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1. Introduction

In this paper, we study the existence, nonexistence, and multiplicity of positive radial solutions
for the following p-Laplacian problem:

div(|VulP2Vu) + K(|x])u? =0 in Q, (P)
Uy =0, u—pu>0 as|x|— oo, (Dy)
Upo=p>0, u—0 as|x|— oo, (D»)

where Q = {x e RN : |x| > r9 > 0}, N >p > 1, pisapositive real parameter, K € C((ry, o), R")
with R* = (0, o0).
The present work is motivated by Deng and Li [1] who consider a semilinear problem
of the form
Au+ K(x)u?1=01in Q,
u>0inQ, ueH. (QnC(Q), (DL)

Uy =0, u—pu>0 as|x|— oo,



2 Boundary Value Problems

where Q = RN \ w is an exterior domain in RN, w c RN is a bounded domain with smooth
boundary, and N > 2, g > 1. Among other results, they prove under the assumption that

(K1) K € C* (Q), K >0, K#0, and there exist C,e, M > 0 such that |K(x)| < C|x|™ for

loc

|x| > M withl>2+¢

that there exists y* > 0 such that (DL) has at least one solution for p € (0, y*) and no solution
for p € (u*, ). Furthermore, if K € L!(Q), then the solution at y = p* exists and is unique.

We expect that problem (DL) may have certain bifurcation phenomenon of solutions
with respect to p so that there should be at least one more solution for y € (0, u*). This is our
goal for this paper and our first result comes out as follows. Assume g > p — 1 and

(K) there exists f > p — 1 such that f:jrﬁK(r)dr < 0.

Then, there exist py > p* > 0 such that (P) +(D;), i = 1,2, has at least two positive radial
solutions for u € (0, u*), at least one positive radial solution for p € [u*, yo] and no positive
radial solution for y € (pg, ).

We notice that this result is partial since the existence of multiple solutions on interval
[1*, Ho] is not obvious. This is mainly caused by coarse topological structure of solution space.
If indefinite weight K (|x|) is of the form |x|” with I > p, then we can prove u* = g in the above
conclusion for problem (P) + (Dy), that is, there exists y* > 0 such that (P) + (D;) has at least
two, one, or no positive solutions according to u € (0, u*), u = p*, or u € (u*, ), respectively.
This is our second result for this paper. For proofs, we employ global continuation theorem
and fixed point index theory based on a weighted space as the solution space.

It is interesting to see whether the exponent I = p is critical or not in the sense of existence
of positive radial solutions. We end by answering this question that if | < p, then problem (P)
+ (D1) does not have a positive radial solution.

Questions for global results or critical sense of exponent for existence of problem (P) +
(D») are not answered in this work, so we leave them to the readers. A partial answer to the
question for the nonexistence results to problem (P) + (D) is known in [2, 3].

This paper is organized as follows. In Section 2, we introduce well-known theorems
such as the global continuation theorem, the generalized Picone identity, and a fixed point
index theorem for the index computation. In Section 3, we introduce several transformations
to obtain equivalent one-dimensional p-Laplacian problems and also prove the existence
of unbounded continuum of positive solutions using the global continuation theorem. In
Section 4, figuring the shape of the unbounded continuum in Section 3, we get the existence,
nonexistence, and multiplicity of solutions introduced as the partial result. In Section 5,
introducing weighted spaces, we improve the result in Section 4 to a global one. In Section 6,
we prove a nonexistence result which gives, in some sense, a critical exponent of existence and
nonexistence.

2. Preliminaries
In this section, we give some known theorems which will be used in the following sections.

Theorem 2.1 (see [4, the global continuation theorem]). Let X be a Banach space and K an order
cone in X. Consider

x=H(u,x), (2.1)
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where p € Ry and x € K.If H : R, x K — K is completely continuous and H (0, x) = 0 for all x € K.
Then C.(K), the component of the solution set of (2.1) containing (0,0), is unbounded.

Theorem 2.2 (see [5, the generalized Picone identity]). Define

Lyl = (9o () +bi(®)gp(y),
Ly[z] = (pp(2)) " + ba () (2).

(2.2)

If y and z are any functions such that y, z, by, (y'), bay,(2') are differentiable on I and z(t) #0 for
t € I, the generalized Picone identity can be written as

d |y|p(PP (Z,) !
a { o,z yop(v) }

!

14 p
- (Y)Y ¢y (Z;>] -yl,(y) + ﬂLp(z).

- @u-b)lyl - [l + -1 s
P

(2.3)

Remark 2.3. By Young’s inequality, we get

. P‘PP(y)‘PP<ZE,> >0, (2.4)

) yz'
14 _ g
lv'|P + (p 1)‘ 2

and the equality holds if and only if sgny’ = sgnz’ and |y'/y|’ = |2/ z|F.

Theorem 2.4 (see [6]). Let X be a Banach space, K a cone in X, and O bounded open in X. Let 0 € O
and A : KN O — K be condensing. Suppose that Ax #vx for all x € K N 0O and all v > 1. Then,
i(A,KNO,K) =1.

3. The existence of unbounded continuum

In this section, we introduce several transformations to obtain one-dimensional p-Laplacian
problems which we will mainly analyze and then we prove the existence of unbounded
continuum of positive solutions of the problem using the global continuation theorem. By
consecutive changes of variables, r = |x|, u(r) = u(|x|), and t = (r/ro)_(N_p)/(P_l), z(t) = u(r),
problem (P) + (D) is equivalently written as

¢p(2) +h(t)z7=0, te(0,1),

(3.1)
z(0)=p>0, z(1)=0,

where ¢, (s) = [s|Ps, p > 1, and h is given by

—1\7”
h(t) = <—]’\9] - p) P PN-D/(N=p) (=D (N=p)Y (3.2)
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We notice that h is singular at t = 0 and by condition (K), h satisfies
(H,) Llsyh(s)ds < oo, forsomey <p—1.

For more general consideration, we assume that the coefficient function h may be singular at
t = 0 and/or 1 which satisfies

(H) § 0 ([ h(z)dr)ds + 05! (| ,h(r)dT)ds < oo.

Obviously, we see that condition (H;) implies condition (H). Introducing u(t) = z(t)/pu, we
can rewrite problem (3.1) as

(W) +Ah(Hu1 =0, te(0,1),

3.3
u(0) =1, u(l) =0, (.3)

where A = p47P*1, Problems (3.1) and (3.3) share the same bifurcation phenomena with respect
to p and A, respectively.

Similarly, if we use transformationt =1 — (r/ ro)_(N P/ PD then problem (P) + (D) is
also written as (3.1) with h given by

—1\7”
h(t) = <—]Z — p) 18 (1 = £) PNV NP (5 (1 — £) "D/ (NP, (3.4)

Notice that h is singular at t = 1 and by the condition (K), h satisfies
(Ha) [/ (1 -s)"h(s)ds < oo, for some y < p — 1.

We see that condition (H;) implies condition (H), and thus, for radial problem (P) + (D),
it is also enough to consider problem (3.3) with h satisfying (H). Since both problems (P)
+(D;), i = 1,2, can be transformed to the form (3.3), we will mainly consider problem (P))
given as follows for more general arguments:

@p (1 () + AR(t) f(u(t)) =0, te(0,1),

(Py)
u(0)=a>0, u(l) =0,

where 1 is a positive real parameter and f € C(R,,R,) with R, = [0,00). h € C((0,1), R*) may
be singular att = 0 and/or t = 1. Let us assume the following condition:

(F1) f(u) >0, forall u>0.

To fulfill conditions in the global continuation theorem, we need to consider problems with
Dirichlet boundary condition. For this, we substitute v(t) = u(t) — a(1 — t) to get the following
equivalent problem:

0, (0 (1) —a) + Ah(t) f(o(t) + a(1-1)) =0, te (0,1),

P
2(0) = 0 = v(1). (F)
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Denote K = {u € Cy[0,1] : u is concave}. Then, it is easy to see that K is an order cone. Let us
define operator H : R, x K — C[0,1] as follows:

[ Z,,;( ™ () f (o) + a1 - D) - w(a))ds vat, 0SS AL,

H(\,0)(t) = 1 ' ]

1 s
j 9, (f AR(7) f(v(7) + a(1 - T))dT + ‘Pp(a)>d5 —a(l-t), if A <t<l,
t AJ\,v
(3.5)

\

where

Ao AJ\,U
Yy ( An(2) f(0(r) + a(l - ))d7 - w(a))ds +adL
0

S

(3.6)

A

= fl ‘P;l <Is Ah(T) f(v(T) + a(l —7))dT + (pp(a))ds —a(l-Ayp).
A Ao

Then by condition (H) and the definition of A, ., we can easily see that H is well defined and
H(R; x K) C K. Furthermore, u is a positive solution of (D)) if and only if u = H(A, u) on K.
We can easily see that H is completely continuous on R, x K. The proof basically follows on
the lines of Lemmas 2 and 3 in [7]. Since H(0,u) = 0 for all u € K and H(A,0) #0 for A > 0, as
an application of Theorem 2.1, we have unbounded continuum of solutions as follows.

Theorem 3.1. Assume that (H) and (Fy) hold. Then, there exists_an unbounded continuum C
bifurcating from (0,0) in the closure of the set of positive solutions of (Py) in R, x K.

Corollary 3.2. Assume that (H) and (F1) hold. Then, there exists an unbounded continuum C
bifurcating from (0, 1), where ug(t) = a(1 —t), in the closure of the set of positive solutions of (Py) in
R, x K.

4. The shape of continuum

In this section, we will figure the shape of unbounded subcontinuum C of positive solutions of
problem (P) known to exist by Corollary 3.2:

(pp(u’(t))' +Ah(t)f(u(t)) =0, te(0,1),

(Py)
u(0)=a>0, u(l) =0,

where f € C(R;,R;), h € C((0,1),R*). We assume an additional condition for this section:

(F2) foo = limy oo (f (u)/uP™") = co.

Using the generalized Picone identity and the properties of the p-sine function [8, 9], we obtain
the following lemma.

Lemma 4.1. Assume that (Fy) and (Fy) hold. Let u be a positive solution of (Py). Then, there exists
X > 0 such that A < \.
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Proof. Since u is concave and u(0) = a, u(t) > (1/4)a, for all t € (0, 3/4), then it follows from
(Fy) and (F,) that there exists b > 0 such that f(u) > buP~!, for u > (1/4)a. This implies

0= (u' (1) + AR() f (D)) > (' (1)) + ADR(E) gy (u(t)), t€ <0, 2) (4.1)
Putting m := minye(1/43/4) h(t) >0, we have
, ! 13
¢p (W' (1)) + Abme,(u(t)) <0, te (Z' ZL) (4.2)

It is easy to check that w(t) = S,(2r,(t — 1/4)) is a solution of

‘Pp<w'(t))’ + (27p) gy (w(t)) =0, te <%’Z>'

“(3)-s-()

where S, is the g-sine function with 1/p +1/g = 1 and 7, = 27 (p - 1)Y? /p sin(z /p). Taking
y=w, z=u, by = (2m,)", and b, = Abm in (2.3) and integrating from 1/4 to 3/4, we have

(4.3)

3/4
((2mm,)" = \bm) |w|Pdt > 0. (4.4)
1/4
Thus,
(Zﬂp)p -
< = A. .
A< o A (4.5)
0

Lemma 4.2. Assume that (F») holds. Let ] be a compact interval in (0, 00). Then, for all A € ], there
exists M > 0 such that all possible positive solutions u of (Py) satisfy ||u||, < Mj.

Proof. Suppose on the contrary that there exists a sequence (u,) of positive solutions of (Py,)
with (A,) C J £ [a, B] and ||uy]|,, — oo asn — co. It follows from the concavity of u, that

(4.6)

wl

1
n(8) 5 1

forallt € (1/4,3/4). Take M = 2((2.7rp)”/am) with m = minye[1/43/41h(t) > 0. By (F2), there
exists K > 0 such that f(u) > M, (u), for all u > K. From the assumption, we get [|uxl||,, > 4K
for sufficiently large N. Therefore by (4.6), we have

Flun(®) > Mg, (un (), te (}LZ) 47)
Hence, we have
! ! 13
¢p (U (1) + aMmy,(un(t)) <0, te (Z' A_L> (4.8)

As in the proof of Lemma 4.1, for w(t) = 5,(27,(t —1/4)), takingy = w, z =u, by = (27rp)p,
and b, = aMm in (2.3), we obtain

m< &)

< (4.9)
am

This is a contradiction. O
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We now state and prove the main theorem in this section.

Theorem 4.3. Assume that (H), (F1), and (F») hold. Then, there exist 0 < \* < A, such that (Py) has
two positive solutions for 0 < A < X*, one positive solution for \* < A < A, and no positive solution for
A> A,

Proof. Define A* := sup{p : problem (P,) has at least two positive solutions for all A € (0, y)}.
Then by Lemmas 4.1 and 4.2, 1* < oo. Suppose that there exists A > A* such that (P;) has a
positive solution, say , that is,

wp (' (t) - a)' + Xh(t)f(ﬁ(t) +a(l-1))=0, te(0,1),

(4.10)
u(0) =0 =u(1).
For fixed A € (0,1), define T, : C[0,1] — C[0,1] by
( B
j (pr‘]l (I AR(T) f(y(u(T)) —a(l —7))dr - (pp(a)>ds +at, 0<t<B,
0 s
Ta(u)(t) = 4
1 s
f 9! <f AR(T) f(y(u(r)) - a(1 - 7))dr + sop<a>)ds —a(l-1, B<t<l,
\ /1t B
(4.11)
where y : R — R is defined by
u(t), if u>u(t),
yw)=u, if0<u<i(), (4.12)
0, if u<o,
and B satisfies
B B
J; (p;,l <I Ah(T) f(y(u(t)) —a(l —7))dr - (pp(a)>ds +aB
(4.13)

£

It is easy to check that T is completely continuous on C[0.1]. Let us consider the following
modified problem:

f AR(T) f(y(u(T)) —a(l - 7))dr + (pp(a)>ds —a(l-B).

B

0, (1 (t) — a)' + Ah(t) f(y(u(t)) + a(1- 1)) =0, t€(0,1),

M
1(0) = 0 = u(1). (M)

Then, solution u of (M,) is concave and nontrivial. It follows from the definition of y and
the continuity of f that there exists R; > 0 such that | T ul|, < R; for all u € C[0,1]. Then, by
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Schauder’s fixed point theorem there exists u € C[0, 1] such that T, u = u. Hence, uis a positive
solution of (M,).

We claim that u(t) < u(t), for all t € [0,1]. If the claim is not true, then there exists an
interval [t1,t;] C [0,1] such that u(t;) = u(ty), u(tz) = u(ty), and u(t) > u(t), for all t € (i1, t2).
Put a(t) = u(t) — u(t). Then, a(t;) = 0 = a(ty) and there exists an interval [b,c] C [t1 + 6, £ — O]
such that a'(b) = u/'(b) — #'(b) > 0 and a'(c) = u'(c) — W' (c) < O for sufficiently small 6 > 0.
Therefore, we have

u'(b)—a>u'(b)-a, u(c)-a<i'(c)-a. (4.14)
It follows from the monotonicity of ¢, that
¢, (u'(b) — a) > ¢, (u'(b) - a), wp (U (c) —a) <, (u'(c) - a). (4.15)
Since 0 < A < X, we get

0> ¢, (u'(c)—a) -, (' (c) —a) — ¢, (u'(b) — a) + ¢, (' (b) - a)
= [ipp('(c) — a) — (' (b) — a)] = [, (&' (c) — a) — ¢, (' () - a)]

= J; {lop (' (t) = a)]' = [y (@' () — )]} it (4.16)

= [ 1= a5 ®) + a1 - 0) + oy o) + a1 - )

b

=(A- )L)Lch(t)f(a(t) +a(l-t))dt>0.

This contradiction implies u(t) < u(t), for all t € [0, 1]. Therefore, by the definition of y, u turns
out a positive solution of (P;). Define A, = sup{\ : (P,) has at least one positive solution}.
Then by Lemma 4.1, A, < oo. Furthermore by Lemma 4.2 and compactness of H, we can show
that (P),) has a positive solution in frame of standard limit argument and this completes the
proof. 0

Take f(u) = ui, g > p -1, in problem (P,), then by the transformation arguments in
Section 3, solutions of (P,) correspond to those of problem (3.1) which is the radial problem of
(P) +(D;), i = 1,2. In this case, conditions (F;), i = 1,2, in Theorem 4.3 are redundant and we
get the following corollary.

Corollary 4.4. Assume q > p — 1 and assume that
(K) there exists p > p — 1 such that [*rPK(r)dr < co.

Then, there exist pg > pu* > 0 such that (P) +(D;), i = 1,2, has at least two positive radial solutions
for u € (0, u*), at least one positive radial solution for y € [u*, pol, and no positive radial solution for

H € (//lO/ OO)
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5. Global existence result

Multiplicity of solutions on [1*, A,] is not known in Theorem 4.3. Analytic difficulty on this
range is caused by lack of topological properties in solution space C[0,1], mainly lack of
controllability of derivatives of solutions at the boundary. In this section, we overcome this
difficulty by employing a weighted space as new solution space specially for problem (P) +
(D1). For this purpose, let us consider the following p-Laplacian problem:

div(|VuP2Vu) + |x[uT =0 in |x| > r, (E)
Ulpo=0, u—pu>0 as|x| — oo. (D)

We notice that K(|x|) = |x|” with | > p satisfies condition (K). By transformations r =
x|, u(r) = u(|x]), and t = (r/r0) " NP/®PD y(r) = z(t), we obtain

z(0) =pu>0, z(1) =0.

Fora = (p(N -1) = (p - 1)I)/(N - p), condition | > p corresponds to a < p. By another
transformation u(t) = z(t) / u, the above problem can be transformed into
wp (' (1) + M*ui(t) =0, te(0,1),

(5.2)
u(0)=1>0, u(l) =0,

where A = p47*,
As in Section 3, we consider problem (E)) given as follows for more general arguments:
op (1 (1)) + M f(u(t)) =0, te(0,1),

(Ex)
u(0)=a>0, u(1) =0,

where 1 is a positive real parameter and f € C(R,,R,). We give an additional assumption in
this section:

(F3) f is nondecreasing.

Now the aim of our work here is to investigate bifurcation phenomena of positive
solutions for problem (E,). Again introducing v(f) = u(t) — a(1 - t), we rewrite (E,) to the
following equivalent Dirichlet boundary problem:

0, (0'() —a) + Mo f(o(t) +a(l-1) =0, te (0,1), .
2(0) = 0 = o(1). g

We first state the main theorem in this section.

Theorem 5.1. Assume that (F1), (F2), and (F3) hold. Also assume that & < p. Then, there exists A* > 0
such that (E)) has at least two positive solutions for A € (0, 1*), at least one positive solution for A = A*,
and no positive solution for A € (1*, o0).
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If « < 1, then h(t) = t™* is of class L'(0, 1]. Thus, solution space is C![0, 1] and by typical
Leray-Schauder degree argument in the frame of C!-topology, we can prove that the theorem
is true (see, [10]). Therefore, in this section, we focus on the case 1 < a < p. Define

a1/ (p-1), ifl<a<p,
w(t) = P (5.3)
min{(-In )~V e 1}, ifa=1.
We can easily know that
tlin(r)1+ wt)=0, O0<w(t)<1, te(0,1], w'elL(0,1). (5.4)

The following lemma is essential to introduce our weighted space C,,[0,1] and very useful to
construct a bounded open set of solutions in the space for fixed point index computation.

Lemma 5.2. If u is a solution of (Ey), then wu' € C(0, 1] and

0< tlirg(wu’)(t) < o0. (5.5)

Proof. Let u be a solution of (E)). Then, we have

A
u'(t) = (p;,1 <.)LJ; T f(u(r) +a(l -7))dr - (pp(a)> +a, (5.6)

where u'(A) = 0. Since w € C(0,1] and u' € C(0, 1], we only need to show

0< tlirg(wu')(t) < 0. (5.7)

In fact, if 1 < a < p, then by L'Hospital’s rule and lim; _, - w(t) = 0, we have

A7 f (u(r) + a(l - 7))dT - ¢, (a)
. / BT -1 14
tlin(rjl+ (wu')(t) = tlin(r)k <(pp [ s +aw(t)
(5.8)
1 1
= (Pp )tmf(a) > 0.
If a = 1, then similarly we may obtain
tlino1+ (wu')(t) = (p;l(/\f(a)) > 0. (5.9)
Thus, the proof is complete. O

Define C,,[0,1] = {u € Co[0,1] n C'(0,1] : lim;¢- (wu')(t) exists}. We notice that if
u € Cy,[0,1], then there exists an extension wu' € C[0, 1] of wu' such that

S { lim (wu') (), t=0,
wu'(t) = { t=0 (5.10)
(wu) (1), t e (0,1].
Define
el = llutlloy + [|0rd'|| - (5.11)
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Proposition 5.3. (C,[0,1], ]| - ||,,) is @ Banach space.

Proof. Itis easy to see that C, [0, 1] is a normed linear space. We only need to check that C, [0, 1]
is complete. In fact, let (u,) be a Cauchy sequence in C,, [0, 1]. That s, (u,) is a Cauchy sequence
in Cy[0, 1] and (wuy,) is a Cauchy sequence in C[0, 1]. Since both Cy[0, 1] and C[0, 1] are Banach
spaces, there exist u € Cy[0,1] and v € C[0,1] such that u,, — uin Cy[0,1] and wu;, — v in
C[0,1]. Since w(t) > 0, for t € (0,1], there exists v; € C(0,1] such that v(t) = w(t)v;(t), for all
t € (0,1]. For 6 > 0, we know u,, — v; in C[§,1]. This implies v; = #' in [§,1]. Since 6 > 0 is
arbitrary, wu, — wu' pointwise in t € (0, 1]. Therefore, by the uniqueness of limit, wu' = v on

(0,1]. Since wu,, — v in C[0,1], we have

lim wu,(0)

n— oo

v(0)

lim lim wu, (t)
n—oot—0*

(5.12)

lim lim wu, ()

t—0*n—oo

= i '(t).
fzg ()

Therefore, u € Cy,[0,1] and wi/ = v on [0, 1]. This implies u, — uin C,[0,1] and the proof is
complete. O

Let K = {u € C,[0,1] | uis concave on (0,1)}. Then, it is easy to check that K is an order
cone. Define H : R, x K — C,[0,1] by

( rt A,X,u
f <pp1< AT f (u(t) + a(l - 7))d7 - <pp(0>>ds +at, Osts Avu

0 s
H(\,u)(t) 2

J‘ltp;1< S At f(u(t) + a(1 - 7))dt + (pp(a)>ds —a(l-t), A,,<t<l],
Lt

AA,u
(5.13)

where

A)»,u AA,u
¥, (I AT f (u(T) + a(l - 7))dt - (pp(a)>ds +aAy,
0

S

(5.14)
1 s
= f (Plf_’l (I A f(u(r) + a(l - 7))dT + (pp(a)>ds —a(l-Ay).
Au A,\,u

A

Assume that (F;) holds. Then, by the similar argument in the proof of Lemma 5.2 and the
definition of H, we see that H is well defined and H (R, x K) C K. Furthermore, u is a positive
solution of (E,) if and only if u = H(A,u) on K. The following lemma can be proved by
standard argument and we skip the proof.
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Lemma 5.4. Assume that (Fy) holds. Then, H is completely continuous on R, x K.

Since H(O,u) = 0, for all u € K and H(1,0)#0, for A > 0, Lemma 5.4 and the global
continuation theorem imply that there exists an unbounded continuum C of positive solutions
of (E,) bifurcating from (0, 0).

Lemma 5.5. Assume that (Fy) and (F;) hold. Let u be a positive solution of (E)). Then, there exists
A > 0 such that A < \.

Proof. Taking h(t) = t~* with a < p, we can prove this lemma by the same argument in the proof
of Lemma 4.1. O

Lemma 5.6. Assume that (F,) holds and let I beA a compact interval in (0, o0). Then, there exists by > 0
such that for all possible positive solution u of (E,) with A € I, one has

lullew < b1 (5.15)

Proof. Assume on the contrary that there exists a sequence (u,) of a positive solution of (E,,)
with A, € I such that |ju,||, — o asn — oo. We claim ||u,||, — o0 asn — oo. This
contradicts Lemma 4.2 and the proof is complete. If the claim is not true, then there exists
M; > 0 such that ||u,||, < M;, for all n. Since u, is a positive solution of (E 1), wWe get

~p (U (t) — a) = Mt ™ f (un(t) + a(1 - 1)) <dt™, te€(0,1), (5.16)

where d = sup I maxye[o,m,+a] f(#). Integrating this from ¢ to 1, we have

1
190 (1) =) = g, sy (0) - )| <t s,

) (5.17)
lpp (1, (1) — a) | < |opp(u, (1) — a) | + dJ: s™*ds.
Since (p;1 is increasing, we obtain
1
|1, (t) — a| < (,o;,1 [|(pp(u;(1) —a)|+ dJ; s“ds],
(5.18)

1
< 2@-p)/(p-1) [|u;(1)| +a+ (p;,l (dj s‘“ds)].
t

Therefore, by the similar computation in the proof of Lemma 5.4, we obtain

r 1
w(t)|ul,(t)| < 2@ PPV el ()] + (1+2P2/FD)g + (,o;,1 <dw”_1 (t)f s‘"‘ds)]
t

L

te[0,1]

i 1
<2 PO Y (1)] + (1427720 D) + ot <d max {w(t)p_lj s‘“ds})]
t

-

(5.19)
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(ot B
f @, (df T - (pp(a)>ds + at, 0<t<B,
0 s

Yoo - - (5.20)
1 s

f ¢’ (df AT + wp(a)>ds —a(l-t), B<t<l,
t B

\

with Y/(B) = ||Y||.,. This implies that {||wu',||,,} is bounded. This contradicts our assumption
lttn]l,, — oo and the claim is proved. O

Let us assume that problem (E,) has a positive solution at A, > 0 so let u, be a positive
solution of (E,,). We see that u, satisfies

p (U, (1) —a) + Lt f(u(t) + a(1-1)) =0, te€(0,1). (5.21)
Consider a fixed parameter A € (0, 1,). For N > 0, let us define

Qn = {u € Cy[0,1] | 0 < u(t) < u.(t), t € (0,1), 0 < wi/(07) < wu, (0%,
(5.22)
u,(17)<u'(17) <0 and |lwi/|| < N}.

Then by Lemma 5.2, Qy is bounded and open in C [0, 1]. Consider the following modified
problem:

0 (W (t) — @) + M f (y(u(t)) + a(1 - 1)) =0,

(M)
u(0) =0=u(l),
wherey : R — R, by
u(t), if u>u.(t),
y(u) =14 u, if 0 <u <u,(t), (5.23)

0, if u<O.

Lemma 5.7. Assume that (Fy), (F2), and (Fs) hold. If u is a positive solution of (M) for A € (0, Ay),
then u € Qn N K, for some N > 0.

Proof. Let u be a positive solution of (Mj1). We first show 0 < u(t) < u,(t),t € (0,1). If it is
not true, there exists [t,t,] C [0,1] such that u(t) > u.(t) for t € (t1,t2), u(t;) = u.(t1), and
u(ty) = u.(t2). Since u — u, € Co[ty, 2], there exists A € (t1,t,) such that

u'(A) =u,(A), u(A) —u.(A) > 0. (5.24)
Since y(u(t)) + a(1 —t) < u,(t) + a(l1 -t), A <\,, and f is nondecreasing, we have

Mof (ua(t) + a(l = 1)) > Af (y(u(®)) + a(l - 1)). (5.25)
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This implies
wp (U (1) —a) + Lt f(uu(t) + a(1 - 1)) >0, te(0,1). (5.26)
From (5.21) and (5.26), we have
¢y (1, (t) - a)/ -, (u'(t) - a)' <0, te(0,1). (5.27)

Fort € (A, 1), integrating (5.27) from A to t, we have u, (t) < u/'(t). Again, integrating this from
Atol, we get

u.(A) > u(A). (5.28)

This contradicts (5.24).

Second, we show u(t) < u.(t), t € (0,1). If it is not true, then by the first argument
and (5.27), we have only one case; there exist t3 € (0,1) and 6; > 0 such that u(t3) = u.(t3),
u(t) <u(t), t € (t3 - 61,t3+61) \ {t3}, and u/(t3) = u/(t3). For t € (t3 — 61, t3), integrating (5.27)
from t to t3, we have

w,(t) >u'(t), forte (t3—061,t3). (5.29)

Again integrating this from t3 — 61/2 to t3, we get

o) o)
U, <t3 - El> < u<t3 - %) (5.30)
and this is a contradiction.

Third, we show that 0 < lim;_,p-wu'(t) < limy_g-wu(t). By the second argument,
y(u(t)) = u(t), for t € (0,1). By the similar calculation as in Lemma 5.2, we have

lim 20 (1) = ¢ (Lf (@) < 9" (1. (@) = lim o (1), (531)
if & = 1. The case 1 < a < p is similar.
Fourth, we show that 0 > /(1) > 1, (1). We first claim that there exists ¢ € (0, 1) such that
u'(c) > u,(c). Indeed, otherwise, u/'(t) < u,(t), for all t € (0,1). Integrating this from t to 1, we
have
u(t) > u.(t), forte(0,1). (5.32)
This is a contradiction by the second argument. Integrating (5.27) from c to 1, we obtain
¢p (U, (1) —a) — @, (/' (1) — a) <, (u,(c) —a) — g, (' (c) —a) <0 (5.33)
and thus

u, (1) <u'(1). (5.34)

Since u is a positive solution of (M,;), obviously #'(1) < 0.
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Finally, we show [|wi/||,, < N for some N > 0. Since 0 < u(t) < u.(t) for all t € [0,1], by
the similar calculation in the proof of Lemma 5.6, we have

1

|/ (t)] < 2P/ P71 [|Y'(1)| + (272 P 4 1)a + (p;1 (f m(z)aﬁ {w(t)p_lJ’ S_“ds}>:| £ N,
te t

(5.35)

for all t € [0,1], where f, = X maxye[o,ju.|+a] f(1#) >0, and

t B
j (,o;j1 <f*f 7T — <pp(a)>ds +at, 0<t<B,
0 s

Y = 4 (5.36)
1 S

f ¢y <ff T + %(a))ds —a(l-t), B<t<l,
t B

r

\

and B is defined by
B B 1 s
L (p,_,l <f*J; T%dT — (pp(a)>ds +aB = J‘B (p;1 <f*fB T7%dT + (pp(a)>ds -a(l1-B),
(5.37)
and this completes the proof. O

We now prove the main theorem in this section.

Proof of Theorem 5.1. Let * = sup{pu | (E)) have at least two positive solutions forall A € (0, ) }.
Then, by Lemmas 5.5 and 5.6, 0 < A* < A By the choice of ¥, (E 1) has at least two positive
solutions for A € (0, 1*) and at least one positive solution at A = 1*. We will show that (Ey)
has no positive solution for all A > 1*. On the contrary, assume that there exists 1, > 1* such
that (E 1.) has a positive solution. We claim that (E 1) has at least two positive solutions for A €
(A%, X). Then, this contradicts to the definition of A* and the proof is done. Define M : K — K

by
)

A
fq),f ( f AT f(y (u(r)) + a(1 - 7))dT - sop<a>>ds va,  0st<A,
0

S

Mu(t) £ <

Il¢;1 <Js At f(y(u(t)) +a(l - 71))dr + (pp(a)>ds —a(l-t), A,<t<],
t Ay
(5.38)

\

where

A, Ay
j v, < f AT f (y(u(r) + a(l - 7)dr - sva))ds +ady

0
(5.39)

1 s
- f 9! < f AT f (y(u(r)) + a(l - 1))dr + <pp<a>>ds —a(1-A,).
Ay Ay
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Then, M : K — K is completely continuous and u is a solution of (M},) if and only if u = Mu
on K. By simple calculation, we can easily check that there exists R; > 0 such that || Mul|, < Ry,
for all u € K. Taking Ry big enough satisfying Bg, D Qn and applying Theorem 2.4, we get

i(M,Bg, NK,K) =1. (5.40)
By Lemma 5.7 and the excision property, we get
i(M,QvNK,K) =i(M,Bg, NK,K) =1. (5.41)

Since problem (E 1) is equivalent to problem (M,;) on Qn N K, we conclude that (E y) has a
positive solution in Qn N K. Assume that H (A, -) has no fixed point in 0Qx N K (otherwise, the
proof is done!). Then, i(H (1, -), Qny N K, K) is well defined and by (5.41), we have

i(H(\,-), Qv NK,K) = 1. (5.42)

By Lemma 5.5, we may choose Ay, > A such that (E \x,) has no solution in K. By a priori estimate
(Lemma 5.6) with I = [1, Ay, ], there exists R, > Ry such that for all possible positive solutions
u of (E,) with u € [A, An,], we have

|lull,, < Ra. (5.43)
Define h : [0,1] x (Bg, N K) — K by
h(t,u) = H(TANn, + (1 - T)\, u). (5.44)

Then, by the similar argument as Lemma 5.4, h is completely continuous on [0,1] x K and by
Lemma 5.6, h(t, u)#u, for all (7, u) € [0, 1]x(0Bg,NK). By the property of homotopy invariance,
we have

i(H(\,-),Bg, NK,K) =i(H(An,, "), Br, NK,K) =0. (5.45)
By the additive property and (5.42), we have
i(H(A,-), (Bg, \ Qn) NK,K) = -1. (5.46)

Therefore (E 1) has another positive solution in (Bg, \ Qn) N K. This completes the claim.  [J

Corollary 5.8. Assume that | > p and q > p — 1. Then, there exists y* > 0 such that (E) + (D) has at
least two positive radial solutions for yu € (0, u*), at least one positive radial solution for p = p*, and no
positive radial solution for p € (u*, o).
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6. Nonexistence

In this section, we will prove the nonexistence result of nonnegative solution of problem (E,)
ifa>p.

Theorem 6.1. Assume that (Fy) holds and also assume a > p. Then, (E\) has no positive solution.

Proof. First, we prove the case a = p. It is obvious that problem (E,) does not have a trivial
solution. Suppose on the contrary that there is a positive solution u of (E,) when a = p. Since
u is concave, there exists unique z € (0,1) such that u(z) = a/2. Therefore, we have u(t) > a/2,
fort € (0,z). This implies

—pp(u) > Amt P, (6.1)
for t € (0, z), where m = minye[a/2,u) f(v) > 0. For x € (0,z/2), we can easily know that
x2S (-2t (6.2)
Integrating (6.1) from x to z and by (6.2) we obtain
¢, [op (4 (%)) - 9p (W' (2))] > Cx 7", (6.3)
where C = ¢,' (Am(1/(p - 1)) (1 - 2'7)). Since ¢, (/' (x)) — ¢, (/(2)) > 0, we obtain
X <y CH[W 0] + W (2)]] (6.4)

where y, = max{1,277"). It is enough to consider the following two cases: (i) there exists | €
(0,z/2) such that u/(x) > 0, for all x € (0,1) and (ii) #/(x) < 0 for all x € (0,z/2). For the first
case, let y € (0,1), then integrating (6.4) from y to [, we get

u(y) < ull) + |1 (2)| (1~ y) + 17}y C(-Inl +Iny). (6.5)

Letting y — 0, we have u(y) — —oo and this is a contradiction to u(0) = a. For the second
case, let y € (0,z/2), then integrating (6.4) from y to z/2,

z z z
In 5 Iny < y1/p-nC™" [— u<§> +u(y) + |u’(z)|<§ - y>] (6.6)
This implies
z z ) z
u(y) > u<§> - |u'(z)| <E - y> + }fl/(p_l)C<ln 5" lny>. (6.7)
Letting y — 0, we obtain u(y) — oo. Once again, this is a contradiction to #(0) = a. Similarly,
we can prove the same conclusion for the case a > p. O

Remark 6.2. Instead of condition (F;), if we assume that there exists € > 0 such that f(u) > 0 for
u > ¢, then the conclusion of Theorem 6.1 still remains true.

Corollary 6.3. Assume | < p. Then (E) + (D1) has no positive radial solution.

One of the referee informed that Corollary 6.3 was proven under more general set up in

(2].
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