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1. Introduction

In this paper,we consider the following Neumann problem:

(ukl)t =AU, (vkz)t =N, xeQ,t>0, (1.1)
Vv =u*oP, V,ov=ulvf, xe€oQ,t>0, (1.2)
u(x,0) = up(x), v(x,0) = vo(x), x€Q, (1.3)

where Ayu = div(|Vul*'Vu) = Zgl(|Vu|k‘1uxi)xi, Viu = ([Vuluy,, ..., |VulFluy,), Q
RY is a bounded domain with smooth boundary 0Q, v is the outward normal vector on the
boundary 0%, ki, ko, m,n > 0, a,p > 0, p,q > 0, and uy(x),vo(x) € C! (ﬁ) are positive and
satisfy the compatibility conditions.

Parabolic equations like (1.1) appear in population dynamics, chemical reactions, heat
transfer, and so on. In particular, (1.1) may be used to describe the nonstationary flows in a
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porous medium of fluids with a power dependence of the tangential stress on the velocity
of displacement under polytropic conditions. In this case, (1.1) are called the non-Newtonian
polytropic filtration equations (see [1-6] and the references therein). For the Neuman problem
(1.1)—(1.3), the local existence of solutions in time has been established, see survey in [4].
Recall the single quasilinear parabolic equation with nonlinear boundary condition

(uk)tzAu, xeQ, t>0,
ou _
ov

u(x, 0) = uo(X), X € ﬁ/

u*, x€oQ, t>0, (1.4)

with k > 0, a« > 0.It is known that the solutions of (1.4) exist globally if and only if a < k for
0 < k £ 1; they exist globally if and only if « < (k + 1) /2 when k > 1 (see [7-10]).

In [11, 12], M. Wang and S. Wang studied the following nonlinear diffusion system with
nonlinear boundary conditions

(ukr), = Au, (v0),=Av, x€Q,t>0,

ou _
o

a

u*oP, g—z =ulvf, xe€dQ, t>0, (1.5)

u(x,0) = ug(x), v(x,0)=vp(x), x€Q,

with k1, k; >0, a, >0, p,q > 0. In [11], they obtained the necessary and sufficient conditions
to the global existence of solutions for 0 < ki, k; < 1. In [12], they considered the case of
ki > 1 or k; > 1 and obtained the necessary and sufficient blowup conditions for the special
case Q = Bg(0) (the ball centered at the origin in RN with radius R). However, for the general
domain €, they only gave some sufficient conditions to the global existence and the blowup of
solutions.

In [2], Wang considered the following system with nonlinear boundary conditions:
k), = (Jux™Muy) ,  (09), = (Joul"Mox),, x€(0,1),t>0,
ux(0,t) =0, u,(1,t) =AuoP(1,t), t>0,
(1.6)
v:(0,1) =0, wv.(1,t) = \uiof(1,t), t>0,
u(xl 0) = uO(x)l v(x, 0) = Uo(X), X € [0/ 1]1

with A > 0. They obtained the necessary and sufficient conditions on the global existence of all
positive (weak) solutions.
Sun and Wang in [13] studied the nonlinear equation with nonlinear boundary condition

(uk)t =Anu, x€Q, t>0,
Vauuv=u*, x€0Q, t>0, (1.7)

u(x,0) = up(x), xeQ.
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They proved that all positive (weak) solutions of (1.7) exist globally if and only if a < k
when k < m; they exist globally if and only if @ < m(k +1)/(m + 1) when k > m.

The main purpose of this paper is to study the influence of nonlinear power exponents
on the existence and nonexistence of global solutions of (1.1)-(1.3). By using upper- and lower-
solution methods, we obtain the necessary and sufficient conditions on the existence of global
(weak) solutions to (1.1)—(1.3). Our main results are stated as follows.

Theorem 1.1. If ky > m, ko > n, then all positive (weak) solutions of (1.1)—(1.3) exist globally if and
onlyifa <m(ky+1)/(m+1), < nky+1)/(n+1)and pg < (m(k; +1)/(m+1) — a)(n(ky +
1)/(n+1) - p).

Theorem 1.2. If ki < m, ky > n, then all positive (weak) solutions of (1.1)—(1.3) exist globally if and
onlyifa <k, p<n(ky+1)/(n+1)and pg < (k1 —a)(n(ky +1)/(n+1) - p).

Theorem 1.3. If ki > m, ky < n, then all positive (weak) solutions of (1.1)—(1.3) exist globally if and
onlyifa <m(ki+1)/(m+1), < kyand pg < (m(k1 +1)/(m+1) —a)(ka - p).

Theorem 1.4. If ki < m, ky < n, then all positive (weak) solutions of (1.1)—(1.3) exist globally if and
onlyifa < ki, p < kyand pg < (ki — a) (ko — ).

Remark 1.5. If m =n =1, 0 < ky, ko < 1, the results in [11] are included in Theorem 1.4, and if
m=n=1, k; >1ork, >1, Theorems 1.1-1.3 improve the results of [12].

Remark 1.6. If we extend the solution to (1.6) to the interval [-1,1] by symmetry, we get a
solution to the same problem (1.6) with the condition at x = 0, substituted by a condition at x =
=1, —u,(=1,t) = AuoP (-1,t), —v,(-1,t) = )Luqvﬂ(—l, t), t > 0. Conversely, symmetric solutions
to this latter problem are solutions to the original problem (1.6). The problem (1.1)—(1.3) is the
more general N-dimensional version of the problem (1.6). Theorems 1.1-1.4 extend the results
of the problem (1.6) into multidimensional case and it seems to be a natural extension of Wang

2].

Remark 1.7. If k1 = ko, m = n,a = B, p = q = 0, the conclusions of Theorems 1.1 and 1.4
are consistent with those of the single equation (1.7). This paper generalizes the results of the
single equation (1.7) to the system (1.1)—(1.3).

The rest of this paper is organized as follows. Some preliminaries will be given in
Section 2. Theorems 1.1-1.4 will be proved in Sections 3-5, respectively.

2. Preliminaries

Asitis well known that degenerate and singular equations need not possess classical solutions,
we give a precise definition of a weak solution to (1.1)—-(1.3).

Definition 2.1. Let T > 0 and Qr = Q x (0, T]. A vector function (u(x,t),v(x,t)) is called a weak
upper (or lower) solution to (1.1)—(1.3) in Qr if

() u(x, t),v(x, t) € L*(0,T; WL (Q)) n W2(0,T; L2(Q)) N C(Qr);
(i) (u(x,0),v(x,0)) > (<) (uo(x), vo(x));
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(iii) for any positive two functions ¢, ¢ € L1(0, T; W?(Q)) N L*(Qr), one has

T
IJ [(ukl)tqq + Vuu-Vo |dx dt > (S)J’ j u“vf gy ds dt,
Qr 0 JoQ

T
J‘j [(vkz)tqrz + V,u-Vyn|dx dt > (§)I j uloPys, ds dt.
Qr 0 JoQ

(2.1)

In particular, (u(x,t),v(x,t)) is called a weak solution of (1.1)-(1.3) if it is both a weak upper
and a lower solution. For every T < oo, if (u(x,t),v(x,t)) is a solution of (1.1)-(1.3) in Qr, we

say that (u(x,t), v(x,t)) is global.

Next we give some preliminary propositions and lemmas.

Proposition 2.2 (comparison principle). Assume that ug, vo are positive C* (ﬁ) functions and (u, v)
is any weak solution of (1.1)—(1.3). Also assume that (u,v) > (60, 60) > 0 and (u,v) are a lower and
an upper solution of (1.1)—(1.3) in Qr, respectively, with nonlinear boundary flux (\u*v?, \uivP) and

(AT*DF, \uToP), where 0 < A < 1 < X. Then we have (,7) > (u,v) > (u,v) in Qr.

Proof. For small o > 0, letting ¢x(z) = min{1, max{z/0,0}}, z € R, and setting ¢ = @o(u — u),

according to the definition of upper and lower solutions, we have
f f [(1" = uR) g0 (u — 1) + (Vintt = Viutd)-Vgo (u — u) | dox dt
Q-

hS j f (Au"o? — uoP ) o (u — u)ds dt.
0 JoQ

Define

(x) 1, x>0,
xX) =
X 0, x<0.

As in [14] by letting 0—0 we get

JI (= u"),x(w—w)dx dt < f j (Auv? — u*oP) y(u - u)ds dt,
Qr 0 JoQ

that is,

.
f (U =) | dx < f f (Auv? —uvP) dsdt,
o 0 Joo

where W, = max{W,0}. Similarly, we have

f (0" - vk |, dx < j j (A\uof — ulof) dsdt.
Q 0 Joo

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Since A <1, u,v > 6y > 0 and u(x,0) < ug(x), v(x,0) < up(x), it follows from the continuity of
u, v, u and v that there exists a T > 0 sufficiently small such that Au®o? < u®v?, \uivf < uiof
for (x,t) € Q;. It follows from (2.5) and (2.6) that (1, v) > (1, v) in Q,.

Denote 7* = sup{7 € [0,T] : u(x,t) < u(x,t), v(x,t) < v(x,t) for all (x,t) € Q,}. We
claim that 7% = T. Otherwise, from the continuity of u, v, u and v there exists € > 0 such that
"+ € < T and \u®v? < u*oP, \uloP < uiof for all (x,t) € Qrese. By (2.5) and (2.6) we obtain
that u(x,t) < u(x,t), v(x,t) < v(x,t) in Qr+4e, which contradicts the definition of 7*. Hence
(u,v) < (u,v) forall (x,t) € Qr.

Obviously, 6 = min{minguy(x), mingvy(x)} > 0 is a lower solution of (1.1)-(1.3) in
Qr. Therefore, u,v > 6 > 0 in Qr. Using this fact, as in the above proof we can prove that
(,0) > (u,v) in Qr.

For convenience, we denote 0 < A < 1 < A, which are fixed constants, and let § =
min{ming uo(x), ming vy (x)} > 0. Ol

Proposition 2.3. Assume ki > m, ko > nand that a > m(k; +1)/(m+1) or p > n(ko +1)/(n+1)
holds. Then the solutions of (1.1)—(1.3) blow up in finite time.

Proof. Without loss of generality, assume a > m(k; +1)/(m + 1). Consider the single equation

(wkl)t =V,w, x€Q,t>0,
V,wv=6w* xe€0Q,t>0, (2.7)

w(x,0) =up(x), xe€Q.

We know from [13] that w blows up in finite time. Since v > 6, by the comparison principle,

(w, 6) is a lower solution of (1.1)-(1.3) and (u, v) blows up in finite time if & > m(k; + 1)/ (m +

1). O
The following propositions can be proved in the similar procedure.

Proposition 2.4. Assume ki < m, ko > n and that a > ky or p > n(ky +1)/(n + 1) holds. Then the
solutions of (1.1)—(1.3) blow up in finite time.

Proposition 2.5. Assume ki > m, ko < nand that & > m(ky +1)/(m + 1) or p > ky holds. Then the
solutions of (1.1)—(1.3) blow up in finite time.

Proposition 2.6. Assume ki < m, ky < n and that a > ki or p > ky holds. Then the solutions of
(1.1)—(1.3) blow up in finite time.

Let @i (x) (k = m, n) be the first eigenfunction of
~Arp = /\(pk(x) in Q, pr(x) =0 on 0Q (2.8)

with the first eigenvalue i, normalized by ||pk(x)||,, = 1, then Ax > 0, ¢r(x) > 0 in Q and
i (x) € W' n CH(Q) and Ak (x)/dv < 0 on dQ (see [15-17]).
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Thus there exist some positive constants Ak, Bk, Ck, Dy such that

1) _
A< g ]2 C xea |V <Dy xe@ (29

We have also |Vi(x)| > E provided x € {x € Q : dist(x, 0Q) < &} with Ex = C,/2 and some
positive constant ex. For the fixed ¢, there exists a positive constant Fj such that ¢i(x) > Fj if
x € {x € Q: dist(x,0Q) > &k }.

At the end of this section, we describe two simple lemmas without proofs.

Lemma 2.7. Suppose that positive constants A, B, C, D satisfy AB < CD, then for any two positive
constants a, b, there exist two positive constants I, I such that al$ > I3 and b1 > 15,

Lemma 2.8. For any constant j > 0, there exist positive constants f;(j) (i = 1,2) which depend only
on j and ¢(x), such that

F() (p) +5) < (px) +35) < () (p(x) +87) Vs >1, (2.10)

where ¢(x) is a positive bounded function.

3. Proof of Theorem 1.1

Lemma 3.1. Suppose k1 > m, ko > n,a < m(ky +1)/(m+1),p < nlko+1)/(n+1), pg <
(m(ky +1)/(m + 1) — a)(n(ky + 1)/ (n + 1) — B). Then all positive solutions of (1.1)—(1.3) exist
globally.

Proof. Construct

—_ _1/ -m m+ —
u(x,t):ellt<M+)L " g Ligmetimht/t 1)(2M)<'”+"‘>/"’L;1(Amcg—l “’"),

(3.1)
—_ _1/ -n n+ —
o(x,t) =e’2f<M+A T Lapne® R o N @D/ (At 1/"),

where ¢,, = Cppif m > 1, ¢y = Dpyif m < 1,and ¢, = C,if n > 1, ¢, = Dy if n < 1, ¢y,
¢, Am, A, Ciy Cyy Dy, Dy, are defined in (2.8) and (2.9), Iy, I, are positive constants to be
determined, M = max{1, ||uol|., ||voll,, } and

L= Xl/m max{kl _mz(P+a+m)/mM(P+a—m)/m(Amcnm1—1)—1/m,

+1 2(p+a)/mM(p+a—m)/m (Amcrrz_l —1/m},
m

L, = Xl/n max{ _1512 _: f 2(g+p+n)/n p f(q+p-n)/n (Ancz_l ) _1/”’ 2@+p)/n pf(q+p-n)/n <AnC:_1 ) -1/n } _
(3.2)
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We know that _Ll(Pme(kl—m)l1t/(m+1)e—Ll(pme(kl-m)llt/(m+l) > —6_1 since _ye_y > _e_l for any y > 0.
Thus for (x,t) € Q x R*, a simple computation shows

(kp—m)lyt/ (m+1)

— —1/ ) "
( kl)t = kllleklllt(M + /\ me_Ll‘Pm@ (2M)(P+a)/mLIl (Amcm—] l/m)

k-1
+ ki eklllt<M+)L o~ Ligmelkmmht/ o) M) (p+a)/m - 1(A —1/"‘) !

1/ ~1/m (k l Lyt
17 @My L Aty L ;Hni) L( = Lygpy,)eRi-mit/ (ms1) g-Ligyetta it v

1
> §k1l1eklllt.
(3.3)
In addition, we have
At < T2 (A i) it grmitsomit/mg-Limpue s 10 0
I p+a m=1\"1_kilit ,~Limgp,,eki-mit/(m+1) m+1 3.4
+ ALym(2M)P** (A t) el gmLimen V| (3.4)
< X + LimDJ) @ M)P (A ) " ehibt,
Similarly, we can get
_ 1 — T -
(7), 2 ghale®™™, AT <A(Ay + LDy @M)TF (Aycy™) fekelt, (3.5)
Noting ¢,, = ¢, = 0 on 0L, we have on the boundary that
vV, 0w > )L(ZM)”“’ m(ki+1)ht/ (m+1) vV, ov > X(ZM)q+ﬁe"(k2+1)lzt/(””);
(3.6)

TP < (2M)Paelalitph)t w5 < QM) TP elan+ph)t,

Since pg < (m(ky +1)/(m+1) —a)(n(ky +1)/(n+1) — p), there exist constants I;, I, large such
that

m(ky + 1)1 n(ky +1)I
% 2 aly +pl, % > ql + ply;
I > 20 (A + LimDI) QM) (ky Apet™) 7, (3.7)

L > ZX(/\n + LGDgﬂ) (2M)q+ﬁ(k2AnCZ—l)—1

By (3.3)-(3.7), we know that (u, D) is a global upper solution of (1.1)—(1.3). The global existence
of solutions to (1.1)—(1.3) follows from the comparison principle. O

Lemma 3.2. Suppose ki1 > m, k; > n,a < m(ky +1)/(m+1),p < n(ka +1)/(n+1), pg >
(m(ki+1)/(m+1) —a)(n(ky+1)/(n+1) — ). Then all positive solutions of (1.1)—(1.3) blow up in
finite time.
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Proof.

Casel. ky >m, ky>n.Letd,, =C,,ifm<1,d,=D,,if m>1,and d, =C,ifn<1,d, = D, if
n>1.Inlight of pg > (m(ky +1)/(m+1) —a)(n(k, +1)/(n+1) — p), we choose I, I such that

k k
<l - <w ~a)n s <M ) G

m+1"~ +1 n+1

For the above I, I, we set u = (1/(b - ct)")e an@/ &= 5 = (1/(b - ct))e=2n()/(b=eh)
where 7y = (ki —m)l; +1)/(m+1), 1, = (ko —n)l, + 1) /(n+ 1), b = max{1, 6 /1, 6/}, and

4 = min {1’ Al/m (Bmdz—1)_1/mb—(al1+7712)/m/ Al/n (Bnd,’;_l)_1/nb_(qll+ﬁ12)/" }, (3.9)
o= min mam+1E;1n1+1 na"”EZ” /\m<k1 _ m>am+1Frr'rlz+l )tn (kz _ n>an+1F7r11+l (3 10)
- ki 7kl kil ’ kol '
By a direct computation, for x € Q, 0 <t < ¢/b, we obtain that
(Ekl)t < klllce—aqul’m(Jc)/(b—ct)r1 (b _ Ct)_(klll+l)/ (3_11)
Aoy = /\ma’”%e‘“’"%(’f)/ (b=e) g g+l gmampm(x)/(b-ch) V‘,Om|m+l 3.12
mz - (b _ Ct)m(11+7‘1) + (b _ Ct)m(ll+r1)+r1 ’ ( ’ )
If x € Q = {x € Q: dist(x,0Q) > ¢, }, we have ¢, > F,,, and thus
A, amEm —ame,, (x)/ (b—ct)"t
A > =2 Zm® (3.13)
= (b- Ct)m(l1+r1)
On the other hand, since —ye™ > —e™! for any y > 0, we have
(ukl) < klllce_akl(pm(x)/(b_ct)rl (b _ Ct),(klll+1) _ klllCe_umtpm(x)/(b—ct) 1 ‘ (314)
-t a(k; — m)Fpe(b — ct)™"+m)
We have by (3.10), (3.13), and (3.14) that (gkl)t < Ayufor (x,t) € Q1 x (0,b/c).
If x € Q; = {x € Q:dist(x,0Q) < &, }, then |V¢,,| > E,;, and hence
m+1 pm+1 ,—aki@m (x)/ (b—ct)"! m+1 pm+1 ,—aky @, (x)/ (b—ct)"!
A > ma™ " El" e _ma Entte . (3.15)

(b _ Ct)m(11+1’1)+1’1 (b _ Ct)klll+l

We follow from (3.10), (3.11), and (3.15) that (gkl)t < Ajufor (x,t) € Qy x (0,b/c).
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Similarly, we can get (v*?), < A,v for (x,t) € Q x (0,b/c) also.
We have on the boundary that

" |V, | e amem 0/ b-c0 (_ 35, /) . _a"Budy!

sz.v - (b- Ct)m(lﬁﬁ) - (b- Ct)m(lﬁﬁ) ’
(3.16)
o @[T e (g o) @By
ng'v - (b _ Ct)n(lz+1’2) - (b _ Ct)n(lz+1’2) 4
utoP = ; wioP = ; (3.17)
_ (b _ Ct)a11+plzl - (b _ Ct)q11+ﬁlz
Moreover, by (3.8) we have that
m(h + 7'1) < Oll] + plz, n(lz + 1"2) < qll + ﬂlz (318)

Equations (3.9), (3.16)-(3.18) imply that V,uv < Au®v?, V,uov < \uivf on 0Q. Therefore
(u,v) is a lower solution of (1.1)—(1.3).
Case 2. ki > m, k, = n. Set u as above withv = (1/(b - ct)l2)e‘“‘l’"(x)/(b‘“)1/n.

Case 3. k1 = m, ky > n. Set v as above with u = (1/(b - ct)ll)e‘a‘f’m(x)/(b‘d)l/m.

1/n

Case4. ky =m, ky =n.Setu = (1/(b - ct))emapn(x)/ (b=c)" v =(1/(b-ct))e a9/ (b=ct)

By similar arguments, we conform that (u,v) is a lower solution of (1.1)—(1.3), which
blows up in finite time. We know by the comparison principle that the solution (u, v) blows up
in finite time. O

We get the proof of Theorem 1.1 by combining Proposition 2.3 and Lemmas 3.1 and 3.2.

4, Proof of Theorems 1.2 and 1.3

Lemma 4.1. Suppose ki < m, k; > n,a < ki, p < nlky +1)/(n+1) with pq < (ky — a)(n(ky +
1)/(n+1) — ). Then all positive solutions of (1.1)—(1.3) exist globally.

Proof. Take
(x,t) = Rie'log ((1- (pm(x))e(kl‘m)llt/m +Ry),

(4.1)
E(x, t) — elzt (M + Xl/ne_Lan (x)elk2-mipt/ (n+1) (ZM) (k2+1)/(n+1)L—1 (Anc:ll—1>_1/n>

for (x,t) € QxR*, where cn=Cpiftn>1,c, = Dyif n <1, Ry satisfying Ry log R, > 2(m—ky)/m,
and constants Ry, M, L, I, I, are to be determined. By performing direct calculations, we have,
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for (x,t) € Q x R*,

(ﬁkl)t > %Rkleklllt(log ((1 = @ (x))etkizmht/m 4 Rz))k1 > %Rkleklllt( log Rz)kl,

(4.2)

- JZV: Rkt (— |V ()| oy, ) < Rkl
mU = — ((1 _ (pm(x))e(kl‘m)’lt/’” + Rz)m . = R;" .

By setting ¢,, = Cppif m > 1, ¢, = Dy, if m < 1, we have on the boundary that

m kilit ~m—1
Rmekihterm mAm, V5> X(ZM)n(k2+l)/(n+1)en(k2+1)lzt/(n+1);

D" < (Rilog (1+ Rp))"(2M)Pehtrhi, 5P < (Rylog (1+ Rp))*(2M)P ettt

Vv >

Since pg < (m—a)(n(ka+1)/(n+1)—p), by Lemma 2.7 there exist two positive constants R;, M
such that R; log R, > max{1, ||uo||,}, M > {1, ||uol|}, and

+ 4.4
(ZM)n(k2+1)/(n+1)—ﬁ > R’j( log (1 + Rz))q-

Set L= 1" "max/{((ka—n)/ (n+1))20k+42/ (1) pfamm)/(ne1) ( 4, n=1) 71/ 5t/ 851 p ke /1)
x(Anc,’;‘l)_l/n }. By arguments in Lemma 3.1,for (x,t) € Q x R*, we have

<5k2)t > %kzlzekzlzt’ AT < X()»n 4 LTLDZH)(2M)n(k2+1)/(n+1)(AnCZ_1>_1ek212t. (4'5)

On the other hand, since pgq < (k1 —a)(n(k2 + 1) /(n + 1) — ), there exist two positive constants
I, I, such that

n(ky, +1
(ki - a)ly > ply, <% - ﬁ)lz > gl (4.6)
20, R - _
L > Lo, L2 20(h, + LDty @M)" D D (g A ety (4.7)
k1 ( log Rz) 1R£"

By (4.2)-(4.7), it follows that (u;7) is an upper solution of (1.1)—(1.3). Thus the solutions of
(1.1)—(1.3) are global. O

Lemma 4.2. Suppose ki < m, ky > n,a < ki, p < nlky +1)/(n+1) with pq > (k1 — a)(n(ka +
1)/(n+ 1) — B). Then all positive solutions of (1.1)—(1.3) blow up in finite time.

Proof. We first prove that there exist I; > 1, I, > 1 such that

mkily +m _ mal; +a n(ko+ )b +n _ mgl +q
< l <
m-ki ~ m-k TP n+1 T m-k -

Bls. (4.8)
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When a < ki, p <n(ky+1)/(n+1), pg > (k1 —a)(n(k, + 1)/ (n + 1) = p) yields m(k; —
a)/((m—ky)p) <mqg/((m-ki)(n(ka+1)/(n+1)—-p)). Hence there exist u > 0 such that m(k; -
a)/(m—-ki)p) <pu<mqg/((m—-ki)(nlky+1)/(n+1)—-p)).Setl; =max{1, 1/pu, (m—-a)/(m-
k) (pp-m(ki-a)/ (m=k1)), (n/(n+1)-q/ (m—k1))/[mq/ (m=k1) = (n(ky+1)/ (n+1) - Pl ),
and I, = ul;.

When a = ki, p < n(ky +1)/(n+ 1), take I, = max{l, (m — a)/(m — ki)p}, h =
max{l, (n/(n+1)—-q/(m—-ki)+ (n(ka+1)/(n+1) - P)lo)((m - k1) /mq)}.

When a < ky, f = n(ky+1)/(n+1), take l; = max{1, (n/(n+1)—q/(m-k1))((m—k1)/mgq)},
I, = max{1, ((m - a)/(m - ki) + m(ky —a)ly/(m — k1)) (1/p)}.

Letd,=C,ifn<1,d,=D,ifn>1,and d = max{|x| | xeﬁ},h(x) = Zglxi+Nd+1,
y=ah™V™(x) + (b-ct)™.

Define u(x,t) = y°, v = (1/(b- ct)?) exp{—ap,(x)/(b—-ct)"}, where 0 = (m+1/1y)/(m—-
ki), r=((kn—n)lh+1)/(n+1), b=max{1, (1/2)6/8) 1 61/} and

a = min {b‘ll 2Nd +1)"/m Z U Bndg—l)*l/ "p-(@bli+pla)/n.
y (4.9)
)Ll/m <9m<1 + 1 ) Nm/Z(ZNd + 1)2m(9—1)> b(—a911+plz)/m}’

m

(4.10)

na™ E™ Ay (ky —n)a™  Fil gmeml(1 41 /m)™ N (m+D)/2 }

€= mn { kol, kal» ’ kil

By a direct computation, for (x,t) € Q x (0,b/c), we have
Amﬂ 2 <a9<1 + %>> N(m+1)/2yk19—1ym(9—1)—k19+1 2 (Ekl)t- (411)

By similar arguments in Lemma 3.2, we have (v*?), < A,v for (x,t) € Q x (0,b/c¢).
Moreover, for (x,t) € 0Q x (0,b/c), we have

1 m
Vv < <a9<1 + Z>> N™22Nd +1)2"0D (b - ct) ™0V,

a"B,dr!
Voy < ——L—;
(b — ct)"2#7) (4.12)
w5 = (ah(x)V " 4 (b= ct) ™) (b - ct) P2 > (b - ct) @),
ul0P = (ah(x)"™™ + (b—ct)™ )eq(b —ct) P2 > (b= o)~ @OLHFL),
By (4.8), we have
m(0 - 1)y < ably + pl,, n(l+r) < g6k + ph. (4.13)

By (4.9), (4.12), and (4.13), we have that (1, v) is a lower solution of (1.1)-(1.3), which with the
comparison principle implies that the solutions of (1.1)—(1.3) blow up in finite time. O

It has been shown from Proposition 2.4 and Lemmas 4.1 and 4.2 that Theorem 1.2 is true.
In a similar way to the proof of Theorem 1.2, we have Theorem 1.3.
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5. Proof of Theorem 1.4

Lemma 5.1. Suppose k1 < m, ko <n, a < ki, p < ko with pq < (ki — a) (ko — B). Then all positive
solutions of (1.1)—(1.3) exist globally.

Proof. Take u = a(l — @ (x) + ety™m k) 5~ b - Pn(x) + ey k) here 0 = m(n -

ky)(ki —a)/n(m —k1)p and a, b, | are the undetermined positive constants.
Calculating directly for (x,t) € Q x R*, we have by Lemma 2.8 that

akimikl

2(m—ki)

aFmikgl mk; ol
1 " MKy t/(TH*kl) ,
_Z(m—kl)ﬁ( >( Pm(x) + e )

) mky/ (m—ky)

(ﬁkl)t (1 Pm(x) +e

m— k> fz( mki >(1 (Pm(x)+emkllt/(m_kl))

+< am >m mk; m+1f< mky ><1 O x)+emk11t/(m—k1))

Au < M(p%(

m-ki/) m-Ik;
5 . L (5.1)
mKy m+1 am MKy mkqlt/ (m—kq)\.
< _
_<Am+m le ><m—k1> fz(m_k1>(1 Pm(x) +e )
b2nk,01

olt ) nkz / (Tl—kz)

(5 2)t ( ) (1 on(x) +e

> bkznkzel < nky

3 nka6lt/ (n—ks)
sty (g ) (- nt) e )

_ nky bn nks nka0lt/ (n—ky)
< _ 2 2
An”()_<.)tn+ s ——Dr )(n—k2> f2<n P >(1 n(x) +e ).

Let¢, =Cpifm>1,¢,,=D,,if m<1,andc, =C,ifn>1, ¢, = D, if n < 1. We have on the
boundary that

m
Viiv > <maf1kl> LA (1 = () + €lt) ™ 1D

> am—a( m ) C:Z_lAmf1<m(k1 >(1+ m(ki—a)lt/ (m- kl))

m—ky m—ky

" n(ky —
V,ov 2 b" P <n—ik2> AL <<ni—k2ﬁ)> (1 + enkaPI0M/ (k) y 5

e ﬂ<n ko > i Anfi <M> (1+ emqlt/(m—kl))ﬁﬁ}

Tl—k2

(5.2)

—a— /(n=ka)_, np ki—a)lt/ (m—ky) \ 77
uo” = bP(1+eM)™ u” <bP < > 1 + emtamlt/ (m=k)y g
(1+eM) <o) )

7T = at(1+ )" < a"fz( >(1 +emat/ kg,

mk1
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Since pq < (ki — a)(ky — B) < (m — a)(n - ), we know by Lemma 2.8 that there exist constants
a 2 |[uo(x)les, b 2 [[vo(x) |l such that

~ m "o m(k1—a)> — < np )
m-a 1 > \pP
“ <m—k1> Cm Amfl( m—k1 _)Lb f2 n—kz !

( ) (5.3)

asl M \" an nkz—ﬁ>>—q < mq >

b <"—k2> n Anfl( n—ks 2 alf2 m-ki /)

For the above constants a, b, we choose a constant I so large that
mk +1> < am >m < mk; ) akimigl < mk, >
Ay + D" < ,
< m-k; " m—k; f2 m—k; Z(m—kl)f1 m-k;

(5.4)

nk, n+1> < bn >" ( nk, ) bk2nk,01 ( nk, >
< .
(An+n kD n-ky f2 n-ky _Z(n—kz)fl n-ky
By (5.1)-(5.4), we know that (%, ) is an upper solution of (1.1)-(1.3), Thus the solutions of
(1.1)—(1.3) are global. O

Lemma 5.2. Suppose k1 < m, ko <n, a < ki, p < ko with pq > (ki — a) (ko — p). Then all positive
solutions of (1.1)—(1.3) blow up in finite time.

Proof. We first prove that there exist I; > 1, I > 1 such that

mklll+m<mall+a+nplz+p nk212+n<mqll+q Tlﬂlz-l—ﬁ
m—k1 - m—k1 Tl—kzl n—kz T om-— k1 n—k2

In fact, when a < ky, f < kp, pq > (k1 — a)(ky — p) yields (m(ky — a)/(m — k1)) ((n — ky) /np) <
(mq/(m-ky))((n-ky)/n(k,—p)). Hence there exists p > 0 such that (m(ky —a)/(m—ky))((n-
ky)/np) < p < (mq/(m —k1))((n — ko) /n(ky — p)). Set 1 = max{1, 1/u, (m —a)/(m —k;) -
p/(n-ka))/((np/(n—ka))p—m(ks —a)/(m—ki)), (n—p)/(n-kz) —q/(m—ki))/(mq/(m -
k) = (n(ks = B)/ (n = k2))p)}, and by = ply.

When k; < a and p = ky, take [y = max{1, ((n—p)/(n-kz)—q/(m-k1))((m-k1)/mq)},1, =
max({1, (m—a)/(m—ki) -p/(n—kz) + m(ky — )i/ (m — k1)) ((n - kz) /np)}.

When ki = a and < kp, let; = max{1, ((m—-a)/(m—-ki)-p/(n-k2))(n-k2)/np)}, I =
max(1, ((n= )/ (n ~ ko) ~q/ (m k1) + n(ka ~ Lo/ (1~ k2))(m = 1) /m)).

Take y = ah™V/"(x) + (b —ct) ™, z = ah"™*V/"(x) + (b - ct) ™, and u = y?, v = 2%, where

=(m+1/L)/(m—-ki), o = (n+1/lz)/(n k»), b = max{1, ((1/2)51/9) -/h ((1/2)51/0) Vhy

and

(5.5)

0_14m -1/m
1+ m)6N1/22 1] (2Nd + 1)) b_(a911+polz)/m,

a = min {b‘ll (2Nd + 1)~ rm/m <{1 —

-1/n

b 2(2Nd +1)"/", (4-1

(1+m)oNY 220_1] (2Nd+1)> b—<q9h+ﬂ°’2>/"},
n

(5.6)

(5.7)

amem—l(l + 1/m)mN(m+1)/2 ano.n—l (1 + 1/n)nN(n+1)/2 }

€= mm { kily / kol
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By a direct computation for (x,t) € Q x (0,b/c), we have

m
At > <a0<1 + %>> N /2001y m(@-1)-kibs1 5 (k1) (5.8)

1 n
Ang > <£10' <1 + E>> N(n+1)/Zykza—lyn(o—l)—k20+l > (gkz)t' (59)
For (x,t) € 0Q x (0,b/c), we have

1 m
Vv < <a9<1 + E>> N™22Nd +1)2m0 D (p — ) ™O-Dh

1 n
V,0v < <ao<1 + Z>> N"™2(2Nd +1)2" D (p — ¢p) oDk,

(5.10)
Eugp = yaf)zpc > (b _ Ct)—(a911+pglz),
quﬁ - yqezﬁa > (b- Ct)—(q911+ﬁo'lz).
Moreover, (5.5) implies
m(6 - 1) < ably + poly, n(o —1)l, < g6l + pol,. (511)

It follows from (5.6), (5.8)—(5.11) that (u,v) is a lower solution of (1.1)—(1.3). Because (u, v)
blows up in finite time, and so does (u, v). ]

By Proposition 2.6 and Lemmas 5.1 and 5.2, we see that Theorem 1.4 holds.
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