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1. Introduction

In the present paper the following Cauchy-Nicoletti problem

vi=filxy), i=1...,n (1.1)
yp<x;> = Ap, yﬂ(ﬁ) =4y w(x) =4,
(1.2)
p=1...,k g=k+1,...,s; r=s+1,...,n
is considered, where v = (y1,...,yn), x € [ = [a,b]land a = x1 = -+ = X < X1 < -+ <
Xg < Xgy1 ==X, =b; A;,i=1,...,narereal constants. Denote [; = I \ {x;},i=1,...,n

and J = N, 1;. We will suppose f; € C(©;,R), i = 1,...,n where the domain ©; C I; x R"
(satisfying a relation ©;N{x = x*} # for every x* € I;) is more precisely specified in Section 2.
The continuity of the function f; is not required at the point x;, i = 1,...,n. Solution of the
problem (1.1), (1.2) is defined in the following sense.
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Definition 1.1. A vector-function y(x) = (y1(x),...,y.(x)) € C(I,R") with y; € CY(I;,R),
i=1,...,n, is said to be a solution of the problem (1.1), (1.2) if it satisfies the system (1.1) on
J and if, moreover, conditions (1.2) hold.

Although singular boundary value problems were widely considered by using various
methods (see, e.g., [1-11]), the method used here is based on a different approach. Namely,
it uses simultaneously the topological method of Wazewski and Schauder’s principle.
Note that the method of Wazewski (see, e.g., [12-14]) was used for the investigation of
various asymptotic and singular problems, for example, in [3-6, 11, 12, 15]. For successful
generalization of this to multipoint boundary-value problems, the basic obstacle must be
overcome: the applying of topological method assumes that every intersection of so-called
regular polyfacial set and the plane x = x* = const, x* € (a,b) is an open set in the space
of dependent variables. Nature of the problems considered, as followed from problem (1.1),
(1.2) does not permit straightforward generalization of this approach since the cross-section
by the plane x = x;,i = 1,...,nis not an open set in the space y. The above mentioned obstacle
is overcome in the present paper by connecting the topological method and the fixed point
theorem.

Let us explain the main idea of this approach. Each equation of the system (1.1) is
considered separately (as a scalar equation) under the supposition that nondiagonal variables
are changed by functions taken from a prescribed set M of vector functions. For every
scalar equation (together with the corresponding Cauchy initial condition which is subtracted
from (1.2)) it is, with the aid of Wazewski’s method and qualitative properties of solutions
of differential equations, showed that there exists its solution having the same properties
which were supposed for the corresponding coordinate of vector functions from M. In
this way an operator T is defined. For verification of conditions of Schauder’s principle
(namely, the continuity of operator T), Wazewski’s method is used again. Stationary point
of operator T defines a solution of the problem (1.1), (1.2). The paper is organized as follows.
In Section 2 the main result is formulated. Illustrative examples are contained in Section 3.
Auxiliary results are stated in Section 4. In Section 5 we prove results concerning scalar
singular problems and the last section contains the proof of the main result.

2. Existence of Solutions of the Problem (1.1), (1.2)

Leta;, i € CH(I,R),i =1,2,...,nbe functions satisfying a;(x;) = fi(x;) = A; and a;(x) < fi(x)
on I;. Define

Q={(xy1,...,yn) 1 x €, ai(x) <y < Pi(x), i=1,...,n},

2.1)
Qi={(x,y1,...,yn) :x €L, (x,y1,...,yn) €Q}.

Let us suppose that there exists a domain ©;, i = 1,2...,n such that ; C ©; C I; x R"; cross
section S;(x) = {(x,y) € ©;} is an open set for every fixed x € I; and f; € C(©;,R). These
assumptions are supposed in the sequel. Define, moreover,

L= {(X i) s x € Iy (i einn) = (L) \ i),
as(x) < ys < ﬂs(x)/ 5= il/'--/infl}/ (22)
Fi(x,y)=fi(x,y) -y, i=1,..,n
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Result of the paper is given in the following theorem.

Theorem 2.1. Assume that

> Mij(0)|y; - 2| < fi(x,y) - fi(x,2) < D INi(x)|yj - 2] (2.3)

j=1 =1

for every (x,y1,...,Yn), (x,21,...,2n) € Q; with y; > z; where M;j(x), Nij(x), i,j=1,...,n,are
continuous on I; functions, such that for a constant ¢ > 0

[Mii(x)| > ¢ Z | M (x)], [Nii(x)| > ¢ Z | Nij (x)]. (2.4)
j=Lj#i j=Lj#i

Let, moreover,

Fi (x/ ]/) |yi:af(x) . Fi(x/ ]/) |yi:ﬂi(x) < O/ (2 5)

sign M (x) = sign Nj;(x) = sign Fi(x, y) |yi=ﬁf(x)’

if (X, Y1,...,Yi-1,Yis1,---,Yn) € Ii, i = 1,...,n. Then there exists at least one solution y(x) =
(y1(x), ..., yn(x)) of the problem (1.1), (1.2) such thaton I;, i=1,...,n:

ai(x) < yi(x) < fi(x). (2.6)

Remark 2.2. In the formulation of the problem (1.1), (1.2) the inequalities xi < x4 and x, <
Xs+1 were supposed. Analyzing the method of proof of Theorem 2.1 we conclude that the
result remains valid in the cases when xj < xg.1 and x; < xg41 too. This means, for example,
that a singular Cauchy problem

vi=filxy), wi(x) =4, i=1..n 27)

is a partial case of given result as well as a two-point boundary-value problem:

vi=filx,y), i=1...,n

(2.8)
yp(xi) =4, p=1,..,k yr(x,)=A, r=k+1,...,n

Remark 2.3. In [9] a technique based on Kneser’s theorem is introduced to extend the
topological method of Wazewski for Carathéodory systems. It has, for example, been used
to study the asymptotic behavior of the solutions of a perturbed linear system:

x = [A(t) + B(t)]x + g(t, x), (2.9)
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where the n x n matrices A (diagonal) and B are locally integrable, g € Carj,c((to, o0) x C"),
and the solutions are unique with respect to their initial values. The existence of solutions
Xp = (Xp1, Xp2,- -+, Xpn), p = 1,2,...,nsuch that for any i #p

xpi(t) _

im———=0 2.10
Jim 22 (2:10)

is studied. This is accomplished with the above-mentioned extension of the topological retract
method for Carathédory systems which can be applied due to the construction of a suitable
regular polyfacial sets. This technique makes it possible to extend the results initially proved
(by Wazewski’s method) for ordinary differential equations with continuous right-hand sides
to Carathédory systems. Similar method has, for example, been used in a recent paper [6]
where the technique developed in [9] is utilized. Along these lines, we can analyse our result
in terms of its possible extension to systems (1.1) with Carathéodory right-hand sides. Since
the Lipschitz-type condition (2.3) is necessary in the proof of Theorem 2.1 for verifying the
continuity of the operator C, it cannot be omitted. Therefore, our result seems to be extendable
for Carathéodory systems (1.1) if the uniqueness of the solutions is ensured with respect to
their initial values (save at singular points).

3. Examples

Let us consider two illustrative nonlinear systems. The first one has a linear part which
determines the existence of the solution of the problem considered. The second one is a
perturbation of a system for which we know analytic solution of singular problem.

Example 3.1. Let us consider a singular problem:

] W X(y2+1)
y1:2¥_3—

10 !
_ Y yitys+l
Y2 (x-1/2)% 20(x-1/2)
3.1)
y/s: 3y3 +(1_x)(y§+1)

1-x 10 '
+ 1 -
() =0, »n(5)=0 y3(17) =0.
For this problem all conditions of Theorem 2.1 are valid for
m(x)=0,  Pi(x)=3x,

1 . 1

3<x—§>, lfxe [OIE]I
. 1

0, if x € (E, 1] P

a(x) =
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1
01 if = v
if x € [O 2]

1 1
x—= ifxe(=
3( 2)’ ! <2’1]’

a3(x) =0,  Ba(x) =3(1-x)?
(3.2)

and, for example, for ¢ =1, My1(x) = N11(x) =2/x, M12(x) = N12(x) = M31(x) = N31(x) =0,
Mis(x) = —=Nia(x) = =3x(1 - x)*/5, Ma1(x) = Mas(x) = —Nai(x) = ~No3(x) = -1/(20|x -
1/2]), Ma(x) = Na(x) = 1/(x = 1/2)?, May(x) = ~Nx(x) = —|x - 1/2|, and M33(x) =
—Nz3(x) = -3/(1 - x). Consequently, there is at least one solution to this problem y(x) =
(11(x), y2(x), y3(x)) such that

0<yi(x) <3x for x € (0,1],
min{3<x—1>'0}< (x) < max O'3<x—1> forx e |0 1)U(1 1 (3.3)
2 7 ]/2 7 2 7 2 2/ 7 .
0<ys(x) <3(1-x)* forxe[0,1).
Example 3.2. Let us consider a singular problem:

2
;o 2 2.2
= F% T EXTYs,

3 1\°
= 2+g<x——> v3,
) (x—1/2)4y2 2

L= ——— 12+ e(1-2)%7,
Ys (1—x)3y3 ( )Yy

(3.4)

+ 1 -
yl(o )=0/ y2<2_i>=0/ ]/3(1 )=0/

where ¢ is a real constant, |¢| < 0.01. For this problem all conditions of Theorem 2.1 are valid,
for example, for

ar(x) = x2 - 0.1x%, B1(x) = x* +0.1x°,

() = (- %)3 -0 (x- %)4 pa) = (- %)3 +01(x- %)4 (35)

a(x)=(1-x)2-01(1-x)°,  fsx)=(1-x)*+0.1(1-x)°

and for { =1, My1(x) = 2/x, M1a(x) = Mz1(x) = ~N12(x) = —=Naz1(x) = —Mn3(x) = Nos3(x) =
-0.1, N11(x) = 6/x, M13(x) = Ni3(x) = Ma1(x) = Nai(x) = M3z(x) = N3z(x) = 0, Mp(x) =
J12/(1/2— %) if x<1/2, Nop(x) = -5/(1/2-x) if x<1/2, Mp(x) =3/(x—1/2) if x>
1/2, Np(x) = 12/(x = 1/2) if x > 1/2, Ms3(x) = =5/(1 — x), and N33(x) = =3/(1 — x).
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Consequently, there is at least one solution to this problem y(x) = (y1(x), y2(x), y3(x)) such
that

x?-0.1x% <y (x) < x> +0.1x° for x € (0,1],

<x— %)3 —0.1<x— %)4 <1a(x) < <x— %)3 +0.1<x— %)4 for x € [0,1] \ {%}, (3.6)

(1-x)*-0.1(1-x)> <y3(x) < (1-x)* +0.1(1-x)° for x € [0,1).

If € = 0, then the considered system turns into system

) 3

2 ! 2
= —= 7 = 7 T E— 7 37
W 3 W Y, (x— 1/2)4 ) Y3 (1- x)3 Y3 (3.7)
having solution
1\2
n=2, e (x _ §> g (-x2 (38)

which satisfies (3.4).

4. Preliminaries

In the sequel we will apply topological method of Wazewski (see, e.g., [12-14]). Therefore
we give a short summary of it. Let us consider the system of ordinary differential equations

v =g(xy) (4.1)

with y € R". Below, it will be assumed that the right-hand sides of the system (4.1) are
continuous functions defined on an open (x, y)-set Q* C R x R™.

Definition 4.1 (see [12]). An open subset Q of the set Q* is called an (n, p)-subset of Q* with
respect to the system (4.1) if the following conditions are satisfied.

(1) There exist continuously differentiable functions n; : Q* — R, i = 1,...,¢ and
pi: Q" — R, j=1,...,m; €+m>0such that

Q ={(x,y) €Q" :ni(x,y) <0, pj(x,y) <0Vi,j}. (4.2)

(2) ia(x, ) < 0 holds for the derivatives of the functions n.(x,y), a = 1,...,¢ along
trajectories of the system (4.1) on the set

Na={(x,y) €, na(x,y) =0, ni(x,y) <0, pj(x,y) <0Vi#a and j}. (4.3)
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(3) pp(x,y) > 0 holds for the derivatives of the functions ps(x,y), p = 1,...,m along
trajectories of the system (4.1) on the set

Py ={(x,y) €Q", pp(x,y) =0, mi(x,y) <0, pj(x,y) <OViand j#£p}.  (44)

Asusual, if w ¢ RxR", then int w, 0w and w denote the interior, the boundary, and the closure
of w, respectively.

Definition 4.2. The point (xo, o) € Q*NAQY is called an egress point (or ingress point) of Q° with
respect to the system (4.1) if, for every fixed solution of the problem y(xp) = o, there exists
an ¢ > 0 such that (x, y(x)) € Q° for xp —& < x < x¢ (x0 < x < x + €). An egress point (ingress
point) (xo, yo) of QU is called a strict egress point (strict ingress point) of QU if (x,y(x)) ¢ Q%on
interval xg < x < xp + &1 (xg — €1 < x < xp) foran & > 0.

The set of all points of egress (strict egress) is denoted by Q0 (QJ,). It is proved in [12,
page 281], that when a set Q° is an (7, p)-subset of Q* then QY = QJ,.

Theorem 4.3 (see [12, page 282]). Let QO be some (n,p)-subset of Q* with respect to the system
(4.1). Let S be a nonempty compact subset of Q°U Q0 such that the set SN QY is not a retract of S but
is a retract of Q0. Then there is at least one point (xo,y0) € S N QY such that the graph of a solution
y(x) of the Cauchy problem y(xo) = yo for (4.1) lies in Q° on its right-hand maximal interval of
existence.

5. Partial Singular Problems

At this part we are interested in existence of solutions of some auxiliary singular problems
for one scalar equation. We consider two cases below with respect to the location of singular
point (at the left end or at the right end of the interval considered).

5.1. Singular Point Coincides with the Left End of Interval

Consider the initial problem

vy =B(x,y), (5.1)
yu) =K, (K€R) (5.2)

on an interval (u, v] with u < v. By a solution of problem (5.1), (5.2) on interval (u, v] we
mean the function y € C([u,v],R) N C'((u,v],R) which satisfies (5.1) on (u,v] and the
condition (5.2). Let functions A(x), pt(x) be continuously differentiable on (u,v], A(u*) =
u(u*) = K and A(x) < p(x) on (u, v]. Denote

O ={(x,y) :x € (0], A(x) <y < p(x)}. (5.3)
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Let us suppose that there exists a domain Oc (u,v] x R, such that ©* C O and the cross
section S*(x) = {(x,y) € ©} is an open set for every x € (u, v]. Define an auxiliary function

H(x,y) =B(x,y) - v (54)

Lemma 5.1. Suppose that B € C(O,R) satisfies the local Lipschitz condition with respect to the
variable y in © and, moreover,

H(x,M(x)) <0< H(x,pu(x)) if x € (u,v]. (5.5)

Then each point (v, y*) where y* € [M(v), u(v)] defines a solution y = y*(x) of (5.1) on (u,v] such
that (5.2) holds, y*(v) = y*, and

Mx) <y*(x) <p(x), x € (u,0]. (5.6)

Proof. Let us evaluate the derivative of the function w(x,y) = (v — AM(x))(y — p(x)) along the
trajectories of (5.1) if (x,y) € N, where

N={(x,y):x€ W], w(xy) =0} (5.7)
We get
d 4 ! ! ! !
KEY) (1) - (v u(0) + (y = 10) - (v - () .
= [B(x,y) =N ()] (y - p(x)) + (v = 1(x)) [B(x, y) = ' (x)].
Since (x,y) € N, then either y = u(x) or y = A(x). In the first case we have
dw(x,
TR~ (o) = A(0) - H (o) 69
y=p(x)
and in the second one
d ’
N B @) (1) - 1), (5.10)
X ly=aw)
Thus, in view of condition (5.5),
dw(x,y)
_ 0, 5.11
dx (x,y)en g ( )

and, consequently, all points of the set I/ = ©NdO* are for x € (1, v) the points of strict egress
of ©F with respect to (5.1).
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Let us consider behaviour of a solution y = y*(x) of the problem y*(v) = y* €
[A(v), u(v)] for decreasing values of x € (u,v]. Let us suppose that this solution leaves
the domain O passing through a boundary point (x°, y*(x%)) € W where x° € (u,v) and
(x,y(x)) € O for x € (x°,v]. In this is case this point a point of ingress (for increasing x)
with respect to (5.1) and this contradicts the fact that each point of the set /N is for x € (u,v)
a point of strict egress. Only one possibility remains valid: solution y*(x) is simultaneously a
solution of the problem (5.1), (5.2). The lemma is proved. O

Lemma 5.2. Let all assumptions of Lemma 5.1 hold except condition (5.5) which is replaced by the
condition:

H(x,pu(x)) <0< H(x,A(x)) if x € (u,v]. (5.12)

Then there is at least one solution y = y*(x) of the problem (5.1), (5.2) on (u, v] such that inequalities
(5.6) hold.

Proof. Let us define the set /U and the function w(x, y) in the same way as in the proof of
Lemma 5.1. Then the derivative of w(x, y) along the trajectories of (5.1) satisfies, in view of
condition (5.12), the inequality

dw(x,
% <0. (5.13)
X (x,y)en

This means that all points of the set /W are for x € (u, v) the points of strict ingress of ©" with
respect to (5.1).

Let us change the orientation of the x-axis into reverse. Then all points of the set /U are
for x € (u,v) the points of strict egress of ©* with respect to (5.1).

Is it easy to see that the two-point set {A(v — @), (v — @)}, where ¢ is a small positive
number, is a retract of the set /U in view of existence of the retraction

row) = (v-omo-0) + -0 -ne-al gt G14)

where (x,y) € N. Clearly, the nonempty compact set S = [A(v - ¢), (v — ¢)] is not a retract
of its boundary 0S = {A(v — @), u(v — )} (see, e.g., [16]). All assumptions of topological
principle of Wazewski are valid, and, by Theorem 4.3 (in its formulation we put Q° = int®",
pi(x,y) =w(x,y), j=1, ni=x-v+¢and ¢ = 1), there exists at least one solution y = y*(x)
of the problem (5.1), (5.2) with graph belonging to the domain ©* on (1, v — ¢]. By the same
arguments, as in the proof of Lemma 5.1, this solution can be continued on the interval (u, v].
The lemma is proved. O

5.2. Singular Point Coincides with the Right End of Interval

Let us consider the initial problem (5.1), (5.15) where

y(v")=K, (KeR) (5.15)
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on an interval [u, v), with u < v. By a solution of (5.1), (5.15) on interval [1, v) we mean the
function y € C([u,v],R) N C*([u,v),R) which satisfies (5.1) on interval [#,v) and condition

(5.15). Let A(x), u(x) be continuously differentiable functions on [u,v), M(v™) = u(v™) = K
and A(x) < p(x) on [u,v). Denote

O ={(xy):x€[uv), \(x) <y <px)}. (5.16)

Let us suppose that there exists a domain © C [u,v) x R, such that © ¢ © and the cross
section S7(x) = {(x,y) € ) is an open set for every x € [u,v). The proofs of following
Lemmas 5.3 and 5.4 can be made by the similar manner as the proofs of Lemmas 5.1 and 5.2.
Hence, they are omitted.

Lemma 5.3. Suppose that B € C(©,R) satisfies the local Lipschitz condition with respect to the
variable y in © and, moreover,

H(x,Mx)) <0< H(x,pu(x)) if x € [u,v). (5.17)
Then there is at least one solution y = y**(x) of the problem (5.1), (5.15) on (u,v] such that
Alx) < y™(x) < p(x). (5.18)

Lemma 5.4. Let all assumptions of Lemma 5.3 hold except condition (5.17) which is replaced by the
condition:

H(x,pu(x)) <0< H(x,A(x)) if x € [u,0). (5.19)

Then each point (u, y**) where y** € [Mu), u(u)] defines a solution y = y**(x) of (5.1) on [u,v),
¥ (1) = y** and the inequalities (5.18) hold.

6. Proof of Theorem 2.1
6.1. Construction of Operator

Let us consider the system
yi= fi(x, 01(x), .01 (X), Yi, i1 (X), ..., pn(x)),  i=1,2,...,n (6.1)
with (¢1(x), ..., 9. (x)) € M, where

M = {((Pl(x)/(l’2(x)r---/(l)n(x))r x€l, p;i € C(I,R),
a;(x)< gi(x) < Pi(x), i=1,2,...,n}

(6.2)

This system, strictly speaking, consists of separated scalar equations. Therefore in the
following we will consider equations of system (6.1) separately.
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n

Figure 1: Using Lemma 5.1.

Figure 2: Using Lemma 5.2.

(a) Let us consider the first equation of system (6.1) (which corresponds to the value
i = 1) together with corresponding initial value which is subtracted from (1.2):

y1(x) = fir(x, yL, 2(x), ..., pu(x)),

6.3
vi(x7) = Ar o

Let us put B(x,y) = fi(x,y,92(x),...,¢n(x)), M(x) = ar(x), pu(x) = p1(x), u = x1, v = x, and
K = A;. In view of condition (2.5) we see that either condition (5.5) or condition (5.12) holds
for H(x,y) = Fi(x,y). From Lemmas 5.1 and 5.2 (it is easy to see that their assumptions are
valid) the existence of a solution of the problem (6.3) satisfying inequalities (5.6) follows. An
illustration to the cases where Lemma 5.1 or Lemma 5.2 is used is given in Figures 1 and 2.
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In the sequel we will consider a solution y;(x) = yj(x) of problem (6.3) chosen in a
unique way. We define this solution (in the case when Lemma 5.1 was used) by means of the
additional condition

() = V1 (0) = ¥i = 5 (@) + b ). (6.4)

If Lemma 5.2 was used, then denote the set of all solutions of problem (6.3) with the indicated
properties as a set Y and put y1(x,) = yj(v) = min{y(v) : y € Y}. Obviously this minimum
exists and vy (v) > A(v).

Define the first coordinate T of operator C by relation

Ti(p2-- ) = Yi- (6.5)

From inequalities (5.6) it follows that (y],¢2,...,¢,) € M. The same reasoning can be
repeated fori =2,..., k.

(b) Now consider the last equation of system (6.1) (which corresponds to the value
i = n) together with the corresponding initial value which is subtracted from (1.2):

y;i = fn (x/ 1 (x)/ cee s Pn (X), yn)/
Yn () = An.

(6.6)

Letus put B(x,y) = fu(x, 01(x),..., 0n-1(x),y), A(x) = a,(x), u(x) = fu(x), u = x1,v = x, and
K = A,. In view of condition (2.5) we see that either condition (5.17) or condition (5.19) holds
for H(x,y) = Fu(x,y). From Lemmas 5.3 and 5.4 the existence of a solution of the problem
(6.6) satisfying inequalities (5.18) follows. Similarly as in the part (a) above, we chose the
solution v, (x) = y;;*(x) of problem (6.6), which is uniquely defined.

Define the last coordinate T}, of operator T by relation

Tu(Q1,.- . Q1) = Y (6.7)

From inequalities (5.18) it follows that (¢1,...,¢s-1,y;) € M. The same reasoning can be
repeated fori=s+1,...,n-1.

(c) Let us consider the equation of system (6.1) which corresponds to the value i = s
together with corresponding initial value which follows from (1.2):

y,s = fs(x/ (Pl(x)/- . -/(Ps—l(x)/ySI (Ps+1(x)/- . -/(Pn(x))/

6.8
ys(x*) = A, (65)

Let us put B(x,y) = fo(x,1(2), ., 051 (%), ¥, Post (), -, ou(x), L(x) = s (x), p(x) = Pi(x0)
and K = A,. Consider, at first, the problem (6.8) on interval [x1, x5). For this, let us put u = x,
v = x,. In view of condition (2.5) we see that either condition (5.17) or condition (5.19) holds
for H(x,y) = Fs(x,y) and with the aid of Lemmas 5.3 and 5.4 (as in the part (b)) we can
define the unique solution ys(x) = y*2(x) of (6.8) on interval [x1,xs). Now consider the
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problem (6.8) on interval (x;, x,]. Put u = x5, v = x,,. In view of condition (2.5) we see that
either condition (5.5) or condition (5.12) holds for H(x,y) = Fs(x,y) and with the aid of
Lemmas 5.1 and 5.2 (as in part (a)) we define the unique solution y,(x) = y*(x) of (6.8) on
interval (xs, x,].

At the end we define, by a unique manner, the solution yZ(x) of the problem (6.8) as

AA(x)/ X e [x /xs)/
o) = {yA 1 (69)
yi(x),  x € (x5, %x4].

Define the sth coordinate T of operator T by relation
Ts(P1s- - s P51, Psits - Pn) = Vi (6.10)

It is easy to see that (1, ..., 0s-1, Y3, Psi1,---,9n) € M. The same reasoning can be repeated
fori=k+1,...,s-1.

(d) Now we are able to define operator C. For every ¢ = (¢1,...,¢,) € M define
Ty = y* with

T=(T,T,...,Ty), (6.11)

where y* = (y},...,y,) € M. Note that y* is defined in the unique way. Obviously, T(M) C
M.

6.2. Verification of Schauder’s Assumptions

Let us consider the Banach space W of functions ¢ (x) = (¢1(x), ¢2(x), ..., g5 (x)), continuous
on I, with the norm

lgll = igpzé?fn{mgxlwi(x)l } (6.12)

Clearly M c ¥ and, as follows from the properties of the functions a;(x), fi(x),i=1,2,...,n,
M is a closed, bounded and convex set. It remains to prove that T is a continuous mapping
such that T(M) is a relatively compact subset of ¥. Then all the assumptions of Schauder’s
fixed-point theorem will be satisfied (e.g., [15, page 29]). With respect to the relative
compactness of T(M) it is sufficient to prove in accordance with Arzela-Ascoli theorem that
T(M) is uniformly bounded and equicontinuous on I.

(a) The uniform boundedness follows from the inequality

loll <L, (6.13)

where L = max;{|a;(x)|,|6i(x)|,i=1,2,...,n}, which holds for every ¢ € M.
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(B) Let us prove the equicontinuity of each function ¢ € T(M). On I the first coordinate
1 of ¢ satisfies (as it follows from the construction of C) an equation of the type

¢ = f1(x, 91, 72(x), ..., va(x)) (6.14)
with (¢1,v2,...,v,) € M. Since f; € C(01,R), (6.14) yields

|¢i(x)| <Ks, x€[x1+8,x,], x1+6<x, 0<&=const, (6.15)

where the constant K5 exists and depends on 6. Let us put 61 = min(6/2,¢*/Ks,2) where €
is an arbitrary positive number and 6 is so small that

*

£

5 (6.16)

g*
max x) - A1l < —, max |a(x) — Ayl <
(X 1P = Al < 5 o (x) = Al

Let us suppose that |z1 — z3| < 61, 21,22 € [x1, x,]. Then either z1,z, € [x1,x1 + 8] or 21,25 €
[x1 +6/2,x,]. In the first case

*

e €
|p1(z1) = p1(z2)| < |91(z1) = A1] + |1(z2) — A1 < S t5 = e (6.17)
and in the second one (by Lagrange’s mean value theorem)
|¢1(21) = ¢1(22)| < Ks/a|z1 — 22| < €". (6.18)

So, for each positive ¢* there is a 6; > 0 such that |¢1(z1) — p1(z2)| < €* for |z1 — z5| < 61
and each function of the type of ¢;(x) is equicontinuous. By analogy we can show that the
functions of the type ¢;(x), j = 2,...,n are equicontinuous too. Finally, for |z; — z»| < 61, we
get |lo(z1) — ¢(z2)|| < €* and the equicontinuity of the set T(M) is proved.

(y) Continuity of operator T. Let us suppose that y°, 7 € M and

Y=t Y=1j. (6.19)
In the sequel we prove that the operator T is continuous. We prove that

||y°-1?|| <e if ||y°-g|| <6, (6.20)

where 6 < € and ¢ was defined in formulation of Theorem 2.1. The following construction
will show that operator T is continuous. All expressions in the following will be well defined
(supposing, if necessary, € sufficiently small).
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Consider the identity (see the definition of T)
Y () = £i (20100, (), (), (6.21)

where i = 1,2,...,n, n0(x) = Y)(x), q?(x) = y?(x), j#i, (x,n),n,...,n%) € Q; and the
equation

Y] = fi(x, 1 (x), 2 (x), ..., jn(x)), (6.22)

where i = 1,2,...,7’1, ﬁi = Yi/ fi] = ﬁ](x) = ]7](x)/ ]751/ (x/ﬁl(x)/;l}(x)/;”/ﬁn(x)) € Qi'
Note that in view of definition of T a solution of (6.22) is given by Y; = Yi(x). Define, for
i=1,2,...,n, the functions

Wi(x, ¥) = (Y- Y0(x) - &) (Y- Y0(x) + ) (6:23)
and the sets

Di = {<x1?) : <x,1?,-) € Qi,Wi<x, i) = 0}. (6.24)

(y1) Let us evaluate the derivative of Wi (x, 171) along the trajectories of (6.22) fori =1
if (x,Y1) € P1. We get,

dwi(x, Y1) . i )
# = [l -Y @] (B - +e) + (B- Y -e) [ - W] 62

Since (x, 171) € 1, then either 171 = Y10 (x) + €or }71 = Ylo (x) — €. 50,

dWl (xr ?1)
dx

171:Y10(x):l:£ (626)
- :|:2£[f1 <x, Y0(x) £ £, §a(x), - ..,g,,(x)> - fi <x, Yf(x),yg(x),...,yg(x))].
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According to (2.3) and (6.20):

s<MH<x> —§Z|M1j(x>|> < eMin(x) + 3 My () |75(x) - ()|
j=2

j=2

< A2 Y20 +2,52(x), -, Gu(x)) = f1 (2 Y00, 13 (0), - 8 () )

<eNp(x) + ZNlj(x)|gj(x) - y?(x)) < 5<N11(x) + §Z|Nlj(x)|>,

j=2 j=2
(6.27)
€<—N11(x) - §Z|N1j(x)|> < -eNn(x) - ZNlj(x)lyj(x) - y?(x)|
2 2
0y o ~ _ 0 0 0
< A2 Y00 =2, 5a(x), ., Gu(x)) = f1 (2 Y0 (), 13 (0), - A () )
< —eMyi(x) - ZMlj(x)|gj(x) - y})(x)' < g<—M11(x) + §Z|M1j(x)|>~
=2 =
Therefore (in view of (2.4), (6), and (6.20))
M >0 if N11(X) >0 on Il, (628)
* (x,Y1)ep;
M <0 if Niy(x) <0on . (6.29)
* (xY1)ep:

If inequality (6.28) and suppositions of Lemma 5.1 (in the situation, described in Section 6.1,
(a)) hold simultaneously, then points of the set 0Q;, where

Q1 ={(x, Y1) : x € (x1,x,],w(x, Y1) <0, Wi(x,Y7) <0} (6.30)

with w defined in the proof of Lemma 5.1, are (for all x € (x1, x,,)) the points of strict egress
for Q1 with respect to (6.22) with i = 1 (this equation is at the same time an equation of
the type (6.1) for i = 1). Since Ylo (xf) = Yl(xf ) and (in view of construction of operator C)
Ylo(x;) =Y (x;,), then |Y10 (x) - 171(x)| < € (see Figure 3).

Indeed, if this inequality does not hold then there is a x* € I; such that |Y1O (x*) =
Yi(x*)| = & and by (6.28): [Y?(x) - Y1(x)| > € on (x*, x,,]. This is impossible.

If inequality (6.29) and suppositions of Lemma 5.2 (in the situation, described in
Section 6.1, (a)) hold simultaneously, then all points of the set 0Q; are, for all x € (x1,x,),
the points of strict ingress for Q; with respect to (6.22) with i = 1 (see Figure 4).

In view of construction (x, Ylo(x)) € Qp and (x, Yl(x)) € Q. If inequality |Y10 (x) -
Y: (x)| < € does not hold, then there is a x* € I; such that |Y10(x*) - Yl(x*)| = ¢ and |Y10(x) -
Y, (x)| < € on (x1,x*). This is impossible, since point (x*, Y (x*) is the point of strict ingress.
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Figure 3: Continuity of T (the first case).
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Figure 4: Continuity of T (the second case).

In both considered cases, |Y10 (x) — 171(x)| < € on I; and, consequently, on I too. We
conclude that

Yi(x) -Y(x)| <& onTif ”yo - g” <6. (6.31)

If inequality (6.29) and suppositions of Lemma 5.1 (in the situation, described in part 6.1, (a))
hold simultaneously, then for small € : MU N P1#0, where N, = A (N was defined in the
proof of Lemma 5.1), and there exist a point (x4, yA) € N1 N P which is at the same time
a point of strict egress and a point of strict ingress for Q;. This is excluded by condition (6).
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For the same reason is the case when (6.28) and Lemma 5.2 hold simultaneously impossible.
Analogously we can investigate (6.22) ifi = 2,..., k.

(y2) Let us evaluate the derivative of W, (x, l?n) along the trajectories of (6.22) fori =n
if (x, 17,[) € D,. The similar computations as above lead to inequalities

Y,
% >0 if Nyu(x) >0 on I, (6.32)
x (xr?n)ef)n
Y,
W <0 if Nyy(x) <0 on I,. (6.33)
x (xr?n)epn

If inequality (6.32) and suppositions of Lemma 5.3 (in the situation described in Section 6.1,
(b)) hold simultaneously, then all points of the set 0Q,, where

Q,={(x,Yy) : x € (x1,x,), w(x,Y,) <0, W,(x,Y,) <0} (6.34)

with w defined as in the proof of Lemma 5.1, are (for x € (x1,x,)) the points of strict egress
for Q, with respect to (6.22) with i = n (since this equation is at the same time an equation of
the type (6.1) for i = n).

If inequality (6.33) and suppositions of Lemma 5.4 (in the situation described in
Section 6.1, (b)) hold simultaneously, then all points of the set 0Q,, for x € (x1,x,,) are points
of strict ingress.

In both of these cases we conclude similarly, as in part (y;), that [Y?(x) - 17,? (x)] < €
on I if ||y° — #|| < 6. The cases when inequality (6.32) and suppositions of Lemma 5.4
hold simultaneously or when inequality (6.33) and suppositions of Lemma 5.3 hold
simultaneously are impossible according to (6).

Analogously we can proceed ifi=s+1,...,n—1.

(y3) Let us evaluate the derivative of W, along the trajectories of (6.22) for g = k +
1,...,sif (x, 17,7) € P, It is easy to see (by analogy with y;)) that the following four cases
(6.35)—(6.38) are possible:

dW, (x, l?q> .

————= > 0if Ny(x) >0, on I, (6.35)
dx

dW, (x, l?q> .

— >0 if Ngg(x)>0on [x1,x4),

dw,(x,Y

% <0 if Ngg(x) <0 on (xg,xn],

(6.36)
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Mw if N, (x)<0on I (6.37)
dx qa4q 4 :
dW, (x, Yq>
e <0 if Ngg(x) <0 on [x1,x,),
) (6.38)
aw,(x, ;)

P >0 if Ngg(x) >0 on (xg,xn].

Each of the admissible cases (i.e., if suppositions of Lemmas 5.1 , 5.3 and inequality (6.35)
hold; or if suppositions of Lemmas 5.2 , 5.3 and inequalities (6.36) hold; or if suppositions
of Lemmas 5.2 , 5.4 and inequality (6.37) hold; or if suppositions of Lemmas 5.1 , 5.4 and
inequalities (6.38) hold) can be considered as above (see parts (y1) and (y2)) and, therefore,
forg = k+1,...,5: |Yg(x) - Yq(x)| < eon Iif ||y’ - §|| < 6. The remaining cases are
impossible in view of (6). Connecting all parts (y1)—(y3) we conclude that (6.20) holds and,
consequently, operator T is continuous. All conditions of Schauder’s principle are valid.
Therefore, the operator T has a fixed point, that is, the problem (1.1), (1.2) has a solution
with indicated properties which follow from the form of the set M. Strong inequalities in
(2.6) are a consequence of the fact that boundaries of considered sets are transversal with
respect to integral curves. The proof is complete.
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