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1. Introduction

In recent years, the study of higher-order continuous and discrete boundary value problems
has been studied extensively in the literature (see [1-17] and their references). Most of the
results told us that the equations had at least single and multiple positive solutions.

Recently, some authors have dealt with the uniqueness of solutions for singular higher-
order continuous boundary value problems by using mixed monotone method, for example,
see [6, 14, 15]. However, there are few works on the uniqueness of solutions for singular dis-
crete boundary value problems.

In this paper, we state a unique fixed point theorem for a class of mixed monotone op-
erators, see [6, 14, 18]. In virtue of the theorem, we consider the existence and uniqueness
of solutions for the following singular higher-order continuous and discrete boundary value
problems (1.1) and (1.2) by using mixed monotone method. We first discuss the existence and
uniqueness of solutions for the following singular higher-order continuous boundary value
problem

y " () +Aq(t)(g(y) +h(y)) =0, 0<t<1, A>0,

@ (0) = 2 (1) = ; _ (1.1)
y(0)=y (1)=0, 0<i<n-2,
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where n > 2, q(t) € C((0,1), (0,+00)), g : [0,+00) — [0, +00) is continuous and nondecreasing;
h: (0,+00) — (0, +00) is continuous and nonincreasing, and h may be singular at y = 0.

Next, we consider the existence and uniqueness of solutions for the following singular
higher-order discrete boundary value problem

A"y (i) +Aq(i+n-1)(g(y(i+n-1)) +h(y(i+n-1))) =0, i€ N={0,1,2,...,T -1}, A>0,

Afy(0) = A" 2y(T+1)=0, 0<k<n-2,
(1.2)

wheren >2, N* ={0,1,2,...,T+n},q(i) € C(N*,(0,+0)), g : [0, +00) — [0, +o0) is continuous
and nondecreasing; h : (0,+00) — (0,+00) is continuous and nonincreasing, and h may be
singular at y = 0. Throughout this paper, the topology on N* will be the discrete topology.

2. Preliminaries
Let P be a normal cone of a Banach space E, and e € P with |le|| <1, e # 6. Define

Q. = {x € P | x#0, there exist constants m, M > 0 such that me < x < Me}. (2.1)

Now we give a definition (see [18]).

Definition 2.1 (see [18]). Assume A : Q. x Q. — Q.. A is said to be mixed monotone if A(x,y)
is nondecreasing in x and nonincreasing in y, that is, if x; < x; (x1,x2 € Q,) implies A(x1,y) <
A(xp,y) forany y € Q,, and y1 < y2 (v1,¥2 € Q,) implies A(x,y1) > A(x,y2) for any x € Q..
x* € Q. is said to be a fixed point of A if A(x*, x*) = x*.

Theorem 2.2 (see [6, 14]). Suppose that A: Q. x Q. — Q. is a mixed monotone operator and 3
a constant a, 0 < a < 1, such that

A<tx, %y> >t"A(x,y), forx,y€ Q. 0<t<l. (2.2)
Then A has a unique fixed point x* € Q.. Moreover, for any (xo, yo) € Qe % Qe,
Xn = A(Xn-1,Yn-1), Yn=AWYn-1,%01), n=12,..., (2.3)
satisfy
Xy — X", Yn — X7, (2.4)
where
e =x*[[ =0(1 =), |lyw-x"[| = 0(1-7"), (25)

0 <r <1, risa constant from (xo, Yo)-

Theorem 2.3 (see [6, 14, 18]). Suppose that A: Q. x Q. — Q. is a mixed monotone operator and 3 a
constant a € (0,1) such that (2.2) holds. If x} is a unique solution of equation

A(x,x)=Ax, (A>0) (2.6)

in Qe, then ||x} - x;ﬂ” — 0,0 =M. If0<a<1/2,then 0 < Ay < Ay implies Xy, 22X, X FX and

lim ||x}]| =0, lim ||} || = +co. (2.7)

A—+00 A—0*
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3. Uniqueness positive solution of differential equations (1.1)

This section discusses singular higher-order boundary value problem (1.1). Throughout this
section, we let G(t, s) be the Green’s function to —y" = 0, y(0) = y(1) = 0, we note that

1
(3.1)
1

and one can show that
G(t,t)G(s,s) < G(t,s) <G(tt), for G(t,s) <G(s,s), (t,s)€[0,1]x][0,1]. (3.2)
Suppose that y is a positive solution of (1.1). Let
x(t) =y (), (3.3)
from y?(0) = y"2(1) = 0,0 < i < n-2, and Taylor Formula, we define operator T : C?[0,1] —
Cc™10,1], by

t (t _ s)n—3
gy X(®)ds, for3<m, (34)

y(t) =Tx(t) =x(t), forn=2.

y(t) =Tx(t) =

Then we have
x®@ () + A f(t, Tx(t)) =0, 0<t<1, >0,
x(0) =x(1) =0.

(3.5)

Then from (3.4), we have the next lemma.
Lemma 3.1. If x(t) is a solution of (3.5), then y(t) is a solution of (1.1).

Further, if y(t) is a solution of (1.1), imply that x(t) is a solution of (3.5).
Let P = {x € C[0,1] | x(t) >0, forallt € [0,1]}. Obviously, P is a normal cone of Banach
space C[0,1].

Theorem 3.2. Suppose that there exists a € (0,1) such that

g(tx) > t°g(x), (3.6)
h(tx) > t*h(x), (3.7)

forany t € (0,1) and x > 0, and q € C((0,1), (0, o0)) satisfies

1
L [s"Y(n-2s)] “q(s)ds < +co. (3.8)

Then (1.1) has a unique positive solution y (t). And moreover, 0 < \y < Ay implies yy <y , y\ #V) .
Ifa e (0,1/2), then

yill =0, lim ||y} || = +oo. (3.9)

lim
A—0* A—+o0



4 Boundary Value Problems

Proof. Since (3.7) holds, let t'x = y, one has

h(y) > t*h(ty). (3.10)

Then
h(ty) < tlah(y), forte (0,1), y>0. (3.11)
Let y = 1. The above inequality is
h(t) < tlah(l), for t € (0,1). (3.12)
From (3.7), (3.11), and (3.12), one has

h(t'x) > t*h(x), h<%> >t*h(1), h(tx) < tluh(x), h(t) < tlah(l),for te(0,1), x>0.

(3.13)
Similarly, from (3.6), one has
g(tx) >t"g(x), g(t)>t"g(l), forte(0,1), x>0. (3.14)
Lett=1/x, x > 1, one has
g(x) <x%g(1), forx>1. (3.15)
Lete(t) = G(t,t) = t(1 — t), and we define
Q. = {xe o111 3,600 <x() < MG, te D11}, (316)
where M > 1 is chosen such that
r 1 1 -1 B -a 1/(1-a)
M > max { Ag(l)j q(s)ds + Ah(1) (#) q(s)ds] )
0 0 :
) (3.17)
[ 1 Sn—l (11 _ 25) a 1 -1/(1-a)
)Lg(l)J’ G(s,s)<T> q(s)ds +.)Lh(].)f G(s, s)q(s)ds] }
0 : 0
First, from (3.4) and (3.16), for any x € Q., we have the following.
When 3 < n,
1 ¢ 1(n 2t) (t s)"
- - <
M f MG( ( ~3)1 ds < Tx(t)
. (3.18)
(t-s)" "1 (n - 2t)
S S A
f MG(s,s)————— 1= 3)! ————ds<M p <M, forte]l0,1],



Chengjun Yuan et al. 5

when n =2,
n-1 _ _
1= ey =2 < M2 M for e 0,10, (3.19)
M n! n!
then
1 t" 1 (n-2t) t"1(n -2t
M <Tx(t) < MT <M, fortel0,1]. (3.20)
For any x,y € Q., we define
1
Ax(x,y)(t) = )Lf G(t,s)q(s)[g(Tx(s)) + h(Ty(s))]ds, forte [0,1]. (3.21)
0

First, we show that A : Q. x Q. — Q..
Let x,y € Q., from (3.14), (3.15), and (3.20), we have

g(Tx(t)) < g(M) < M%g(1), forte (0,1), (3.22)

and from (3.13), we have

1 #1(n - 2t) -2 /1
h(Ty(t»Sh(M - )g[ a ]h<ﬁ>

[t"—l(n —2f)

n!

(3.23)
< M~

]_ h(1), forte (0,1).

Then, from (3.2), (3.21), (3.22) and (3.23), we have
On the other hand, for any x,y € Q,, from (3.13) and (3.14), we have

n-1(, _ n=1¢, _ “ n=1¢(, _ *
(Tx(®) > g&#) . <t<_2t>> g%) . (M) L,

h(Ty(t)) > h(M) = h<ﬁ> > A}Iah(l), for t € (0,1).

(3.24)

Thus, from (3.2), (3.21) and (3.24), we have
Ax(x,y)(t)

> \G(t, t){f:G(s,s)q(s)M_“ [#] g(1)ds + J:G(s,s)q(s)M‘“h(l)ds (3.25)

> %G(t, t), forte[0,1].

So, A, is well defined and A, (Q. x Q.) C Q..
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Next, for any I € (0,1), one has

1
Ay(Ix, T y) (1) = AIOG(t,s)q(s) [g(Tx(s)) + h(I"'Ty(s))]ds

1
> AIOG(t,s)q(S) [1%¢(Tx(s)) + *h(Ty(s))] ds (3.26)

=1"A\(x,y)(t), forte][0,1].

So the conditions of Theorems 2.2 and 2.3 hold. Therefore, there exists a unique x} € Q.
such that A)(x*,x*) = x}. It is easy to check that x} is a unique positive solution of (3.5) for
given A > 0. Moreover, Theorem 2.3 means thatif 0 < 1; < \,, then XY, (t) < X3, (1), Xy (t) # X3, ()
and if @ € (0, 1/2), then

lim
A—0*

xi|| =0, lim ||x}]| = +oo. (3.27)

A—+o0
Next, from Lemma 3.1 and (3.4), we get that y] = Tx] is a unique positive solution

of (1.1) for given A > 0. Moreover, if 0 < A; < \,, then y}l(t) < 3/;2 (1), y;‘q (1) #yL (t) and if
a € (0,1/2), then

lim
A—0*

vil[ =0, lim ||y}|| = +oo. (3.28)

A—+00

This completes the proof. O

Example 3.3. Consider the following singular boundary value problem:

yW )+ My (1) +y (1) =0, te[0,1],

. (3.29)
yD0)=y™?(1)=0, 0<i<n-2,
where \,a,b >0, u >0, max{a,b} < 1/(n-1).
Applying Theorem 3.2, let « = max{a,b} < 1/(n-1),q(t) =1, g(y) = py*, h(y) = yb,
then

a -1 a
g(ty)lz t'g(y), Z(t ) 2 t*h(y), (3.30)
fo [Sn—l(n — 25)] ds < +co.

Thus all conditions in Theorem 3.2 are satisfied. We can find (3.29) has a unique positive so-
lution y:{(t). In addition, 0 < Ay < A, implies y}"q < yL, y:‘\l #y’)tz. If @ = max{a,b} € (0,1/2),
then

yill =0, lim ||y} || = +oo. (3.31)

lim
A—0* A—+o0
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4. Uniqueness positive solution of difference equations (1.2)

This section discusses singular higher-order boundary value problem (1.2). Throughout this
section, we let K (i, j) be Green’s function to —A%y(i) + u(i+1) =0,i € N, y(0) = y(T + 1) =0,
we note that

jT+1-1) .

O D s e
K@,j)=1. . (4.1)

i(Tr+1-j) 1 <ji<T+1

T+1  'SI=774

and one can show that
.. .. .. .. . . K(3,1) . .

K(i,i) > K(,j), K(j,j)>K(3,j), K(l,])2T+1, for0<i<T+1, 1<j<T. (42)

Suppose that y is a positive solution of (1.2). Let
x(i) = A"?y(i), for0<i<T+1. (4.3)

From A'y(0) = A" 2y(T+1)=0,0<i<n-2,and A™y(i—1) = A" ly(i) - A" y(i- 1), so we
define operator T, by

Tx(i) =y(i+n-1) = lic;:inflx(l), for0<i<T. (4.4)
1=1
Then
A’x(i) + \F(i+n-1,Tx(i)) =0, 0<i<T-1, A>0, (45)
x(0) =x(T+1)=0.
Lemma 4.1. If x(i) is a solution of (4.5), then y(i) is a solutionn of (1.2).
Proof. Since we remark that x(i) is a solution of (4.5), if and only if
T
x(i) = D K(i,j)AF(j +n—1,Tx(j)), for0<i<T+1. (4.6)
j=1
Let
Tx(i)=y(i+n-1), for0<i<T. (4.7)

From (4.4) we find Aly(0) = A" 2y(T+1) =0,0<i<n-2,and x(i) = A" 2y(i), so that y(i) is
a solution of (1.2).

Further, if y(i) is a solution of (1.2), imply that x(i) is a solution of (4.5).

Let P = {x € C(N*,[0,+00)) | x(i) > 0, foralli € N*}. Obviously, P is a normal cone of
Banach space C(N*, [0, +0)). Ol
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Theorem 4.2. Suppose that there exists a € (0, 1) such that

g(tx) > t"g(x),

(4.8)
h(t'x) > t7g(x),

forany t € (0,1) and x >0, and g € C(N*, (0,0)).
Then (1.2) has a unique positive solution y}(i). And moreover, 0 < Ay < A implies vy, SV
Vi, 25, fa € (0,1/2), then

=0, }Llim |y = +oo. (4.9)
—+00
Proof. The proof is the same as that of Theorem 3.2, from (4.12) and (4.13), one has

h(t7x) > t%h(x), h<%> > 1"h(1), h(tx) < tlah(x), h(t) < tlah(l), for t € (0,1), x> 0;

g(tx) > t"g(x), g(t) >t*g(1), forte(0,1), x>0.

(4.10)
g(tx) > t"g(x), g(t) >t"g(1), forte(0,1), x>0. (4.11)
Lett=1/x, x > 1, one has
g(x) <x%g(1), forx>1. (4.12)
Let e(i) = K(i,i)/(T + 1), and we define
Q= {x eP| %e(i) <x(i) < Me(i), for 0<i<T+ 1}, (4.13)

where M > 1 is chosen such that

+1 @
M > max { [A(T + 1)8(”%‘]0 +n-1) (JZ:C;l Lo 1>

=1 I=1

T 1/(1-a)
+ M(T + 1)1+“h(1)ZK‘”(j,j)q(j+n—1)] ;

=

G i) T i+ —a-1/(1-a)
[Ag(l)Zq(]+n 1)< ]J) A1) Y g(+n-1) (Zc] 2 1> ] }
=1

(4.14)
From (4.4) and (4.13), for any x € Q,, we have
1 j+1 ., j+l ,
~7€0) S Tx(j) = ZC]” 2oox(D) < Me(j)ZCy 2, for0<j<T (4.15)
=1 =1
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Forany x,y € Qe, we define

Ax(x, y) (i) AZK(I PaG+n-1[gTx(j)) + h(Ty(j))], for0<i<T+1. (4.16)
j=1

First we show that A : Q. x Q. — Q,.
Let x,y € Q,, from (4.11) and (4.12), we have

g(TX(J'))Sg<Me(J')ZC7ﬁn1> ( ZC71in1)< (zcy,inl) g(1), for1<j<T,
(4.17)

and from (4.10), we have

h(Ty(j)) < h<%e(]’)> < e‘“(j)h(%) < M%™(j)h(1), for1<j<T (4.18)

Then, from (4.2) and the above, we have

T
Ax(x, y) (@) < AK (i, 1) Y g +n = 1)[g(Tx(j)) + (T + Dh(Ty(j))]

j=1

+1 @
< e(i))M*\(T + 1)[ 1)Zq(1 +n-1) <]ZC" Lin- 1>

h)S e (7)q( +n—1
+ ()]Z:_;e (g(j+n )] (419)

T j+l *
< (i) M\(T + 1)[g(1)Zq(J’ - 1)<ch T 1>
i=1

I=1

h(l)Z( I g m- 1)]

< Me(i), for0<i<T+]1.
On the other hand, for any x, y € Q,, from (4.10) and (4.12), we have

g(x(j)) 2 g<%e(]‘)> >e

for 1<j<T, (4.20)

j+1 j+1 —a
h(y(j)) 2 h(Me(j)ZC7 o 1> > M-“<Zc7 o 1) h(l), for1<j<T. (4.21)
=1

1=1
Thus, from (4.2) and (4.16), we have

T T
Ar(x, y)(@) 2 de(i) [ZQ(]' +n-1)g(Tx(j)) + D q(j +n - 1)h(T3/(]'))]

j=0 =0

j+1 I
> de(i) M g(l)Zq(;) D +h<1>Zq<J+" D{ 26
Jj-

1
> Me(i), for0<i<T+1.
(4.22)
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So, A, is well defined and A, (Q. x Q.) C Q..
Next, for any I € (0,1), one has

T
Ax(lx, ITy) () = A D K (G, g +n = 1) [g(T(x) () + k(T Ty ()]
j=1

T
= AD K(i,j)q(j + n-1)[g(Tx(j)) + h(I"'Ty(j))]
= (4.23)

T
> 1D K(i, j)q(j +n-1)[I"g(Tx(j)) + I*h(Ty(j))]ds

j=1

=1"A\(x,y)(i), for0<i<T+1
So the conditions of Theorems 2.2 and 2.3 hold. Therefore, there exists a unique x} € Q, such
that A, (x*, x*) = x}. It is easy to check that x} is a unique positive solution of (4.5) for given

A > 0. Moreover, Theorem 2.3 means that if 0 < A; < \;, then Xy (t) < x), (1), X, (t) # x}z(t) and
ifa € (0,1/2), then

lim
A—0*

x| =0, lim ||x}]| = +oo. (4.24)

A—+0o0

Next, on using Lemma 3.1, from (4.5), we get that y} = Tx} is a unique positive solution
of (1.2) for given A > 0. Moreover, if 0 < A; < \,, then vy, (t) < yxz(t), vy, () #yL(t) and if
a € (0,1/2), then

lim ||y}]| = +oo. (4.25)

e
timllyill =0, lim,

This completes the proof. [

Example 4.3. Consider the following singular boundary value problem:

A"y(i-1) + AM(py°(Q) +y (@) =0, i€N,

. (4.26)
Aly(0) = A"2?y(1) =0, 0<i<n-2,
where A, a,b >0, p >0, max{a, b} <1.
Let g(i) =1, g(y) = py?, h(y) = y%, a = max{a, b} < 1, then
glty) >t°g(y),  h(t'y) > t*h(y), (4.27)

thus all conditions in Theorem 4.2 are satistied. We can find (4.26) has a unique positive so-
lution yI(t). In addition, 0 < Ay < A, implies y:‘h < yL, y:‘h #y}tz. If @ = max{a,b} € (0,1/2),
then

yill =0, lim ||y} || = +oo. (4.28)

lim
A—0* A—+o0
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