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1. Introduction

In this paper, we consider a nonstationary 1D flow of a compressible viscous and heat-
conducting micropolar fluid, being in a thermodynamical sense perfect and polytropic. In
[1-3], we considered the problem with homogeneous boundary conditions.

Here we study, as in [4, 5], the case of nonhomogeneous boundary conditions for
velocity and microrotation which is called in gas dynamics “problem on piston” (see [6]).
Assuming that the initial data are Holder continuous on ]0, 1[ and transforming the original
problem into homogeneous one, we prove that, for each T > 0, the mass density, velocity,
microrotation velocity, and temperature are Holder continuous on ]0,1[x]0, T[. The proof
is based on a global-in-time existence theorem [5] and on a theory of parabolic equations
[7]. We use some ideas of Antontsev et al. [8] applied to the case of classical fluid with
homogeneous boundary conditions, results from [3] as well and some inequalities for Holder
norms obtained by the Nirenberg-Gagliardo inequality.

2. Statement of the problem and its equivalent setting

Let p, v, w, and 6 denote, respectively, the mass density, velocity, microrotation velocity, and
temperature of the fluid in the Lagrangean description. Then the problem which we consider
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has the formulation as follows [1]:

op  ,0v

L=, 2.1)
- 2%) koo
P = Alpa(v57) - ] 29
p% =—Kp292—z +p2< > ( ) + w? +Dpa(1 <p%> (24)

n ]0,1[x]0,T[, T > 0, where K, A, and D are positive constants. Equations (2.1)-
(2.4) are, respectively, local forms of the conservations laws for the mass, momentum,
momentum moment, and energy. We take the following nonhomogeneous initial and
boundary conditions:

p(x,0) = po(x), (2.5)

v(x,0) = vg(x), (2.6)

w(x,0) = wy(x), (2.7)

0(x,0) = 6p(x), (2.8)

00,0 =), oLt = mt), (2.9)

w(0,t) = vy(t), w(1,t) =v(t), (2.10)
00 00

3,0t ==-(1,1) =0, (2.11)

for x € Q =]0,1[, t €]0, T[. Here po, vo, wo, O, Ho, 41, Vo, and v; are given functions. We assume
the compatibility conditions

v(0) = po(0), vo(1) = pu1(0), (2.12)
wo(0) =wm(0),  wo(1) =»1(0), (2.13)
o= =0, 14)
X
and the inequalities
O<m<po(x) <M, m<Oy(x) <M forxeQ, (2.15)

where m, M € R*. We assume also that there exists a constant 6 > 0 such that

1 t
I(t) = ,[opo(x) dx + fo [ (1) — po(T)]dT > 6, t€]0,TI. (2.16)
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In the previous work [5] we proved that for

po, p1,vo,v1 € H*(10,TY),

. (2.17)
po, Vo, wo, 00 € H (Q),
the problems (2.1)—(2.4) have a unique generalized solution
(x,t) — (p,v,w,0)(x,t), (x,t)€Qr=Qx]0,TJ, (2.18)
peL*(0,T;H(Q)) nH'(Qr), igfp >0, (2.19)
T
v,w,0 € L*(0,T; H(Q)) n H (Qr) N L*(0,T; H*(Q)), (2.20)

that satisfies (2.1)—(2.4) a.e. in Qr and conditions (2.5)—(2.11) in the sense of traces. Moreover,

6 >0 in Q. (2.21)

From embedding and interpolation theorems (e.g., [9]) one can conclude that from
(2.19) and (2.20) it follows:

p € L*(0,T;C(Q)) nC([0,T], L*(RQ)), (2.22)
v,w,0 € L*(0,T;C(Q)) nC([0,T], H'(Q)), (2.23)
v,w,0 € C(Qr). (2.24)

Now, instead of the velocity v and microrotation w we introduce new functions V and W in
order to obtain a problem with the homogeneous boundary conditions.
Notice that using (2.9) from (2.1) we get

U dx
,[op(x, b I(t), te€]0,TJ, (2.25)

where the function [ is defined by (2.16). We introduce the functions

_u) (7 dé
vl(x,t)—m PGD + po(t), (2.26)
v (¢

B m Op(glt)

w1 (x, 1) +vp(t) on Qr, (2.27)

where p(t) = pui(t) — po(t) and v(t) = v (t) — v (t). It is evident that

01(0,t) = po(t), v1(1,t) = ui(t),

(2.28)
wl(O,t) =V0(t), (,01(1,[') =V1(t), i’E]O,T[.
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Inserting

V(x,t) =v(x,t) —vi(x,t), Wi(x,t) = w(x,t) —wi(x,t)

into (2.1)—(2.4) we get the following equivalent system:

O 20V H

o P T 1” 0,
= 5P K0 -
at ot
w aw1
Pat - [Pax< a—>‘“’1‘W]‘P7'
00 _ 200V o oM ov ovp (K
P = Kpogy —KeoT P< )+2Pax1+<z

with the homogeneous boundary conditions

V(0,t) =V(1,t) =0, W(,t) =W(1,t) =0,

00 00
a(olt) - a(lrt) =0

fort €]0, T and initial conditions

P(X, 0) = PO(x)/ V(X, 0) = V()(X),
W(x,0) = Wy(x), O(x,0) = 6p(x),

for x € Q, where

0
V) = () = G [ = o),
Wit) = o) = 3 [ st =m0

0x
ow aW
+p2<¥> i < > +(W+w1)2+Dpa

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

are known functions. In the article [5], we proved that the problems (2.30)—(2.37) have
a unique generalized solution (p, V, W, 0) in the domain Qr with property (2.21) as well.

Moreover, we obtained that

6’01 6w1

v, w1 € L2(0,T; HY(Q)), ——, —— € L*(0, T; L*(Q)).

ot~ ot

(2.39)
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In the following Ck+# (@T) (k € NU{0},0 < a < 1) is the Banach space of functions of
the class CK(Qy), having kth derivatives Holder continuous with the exponent a on Qy; the
norm is defined by

k ) .
|f|k+a,QT = Z |D;nD{f|O,QT + Z HR(DTD;f)’ (2'40)
m+j=0 m+j=k
where
Ho(f) = sup S =SB (2.41)

y,z€Qr |y - z|a

and ||y 5, is the norm on C (Qr); D and D{ are, respectively, the mth derivatives with respect
to x and the jth derivatives with respect to t. Ck*am+F (@T) (k,me NU{0},0<a, p<1)isthe
Banach space of functions which have kth derivatives with respect to x and mth derivatives
with respect to t Holder continuous on Qy. The norm is defined by

k m .
Fliramspar = SUD-flogr + 32D} flo o, + HE(DEF) + HE (DX f) + HE(D"f) + HY (D} ),
1=0 j=1

(2.42)
where
) — ot
- sy RO F0]
b aneQr X1 = x|
(2.43)
x,t1) — f(x,t
- sy LI
(), (x,02)€Qr |t =t

By C € R* we denote a generic constant, having possibly different values at different
places. Also we use some inequalities for Holder norms obtained by the following Nirenberg-
Gagliardo interpolation inequality

)/ (v=1) -1)/(v-A
Fluu < IS0 gl 0707, (2.44)

where y, v, € Rand A < u < v. Here, for bounded domain D C R" and f : D — R the norm
|f|4 is defined by

£l = I fllzapy, q>0, (2.45)
|f|k+ﬂ,D/ q < 0/

where k = [-n/q] and p = —n/q - k (e.g., [8, page 27]). Some of our considerations are very
similar or identical to that of [8] or [3]. In these cases we omit proofs or details of proofs,
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making reference to correspondent pages of the book [8] or article [3]; we use the notation

-l = 1I-llzz-

3. The main results

The aim of this paper is to prove the following regularity result.

Theorem 3.1. Let the functions

Ho, p1,vo,v1 € C*([0,T]), (3.1)
po € CH(Q), v, wy, 0 € C**(Q), O<a<l (3.2)
satisfy the compatibility conditions
duo(0
d [ do d r ﬂc(;: !, forx=0
0 _
e (mae) Kapma =y A &)
, forx=1,
dt
( de(O), for x=0
d dwy wo dt
A - ,00_ — | =4 (34)
dx dx Po dv1 (0)
——, forx=1,
\dt

and (2.12)—(2.16). Then the generalized solution of the problems (2.1)—(2.11) has the properties
p € CY(Qr), v,w,0eC>*/2(Q), 0<a<l. (3.5)
Notice that because of (3.1) and (3.2) we have
Vo, Wy € C***(Q),  1eC3([0,T]), (3.6)

and for t = 0 we can easily conclude that

6w1
o 0

avl

U1 |t:0’ w1 |t:0’ E S C2+a (ﬁ) . (37)

t=0

Now, (2.12), (2.13), (3.3), and (3.4) become the following compatibility conditions for the
problems (2.30)—(2.37)

Vo(0) =Vo(1) =0,  Wo(0) = Wo(1) =0, (3.8)



Nermina Mujakovié¢ 7

dpo(0)
——=, forx=0
d < dV0> d dt
—_— — ) = K—(po6y) = 3.9
e A PRI -
dt 7 4
%0(0) + A1 dvo(0) , forx=0
i<p0dW0) _Wo_ ] po dt (3.10)
dx dx Po v1(0) e dv1(0) for x = 1
Po dt ! ’

In this paper, we will prove the following result first.

Theorem 3.2. Under the assumptions of Theorem 3.1 the problems (2.30)—(2.37) have a generalized
solution (p, V, W, 0) in Qr with the properties

p€CY(Qr), V,W,0eC**/2(Q.), O0<a<l. (3.11)

Moreover,

v, w; € CHO/2(Q). (3.12)

Theorem 3.1 is an immediate consequence of this result. In the proof of Theorem 3.2 we
apply, as in [3], the method of the book [8], where Theorem 3.1 was proved for the classical
fluid (w = 0) with homogeneous boundary conditions.

In that what follows, we assume that the conditions (2.12)—(2.16) and (3.1)—(3.4) are
fulfilled.

4. Some properties of the solution (p, V, W, 0) and functions v; and w;
Lemma 4.1. It holds

6201 azwl
o2’ ot

€ L*(0,T; L*(Q)). (4.1)

Proof. Using (2.30) from (2.26) and (2.27) we get

() ()] e e

Lo (E) 4 (E —dE+ SV 4, (4.2)
ot 1 1)), pe 1" TH

owr  [/v\  mwv] ("1 v ,

7 = [<7> + 1—2] J‘O;dé + TV + VO. (43)

After differentiating (4.2) with respect to t, squaring, integrating over Q and taking into
account (2.25), (2.30), (3.1), and (3.6) we get

62‘01

Y )

2 2
§C<1+||V(t)||2+ %—‘t/(t) ) (4.4)
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With the help of (2.20) for V we conclude that

T)| A2 2 T T 2
J ﬂ(T) dr < C(l + J‘ |V (7)|dr + a—V(T) dT) <C. (4.5)
oll ot2 0 oll ot
From (4.3) follows the same estimation for 0%w; /0t>. O
Lemma 4.2. The inclusions
o o o € LT AQ) N (0,T; HY(Q) (4.6)

hold true.

Proof. Using (2.22) for p and (2.20) for V from (2.30) we get immediately that op/0t €

L*(0,T; L*(Q)). Differentiating (2.30) with respect to x, using the inequalities
FE<CIfIl el < I,

112 ' " |2 (47)
A7 <l < el

(valid for a function f or its derivative vanishing at x = 0 and x = 1), (2.22) and (3.1) we

obtain
op 2 ap av 1 527 |2 w2 (Y10p)?
< - = -
oot || < ( +,[0 oz | H|T] ) | ox dx)
(4.8)
b 2 2 2
<<([5 ”(ﬂ 5ol Il
0x
Taking into account (2.20) and (2.19) we get
T 8%
<C. 4.
j 3ot (T) dT_C (4.9)

After differentiating (2.31) with respect to the time variable, multiplying by 0V/0t and
integrating by parts over 2 we obtain

1d L7 vy°
24t f <a at> dx
(4.10)
Lop ov a2V op 62V 1 06 02V 1920, 0V
=) ot ox axot®* f ot V5™ T K| P axar ) o ot 4
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Applying (4.6) and (2.22) for p, (2.24) for 0, (4.7) for 0V/0x and the Young inequality with a
parameter € > 0 we obtain

‘K :%Ggigtdx SC+£J‘:p<§;Zt>2dx, (4.12)
k[ prraan gsfp(aaz‘a’t) av+c|2 (413)
f%aa_‘t/d <c< a;? ‘ ) (4.14)

For sufficiently small € > 0 from (4.10) and (4.11)—(4.14) it follows that for t €]0, T[ we have

[
)

2 2

o’V

86 (T)

l[
+
0

(')ZV

|5

3or”)

dT§C<1+

t
+J
0

62 (%]

2
o 7

(4.15)

Taking into account (3.2), (3.6), and (3.7) from (2.31) we can easily conclude that

a’()l

[5]-

POV + ooV - Keigo - Koy - 520) <, (416)

and using (2.20) and (4.1) we get that inclusion (4.6) is satisfied for the function V. In the
similar way from (2.32) and (2.33) we obtain (4.6) for W and 6. O

Now, taking into account (4.6) and (2.20), we can introduce the following inequalities
for

ne{V,w,o} (4.17)

derived in [3] by the Nirenberg-Gagliardo inequality (2.44).
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Lemma 4.3 (see [3, Lemmas 2.2-2.4]). For 0 < a < 1 and € > 0, the function 1 satisfies the
inequalities

on
- < a
‘ax 0or CIn151a14a/2,007 (4.18)
o1 < on
— < Cl elnlsairaszor +sup| = +1>, (4.19)
ox a,a/2,Qr R T Or ot
6_11 < C|71|d (Inl2+a14a/2,0r + 1)1id, (4.20)
Ox “Or = 2+a,1+a/2,Qr , ,Qr
wherea=1/3+2a)and d =a/(2—-a). For 0 < a < 1/2 it holds
on b
_t < 4.
ox a,a/2,0r B C|rl|2+a’1+"’/2:QT’ ( 21)

where b = (1 +2a)/(3 + 2a).

5. The proofs of Theorems 3.1 and 3.2

The conclusions of Theorems 3.1 and 3.2 are immediate consequences of the following
lemmas.

Lemma 5.1. It holds

p. V,W,0 € C>12(Qp). (5.1)

Moreover,

01,1 € CHYAI2(QL). (5.2)

Proof. Taking into account (4.6) we get inclusion (5.1) for the functions V,W, and 0 in the
same way as for p in (see [8, pages 54-55]). Using (3.1), (3.6), and (5.1) from (2.26), (2.27),
(4.2), and (4.3) we get (5.2) immediately. O

Lemma 5.2. For 0 < a <1and y =min{1/2, a} it holds

% ¢ Cr (Qr). (5.3)

ax

Proof. With the help of (5.1), (5.2), and (3.2) we obtain (5.3) in the similar way as in (see [8,
pages 57-58]). O
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Lemma 5.3. For 0 < a < 1,y = min{1/2,a}, a = 1/(3 + 2a), and b = (1 +2y)/(3 + 2y) the
inequalities

[Vl2sy1ey/20r < C(l + |6|1+YrY/2,QT)' (5.4)
(Wlaiy14y/20: £C, (5.5)
|9|2+Y,1+)’/2,QT < C<|V|‘21+y,l+y/2,QT + |V|Z+y,l+y/2,QT + |V|§:$,1+Y/2,QT + |V|§ZY/1+Y/2«QT + 1>
(5.6)
hold true.
Proof. We write (2.31), (2.32), and (2.33) in the form
oV o*V  09poVv op 00 0v
= - P T kg~ - L
ot Pox?  oxox ozt KPax
ow 82W ap ow w w1 6w1
— —-Ap—-A—— +A—=-A— - —
ot P ox2 dx ox p p o’
(5.7)

ot Pox?” “oxox % ox

2 2 2
00 _ppdf _poroo KGa—V—K6%+ <8—V) oV 1(’;)

ox 6_xl+p 1

oW \ 2 oWv 1/v\? 1 5
+p<a> +2WT+;<T> +;(W+w1),

and we consider them as parabolic equations for V,W, and 0, respectively, with Holder
continuous coefficients with exponent y = min{1/2, a}. Taking into account the compatibility
conditions (3.8)—(3.10), (2.14), and |f gla,a/2 < [flolglaas2 + | flaas21glo, from a parabolic theory
(see [7, Theorems 5.2 and 5.3]) we conclude that the solutions V,W, and 0 satisfy the
following inequalities

9p
[V2iy14y/2,0r < C<‘ e

9p
_ 9 + _
ox |0,QT| brrrar + lelyraor| |0,QT

10]0,0; +
Y.y/2.0r

(5.8)
@
ox

avl

+plo,or il v

# Vilaiy ).

Y,y/2,Qr Yy/2Qr

1

1
[Wilaiy14y/2,0r < (l—‘ | | + '_
T p O/QT Y!Y/erT p

+ |W0|2+y,§2>’
(5.9)

|wilog, + ‘g

Y¥/2Qr Yy/2Qr
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ov

Fy +1pOlyy /2,00

Y.y/2,.Qr

ov
ox

ov
10l24y14y/20r < C <|P9|0,QT $|OQ +16lyy/2,0r
AT

ov

| , ov
yy/20r 1 0x

ox

.|V
ox

6_V
pax

0,Qr Y.Y/2.0r 0,Qr Y,y/2,Qr

1
+_

P

ow

Yr/2.0r 0x

ow| oW
pax ox

ow
ox

ow

Y,¥/2,.Qr ox
| w
+ —_—
p

2

(5.10)

0,Qr Y.y/2,.Qr

Wly/2.00
OIQT

Y.y/2.Qr 0,0r

w
+_

P

P

[Wilo,o, +
Y y/2,Qr

ool )
Yy/2Qr

Using the inequalities
Iflogr < |flyyr2ar < 1flvyar (5.11)

and (3.6), (3.2), and (5.1)—(5.3), from (5.8)-(5.9) we get easily (5.4) and (5.5). With the help of
(4.18), (4.21) for n = W and (5.5) from (5.10) it follows

o) <C<‘6V LoV eV vy oV |? +1>
24y14+7/2,Qr S - - - - - .
e 0x lyy/o0r 10 log, 10 lyyngl 0% log,  10x fog,
(5.12)
Using (4.18) and (4.21) for = V we get (5.6) immediately. O
Lemma 5.4. For y from Lemma 5.2 the estimations
IVI2ey14y/20: £C, (5.13)
10124y, 14y/2,0r < C, (5.14)
lplisyor £C, (5.15)
[v124y,14y/20r £C, 1|24y, 147720 £ C (5.16)
hold true.
Proof. Forn =0 and 0 < a < 1 from (4.19) we can conclude that
1011+a,a/2,0r < C(10l24a14a/2,0r + 1), (5.17)

and from (5.4) it follows

|V|2+y,1+Y/2,QT < C(|6|2+y,1+y/2,QT + 1)‘ (5-18)
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Inserting (5.6) on the right-hand side of (5.18) we obtain

a+b

b 2
IVoiy 14y /2,00 < C(|V|g+y,1+y/2,QT + |V|2+y,1+y/2,QT + |V|2+y,1+y/2,QT + |V|2f—r,1+y/2,QT +1),
(5.19)

where a,b,a + b,2a €]0,1[. Applying the Young inequality with a parameter £ > 0 we obtain
|V|2+y,1+y/2,QT < C(5|V|2+y,1+y/2,QT + 1)/ (520)

and hence (5.13). Using this result from (5.6) follows (5.14). From (2.30) we get

B_V
ox

ov

a +

0,Q0r

. (5.21)

=
Y.Qr

ot

i
I

<|p? + 102
o |P |0,QT 0r |P |y,QT

Y/

Using (4.20) and (5.13) for V, the inequality |pl,,o, < |pl},y,0:, (5.1) and (3.1) we obtain

op
ot

<C, (5.22)
Y.Qr

and with the help of (5.3) we get (5.15). Notice that from (5.15) follows
T YY/2(0
f pdéeC"*(Qr), (5.23)
0

and using (5.13) and (3.1) from (4.2) and (2.26) we obtain

dv1 AN IAYE! p
ot : '<T> * (T) J p% TV +l#oly2g0m < G
Yr/2.Qr 0P lyy/20r ¥/2Qr
(5.24)
2
T A e T
0 lyyqr ~ 1P lyyrar | 0xlogr  1plogrl0xlyyngr 1L lpjor
Taking into account (5.2) it is evident that the inequality
|01|2+y,1+y/2,Q7- <C (5.25)
is satisfied. From (2.27) and (4.3) follows the same estimation for the function cw;. O

Now, from the above estimations we derive the conclusion that if « < 1/2 then a = y
and Lemmas 5.1-5.4 are the proofs of Theorems 3.2 and 3.1. If « > 1/2 we have

V,W,0,0v1,w; € CFV/21174(Q), p € C*V2(Qy). (5.26)
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Lemma 5.5. For1/2 < a < 1 we have

p, V,W,0 € C**(Qr), (5.27)
U1,Ww1 € Clralta (@T)' (5.28)
ap o, (
5. €C" (Qr). (5.29)

Proof. Inclusions (5.27) follows directly from (5.26). Using this result from (2.26), (2.27), (4.2),
and (4.3) we get (5.28). Estimation (5.29) is proved in (see [8, pages 57-58]). O

Lemma 5.6. For 1/2 < a < 1 the estimations

[VI2tai4ar20r £ C, (5.30)

W sa4ar20r £ C, (5.31)
0l24a,14a/2,0r < C, (5.32)

lpli+agr < C. (5.33)

[01]24a,14a/20r £ C, w1 |24a1+a/2,0r < C (5.34)

are true.

Proof. We consider (2.31)-(2.33) again as parabolic equations for V, W, and 6, respectively,
with Holder continuous coefficients with exponent a. In the same way as before from (5.8)
and (5.9) we get

[VIiaisar2,0r < C(1+ |024ai+ar20r), (5.35)

(W latai+as2,0r £C, (5.36)

and with the help of (5.26) from (5.10) we obtain

ov

18l2+a,14a/2,0r < C<1 + P

) . (5.37)
a,a/2,Qr

Inserting (5.37) in (5.35), using (4.19) and (5.26) for the function V, we obtain (5.30). With
the help of (4.19) and (5.30) from (5.37) it follows (5.32). In the same way as before we get

op 5 oV ) ov u
_ < - — — . .
' 5 | g, = 1" l00r| 35 ot 1P loor |35 o 1P, (5.38)
Because of (5.27), (5.30), and (4.20) for 7 = V we obtain
0
'—p <G (5.39)
Ot | 00;
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and using (5.29) we have (5.33). Taking into account (5.33) in the same way as in Lemma 5.4
we get (5.34). O
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