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This paper considers the properties of positive solutions for a nonlocal equation with
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1. Introduction

In this paper, we consider the following nonlocal equation with nonlocal boundary con-
dition:

Uz =Au+J ul(y,t)dy —kuf, xeQ,t>0,
Q

(1) = Jﬂf(x,y)u(y,t)dy, X €, t>0, (L1)

u(x,0) = up(x), x€Q,

where p,g > 1, k>0, and Q C RV is a bounded domain with smooth boundary. The
function f(x, y) # 0 is nonnegative, continuous, and defined for x € 9Q, y € Q, while 1
is a nonnegative continuous function and satisfies the compatibility condition uy(x) =
Jo f(x, y)uo(y)dy for x € 0Q.

Many physical phenomena were formulated into nonlocal mathematical models (see
[1-3]) and studied by many authors. And in recent few years, the reaction-diffusion
equation with nonlocal source has been studied extensively. In particular, M. Wang and
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Y. Wang [4] studied the heat equation with nonlocal source and local damping term
ut—Auzj ul(y,t)dy — kub, (1.2)
Q

which is subjected to homogeneous Dirichlet boundary condition. They concluded that
the blowup occurs for large initial data if g > p > 1 while all solutions exist globally if
1 < g< p. In case of p = g, the issue depends on the comparison of |Q] and k. Using
the Green’s function, they also proved the blowup set is Q. In [3], Souplet introduced
a new method for investigating the rate and profile of blowup of solutions of diffusion
equations with nonlocal reaction terms. He obtained the uniform blow-up rate and blow-
up profile for large classes of equations. Particularly, for problem (1.2) with homogeneous
Dirichlet boundary condition, Souplet [3] obtained the following blow-up estimate when

q>p=1:

lim(T = )Y Vux, ) = lim(T - V0D [u(t) |, = [(g-vIQI] ", (13
where T is the blow-up time of u(x,t). For g = p > 1, Souplet [5] gave the blow-up rate
as

ggT—ﬂ”*“me=ggT—ﬂ”%“wuﬂw=Rq—DUwaH*““* (1.4)

On the other hand, parabolic equations with nonlocal boundary conditions are also
encountered in other physical applications. For example, in the study of the heat con-
duction within linear thermoelasticity, Day [6, 7] investigated a heat equation subject
to a nonlocal boundary condition. Friedman [8] generalized Day’s result to a parabolic
equation

u=Au+g(x,u), x€Q,t>0, (1.5)

which is subject to the following boundary condition:

u(nt) = | foxyutnndy, (L6)

He established the global existence of solution and discussed its monotonic decay prop-
erty, and then proved that maxg |u(x,t)| < ke™?" under some hypotheses on f(x,y) and
g(x,u). Some further results are also obtained on problem (1.5) coupled with boundary
condition (1.6) (see [9-11]) later.

Nonlocal problems coupled with nonlocal boundary condition, such as (1.6), to our
knowledge, has not been well studied. Recently, Lin and Liu [12] studied a parabolic
equation with nonlocal source

ut:ALH-J’ gluydx, x€Q,t>0, (1.7)
Q
which is subject to boundary condition (1.6). The authors considered the global existence

and nonexistence of solutions. Moreover, they derived the blow-up estimate for some
special g(u).
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For other works on nonlocal problems, we refer readers to [1, 3, 13-21] and references
therein.

The main purpose of this paper is to investigate problem with nonlocal source and
nonlocal boundary, which is a combination of the work of [4] and that of [6-8, 12]. Pre-
cisely, we are interested in the combined effect of the nonlocal nonlinear term [, ud(y,
t)dy, the damping term and the nonlocal boundary upon the behavior of the solution of
problem (1.1). We will give the conditions of existence and nonexistence of global solu-
tion for (1.1), and establish the precise estimate of the blow-up rate under some suitable
hypotheses. Due to the appearance of the kernel f(x, y), the blow-up conditions will be
some different from those of above works.

In order to state our results, we introduce some useful symbols. Throughout this paper,
we let A and ¢ be the first eigenvalue and the corresponding normalized eigenfunction of
the problem

—-A¢(x) =Ap, xe€Q d(x) =0, x€0Q. (1.8)

Then A >0, [, ¢(x)dx = 1.
Our main results could be stated as followed. Firstly, for the global existence and finite
time blow-up condition, we have the following theorems.

TaeOREM 1.1. If1 < g < p, all solutions of problem (1.1) exist globally.

TaeoreM 1.2. If g > p = 1, problem (1.1) has solutions blowing up in a finite time as well
as global solutions. Precisely,
() if [ f(xp) < 1 and ug(x) < (k/|Q|)V9=P), then the solution exists globally;
(ii) if [ f (x, ¥) > 1 and ug(x) > (k/(1Q] — k)4, (|1Q| > k), then the solution blows up
in finite time;
(iii) for any f(x,y) = 0, there exists ay > 0 such that the solution blows up in finite time
provided that uy(x) > a,¢(x)

THEOREM 1.3. Suppose p = q > 1. For any f(x,y) = 0, the solution blows up in finite time
when u(x) is large enough. If fo x,¥)dy < 1, the solution exists globally when uy(x) <
a1y (x) for some ay >0 (where y(x) is defined in (3.8)).

Remark 1.4. When p = g = 1, it is obvious that the problem has no blow-up solution.

For the blow-up rate estimate, we could derive the following results in the case of
Jo.fGey)dy <1.

THEOREM 1.5. Let q > p > 1and [, f(x,y)dy < 1. If u is the solution of (1.1) which blows
up at finite time T, then
1/(g-1)

lim (T~ V4= Vu(x,£) = lim(T - V4D [u() |, = [(g - DIOI]”

(1.9)
uniformly on compact subsets of Q.

In the case of g = p, the sharp blow-up rate is affected by the presence of the local
damping term.
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THEOREM 1.6. Let g =p >1and [, f(x,y)dy < 1. If 0 < k < | Q| and u is the solution of
(1.1) which blows up at finite time T, then
lim(7T = 0" Vux,0) = lim(T - V0D [u(®) |, = [(g - D(QI k)] "
(1.10)
uniformly on compact subsets of Q.
Remark 1.7. Theorems 1.5 and 1.6 imply that the blow-up set of a blow-up solution is Q.

Remark 1.8. Comparing the results of Theorems 1.5-1.6 with (1.3) and (1.4), we find
that in the case of [, f(x, y)dy < 1, the occurrence of the kernel function f(x,y) do not
change the blow-up rate.

The rest of this paper is organized as follows. In Section 2, we give the comparison
principle and the local existence of a positive solution. Using sub- and supersolution
methods, we will give the proof of Theorems 1.1-1.3 in Section 3. Finally, we establish
the uniform blow-up rate estimate and prove Theorems 1.5 and 1.6 in Section 4.

2. Comparison principal and local existence

Let Qr = Q% (0,T) and Qr UTT = Q X [0, T). We begin with the definition of subsolu-
tion and supersolution of (1.1).

Definition 2.1. A function u(x, ) is called a subsolution of (1.1) on Qr if u € C>'(Qr) N
C(Qr uTr) satisfies
u, < Ag+J ul(y,t)dy —ku?, xeQ,t>0,
Q

u(x,t) < Jﬂf(x,y)g(y,t)dy, x€0Q, t>0, 2.1)

u(x,0) <up(x), xe€Q.

A supersolution is defined analogously with each inequality reversed.

ProposITION 2.2. Let u and v be a nonnegative subsolution and supersolution, respectively,
with u(x,0) < v(x,0) for x € Q. Then, u<vin Qr.

To prove this comparison principle, we need the following lemma.

LemMa 2.3. Suppose that w(x,t) € C>'(Qr) n C(Qr U Tr) satisfies

wr — Aw > ¢ (x, t)w+J ay,tw(y,t)dy, xe€Q,t>0,
¢ (2.2)
w(x,t) > J cs(x, y)w(y,t)dy, x€0Q,t>0,
Q

where ¢y, ¢, ¢c3 are bounded functions and ¢, (x,t) = 0in Qr, c3(x,y) = 0 forx € 0Q), y € Q
and is not identically zero. Then w(x,0) > 0 for x € Q implies w(x,t) >0 in Qr.
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Proof. Set 0(x,t) = eMw(x,t), A = sup lci |, then
612A6+(A+c1)6+J a(y,Ho(y,t)dy,
Q

8(x,1)| 0 = L} & (%,)0(y, D)dy, (2.3)

0(x,0) >0, xeQ.

Since 0(x,0) >0 for all x € Q, by continuity, there exists a fo > 0 such that 0(x,t) >0
for (x,t) € Q. Suppose that t; (fp < t; < T) is the first time at which 0 has a zero for
some xy € Q. Let G(x, y;t) denote the Green’s function for Lu = u; — Au with boundary
condition u = 0, x € 9Q), t > 0. Then for y € 9Q), G(x, y;t) = 0 and (0G/9n)(x, y;t) < 0;

ZJ G(x,y;t)@(y,O)dy+J J G, yst—n)[A+a(y,n)]0(y,n)dydy
Q 0Ja
; JO (JQ cz(x',r])G(x',t)dx') L Glx, yst — n)dydn (2.4)

J Jao on (&1~ J (&, y)0(y,n)dydEdn.

Since 0(x,t) >0 forall x € Q, 0 < t < t;, we find that
0(x,t1) > j G(x, y;£)0(7,0)dy > 0. (2.5)
Q

In particular, 8(xo,t;) > 0, which contradicts our assumption. O

Remark2.4. 1f [, 3 (x,y)dy <1, w(x,0) = 0 implies that w(x,t) = 0in Qr. In this case, for
any 8 >0, 0(x,t) = eM(w(x,t) + ) satisfies all inequalities in (2.3). Therefore, w + & >0
for any §, and it follows that w(x,t) > 0.

Using Lemma 2.3, we could prove Proposition 2.2 easily.

Local in time existence and uniqueness of classical solutions of (1.1) could be obtained
by using the representation formula and the contraction mapping principle as in [9].
We omit the standard argument here. From Proposition 2.2, we know that the classical
solution is positive when ug(x) is positive. We assume that uo(x) > 0 in the rest of the

paper.

3. Global existence and blowup in finite time

In this section, we will use super- and subsolution techniques to derive some conditions
on the existence or nonexistence of global solution.

Proof of Theorem 1.1. Remember that A and ¢ be the first eigenvalue and the correspond-
ing normalized eigenfunction of —A with homogeneous Dirichlet boundary condition.
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We choose [ to satisfy that for some 0 < e < 1,

1
ML) BT = b (3.1)

where M = sup . cca f (%, ). Let

ce’*
v(x,t) = TR (3.2)
where
I P (p—q)
c= max{sup (uo(x) +1) (Ip(x) +s)’51ip[( ¢-IL—€) L} (l¢j—s)q dy] },
. . (3.3)
- 22|V eI?
y_)t+s%p Up+er’
Then we have
3 Mg 2P |V¢|?
vt—Av—Jﬂquy+kvP —yv—v[l¢+8 + (p+e? ]
1 (3.4)

1
_ vt poypt
cle Jﬂ(l¢+s)qdy+kce (l¢+s)1’20’

v(x,0) > up(x).

On the other hand, for any x € dQ), we have

ceVt celt
v(x,t) = — >ce’ = J
e

o igy) s el oy = | feymmndy. G3)

Therefore, v(x,t) is a supersolution of (1.1) and the solution u(x,t) < v(x,t) by
Proposition 2.2. Therefore, u(x, ) exists globally. O

Proof of Theorem 1.2. (i) Let v(x,t) = (k/|Q])@P), It is easy to see that v(x,t) is a su-
persolution of (1.1) if [, f(x,y) < 1 and u(x) < (k/|Q)/9=P). By Proposition 2.2, the
solution u(x,t) exists globally.

(ii) Consider the following problem:

v (t) = Qv — kvP, v(0) = vy. (3.6)

As g > p, vP <v1+ 1. From then [Q|v1 — kvP = (1Q] — k)v1 — k.
Therefore, the solution of (3.6) is a supersolution of the following equation:

v'i(t) = (1Q] —k)vi —k, v(0) = vp. (3.7)

When [Q] >k and g > 1, it is known that the solution to this equation blows up in finite
time if vy > (k/(1Q| — k))V4.
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Obviously, the solution of problem (3.6) is a subsolution of problem (1.1) when |, f (x,
y)dy > 1 and uy(x) > vo. By comparison principle, u(x,t) is a blow-up solution.

(iii) Notice that u(x,t) >0 when uy(x) > 0. From [4, Theorem 3.4], we could obtain
our conclusion directly. O

Proof of Theorem 1.3. Firstly, noticing that the solution to (1.2) coupled with zero bound-
ary condition blows up in finite time if the initial data is large enough (see [4, Theorem
3.3]), we obtain our blow-up result immediately.

Now, we show there exists global solutions if [, f(x, y)dy < 1.

Let y(x) be the unique positive solution of the linear elliptic problem

-Ay(x) =96, xe

3.8
y(x) = JQ Floy)dy, x€dQ. (3.8)

d is a positive constant such that 0 < y(x) < 1 (as [, f(x, y)dy < 1, there exists such §).
Let v(x) = a1w(x), where a; > 0 is chosen such that

—Av(x) = bay > al ( L} Y2 (x)dx — kl//P(x)> - JQ W)dx—kvP(x).  (3.9)

For x € 0Q, v(x) = a1 Jo f(x,y)dy = [ f(x, y)v(y)dy.
By Proposition 2.2 it follows that u(x,t) exists globally provided that u,(x) < a;y/(x).

O

4. Uniform blow-up estimate

In this section, we will obtain the uniform blow-up rate estimate of problem (1.1). Our
method is based on the general ideas of [3]. But technically, it is quite different due to the
difference of the boundary condition.

In the process of proving Theorem 1.5, we denote

g(t) = L} W(yndy,  G(t) = JO g(s)ds,  H(t) = L G)ds.  (41)

LEMMA 4.1. Assume that [, f(x,y)dy < 1 for x € Q. Let u(x,t) be the solution of (1.1).
Then

0 <u(x,t) <Ci+G(t) (4.2)

in [T/2,T) X Q for some C; > 0.

Proof. Setting v = Au and taking the Laplacian of the first equality in (1.1) yield
vi—Av=—kp(w v+ (p - DuP?|Vul?) < —kpuf~'v in(0,T)x Q. (4.3)

Therefore, by the maximum principle, v cannot achieve an interior positive maximum.
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For x € 0Q), y € Q, we have
V(1) = (o ) — f Wi(y,)dy + kb
Q

_ Jﬂf(x,y)ut(y,t)dy - L} uq(y,t)dy+k<JQf(x,y)u(y,t)dy>p

(4.4)
= J fleyviy,tdy - (1 —J f(x,y)dy)g(t)
Q )
P
—kUQf(x,y)u"(y,t)dy— (Jgf(x,y)u(y,t)dy) ]
As0< F(x) = [ f(x,y)dy < 1, we can apply Jensen’s inequality to obtain
P
j Feoyt iy = | [ feputnndy|
! (4.5)

[J fxp)u )”)‘?]] [Ifx, Yu(y,t )dy] > 0.

And this leads to v(x,t) < [ f(x, y)v(y,0)dy — (1 = [ f(x,y)dy)g(¢) for x € 0Q, y € Q.
We first consider the case 0 < [, f(x, y)dy < 1. If v(x,t) achieves nonnegative maxi-
mum at xg € dQ) in this case, then

v(xo,t) < —g(t) <0. (4.6)

If [, f(x,y)dy = 1, then v(x, 1) necessarily achieves nonnegative maximum at ¢ = 0. In
fact, if v(x,t) achieves nonnegative maximum at xo € dQ) in this case, we have v(xo,) <
I f(x0,y)v(y,t)dy. If v(x,t) is a constant, we obtain our result directly, or else, there
exists an O CC Q such that xy € Q and v(x,t) < v(x,t) for arbitrary x # xo, x € Q.
Then,

L} Fleyv(ntdy = JQ] Fee vty + Lml Fe v bdy

< v(x0,1) Lzlf(x,y)+L)\Qlf(x,,v)V()/,f)d)/ (47)

<vlot) [ feny)evlon [ fondy
= v(xo,t).

This is a contradiction.

So, Au is bounded above.

Integrating the first equation in (1.1) between T/2 and t € (T/2,T), we obtain 0 <
u(x,t) < Cy + G(t). O
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LEMMA 4.2. Assume that q > p > 1 and [, f(x,y)dy <1 for x € 9Q. Let u(x,t) be the
solution of (1.1). Then

sup [G(£) —u(x,t)] < &

+1
x€K, Pn

(L+H(t)+M(t)) (4.8)

in [1/2,T) X Q for some C, > 0; where K, = {y € Q, dist(y,0Q) = p}, M(t) = o(G(t)), as
t—T.

Proof. Let B(t) = [o(G(t) — u(x,t))¢(y)dy, then
B = (60— u)tdy

0
A utr0g0dy+ [ ue sk wrnogdy

0Q n
(4.9)

<A [ uy09dy +k | ur(n0g(ndy

Q Q
— A1) +AG() +kJQ W (5,00$(»)dy,

which yields
t
Bt) < c(1 FH(+ L L) uP(y,s)dyds>. (4.10)

As q > p = 1, Holder’s inequality implies that

Jot JQ uP(y,s)dyds < (Jot JQ uq(y,s)dyds>p/q(T|Q|)1_p/q = M(t) = o(G(1)), (4.11)

as t — T. This yields (t) < C(1+ H(t) + M(t)).
Similar to [3, Lemma 4.5], we can obtain SUP,ek, [G(t) — u(x,t)] < (C/p™ (1 +H(t) +
M(t)), in [T/2,T) x Q for some C >0, where K, = {y € Q, dist(y,0Q) = p}.
Henceforth, we could obtain the following. O

PROPOSITION 4.3. Suppose that q > p >=1and [, f(x,y)dy < 1. Then

limsup |u(-,t)| = o (4.12)
=T o

if and only if

T
J g(s)ds = 0. (4.13)
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Furthermore, if (4.12) or (4.13) is fulfilled, then

lim ulx,t) .. |u®]|, _

TP L reTe (4.14)

uniformly on compact subsets of Q.

Using Lemmas 4.1 and 4.2, the proof of Proposition 4.3 is trivial modification of |3,
Lemma 4.5 and Theorem 4.1]. So we omit it here.

By Proposition 4.3 we can prove our Theorem 1.5. The proof is due to Souplet, his
method in [3] works for this problem. We present it here for completeness and signifi-
cance.

Proof of Theorem 1.5. From (4.14), we know
ul(x,t) ~Gi(t), t—T. (4.15)

By Lebesgue’s dominated convergence theorem we obtain that

Jguq(y,t)dy ~ 101G t—T (4.16)
Hence

G (1) =g ~1QIGI1), (G () ~~(g-DIQL (4.17)

Therefore,
G(t) ~[(g-DilT -] """, (4.18)

From (4.14), that is

u(et) ~[(q-DIQUT -] """, ast—T. (4.19)
We complete our proof. O

Proof of Theorem 1.6. We denote go(t) = [ ul(y,t)dy, U(t) = |u(t)|e = max,cqu(x,t),
g(t) = go(t) — kUI(t), G(t) = fotg(s)ds, H(t) = [, G(s)ds.

Then, similar to Proposition 4.3, we can obtain

CJu® ], ult)
fim G Mo 1 (4.20)



Yulan Wang etal. 11

uniformly on compact subsets of Q. Therefore, similar to the proof of Theorem 1.5, we
could conclude that

G'(t) =g(t) ~ (1Ql —k)G(t), ast—T. (4.21)

Then, the blow-up estimate comes from (4.21). O
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