Hindawi Publishing Corporation
Boundary Value Problems

Volume 2008, Article ID 742030, 11 pages
doi:10.1155/2008 /742030

Research Article

Critical Point Theory Applied to a Class of the
Systems of the Superquadratic Wave Equations

Tacksun Jung! and Q-Heung Choi?

! Department of Mathematics, Kunsan National University, Kunsan 573-701, South Korea
2 Department of Mathematics Education, Inha University, Incheon 402-751, South Korea

Correspondence should be addressed to Q-Heung Choi, gheung@inha.ac.kr

Received 22 July 2008; Accepted 25 December 2008

Recommended by Martin Schechter

We show the existence of a nontrivial solution for a class of the systems of the superquadratic
nonlinear wave equations with Dirichlet boundary conditions and periodic conditions with a
superquadratic nonlinear terms at infinity which have continuous derivatives. We approach the
variational method and use the critical point theory which is the Linking Theorem for the strongly
indefinite corresponding functional.

Copyright © 2008 T. Jung and Q.-H. Choi. This is an open access article distributed under the

Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

In this paper, we consider the existence of a nontrivial solution for the following class of
the systems of the superquadratic wave equations with Dirichlet boundary condition and
periodic condition

Uy — Uyy = av + Fy(x, t,u,v), in( -

Uyt — Uxx = bu + Fy(x, t,u,0), in( -

(-5 -o(-5)

u(x, t+a) =u(x,t) =u(-x,t) =u(x,-t),

v(x,t+a) =v(x,t) =v(-x,t) =v(x,—t),

where F : [-(r/2), m/2] x Rx R x R — R is a superquadratic function at infinity which
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has continuous derivatives F,(x,t,7,s), Fs(x,t,,s) with respect to r, s, for almost any (x,t) €
(=(or/2), 7 /2) x R. Moreover, we assume that F satisfies the following conditions:

(F1) F(x,t,0,0) = Fy(x,t,0,0) = F;(x,£,0,0) = 0; Fyx(x,t,0,0) = Fi(x,t,0,0) = Fy(x,t,0,
0)=0, F(x,t,r,s) >0if (r,s) #(0,0), inf(x,t)e(—(yr/2),ﬂ/2)><R,|r\2+|s|2:R2F(x’ t,r,s) >0,

(F2) |F (x,t,7,8)| + |Fs(x,t,r,8)| < c(|r|” +|s|")Vx, t, 7, s;
(F3) rFy(x,t,1,5) + sFs(x,t,1,5) > uF(x,t,1,5)Vx, t,1,s;
(F4) |F,(x,t,7,8)| +|Fs(x,t,7,8)| < d(F(x,t,1,5)" + F(x,t,1,5)%);

wherec>0,d>0,R>0,u>2,v>1land1/2< 6, <6, <1/r, forsomel <r <2.

As the physical model for these systems we can find crossing two beams with
travelling waves, which are suspended by cable under a load. The nonlinearity u* models
the fact that cables resist expansion but do not resist compression. Choi and Jung investigate
in [1-3] the existence and multiplicity of solutions of the single nonlinear wave equation with
Dirichlet boundary condition.

Let us set

L(u,v) = (Lu,Lv), Lu =ty — Uyy. (1.2)
Then, system (1.1) can be rewritten by

LU = V(%(AU,U) +F(x,t,u,v)),

al =70 - (), (1.3)
(=3)-()

U(x,t+a)=U(x,t) =U(-x,t) =U(x,-t),

where V is the gradient operator, U = (%), A = () ) € M2« (R).
We note that v/ab, -V ab are two eigenvalues of the matrix A = () &), and that

~Vabl|U|2 < (AU U) e < Vab|UIE, U = (u,0). (14)

Let A, be the eigenvalues of the eigenvalue problem uy — uyy = Auin (=(or/2),7/2) x R,
u(x£(or/2),t) =0, u(x,t+a) = u(x,t) = u(-x,t) = u(x, -t).
Our main result is the following.

Theorem 1.1. Let F satisfy the conditions (F1), (F2), (F3), and (F4). Assume that
A2 —ab#0 Ym,n with (m,n) # (0,0), (1.5)
a>0, b>0, (1.6)

Vab < 1. (1.7)

Then, system (1.3) has a nontrivial solution (u,v).
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In Section 2, we obtain some results on the nonlinear term F. In Section 3, we approach
the variational method and recall the critical point theorem which is the linking theorem for
the strongly indefinite functional. This plays a crucial role to find a nontrivial solution. In
Section 4, we prove Theorem 1.1.

2. Some results on the nonlinear term F

The eigenvalue problem for u(x, t),

Uy — Uyy = AU in(—%,%) x R,
- (2.1)
u< + E't> =0, u(x, t+) =u(x,t) =u(-x,t) = u(x,—t)
has infinitely many eigenvalues
Apn = Cn+ 1) —4m?> (m,n=0,1,2,...), (2.2)
and corresponding normalized eigenfunctions ¢,,, (m,n > 0) given by
Pon = \/?i cos2n+1)x formn >0,
(2.3)

Prun = %cos 2mt-cos(2n+1)x form>0,n > 0.
Let Q be the square [—(or/2), /2] x [-(or/2),r /2] and Hy the Hilbert space defined by

Hy = {ueLZ(Q) | u is even inxandtandj u:O}. (2.4)
Q

The set of functions {¢,u,} is an orthonormal basis in Hy. Let us denote an element u, in Hy,
by

u= thn(i’mn- (2'5)

We define a subspace D of Hj as follows:
D= { UE D MynPmn = D Nyl < +oo}. (2.6)
Then, this space is a Banach space with norm

Juf = [Zﬁnnhim]m- 27)
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Let us set E = D x D. We endow the Hilbert space E with the norm

12, ) = Ilall? + [0l

(2.8)

We are looking for the weak solutions of (1.3) in ® x 9D, thatis, (4, v) such thatu € ®,v € D,
Lu = av + F,(x,t,u,v), Lv = bu + Fy(x,t,u,v). Since |\,;;,| > 1 for all m, n, we have the

following lemma.

Lemma 2.1. (i) [lull > |lullr2(q), where ||u||12(q) denotes the L? norm of u.
(ii) [lul| = 0 if and only if ||ul|r2o) = O.
(iil) uy — Uyx € D implies u € D.

Lemma 2.2. Suppose that c is not an eigenvalue of L : © — Hy, Lu = uy — uyy, and let f € Hy.

Then, one has (L — c)_lf €.

Proof. Let Ay, be an eigenvalue of L. We note that {A, @ [Ann| <|c|} is finite. Let

f = Z hmn¢mn,

then

g, 1
(L_ C) f - Zf\mn — Chmn(i)mn-

Hence, we have the inequality

1
L-o) =¥, ——
L0 = B

mn — )
for some C, which means that

(L - C)_lf” < Cillfllz, Ci=VC.

Wy <C> H2

(2.9)

(2.10)

(2.11)

(2.12)

O

By (F1) and (F3), we obtain the lower bound for F(x,t,u, v) in the term of |ul* + |v|¥.

Lemma 2.3. Assume that F satisfies the conditions (F1) and (F3). Then, there exist ag, by € R with

ag > 0 such that

F(x,t,r,8) > ao(|r|* +|s|*) —bo, Vx,t,7,5.

Proof. Letr, s be such that 72 + s> > R. Let us set ¢(¢) = F(x, t,¢r, ¢s) for ¢ > 1. Then,

0(&) = 1F,(x,t,¢r,85) + sFa(x, £, &7, &5) > gq)(g).

(2.13)

(2.14)
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Multiplying by {7, we get
(E"9@) 20, (2.15)

hence ¢(¢) > ¢(1)¢* for ¢ > 1. Thus, we have

R R /2 2\ H
F(x,t,r,s)ZP(xt r S )( r +S>

Ve JAre/\ R 016
V72 + 2\ H '
> oo ) 2 a4 15t -
for some ag, by, where ¢y = inf{F(x,t,7,s) | (x,t) € Q,r* + s* = R?}. O
Lemma 2.4. Assume that F satisfies the conditions (F1), (F2), and (F3). Then,
(i) jQF(x, t,0,0)dxdt =0, IQF(x, t,u,v)dxdt > 0if (u,v) #(0,0),
grad(fQF(x, t,u,v))dx dt = o(||(u, v)||g) as (u,v) — (0,0);
(ii) there exist ag > 0, p > 2 and by € R such that
I F(x,t,u,v)dxdt> a0||(u,v)||’zﬂ -b; Y(u,v) €E, (2.17)
Q

(iii) (u,v) — grad(fQF(x, t,u,v))dx dt is a compact map;
(iv) ifo[uFu(x, t,u,v)+vF,(x,t,u,v)]dx dt—ZIQF(x, t,u,v)dx dt = 0, then grad(fQF(x,
t,u,v)dxdt) =0;

(v) if |(un, v0) | — +o0 and (fQ[unFu(x, t, Uy, Uy) + UnFo(x, t, u,,v,)]dx dt — ZIQF(x, t,
Up, vy)dx dt)/||(u,v)||g — O, then, there exists ((up,,vn,)), and w € E such that

grad([,F(x,y, un, vs)dx dt) (Un,, On,)

—w, — = —(0,0). 2.18
i, on T T, onle 0 (2.18)

Proof. (i) It follows from (F1) and (F2), since 1 < v;
(ii) by Lemma 2.3, for U = (u,v) € E,

J F(x,t,U)dxdt > ao||U|},dx dt — by, (2.19)
Q

where b; € R, thus, (ii) holds;
(iii) it is easily obtained with standard arguments;
(iv) it is implied by (F3) and the fact that F(x,t,u, v) > 0 for (u, v) # (0,0);
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(v) by Lemma 2.3 and (F3), for U = (u,v),

f [uF,(x,t,u,v) + vF,(x,t,u,v)]dxdt - ZJ‘ F(x,t,u,v)dxdt
Q Q (2.20)
> (=2 Pt o)dxd > (u-2) @l U, - b
Q

By (F2),

< CIFu(x, ¢, W)l < CIIUP | (2.21)
E

grad <f F(x,t,u,v)dx dt>
Q

for some 1 < r < 2 and suitable constants C’,C". To get the conclusion it suffices to estimate
uy /IIUllgller in terms of ||U||€,4/||LI||E. If 4 > rv, then this is a consequence of Holder
inequality. If 4 < rv, by the standard interpolation arguments, it follows that |||U|” /||U||gl|r- <

cqult, /|ulle)”"* Ul where I s such that I = —1 + v/ . Thus, we prove (v). 0

Lemma 2.5. Assume that F satisfies the conditions (F1), (F2), (F3), and (F4). Then, there exist ¢,
¢ : [0,400] — R continuous and such that ¢s(s)/s — O0ass — 0, p(s) >0ifs >0,

(i) ||gradeF(x, t,u,v)dx dtll% < (p(fQF(x, t,u,v)dxdt), V(u,v) € E,

(ii) _[Q[uFu(x, t,u,v) + vF,(x,t,u,v)]dx dt - ZIQF(x, t,u,v)dx dt > ¢(u,v),¥(u,v) € E.

Proof. (i) By (F4), forallU = (u,v) € E,

grad <J F(x,t,U)dx dt)
Q

< ||Fu(xr t/ u)”Lr
E

< G||F(x, t,U)% + F(x,t, 1),

<G (||Fx t, )|, + || Fx, t, )™

)

< C3(IF Gt D)™ [y, + I F e, W) [, )

< Cs(IF (x, t, WD + | F (x, t, WD)

61 6,
=C5<<J‘QF(x,t,U)dxdt> +<J‘QF(x,t,LI)dxdt> >,

(2.22)

where 1 < r < 1/61,1/6, < 2, Cy, Cy, C3, C4 and Cs are constants. Since 61, 62 > 1/2, we
prove (i).
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(ii) By (F3),

J‘ [uF,(x,t,u,v) + vF,(x,t,u,v)]dxdt - Zf F(x,t,u,v)dxdt
Q Q
(2.23)
> (=2 Fxt, Wt > (u=2) @l - ).
Q

Thus, we prove (ii). O

3. Variational approach and linking theorem

Now we are looking for the weak solutions of system (1.3). We shall approach the variational
method and recall the linking theorem for the strongly indefinite functional. We observe that
the weak solutions of (1.3) coincide with the critical points of the corresponding functional

I:E— ReCl,

3.1
) = 1 LU-Udx dt - E (AU, U) pedxdt — | F(x,t,u,v)dxdt. G-1)
2)q 2)q 3 Q

Now, we recall the linking theorem for strongly indefinite functional (cf. [4]).

Lemma 3.1 (linking theorem). Let E be a real Hilbert space with E = E; ® E and E, = Ell. one
supposes that
(I1) I € CY(E, R), satisfies (P.S.)" condition;
(I12) I(u) = 1/2(Lu,u) + bu, where Lu = L1Pyu + LyPouand L; : E; — E; is bounded and
self-adjoint, i =1,2;
(I3) b’ is compact;
(14) there exists a subspace E C Eandsets S C E, T C E and constants a > w such that:
(i) SC Eyand I|s > a;
(ii) T is bounded and I|sr < w;
(iii) S and OT link.

Then, I possesses a critical value ¢ > a.

Let E-, EY, E* be the subspace of E on which the functional U — (1/2)IQ_£LI-U is
positive definite, null, negative definite, and E~, E? and E* are mutually orthogonal. Let P*
be the projection for E onto E*, P the one from E onto E°, and P~ the one from E onto E~.
Let (E,), be a sequence of closed subspaces of E with the conditions

E,=E,®E°®E}, whereE, CE* E, CEVn, (52)
(E;; and E;, are subspaces of E),dim E, < +oo, E, C Eys1,UpenE,, is dense in E. '

Let Pg, be the orthogonal projections from E onto E,,.
Let us prove that the functional I satisfies the linking geometry.
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Lemma 3.2. Assume that the conditions (1.5), (1.6), and (1.7) hold. Then, for any F with (F1), (F2),
(F3), and (F4),

(i) there exist a small number p > 0 and a small ball B, C E* with radius p such that if
U € 0By, then

a=inf I(U) >0, (3.3)

(ii) thereis an e € E*, R > p and a large ball Dg with radius R > 0 such that if

W= (DrN(E°®E")) @ {re|0<r <R}, (3.4)
then
sup I(U) <0. (3.5)
Ueow

Proof. (i) By (1.7) and (i) of Lemma 2.4, we can find a small number p such that, for U € E¥,

) = %IQﬁu-U - %IQ(AU, U)p — JQF(x, t,u,v)dx dt

Vo (3.6)
1 b
> 5(1 - T;)||U||é —o(IUlle).

Since vab < 1 = Ay, there exist a small number p > 0 and a small ball B, C E* with radius p
such that if U € 0B,, then inf I(U) > 0. Thus, the assertion (1) holds;
(ii) let us choose an element e € E*. Let U # (0,0) € E°®@ E~ @ {re | r > 0}. We note that

if U e E*, thenf (LUU - (AU, U) go)dx dt > |[U|12,

© (3.7)

if U € E-, then J (LU-U - (AU, U) ) dx dt < —,||U|2
Q

for some 71 > 0, 7, > 0. Let us choose a sequence (U,),, U, = (4, v,) #(0,0) € E'oE o {re|
r > 0} such that |U,||r — oo. Let us set U, = U,/ ||U,| . By Lemma 2.3, we have that

1(U,) . . o2 by .
IIUan% <12 - ANIP*ULIIE = aollLull, UG + TE Tl| P~ U
*[lell? b 58
r-ile - -2 0 -
=[l£- A IIUnIIZE — ao|| U u|l7, ULl + TE || P~ U3
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Since ||U,||[g — oo, two possible cases arise. For the case ||U ||« — 0 it follows that U, — 0,
hence P*U, — 0and P°U, — 0.Thus ||P~U,||r — 1. Hence

lim sup I(u")z <. (3.9)
n—oo [[Unllg
For the case ||U ||+ > € > 0 (3.6) implies
I(uy
g C )2 = —co. (3.10)
n=o|[Up|z

Thus, we can choose a large number R > 0 and a large ball Dg C E° @ E~ with radius R > 0
such that if W = DR N (E°@ E7)) @ {re | 0 < r < R}, then sup ;oI (U) < 0. So the assertion
(ii) holds. O

We shall prove that the functional I satisfies the (P.S.): condition with respect to (E,),,
forany c € R.

Lemma 3.3. Assume that the conditions (1.5), (1.6), and (1.7) hold. Then, for any F with (F1), (F2),
(F3), and (F4), the functional I satisfies the (P.S.)}. condition with respect to (E,),, for any real number
c.

Proof. Let ¢ € R and (h,) be a sequence in N such that h, — +oo,(U,), be a sequence such
that

U, = (un,vn) € Ep,, Y0, I(U,) — ¢, Pg, VI(U,) — 0. (3.11)

We claim that (U,),, is bounded. By contradiction we suppose that ||U,|[g — +oo and set
u, = un/”un”E- Then

<PEhn Vl(un)r an) = <V1(un)r an)

LU IQVF(x, t, Un)-undxdt—ZfQF(x,t, U,)dx dt o (3.12)

Il Il ’

hence

fQVF(x, t,U,)-U,dxdt - ZfQF(x, t,U,)dx dt

— 0. 3.13
AP (3.13)

By (v) of Lemma 2.4,

grad_[QF(x, t,U,)dx dt
Ul

converges (3.14)
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and U, — 0. We get

Pg,, VI(U,)
1Ll

Py, grad(fQF(x, t,U,)dx dt) .
.

=P, LU, - AU, - ,
Fh AT

(3.15)

so (Pg,, £, - Aﬁn)n converges. Since (U,,), is bounded and £ — A is a compact mapping,
up to subsequence, (an)n has a limit. Since an — (0,0), we get an — (0,0), which is a
contradiction to the fact that |U,||z = 1. Thus (Uy),, is bounded. We can now suppose that
U, — U for some U € E. Since the mapping U grad(fQF (x,t,U)dx dt) is a compact
mapping, grad(fQF(x, t,U,)dxdt) — grad(fQP(x, t,u,v)dx dt). Thus, (Pg, (LU, - AU,)),
converges. Since £ — A is a compact operator and (U,),, is bounded, we deduce that, up to a
subsequence, (U,), converges to some U strongly with VI(U) = lim VI(U,) = 0. Thus, we
prove the lemma. O

4. Proof of Theorem 1.1

Assume that the conditions (1.5), (1.6), and (1.7) hold and F satisfies (F1), (F2), (F3), and (F4).
We note that I(0,0) = 0. By (iii) of Lemma 2.4, U ~ grad(fQF(x, t,u,v)dx dt) is a compact
mapping. By Lemma 3.2, there exists a small number p > 0 and a small ball B, C E* with
radius p such that if U € 0B,, then a = inf I(U) > 0, and thereisane € E*, R>p >0and a
large ball Dg with radius R > 0 such that if

W =([Drn(E°eE)) @ {re|0<r <R}, (4.1)
then
sup I(U) <0. (4.2)
UeoWw

Let us set f = sup,, I. We note that f < +oo. Let (E,), be a sequence of subspaces of E
satisfying (3.2). Clearly E° C E, for all n, and 0B, and oW link. We have, foralln € N,

sup I < inf L (4.3)
aWnIZ,, 0B,NEy

Moreover, by Lemma 3.3, I, = I| satisfies the (P.S.); condition for any ¢ € R. Thus by
Lemma 3.1 (linking theorem), there exists a critical point U,, for I,, with

< inf I<I < 1< p. 44
as i ls (Un)_VsV%Epn <p (4.4)

Since I, satisfies the (P.S.). condition, we obtain that, up to a subsequence, U, — U, with
U a critical point for I such that & < I(U) < p. Hence, U #(0,0). Thus, system (1.5) has a
nontrivial solution. Thus Theorem 1.1 is proved.
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