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1. Introduction

In population dynamics, the optimal management of renewable resources has been one of
the interesting research topics. The optimal exploitation of renewable resources, which has
direct effect on their sustainable development, has been paid much attention [1-3]. However,
it is always hoped that we can achieve sustainability at a high level of productivity and good
economic profit, and this requires scientific and effective management of the resources.

Single-species resource management model, which is described by the impulsive
periodic logistic equations on finite-dimensional spaces, has been investigated extensively,
no matter how the harvesting occurs, continuously [1, 4] or impulsively [5-7]. However, the
associated single-species resource management model on infinite-dimensional spaces has not
been investigated extensively.

Since the end of last century, many authors including Professors Nieto and Herndndez
pay great attention on impulsive differential systems. We refer the readers to [8-22].
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Particulary, Doctor Ahmed investigated optimal control problems [23, 24] for impulsive
systems on infinite-dimensional spaces. We also gave a series of results [25-34] for the first-
order (second-order) semilinear impulsive systems, integral-differential impulsive system,
strongly nonlinear impulsive systems and their optimal control problems. Recently, we
have investigated linear impulsive periodic system on infinite-dimensional spaces. Some
results [35-37] including the existence of periodic PC-mild solutions and alternative theorem,
criteria of Massera type, asymptotical stability and robustness against perturbation for a
linear impulsive periodic system are established.

Herein, we devote to studying global behaviors and optimal harvesting of the
generalized logistic single-species system with continuous periodic control strategy and
periodic impulsive perturbations:

%X(t,y) =A(y,D)x(t,y) + f(t,y) + C(Hhu(t,y), u€lua, y€Q t>0,t# 1, k€L,
x(t,y)=0, yeoQ,t>0,

Ax(t,y) = Ax(t+0,y) - Ax(t,y) = Bxx(t,y) +cx, y€Q, t=1 k € Z;.
(1.1)

On infinite-dimensional spaces, where x(t,y) denotes the population number of isolated
species at time t and location y, Q@ C R? is a bounded domain and 0Q € C?, operator
A(Y,D) = 3 4< aa(y)D?. The coefficients aq(y), (y € Q, t > 0) are sufficiently smooth
functions of vy in Q, where a = (1,a2), a; > 0,1 = 1,2, |a| = Ziz:lai and y* = yjy3,
y = (y1,¥2) € Q. Denoting D; = (8/9y;) (i = 1,2), D = (Dy,D,), then D* = D"D3*. f(t,y)
is related to the periodic change of the resources maintaining the evolution of the population
and the periodic control policy u € U4, where U, is a suitable admissible control set. Time
sequence 0 =Tp <71 <+ < Tx--- and 7k — oo as k — oo, Ax(T,y) denote mutation of the
isolate species at time 7, where k € Z;.

Suppose X is a Banach space and Y is a separable reflexive Banach space. The objective
functional is given by

- To
J(u) =j f l(t,x(t,y,u),u(t,y))dydt+f Y(x(To,y,u))dy, (1.2)
0/Ja Q

where [ : [0,Tg] x X x Y — R U {0} is Borel measurable, ¥ : X — R is continuous, and
nonnegative and x(-, y, ) denotes the Tp-periodic PC-mild solution of system (1.1) at location
y and corresponding to the control u € U 4. The Bolza problem (13) is to find u° € U,y such
that J(u®) < J(u) for all u € U,g.

Suppose that f(t +To,y) = f(t,y), C(t + To) = C(t), u(t + To,y) = u(t,y),t > 0and Ty is
the least positive constant such that there are 6 7s in the interval (0, Ty), and Ty.s = min{7t €
D | 7> 7 +Tpy), where D = {7 | Tks1 > Ti;forallk € Z)}, Bxis = B, ks = ck, k € Z}.
The first equation of system (1.1) describes the variation of the population number x of the
species in periodically continuous controlled changing environment. The second equation of
system (1.1) shows that the species are isolated. The third equation of system (1.1) reflects
the possibility of impulsive effects on the population.

Let A(y, D) satisfy some properties (such as strongly elliptic) in Q and set D(A) (such
as H? (Q)ﬂH& (Q)).For every x € D(A) define Ax = A(y, D)x, Ais the infinitesimal generator
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of a Cyp-semigroup {T(t),t > 0} on the Banach space X (such as H*(Q)). Define x(-)(y) =
x(,y), (f))(y) = f(,y), and u(-)(y) = u(-,y) then system (1.1) can be abstracted into the
following controlled system:

xX(t) =Ax(t) + f(H) + C(Hhu(t), uelg, t # 7%,

(1.3)
Ax (1) = Bx (i) + ¢, t =Tk
On the Banach space X, and the associated objective functional
Ty
](u) = l(tlx(tl u)/u(t))dt-"lp(x(TOru))r (14)
0

where x(-,u) denotes the Ty-periodic PC-mild solution of system (1.3) corresponding to the
control u € U,q. The Bolza problem (P) is to find u° € U,y such that J(u°) < J(u) for all
u € Uyq. The investigation of the system (1.3) cannot only be used to discuss the system (1.1),
but also provide a foundation for research of the optimal control problems for semilinear
impulsive periodic systems. The aim of this paper is to give some new sufficient conditions
which will guarantee the existence, uniqueness, and global asymptotical stability of periodic
PC-mild solutions for system (1.3) and study the optimal control problems arising in the
system (1.3).

The paper is organized as follows. In Section 2, the properties of the impulsive
evolution operator {S(-,-)} are collected. Four new sufficient conditions that guarantee the
exponential stability of the {S(-,-)} are given. In Section 3, the existence, uniqueness, and
global asymptotical stability of Ty-periodic PC-mild solution for system (1.3) is obtained.
In Section 4, the existence result of periodic optimal controls for the Bolza problem (P) is
presented. At last, an academic example is given to demonstrate our result.

2. Impulsive periodic evolution operator and it’s stability

Let X be a Banach space, £(X) denotes the space of linear operators on X; £,(X) denotes the
space of bounded linear operators on X. £,(X) is the Banach space with the usual supremum
norm. Denote D = {71,...,7s} C [0,Ty] and define PC([0,To]; X) = {x : [0,To] — X | x is
continuous at t € [0,Ty] \ D, x is continuous from left and has right-hand limits at t € D} and
PCH([0,To]; X) = {x € PC([0, To]; X) | x € PC([0, To]; X) .

Set

llxllpc = maX{ sup [lx(t+0)[, sup IIX(t—O)II}, llxllpct = [lx[lpc + [|1%||pc- (2.1)
t€[0,To] t€[0,To]

It can be seen that endowed with the norm || - |[pc (|| - llpc1), PC([0, To]; X) (PC ([0, To]; X)) is
a Banach space.
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In order to investigate periodic solutions, we introduce the following two spaces:

L%, ([0,+00); X) = {f: [0,+00) — X | f(t) = f(t+To),

f v 2.2)
< ||f(t)||”dt> < +oo where 1 <p < +oo},
0

PCr, ([0, +00); X) = {x € PC([0, +00); X) | x(t) = x(t + Tp), t > 0}.

Set

To 1/p
1Al = < . IIf(f)II”dt> + o lxlleey, =ma><{ sup [x(t+0)||, sup IIX(t—O)II}- (2.3)

t€[0,T] t€[0,To]

It can be seen that endowed with the norm |- » (||'||PCT0),L’;O([0, +00); X) (PCr, ([0, +0); X))
0

is a Banach space.
We introduce assumption [H1].

[H1.1]: A is the infinitesimal generator of a Cy-semigroup {T(t),t > 0} on X with domain
D(A).

[H1.2]: There exists 6 such that 7,5 = min{t € D | T > 1 + Ty}, where D = (T | Tks1 >
T; Vk € Zg }.

[H1.3]: For each k € Z;, By € £,(X), Bk1s = Bx.

Under the assumption [H1], consider

x(t) = Ax(t), t#m,

(2.4)
Ax(t) = Bex(t), t=rm,
and the associated Cauchy problem
x(t) = Ax(t), te[0,To]\D,
Ax(t) = Brx(7x), k=1,2,...,6, (2.5)

x(0) =x.

For every x € X, D(A) is an invariant subspace of By, using ([38, Theorem 5.2.2,
page 144]), step by step, one can verify that the Cauchy problem (2.5) has a unique classical
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solution x € PCY([0, Tp]; X) represented by x(t) = S(t,0)x, where S(,-) : A = {(£,0) | 0< 0 <
t <Tp} — £(X) given by

T(t-9), T SO <t <7,

T(t-—7)(I+Bp)T (1% —60), Tk1 <0 <7 <t< Ty,

T(t-17) [ [T U+B)T(z;- T].Jr_l):| (I+B)T(7:-0),

9<Tj<t

S(t,0) = (2.6)

L Ti1 <0< < < T <t S T

The operator {S(t,0),(t,0) € A} is called impulsive evolution operator associated with
{T(t),t >0} and {Bx; Tk }1oq-

The following lemma on the properties of the impulsive evolution operator
{S(t,0),(t,0) € A} associated with {T(t),t > 0} and {By; 7k } ;- is widely used in this paper.

Lemma 2.1. Let assumption [H1] hold. The impulsive evolution operator {S(t,0), (t,0) € A} has
the following properties.

(I)For 0 < 8 < t < Ty, S(t,0) € £4(X), there exists a My, > 0 such that
sup0§65t§T0||S(t, 0)|| < Mr,.

(2) For0<O0<r<t<Tyr # 7 S(t,0) =S(t,r)S(r,0).

(3) For0<0<t<TyneZ, S(t+nTy0+nTy) =5(t0).

(4) For0<0<t<TyneZ", S(t+nTy0)=S(t0)[S(Ty,0)]".

)

(5) For 0 <0 < t, there exits M > 1, w € R such that

IS(t,0)] < Mexp {w(t—6)+ > 1n(M||I+Bn||)}. (2.7)

0<T, <t

Proof. (1) By assumption [H1.1], there exists a constant Cr, > 0 such that sup, 1, IT(#)]| =
Cr, < oo. Using assumption [H1.3], it is obvious that S(¢,0) € £,(X), for 0 < 0 <t < T.
(2) By the definition of Cy-semigroup and the construction of S(:, -), one can verify the result
immediately. (3) By assumptions [H1.2], [H1.3], and elementary computation, it is easy to
obtain the result. (4) For 0 < 0 <t < Ty, n € Z*, by virtue of (3) again and again, we arrive at

S(t+ nTo,O) = S(t + T’IT(),T())S(T(),O) = S<t+ (n - 1)T0,0)S(T0,0)

= S(t+ (n—1)To, T)S(To,0)S(To,0) = ((t+ (n—2)Ty,0)[S(To,0)]” 08

= 5(t,0)[S(Tp,0)]".
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(5) Without loss of generality, for 7;1 <0 <7; <+ < T, <t < Tpey1,

IS O =Tt = 7NN+ Bell IT (7 = 7D -+ 1T+ Bill | T (7 - 6) |

k
< Me®®m) []‘[ |1+ B.||Me ™~ ;_n] |1 + Bi|| Me“ =9

n=i+1

(2.9)

< Mexp {w(t—9)+ Z ln(M||I+Bn||)}.

0<t, <t

This completes the proof. O

In order to study the asymptotical properties of periodic solutions, it is necessary to
discuss the exponential stability of the impulsive evolution operator {S(t,0),t > 0 > 0}. We
first give the definition of exponential stable for {S(t,0),t > 6 > 0}.

Definition 2.2. {S(t,0),t > 0 > 0} is called exponentially stable if there exist K > 0 and v > 0
such that

1S, 0)|| < Ke” 9, t>0>0. (2.10)

Assumption [H2]: {T'(t),t > 0} is exponentially stable, that is, there exist Ko > 0 and
vy > 0 such that

IT(H)| < Ko™, t>0. (2.11)

An important criteria for exponential stability of a Cy-semigroup is collected here.

Lemma 2.3 (see [38, Lemma 7.2.1]). Let {T(t),t > 0} be a Co-semigroup on X, and let A be its
infinitesimal generator. Then the following assertions are equivalent:

(1) {T(t),t > 0} is exponentially stable.

(2) For every x € X there exits a positive constants y, < oo such that

f IT(t)x||Pdt <yx <o, x€X, t>0, for somep, 1 <p < oo. (2.12)
0

Next, four sufficient conditions that guarantee the exponential stability of impulsive evolution
operator {S(t,0),t > 6 > 0} are given.

Lemma 2.4. Assumptions [H1] and [H2] hold. There exists 0 < A < vy such that
6

[ T(Kol|T +Bi|[)e™™ < 1. (2.13)
k=1

Then, {S(t,0),t > 0 > 0} is exponentially stable.
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Proof. Without loss of generality, for 7,1 < 0 < 7; < -+ < T, <t < Tyq, we have

IS(t,0)]| < Koe 0D (=0) [ [T Kol + Bk||)e‘)‘(“9)],

O<Ti<t

Suppose t € (nTy, (n +1)To] and let b = maxsejo,1y] [ To<r,<s{ KollI + B|l}. Then,

IT (Kol +Bl)e™*@® < T (KollI +Bk||)e*"Tbe'®

O<Ti<t 0<7<nTy

[
<[ [(Ko||T + Bi||)"e " ™be®
k=1

n
= [JT(Ko||T + Bk||)e”°] be'?
k_

| ——
(=)}

@‘

Let K = Kobe!? > 0 and v = vy — A > 0, then we obtain ||S(t,0)|| < Ke™*9, t >0 > 0.

Lemma 2.5. Assume that assumption [H1] holds. Suppose

O<p= inf (7x—Tk1) < sup (Tk —Tk-1) = U2 < 0.
k=1,2,...,6 k=1,2,..,.6

If there exists a > O such that

w+ %1n(M||1+Bk||) <-a<0,

fork=1,2,...,6, where

i, a+w<o,
l,l:
W2, a+w>0.

Then, {S(t,0),t > 0 > 0} is exponentially stable.

Proof. It comes from (2.17) that

In(M||I+Bxl||) <-pla+w) <0, k=1,2,...,6.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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Further,
Z In (M||I+Bx]) <- Z p(a+w) =—p(a+w)N(6,1), (2.20)
<ty <t <ty <t
where N (6,t) is denoted the number of impulsive points in [0, ).
Fortiy <0 <1 £+ <1 <t < Ty, by (2.16), we obtain the following two
inequalities:
t—0>(N@O,t)-Du1, t-0< (N, 1)+ 1)us. (2.21)
This implies
i (N(©,5) -1) <t-0 < ua(N(0,8) +1), (2.22)
that is,
1 1
—(t-0)-1<N(@O,t) < —(t-0)+1. (2.23)
%) Hi
Then,
—p(a+w)N(6,t) < —(a+w)(t—0) + pla + w|. (2.24)
Thus, we obtain
w(t-0)+ > In(M|I+Bx|) <-a(t-0) + pla+wl|. (2.25)
O<T<t
By (5) of Lemma 2.1, let K = Me#*™@l > 0, v = a > 0, ||S(t,0)]| < Ke™*9, t >0 > 0. O
Lemma 2.6. Assume that assumption [H1] holds. The limit
. N(6,0+Ty) | . 6 o
lim —————= exists and is equal to — = p is finite. (2.26)
To— 0 TO
Suppose there exists y > 0 such that
w+pln (M||I+Bi||) <-y<0, k=12,...,6. (2.27)
Then, {S(t,0),t > 0 > 0} is exponentially stable.
Proof. Lett, 0 € R* with t > 0. It comes from
. N(Q, 0+ T()) o) _
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that there exits a h > 0 enough small such that

I\Z (_9;;) - p' <ph, (2.29)
that is,
(1—h)(t—9)<@<(1+m(t—e). (2.30)
From (2.27), we know that
S oM+ B) <= 3 @) =N ), 31)
<<t <<t p

Then, we have

_(1+h)

t-0)y+w), y+w<0

+rw) <y qPp = ~[(y +w) = hly + w[](t - 6).
- t-0)y+w), y+w=>0

_N@,b)

(2.32)

Hence,

(w+h)(t-0)+ Z In (M||I+Bkl||) <-[y-h@+]y+w)](t-6). (2.33)

O<Ti<t

Here, we only need to choose h > 0 small enough such that y — h(1 + |y + w|) > 0, by (5) of
Lemma 2.1 again, let K = M >0, v =y — h(1 + |y + w|) > 0, we have ||S(t,0)| < Ke™*9, t >
0>0. O

Lemma 2.7. Assume that assumption [H1] holds. For some p, 1 < p < +oo,

[oe]

f IS(t, 0)¢|Pdt < oo, E€X, t>03>0, 0 is fixed,
0

2.34
> |11+ B|| is convergent. 234)
O<T<t
Imply the exponential stability of {S(t,0),t > 6 > 0}.
Proof. It comes from the continuity of t — T(t)¢, the inequality
1S(t,0)| < <M2 >+ Bk||>ew<f9> (2.35)
O<t<t
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and the boundedness of Bk, 3 g, «||I + Bi|| are convergent, that lim;_, ,,S(t, 0)¢ = 0 for every
¢ € X and fixed 6 > 0. This shows that S(t,0)¢ is bounded for each ¢ € X and fixed 6 >
0 and hence, by virtue of uniform boundedness principle, there exists a constant M, > 1
such that ||S(t,0)|| < M, for all t > 8 > 0. Let £ denote the operator given by (£x)(t) =
S(t,0)x, x € X and 0 is fixed. Clearly, .£ is defined every where on X and by assumption it
maps X — LP((0,00);X) and it is a closed operator. Hence, by closed graph theorem, it is a
bounded linear operator from X to LP((0, o0); X). Thus, there exits a constant M3 > 0 such
that [|£x||1r((0,00)%) < M3 forall x € and t > 6 > 0, 0 is fixed.
Let0O<x < Mgl, ¢ € X and t > 0and define T = 7(x, §) as

T =supf{t>0:|S(s,0)¢| > x|¢]| VO <O <s <t} (2.36)

Then,

T(xllEl)? < jousa, O)dlPdt < fo 1S, 0)2lPdt = L2217 (o < (MBI, (237)

and hence,

p
T < <%> =t (2.38)

Thus, for t > (ty + 0) # 7%,

ISt 0)3ll < IS(t, t = 7)S(t - 7,0)8l| < Moxlig]l = BlISII, (2.39)

where = Mk < 1. Fix t; = NoTy > to+ 6. Then, for any t € [0, o0) we can write t —0 = nt; +s
for some n € Ny and s € [0,t;) and we have

IS(t,0)¢ll = [|S(nNoTo +5,0)¢]| = 1S5, 0)1[|S (To, 0)¢[|"™" < Mae™ e ™Fg]| = Mye™ ],

(2.40)
where M; = Mzﬁs/tl and v = —(InB/#;). Since f < 1, this shows that our result. O
3. Periodic solutions and global asymptotical stability
Consider the following controlled system:
x(t)=Axt)+ f(t) +C(u(t), uela, t # T, 31)

Ax(t) = Bex (i) + ¢k, t=Tk,
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and the associated Cauchy problem

i () = Ax(t) + f(H) + C(u(t), €U, te[0,To]\D,
Ax(t) =Bix(7) + o, k=1,2,...,86, (3.2)
x(0) =x.

In addition to assumption [H1], we make the following assumptions:

[H3]: f:[0,Ty] — X is measurable and f(t + Ty) = f(t) fort > 0.
[H4]: For each k € Z*, there exists 6 € Nand ¢ € X, cxr5 = Ck-

[H5]: U(:) : [0,To] — 2¥\ {Q@} has bounded, closed, and convex values and is graph
measurable, U(-) € Q and Q are bounded, where Y is a separable reflexive Banach
space.

[H6]: Operator C € £,,([0, To]; £(Y, X)) and C(t + Ty) = C(t), for t > 0. Obviously, C :
LF([0,To[;Y) — LP([0, To]; X)(1 < p < +00).

Denote the set of admissible controls

U = {u(-) : [0,Ty] — Y measurable | u(t+Tp) = u(t), u(t) € U(t) a.e. for t >0}. (3.3)

Obviously, Uyg # @ and U,y C LP([0,TH;Y)(1 < p < o0), Uga is bounded, convex, and
closed.

We introduce PC-mild solution of Cauchy problem (3.2) and Ty-periodic PC-mild
solution of system (3.1).

Definition 3.1. A function x € PC([0, Ty]; X), for finite interval [0, Ty], is said to be a PC-mild
solution of the Cauchy problem (3.2) corresponding to the initial value x € X and u € U4 if
x is given by

x(t,%,u) = S(t,0)% + fS(t, 0)[f(6) + COUO)]do+ > S(t7)er. (3.4)
0

0<7<t

A function x € PC([0,+o0); X) is said to be a Ty-periodic PC-mild solution of system
(3.1) if it is a PC-mild solution of Cauchy problem (3.2) corresponding to some X and x(f +
To, x,u) = x(t,x,u) fort > 0.

Theorem 3.2. Assumptions [H1], [H3], [H4], [H5], and [H6] hold. Suppose {S(t,0),t > 6 > 0} is
exponentially stable, for every u € U,q, system (3.1) has a unique Ty-periodic PC-mild solution:

xr, (,%,1) = S(t,0)x + f;sa, 0)g.(0)d0+ 3 S(t7 Ve = P(gu ) (),  (35)

0<Ti<t
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where g,() = £(-) + C()u() € L ([0,%0); X),

To
T=[[-S(T0,0)] "z == f S(To 0)gu(@)d0+ S S(t7!)ck. (3.6)
0 OSTk<T0
Further,
P: L} ([0,00); X) x X® — PCr, ([0, 0); X) (3.7)

is a bounded linear operator and

o
1P (8 i)l py, 0,000%) < B<||f||L§0 + 1Clloofaellp + é”ckH), (3.8)

where B = K(K||Q|| + 1) and Q = [I - S(Ty,0)] .
Further, for arbitrary xo € X, the PC-mild solution x(-, xo,u) of the Cauchy problem (3.2)
corresponding to the initial value xo € X and control u € U o4, satisfies the following inequality:

5
|| (t, xo0, ) = x1, (t, %, 1) || < Be”t<||f||L§0 + 1Clloolaell .+ Z||Ck||>, (3.9)
k=1

where xt, (-, X, u) is the Ty-periodic PC-mild solution of system (3.1), B > 0 is not dependent on xq,
f,u, and cy. That is, x(-, xo, u) can be approximated to the To-periodic PC-mild solution xt,(-, X, u)
according to exponential decreasing speed.

Proof. Consider the operator Q = X7 ,[S(Ty,0)]". By (4) of Lemma 2.1 and the stability of
{S(-,-)}, we have

1 [5(To, 01"]| = [1S(nTh, 0)| < Ke™™ — 0 as n— . (3.10)

Thus, |Qll < SZ,I[S(To,0)]"| < X% ,Ke™ . Obviously, the series X2 Ke™"0 is
convergent, thus operator Q € £,(X). It comes from [I — S(Tp,0)]Q = Q[I — 5(Ty,0)] = I
that Q = [I - S(Ty,0)]™" € £,(X). It is well known that system (3.1) has a periodic PC-mild
solution if and only if x(Ty) = x(0). Since I — S(Ty, 0) is invertible, we can uniquely solve

x(o) — [I—S(T(),O)]_l [IZOS(TO,Q)gu(Q)d9+ Z S(t,T;)Ck]. (311)

0<t<Ty

Letx = [I - S(Ty,0)] 'z, where

To
z=| S(To,0)gu(0)d0+ >, S(t,7{)ck. (3.12)
0

0<7<Tp
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Note that

+T(]
J‘t S(t+ Ty, s)C(s)u(s)ds = ItS(t, s)C(s)u(s)ds, (3.13)
0

To

it is not difficult to verify that the PC-mild solution of the Cauchy problem (3.2)
corresponding to initial value x(0) = x given by

x(t,u) = S(t,0) [I—S(TO,O)]1z+JtS(t,9)gu(9)d9+ S St 7 ek (3.14)
0

0<Ty <t

is just the unique Ty-periodic of system (3.1).
It is obvious that P : L’;O([O, ); X) x X® — PCr, ([0, o0); X) is linear. Next, verify the
estimation (3.8). In fact, for t € [0, Tp],

t
[[oer, (8, %, w) | < 1S (2, O) ][] +fOIIS(t,G)IIIIgu(9)||d9+ 2 sz lllledl- (615)

0<T <t

On the other hand,

i< -5t 1| [ ST o) ls@lan 3 fstro )l |

OS’Tk<T0

TQ &
<|Qll U Ke™1079||,(0)]|d6 + Ke™ ™)y || e II] (3.16)
0 k=1

3}
< Kl <||f||y;0 + 1Clloo faell .+ Z”Ck”>-
k=1

Let B=K (K|Q|l + 1), next the estimation (3.8) is verified.

System (3.1) has a unique Ty-periodic PC-mild solution xr, (-, x, 1) given by (3.5) and
(3.6). The PC-mild solution x(-, xp, u) of the Cauchy problem (3.2) corresponding to initial
value xp and control u € U,y can be given by (3.4). Then,

12t x0, 1) = 1, (8%, ) | < IS 0) (% = x0) || < Ke™ (|| + [I])

5 (3.17)
< Ke™[[1x|| +I<||Q||<||f||L;O +ICllcllulzy + Z||ck||>].
k=1

Let B = max{K, K2||Q||} > 0, one can obtain (3.9) immediately. O
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Definition 3.3. The Ty-periodic PC-mild solution xr, (-, X, 1) of the system (3.1) is said to be
globally asymptotically stable in the sense that

tlirp || (¢, x0, 1) — x1, (£, %, 1) || =0, (3.18)

where x(-,xo,u) is any PC-mild solutions of the Cauchy problem (3.2) corresponding to
initial value xy € X and control u € U 4.

By Theorem 3.2 and the stability of the impulsive evolution operator {S(,-)} in
Section 2, one can obtain the following results.

Corollary 3.4. Under the assumptions of Theorem 3.2, the system (3.1) has a unique Ty-periodic
PC-mild solution xr,(:, X, u) which is globally asymptotically stable.

4. Existence of periodic optimal harvesting policy

In this section, we discuss existence of periodic optimal harvesting policy, that is, periodic
optimal controls for optimal control problems arising in systems governed by linear
impulsive periodic system on Banach space.

By the Ty-periodic PC-mild solution expression of system (3.1) given in Theorem 3.2,
one can obtain the result.

Theorem 4.1. Under the assumptions of Theorem 3.2, the Ty-periodic PC-mild solution of system
(3.1) continuously depends on the control on LP([0,To];Y), that is, let x'(x*) be To-periodic PC-
mild solution of system (3.1) corresponding to ui(uz) € Uaqa € LP([0,To];Y). There exists constant
K > 0 such that

[Ed lelPC([O,To];X) S 12””1 - uz”LP([O,TO];Y)' (4.1)

Proof. Since x! and x? are the Ty-periodic PC-mild solution corresponding to u; and uy € U,q,
respectively, then we have

X (8) = x(t,u;) = S(t,0) [I - S(Tp,0)] 'zi + fsa, 0)[f(6) + CO)u;(6)]dO, i=1,2, (4.2)
0

where

zi = ITOS(TO, 0)[f(0) + C(O)u;(6)]d6, i=1,2. (4.3)
0
Further,

To
It =20 < (1560 [T - ST, 0|+ 1) IS (T, O NICH1s(6) - (@)
0 (4.4)

< 12””1 - uz”LP([O,Tg];Y)’

where K = M1, (M1, ]1Q]l + 1)||C||o- This completes the proof. O
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Lemma 4.2. Suppose C is a strong continuous operator. The operator © : L,([0,To];Y) —
PC([0, To]; X), given by

©u)(-) = LS(-, 0)C(0)u(6)d6 (4.5)

is strongly continuous.

Proof. Without loss of generality, for 7x_1 <5 < T <t < Tiyq,

t
(Ou)(t) = J‘OT(t - 7)) [ [T U+B)-T(z-7)(I+B)T (7 - 6)C(s)u(s)] ds.  (4.6)

0<Tj<t

By virtue of strong continuity of C, boundedness of By, SUP;eio1] ITt)| = Cr, < o0, O is
strongly continuous. O

Let x(-,u) denote the Ty-periodic PC-mild solution of system (3.1) corresponding to
the control u € U4, we consider the Bolza problem (P).
Find u° € U, such that J(u°) < J(u), for all u € U4, where

Ty
J) = | It x(tu),u(t))dt + ¥ (x(To,u)). (4.7)
0

We introduce the following assumption on / and ¥.

Assumption [H7].
[H7.1] The functional I : [0,Ty] x X x Y — RU {0} is Borel measurable.
[H7.2] I(t,-,-) is sequentially lower semicontinuous on X x Y for almost all t € [0, To].
[H7.3] I(t,x,-)is convex on Y for each x € X and almost all f € [0, Ty].

[H7.4] There exist constants d > 0, e > 0, ¢ is nonnegative and ¢ € L' ([0, To]; R) such that

I(t,x, 1) > () +dlx]| + ellulf. (4.8)

[H7.5] The functional ¥ — R is continuous and nonnegative.

Now we can give the following results on existence of periodic optimal controls for
Bolza problem (P).

Theorem 4.3. Suppose C is a strong continuous operator and assumption [H7] holds. Under the
assumptions of Theorem 3.2, the problem (P) has a unique solution.

Proof. If inf{]J(u) | u € Uaq} = +oo, there is nothing to prove. O
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We assume that inf{ J(u) | u € Uaq} = ¢ < +oo. By assumption [H7], we have

To To To
Jw) > | e®)dt+d| |x@)|dt+e ||u(t)||’;( dt + ¥ (x(To,u)) > -1 > —co, (4.9)
0 0 0

where 77 > 0 is a constant. Hence ¢ > -7 > —o0.

By the definition of infimum there exists a sequence {u,} C U € LP([0,To], Y)(1 <
p < o), such that lim,, _, . J (u,,) = .

Since {u,} is bounded in LP([0,To];Y)(1 < p < oo), there exists a subsequence,
relabeled as {u,}, and u° € U such that lim,, _, ,u, = u° weakly convergence in LP([0, Tp]; Y),
and J(u,) < ¢ + €. Because of U, is the closed and convex set, thanks to the Mazur lemma,
1’ € U,g. Suppose x(-, u,) and x(-,u’) are the Ty-periodic PC-mild solution of system (3.1)
corresponding to u,, (n =1,2,...) and u°, respectively, then x(-, u,) and x(:, u°) can be given

by

xu(t) = x(t, uy) = S(t,0)[I - S(To, O)]_lzn + J‘tS(t, 0)gu, (0)d6 + Z S(t,7})ck,
0

0<T<t
(4.10)
t
x0(t) = x(t,u’) = S(t,0)[I - S(To, O)]_lzo +f S(t,0)g,0(0)d6 + Z S(t, )k,
0 0<7y<t
where
To
Zy = I S(To,0)8u,(0)d0 + > S(t,7{)cx,
0 0<r<Tp
4.11)
To
zp = I S(To,0) 80 (0)dO+ D S(t,T)ck.
0 0<i<Ty
Define
t
a(t) = (©un) (1) — (Ou) (t) = f S(t,0)C(6) [un(6) — u’(6)]d6, (4.12)
0
then by Lemma 4.2, we have
n — 0 in PC([0, To]; X) with strongly convergence, (4.13)

as u, — u° weakly convergence in LP([0, T]; Y).
Next, we show that

x, — x° in PC([0,To]; X) with strongly convergence as n — co. (4.14)
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In fact, for t € [0, 71], we have
120 (®) = Al < (M [|QI+ D1l 10,7130 < Collnlleqo ) (4.15)
By elementary computation, we arrive at
(7 = ()| < (Bl + Dllxa(m) =2 (2) | < Crllalleoryg-— (416)
Consider the time interval (7, 2], similarly we obtain

[l (8) = ()| < CZ”nnllC((Tl,Tz],X)’ [l (7)) = ()| < C,2||’1n||C((Tl,T2];X)' (4.17)

In general, given any 7, € 15, k=1,2,...,n,and the x,(7), x° (%), prior to the jump at time
Tr, we immediately follow the jump as

Xn (TI:) = xn(Tk) + Brxy (Tk) + Ck, x° (T,f) =x° (Tk) + kao(rk) + Ck, (4.18)
the associated interval (7k, Tx+1], we also similarly obtain

[|2cn (t) ~ xo(t)” < Crn ||’1n||c([rk,rk+l];x)/ |2 (75,1) = x (Te) |l < C;<+1 ”’lrt”a[rk,rkﬂ];X)'
(4.19)

Step by step , we repeat the procedures till the time interval is exhausted. Let C =
max{Cy, C’l, C,, C’Z, ..., Cky1}, thus we obtain

Xy — 20 <C 4.20
4017 L0,
| ”PC([OT]'X) = ”n"”PC([OT]'X)’ (4.20)

that is,

x, — x° in PC([0,To]; X), (4.21)

with strongly convergence as n — oo.
Since PC([0,To];X) < L[0,To];X), using the assumption [H7] and Balder’s
theorem, we can obtain

To To
o= lim J'O 1(t, 3 (8), 1 (8))dt + W (x(T0)) > f ), 80)d Y (EM) ¢ (422)

This shows that ] attains its minimum at #° € U ;4. This completes the proof.
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5. Example

Last, an academic example is given to illustrate our theory.
Let X = U =Y = L*(0,1) and consider the following population evolution equation
with impulses:

0 0 .
ax(t, y) + a@x(t,y) =kx(t,y) +bsin(t, y) + u(t,y),

uely, CU, ye(0,1), t € (0,2ka] \ {%n,yr,gyr,... }, keZg,
x(0,y) =x(@2mr,y) =0, ye€(01),
x(t,0) =x(t,1) =0, t>0, (6.1)
0.05Ix(me,y), k=1,
Ax(tk,y) = 4 -0.05Ix(7,y), k=2,y€(0,1),t>0,

0.05Ix(t,y), k=3,

where t denotes time, y denotes age, x(t, v) is called age density function, a and b are positive
constants, k is a bounded measurable function, thatis, k € L*(0, 1). k denotes the age-specific
death rate, b sin(t, y) denotes the age density of migrants, and u(t, y) denotes the control. The
admissible control set U4 = {u € Y|||ullz2¢jo,1,1v) < 1}-

A linear operator A defined on X by

Ax = —ag—; +kx, VxeD(A), (5.2)

where the domain of A is given by
. . dx
D(A) = { x € X : x is a absolutely continuous, @ €eX, x(0)=x2r)=0¢%. (5.3)

By the fact that the operator —(d - /dy) is an infinitesimal generator of a Co-semigroup (see
[39, Example 2.21]) and [38, Theorem 4.2.1], then A is an infinitesimal generator of a Cy-
semigroup since the operator kI is bounded.

Now let us consider the following operators family:

exp <1fy k(s)ds> ‘x(y—at), if0<t< z,
(T(t)x) (]/) = aly-at T T a (5.4)

0, otherwise.

It is not difficult to verify that {T(t),t > 0} defines a Cy-semigroup and A is just the
infinitesimal generator of the Cy-semigroup {T'(t), t > 0}. Since k € L*(0, 1), then there exits
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a constant m > 0 such that |k(s)| < m a.e. s € [0,1]. For an arbitrary function x € L*(0,1), by
using the expression (5.4) of the semigroup {T'(¢), t > 0}, the following inequality holds:

© y/a Y
f ||T(t)x||2dtgf exp <2 1[ mds
0 0 a y—at

>dS : ”x”iza),l)

1/a
< f exp (2mt)ds - [|x[|7 q ) (5.5)
0
exp (2ma') -1
< 5 [Ef.
m ’

Hence, Lemma 2.3 leads to the exponential stability of {T'(t), t > 0}. That is, there exist Ko > 0
and vy > 0 such that ||T(t)|| < Koe™*, t > 0.
Let

B 27 (1 1
Fou) = f f (e, ) + ut, ) dedt +j (e, &) P, (5.6)
0 0 0

Define x()(y) = x(-y), sin()(y) = sin(,y), BOu()(y) = u(,y), B = Bs = 0.051,
B, = —0.051. Thus system (5.1) can be rewritten as

1
x(t) = Ax(t) +bsin t+u(t), uely, te (0,2kmr]\ {Eyr,yr, gyr, }, k eZ§,

i i . (5.7)
Ax<§Jr> = Bix<57r>, i=1,2,3,...,
with the cost function
27
Jw) = | (lx@®I* + [[u(®)]?)dt + [|x (27, (5.8)
0

By Lemma24, for vgp > A > 3 In Ky +2 In 1.05 + In 0.95, {S(t,0),t > 8 > 0} is
exponentially stable. Now, all the assumptions are met in Theorems 3.2 and 4.3, our results
can be used to system (5.1). Thus, system (5.1) has a unique 2sr-periodic PC-mild solution
x27(+,y, 1) € PCar([0 + o0); L?(0,1)) which is globally asymptotically stable and there exists
a periodic control u° € U 44 such that J(u°) < J(u) for all u € U 4.

The results show that the optimal population level is truly the periodic solution of the
considered system, and hence, it is globally asymptotically stable. Meanwhile, it implies that
we can achieve sustainability at a high level of productivity and good economic profit by
virtue of scientific, effective, and continuous management of the resources.
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