u f (u) > y2 in Q. (5.22)
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Now by Lemma 3.6, for 7 = max(7y, 7)) and t; <t < tj, we obtain that

Lz JO”WT (f(ur+s) = f(m) = f(s))dsdx
> JQ [(twe) ™ f(tiwe) — ;' f () |ty wr i dxc (5.23)

> 192 J;) Huydx > Czexp(— /1 +)L1T),

where C, is independent of 7.
Therefore, we obtain that

J(tqw:) < 8° +AC,exp ( — 241+ —sr) —AC;exp ( —4/1 +)L11), (5.24)

for t € [t1,t0] and T > max(7o, 71).
Now, let € = (1 +11)/2, then we can find some 7 large enough such that

AC. exp ( —+/2(1 +)L1)T) —ACyexp ( —/1 +AIT) <0, (5.25)

for all T = 7, and we complete the proof. O

THEOREM 5.5. Let conditions (f1)—(f5) be satisfied. Then (5.1) has a positive solution v if
A€ (0,A%).

Proof. Now, set

I'= {P € C([O)ILH(%(Q)) | P(O) =0, P(l) = tO”]WT*}y

. 5.26)
— inf . (
¢=inf 523’1‘]](1’(5))
By Lemmas 5.2 and 5.4, we have

0<a=<c<S™ (5.27)

Applying the mountain pass theorem of Ambrosetti and Rabinowitz [2], there exists a
(PS)c-sequence {vi} such that

J(vk) — ¢,

5.28
J' (vk) — 0 strongly in H1(Q). (5.28)

By Proposition 5.3, there exists a sequence (still denoted by {vx}), an integer [ = 0, a se-
quence {x;.} in Q, 1 <i </, asolution v of (5.1), and solutions u' of (2.4)) such that

1

c=JW) + > I*(u'). (5.29)
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By the strong maximum principle, to complete the proof, we only need to prove ¥ # 0 in
Q. In fact, we have

c=J@)=a>0 ifl=0, S >c>J@)+8* ifl=1. (5.30)
This implies v # 0 in Q. O

6. Properties and bifurcation of solutions

Denote by A = {(A,u) | u solves problem (1.1),} the set of solutions of (1.1)), A € (0,A*].
For each (A, u) € A, let y) (1) denote the number defined by

() = inf{ jﬂ (1VvI2+42)dx | v € HA(Q), Jﬂf'(u)vzdx _ 1}, 6.1)

which is the smallest eigenvalue of the following problem:

—Av+v=p(u) f (uvin Q,

6.2
v>0, veHNQ). 6.2)

In this section, we always assume that conditions (f1)—(f4), (f5)*, and (f6) hold. With
the same arguments used in the proof of part (i) of Lemma 4.5, we can show that ) (u) is
achieved for all (A,u) € A. By Lemma 3.5, we have A C R x L*(RN) n H} (Q). Moreover,
if we assume that h(x) € C*(Q) N L?(Q), then by elliptic regular theory (see [9]), we can
deduce that A C R x C>*(Q) n H2(Q).

LEMMA 6.1. Let u be a solution and let uy be the minimal solution of (1.1)) for A € (0,A*).
Then

(1) ur(u) > A if and only if u = uy;

(ii) ur(Uy) < A, where Uy, is the second solution of (1.1)) constructed in Section 5.

Proof. Now, let ¥ > 0 and y € H(Q). Since u and u, are the solution of (1.1),, then
J Vy - V(uy — u)dx-i—J v(uy —u)dx
Q

—Aj W)y dx = /\J (j f(tdt)wdx>AJf )y — )y dx.
63)

Lety = (u—uy)* >0and y € H}(Q). If y # 0, then (6.3) implies
—J (1Vy 2+ y2)dx > —)LJ £ (uw)yldx (6.4)
Q Q

and, therefore, the definition of ) (u) implies

J (|V1//|2+1//2)dxs/lj f’(u)wzdx<m(u)J f’(u)wzdxsj (1Vy 2+ y2)dx,
Q Q Q Q (65)
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which is impossible. Hence ¢ = 0, and u = u) in Q. On the other hand, by Lemma 4.5,
we also have that g (1)) > A. This completes the proof of (i).

By (i), we get that 4y (Uy) < A for A € (0,A*). We claim that ) (U)) = A cannot occur.
We proceed by contradiction. Set w = Uy — uy; we have

—Aw+w=A[f(U)) - f(Uy—w)], w>0inQ. (6.6)
By ua(Uy) = A, we have that the problem
~Ap+¢=Af"(Un)¢, ¢ <€ Hy(Q) (6.7)

possesses a positive solution ¢;.
Multiplying (6.6) by ¢; and (6.7) by w, integrating and subtracting, we deduce that

’ 1 144
0= L)/\[f(UA) —f(Uy=w) = f(U)w]idx = -5 JQU (&) w?¢rdx, (6.8)
where & € (uy,U)). By condition (f5)*, we obtain that w = 0, that is, Uy = u) for A €
(0,A*). This is a contradiction. Hence, we have that ) (Uy) < A for A € (0,A*). O
LEmMMA 6.2. Let uy be the minimal solution of (1.1), for A € [0,A*] and py(uy) > A. Then
for any g(x) € HY(Q), problem
—Aw+w=Af (m)w+g(x), weH(Q), (6.9),

has a solution.

Proof. Consider the functional

1

D(w) = 5 J;) (IVw|> +w?)dx — %AL}f’(uA)wzdx— L)g(x)wdx, (6.9)

where w € H} (Q). From Hélder inequality and Young’s inequality, we have, for any € > 0,
that

- 1 Ce
D(w) = - (1= (1) 1)HWIIZ—56|IWI|2—Tl\gl\fw(mZ—Cllgllipl(m (6.10)

N =

if we choose € small.
Now, let {wy} C H(} (Q2) be the minimizing sequence of variational problem

d = inf {®(w) | w € HL(Q)}. (6.11)

From (6.10) and y (1)) > A, we can also deduce that {wy} is bounded in H}(Q), if we
choose € small. So we may suppose that

wk — w  weakly in H}(Q) as k — oo,
. (6.12)
wry — w a.e.inQask — oo,
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By Fatou’s lemma,
Iwl? < liminf||wg||. (6.13)

By Lemma 3.5, we have that u(x) — 0 as |x| — oo, conditions (f1)—(f5) and the weak
convergence imply

ngwkdx — Jngdx, sz'(u)t)w,%dx — sz'(u)t)wzdx ask — 0. (6.14)
Therefore

Dd(w) < l%irgg@(wk) =d, (6.15)

and hence ®(w) = d which gives that w is a solution of (6.9),. a

Remark 6.3. From Lemma 6.2, we know that (6.9), has a solution w € H{(Q). Now, we
also assume that h(x) and g(x) are in C*(Q) N L?(Q)), then by Lemmas 3.1, 3.3, conditions
(f1)—(f5), and the elliptic regular theory (see [9]), we can deduce that w € C>%(Q) N
H?(Q).

LEMMA 6.4. Suppose uy« is a solution of (1.1))+, then py« (ur+) = A* and the solution uy~ is
unique.

Proof. Define F: R x H} (Q) — H™'(Q) by
F\,u) = Au—u+A(f(u)+h(x)). (6.16)

Let g(A) = pr(ur) = inf | 7 (uy)2dx=1 lv]|? for A € (0,A*], then it is easy to see that g is con-
tinuous on (0,A*]. Since uy(uy) > A for A € (0,A%), so py+(up+) = A*. If py+ (up+) > A%,
the equation F,(A*,u+)¢ = 0 has no nontrivial solution. From Lemma 6.2, F, maps
R x H}(Q) onto H'(Q). Applying the implicit function theorem to F, we can find
a neighborhood (A* — &, A* +§) of A* such that (1.1)) possesses a solution u, if A €
(A* =6, A* +§). This is contradictory to the definition of 1*. Hence, we obtain that
‘[M* (up) = A*

Next, we are going to prove that u« is unique. In fact, suppose (1.1),+ has another
solution Uy« > uy«. Set w = Uy — uy~; we have

—Aw+w=A*[f(w+w+) — f(w+)], w>0inQ. (6.17)
By uy« (uy+) = A*, we have that the problem
MG+ =V f (up) gy p € HYQ) (6.18)

possesses a positive solution ¢;.
Multiplying (6.17) by ¢, and (6.18) by w, integrating and subtracting, we deduce that

0= JQA*[f(w+uA*) — f(uns) = f () w]dx = %Jﬂl*f”(f)t*)wz(pldx, (6.19)



20 Boundary Value Problems

where &« € (uy+,uy« + w). By condition (f5)*, we obtain that w = 0. Thus, uy« is
unique. ]

PROPOSITION 6.5. Let uy be the minimal solution of (1.1)y. Then uy is uniformly bounded
in L*(Q) N Hy(Q) for all A € (0,A*], and

u — 0 inL*(Q)NHNQ)asA — 0%, (6.20)

Proof. By (4.26), we have that
liall < 2 1l (6.21)
“1-6 :

for A € (0,A*), and u, is strictly increasing with respect to A, we can easily deduce that u;
is uniformly bounded in L*(Q) N Hy (Q) for A € (0,A*] and uy — 0 in H}(Q) as A — 0.
By (3.8), (4.26), and u, is uniformly bounded in L (Q) N H} (Q), we have that

lrllos < Cillally, +ACo ([aall5y, + I1Rllg,) < Callall &[] [+ Cs1 < COFa0 + ),
(6.22)

where C is independent of A, and A € (0,1*]. Hence, we obtain that ) — 0 in L*(Q) as
A— 0t ]

ProrosITION 6.6. For A € (0,A%), let Uy be the second solution of (1.1), constructed in
Section 5. Then U, is unbounded in L* (Q) N H} (Q), and

= o, (6.23)

e

I — li
lim [|G][ = lim [|Uy

Proof. First, we show that {U) : A € (0,A)} is unbounded in L*(Q) for any A € (0,A*).
We proceed by contradiction. Assume to the contrary that there exists ¢y > 0 such that

[|Uh], <co<oo  VAE(0,A0). (6.24)

Now, let ) be a minimizer of y) (U, ) for A € (0,A0), that is,

| rwgi=1 el =m(w). (6.25)

By condition (fl1) and (6.24), there exists a constant M independent of A, such that
f'(Uy(x)) <M for all A € (0,4¢) and x € Q. Hence, by (6.25) and uy(U,) < A for all
A € (0,Ap), we obtain that

1ZJ’Qf/(UA)(p%SMH(pAHZZM//!,\(U)L) < MA. (6.26)

This is a contradiction for all A < 1/M. Hence, for any Ay € (0,A*), we have that {U) : A €
(0,A*)} is unbounded in L* (€)). From this result, it is to be seen that lim) ¢+ || Uy || = 0.

Now, we show that {U) : A € (0,4¢)} is unbounded in H}(Q) for any o € (0,A%). If
not, then there exists a constant M independent of A such that

Uil <M VA€ (0,4). (6.27)
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Since U) is a solution of (1.1)), and by condition (f2) and (6.27), we have that

Nl = | Af(U)Undx+ | AhUydx <AC( | Udx+ | Udx) +MklL||U],
Q Q Q Q

<AC(||G|]? + [Ty + ARl UA]], < ACy,
(6.28)

where C; is independent of A. Without loss of generality, we may assume that gy = 2 if
N =2,3and N/2< gy <2*/(p—1)if N > 4. By (3.8), (6.27), and the Sobolev embedding
theorem, we obtain that

UL, < Cil[UAll,, +AC([UAIIE,, + Alg,)
< QL2 G 2G| G PG 421k, (6.29)
< C3||UA||;_2/q0 +/1C4||U)L”io—@*—qo(P—l))/‘Io +/1C2||h||q0.
This implies that
1 oN110/Y It Yo 071 [ i et Yo [ 1] ] oY (6.30)

qo

where C,, C;, and C4 are constants independent of A. Now, let A — 0* and by
limy_o+ [|Uyllee = +0, then we obtain a contradiction. Hence, {U) : A € (0,A*)} is un-
bounded in H}(Q) and limy ¢+ || Uy || = +o0. This completes the proof of Proposition 6.6.

O

In order to get bifurcation results, we need the following bifurcation theorem which
can be found in Crandall and Rabinowitz [6].

TueoreM B. Let X, Y be Banach space. Let (A,X) € R X X and let F be a continuously
differentiable mapping of an open neighborhood of (A,X) into Y. Let the null space N (F,(A,
%)) = spani{xo} be one-dimensional and codim R(F,(A,%)) = 1. Let F)(A,X) ¢ R(F,(1,X)).
If Z is the complement of span{x,} in X, then the solutions of F(A,x) = F(X,E) near (X,E)
form a curve (A(s),x(s)) = (A +7(s), X+ sxp + 2(s)), where s — (1(s),2(s)) € R X Z is a con-
tinuously differentiable function near s = 0 and 7(0) = 7/(0) = 0, z(0) = 2'(0) = 0.

Proof of Theorems 1.1 and 1.2. First, we consider the case Q = S\ D. Theorem 1.1 now
follows from Lemmas 4.4, 4.5, 6.4, and Theorem 5.5. The conclusions (i) and (ii) of
Theorem 1.2 follow immediately from Lemma 4.5, and Propositions 6.5, 6.6. Now we
are going to prove that (A*,u)+) is a bifurcation point in C>*(Q) N H2(Q) by using an
idea in [13]. We also assume that h(x) is in C*(Q) N L*(Q)) and define

F:R!'x C**(Q) n H*(Q) — C*(Q) N L*(Q) (6.31)
by

F\u) =Au—u+Af(u") +Ah, (6.32)
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where C>*(Q) N H*(Q) and C*(Q) N L*>(Q)) are endowed with the natural norm; then
they become Banach spaces. It can be easily verified that F(A,u) is differentiable. From
Lemma 6.2 and Remark 6.3, we know that

F,(Lup)w=Aw—w+Af (u)w (6.33)

is an isomorphism of R! x C>*(Q)) N H2(Q) onto C*(Q) N L2(Q). It follows from implicit
function theorem that the solutions of F(A,u) = 0 near (A,u,) are given by a continuous
curve.

Now we are going to prove that (A*,u)+) is a bifurcation point of F. We show first
that at the critical point (A*,uy~ ), Theorem B applies. Indeed, from Lemma 6.4, problem
(6.18) has a solution ¢; > 0 in Q. By the standard elliptic regular theory, we have that ¢, €
C**(Q) N HX(Q) if h € C¥(Q) N L*(Q). Thus F,(A*,up<)¢ = 0, ¢ € C>*(Q) N H2(Q)
has a solution ¢; > 0. This implies that N(F,(A*,uy+)) = span{¢;} = 1 is one dimen-
sional and codim R(F,(A*,uy«)) = 1 by the Fredholm alternative. It remains to check that
Ex(A*,ux+) € R(F,(A*,up+)).

Assuming the contrary would imply existence of v # 0 such that

Av—v+A* f(we)v = f(u) +h, veEHQ). (6.34)

From F,(A*,uy+)¢1 = 0, we conclude that [,,(f (ur+(x)) + h(x))$1(x)dx = 0. This is im-
possible because f(t) >0, for t >0, uy=(x) >0, h(x) = 0, h(x) # 0 and ¢, (x) >0 forx € Q.

Applying Theorem B, we conclude that (A*,u)+) is a bifurcation point near which the
solution of (1.1), forms a curve (A* + 7(s),uy+ + s¢1 +z(s)) with s near s = 0 and 7(0) =
7'(0) = 0, 2z(0) = 2'(0) = 0. We claim that 7" (0) < 0 which implies that the bifurcation
curve turns strictly to the left in (A,u) plane. In order to obtain that 7' (0) < 0, we need
the following lemma. 0

LEMMA 6.7. For R >0, let Qr = {x = (,2) € Q: |z| <R} = (w X Br) \ D, where Bg = {z €
R™: |z| < R}. Suppose conditions (f1)-(f6) hold, then

Lf"(um)sb?dm +o00, (6.35)

Proof. Since uy~(x) — 0 as |x| — oo, and by conditions (f1) and (f3), we have that there is
Ry > 0 such that

, 1
0= A¢1 — (/71 +)L*f (U)L*)(/)l < A¢1 — Z(/)] fOI')/ € w, |z]| = R;. (636)

It is well known that the Dirichlet equation Aw — (1/4)w = —w? in S has a positive
ground-state solution, denoted by w (see [14] and the references there). We can mod-
ify the proof in Hsu [11] and obtain that for any ¢ > 0 with 0 < ¢ < 1/4 + A,, there exist
constants C, >0 and R, > 0 such that

w(y,z) < Cep(y) exp ( - /i+)t1 —slzl) for y € w, |z| = Ry, (6.37)
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where ¢ is the first positive eigenfunction of the Dirichlet problem —A¢ = 1, ¢ in w. Now,
let &€ = (1/2)A;. Since Aw — (1/4)w = —wP < 0 in S, hence by the maximum principle we
obtain that there exist constants C; >0 and R3 > 0 such that

¢1(x) < Cro(y)exp (—%\/1 +2A1|z|) for y € w, |z| = Rs. (6.38)

By condition (f6), (3.9), (6.38), and uy+ (x) — 0 as |x| — co, we have that there exist con-
stants C; >0 and Ry = R; + R, + R3 such that D CC w X Bg, and

7 (we) < Czuq1 '

for x = (y,2) € Q\ Qg,, (6.39)
upd (x)¢1(x) < G, 4 K

where 0 < g <4/(N—-2)if N =3,9; >0if N = 2.
By the strong maximum principle and modifying the proof in Lemma 3.6(i), we have
that u;*l(pl e C(Q) and u;ﬁqﬁl >0 on Q. Therefore, there exists C; > 0 such that

Ul (x)¢1(x) < G5 for x € Qp,. (6.40)

Since uy+ =0 on U = dDJ(dw X Bg,) and uy+ is uniformly continuous on Qg,, and by
conditions (f5) and (f6), there exist § > 0 and C, such that

(=) < Q;uji_l for x € Uy,

(6.41)
f"(up) <Cy  forx € Qg, \ Us,

where Uy = U? (N Qg,, U is a §-tubular neighborhood of U, 0 < q; < 4/(N —2) if N > 3,
q1 > 0if N =2.
From (6.38)—(6.41) and the Holder inequality, we derive that

J 0 gt = |5 (o) g+ |
Q Qpy \Us
J C4uq1 1(/>1dx+j
Qpy\Us
sc3c4j uA*¢1dx+C5+C2J ull ¢ dx
Q

Ro

< Co+ Clu+| q:+2||¢1“(q|+2)/2 <C

f”(u,\*)gb?derJ £ (un+ ) i dx
Q\0

Ro

C4¢fdx+J Coull ™ pldx
Q\Qg,

(6.42)
O

Since A = A* + 7(s), u = uy+ +s¢; +z(s) in
—Au+u—Af(u)—Ah=0, u>0,ueC*(Q)nH*(Q). (6.43)

Differentiating (6.43) in s twice, we have

— A + U _Af/(”)uss - ZAsf/(u)us _/\f”(u)(us)z _Ass(f(u) +h) =0. (6.44)
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Setting here s = 0 and using the facts that 7(0) = 0, u; = ¢, (x) and u = uy+ as s = 0, we
obtain

—Augs + tss — A* f/ (uns ) uss — A* 7 (up )7 — 7 (0) (f (ua+) + h) = 0. (6.45)

Multiplying F,,(A*,uy« )¢ = 0 by us and (6.45) by ¢, integrating and subtracting the
result, and by (6.35), we obtain

J A* F7 (ups ) p7dx + T”(O)J (f (ua+) +h)¢rdx =0, (6.46)
Q o)
which immediately gives 7" (0) < 0. Thus

uy — up+  in C**(Q) N H?(Q) as A — A%,

6.47
Uy — w«  in C**(Q) N H*(Q) as A — A*, (6.47)

and we complete the proof of Theorem 1.2 for Q = S\ D.
With the same argument, we also have that Theorems 1.1 and 1.2 hold for Q = RN\ D.
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